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COLOR-TRANSPARENCY  OF  RAY-FILTERS   IN  USE  AT 

YERKES  OBSERVATORY 

By  ERNEST  C.  BRYANT 

ABSTRACT 

Speclro-pholometric  transmission  curves  for  two  ray-filters  in  use  at  Yerkes  Observa- 
tory, and  for  three  colored  glasses  used  in  the  Hess-Ives  tint  pliotometer  are  given  for  400  to 
750  ^l^l.  The  filters  investigated  are  J  i,  M  i,  December  1907,  Beta  7  and  Beta  10;  the 
glasses  are  a  red,  a  green  and  a  blue-violet. 

Lemon-Brace  speclro- photometer. — Suggestions  as  to  the  adjustment  and  calibration 
of  this  instrument,  which  was  used  in  obtaining  the  foregoing  curves,  are  given,  and 
also  measurements  of  the  relative  selective  absorption  of  nicol  prism  and  silver  strip 
from  475  to  750  MM- 

Color-curve  of  the  40-inch  objective  at  Yerkes  Observatory  is  reproduced  in  Figure  5. 

The  40-inch  refractor  at  Yerkes  Observatory,  although  designed 
only  for  visual  observations,  has  been  available  for  astronomical 
photography  since  1900  by  means  of  a  meu..  .^|erfected  by 
G.  W.  Ritchey  and  described  by  him  in  the  Astro  physical  Journal 
for  December  of  that  year.  The  method  consists  of  the  use  of  a 
ray-filter  which  absorbs  those  waves  of  short  lengths  for  which  the 
objective  is  uncorrected,  combined  with  photographic  plates  which 
are  especially  sensitive  to  the  yellow,  a  color  which  the  ray-filter 
transmits  freely,  and  which  comes  in  the  region  for  which  the 
color-curve  of  the  40-inch  objective  is  v«ry  nearly  flat. 

The  filters  first  used  by  Ritchey  were  made  by  Carbutt,  of 
Philadelphia.  R.  J.  Wallace  came  to  Yerkes  in  1906  and  immedi- 
ately began  fitting  filters  to  the  various  telescopes,  especially  to 
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« 
give   photo-visual   results   in   connection   with   the   isochromatic 

plates  in  use,  mainly  the  Cramer  Isochromatic  and  Trichromatic. 

After  several  trials  the  8Xio  filter  marked  "Dec.  '07,"  consist- 
ing of  a  colored  gelatine  film  between  two  sheets  of  optical  glass, 
was  put  into  regular  use  in  the  parallax  program  and  other  work 
with  the  40-inch  telescope.  After  some  years  the  gelatine  began 
to  deteriorate  at  the  edges  of  the  film,  and  the  filter  was  finally 
superseded  by  a  similar  one  made  by  Mees,  of  the  Eastman  Research 
Laboratory.  He  planned  to  duplicate  the  former  filter  as  closely 
as  possible.  Of  the  two  which  he  made,  that  called  "M  i"  was 
put  into  use  in  the  parallax  work  in  May  1920. 

Wallace  made  similar  filters  for  the  2-foot  reflector  and  the 
6-inch  ultra-violet  camera.  On  the  reflector,  filter  "Beta  7" 
2,y.2)  inches  in  size,  was  used  from  July  1906  until  it  was  acci- 
dentally broken  in  July  191 7.  On  the  camera,  "Beta  10,"  4X5 
inches,  has  been  in  use  from  February  1907  till  the  present  time. 
Both  have  been  shown  to  give  substantially  correct  photo-visual 
magnitudes  when  used  with  Cramer  Isochromatic  plates.  By 
comparison  with  photographic  magnitudes  found  with  ordinary 
plates  on  the  same  instruments,  color-indices  are  obtained  and 
spectral  t3rpes  inferred  (see  Astro  physical  Journal,  27,  169,  April 
1908). 

After  the  accidental  breaking  of  "Beta  7,"  several  others  were 
tried,  both  Wallace  and  Eastman;  but  none  was  satisfactory. 
In  191 7  Petitdidier  furnished  two  tinted  Jena  glass  filters.  No, 
F/"^"  .  '       '"-^^es  which  replaced  "Beta  7";    and  one  6X6 

incii^^*^^od   Pi  THE  %  r  called  "J  i,"  has  been  used  on  the  reflector 
since  1917.    i 

Photographic  determinations  of  the  spectral  intensity-curves 
for  Seed  27  plates  without  ray-filter  and  for  Cramer  Trichromatic 
plates  with  ray-filter  have  been  made,  but  no  direct  measurements 
of  the  color  transmission  of  the  filters  themselves  have  previously 
been  obtained.  The  loan  of  a  Lemon-Brace  Polarization  Spectro- 
photometer from  the  Ryerson  Physical  Laboratory  has  enabled 
these  determinations  to  be  made  this  summer,  and  the  following 
results  havfe  been  obtained.  This  instrument  has  been  described  in 
this  Journal,  January  1900,  September  1902,  and  April  19 14,  but  a 
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brief  statement  of  the  method  used  by  the  author  for  adjusting 
and  calibrating  it  may  be  helpful  to  those  having  their  first  experi- 
ence  with  the  process. 

Referring  to  Figure  i,  the  instrument  when  in  adjustment  must 
fulfil  the  following  conditions:  (i)  shts  Si,  S2,  and  S^  must  be  at 
the  principal  foci  of  their  respective  objectives;  (2)  optical  axes  of 
coUimators  Ci  and  C2  and  of  the  telescope  T  must  be  in  the  same 
plane,  which  must  be  perpendicular  to  the  refracting  edges  of  the 
Brace  prism  AEI;  (3)  Hght  from  Si  must  strike  prism  at  B,  making 
AB  =  i/4AE,  at  the  angle  of  minimum  deviation  for  the  Fraunhofer 
lines  D,  emerging  at  F,  making  IF  =  i/^IE;  (4)  light  from  S2 
similarly  must  strike  the  prism  at  D,  making  ED  =  i//^EA,  at 
the  angle  of  minimum  deviation  for  the  D  lines.  It  must  meet  the 
division  plane  CI  at  H,  the  same  place  where  the  light  from  5*1 
meets  it,  and  that  part  reflected  by  the  silver  strip  on  CI  must 
follow  the  same  direction  HE,  FJ  as  the  Hght  from  5i.  In  the 
instrument  used,  the  Brace  prism  merely  rested  on  its  platform 
with  nothing  to  locate  its  position  on  the  platform  or  its  orien- 
tation. 

After  making  adjustments  (i)  and  (2),  beams  of  sunlight  were 
reflected  into  Si  and  ^'2,  directed  so  as  to  emerge  through  the 
centers  of  their  objectives.  This  latter  condition  was  carefully 
maintained  throughout  the  process.  The  prism  was  oriented  for 
minimum  deviation  of  D  lines,  the  sHts  were  opened  and  coin- 
cidence of  emerging  beams  at  F  was  tested  by  placing  a  piece  of 
white  paper  against  the  face  of  the  prism  at  that  point.  The 
prism  was  moved  parallel  to  line  SiB,  retaining  minimum  devia- 
tion of  D  lines,  until  the  beam  from  ^2  reflected  at  H  emerged  at 
F  exactly  between  the  beams  from  5i  which  passed  above  and 
below  the  silver  strip  at  H.  Coincidence  in  direction  of  emergent 
beams  was  tested  by  receiving  them  on  the  white  paper  held  in 
front  of  the  telescope  objective  and  then  beyond  the  eyepiece  /. 
If  not  coincident  in  direction,  collimator  C2  must  be  swung  on  its 
axis  to  obtain  coincidence.  This  will  require  a  repetition  of  the 
preceding  adjustment.  These  two  adjustments  must  be  thus 
repeated  until  the  three  beams  emerge  at  F  in  the  same  vertical 
line,  enter  the  telescope  and  emerge  at  the  eyepiece  Hkewise  in  the 
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same  vertical  line.  The  final  adjustment  of  C2  is  made  by  narrow- 
ing Si  and  6*2  and  testing  for  coincidence  of  Fraunhofer  lines.  The 
lines  given  by  light  through  52  should  be  exact  continuations  of  the 
lines  given  by  light  through  Si.  For  this  test  the  "5"  lines  were 
found  most  favorable.  If  the  slight  motion  of  C2  to  secure  this 
last  step  displaces  the  central  emergent  beam  at  F  the  prism  must 
be  moved  enough  to  restore  it  and  the  last  step  repeated.  When 
the  adjustments  are  finally  secured,  colHmator  C2  is  clamped,  and 
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Fig.  I. — Lemon- Brace  spectro-photometer 

prism  A  EI  is  secured  in  its  position.  The  instrument  is  then  ready 
for  caHbration.  The  author  did  this  by  using  the  Fraunhofer  fines 
of  the  solar  spectrum,  and  determining  the  reading  of  the  scale 
attached  to  the  telescope  when  sighted  on  each  of  nineteen  fines. 
After  cafibration,  the  instrument  was  set  up  as  shown  in 
Figure  i.  L  is  a  50-watt,  nitrogen-filled,  electric  lamp  of  white 
glass.  It  is  inclosed  in  a  box  with  openings  as  shown.  Mi  and  M^ 
are  mirrors  adjustable  about  vertical  and  horizontal  axes  so  as  to 
reflect  the  light  from  L  along  the  optical  axes  of  Ci  and  Ci- 
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In  order  that  the  illumination  of  the  silver  strip  by  AT 2  might 
be  brighter  than  that  of  the  background  by  M,  when  the  nicols 
were  parallel,  it  was  necessary  to  have  L  much  nearer  M2  than 
Ml  and  also  to  place  a  piece  of  ground  glass,  G,  in  position  as  shown. 
An  improvement  could  be  made  by  the  use  of  a  lamp  of  higher 
power  with  an  adjustable  rheostat.  This  would  give  better  illu- 
mination at  the  ends  of  the  spectrum  and  also  enable  one  to 
reduce  the  brightness  at  the  middle  of  the  spectrum.  With  the 
present  arrangement  the  ends  are  too  faint  for  accurate  measure- 
ment, while  the  middle  is  too  bright  for  comfort. 

While  making  measurements,  the  room  was  darkened  and  the 
lamp,  mirror,  etc.,  were  covered  with  black  cloth.  Shts  5i  and  53 
were  opened  to  a  width  of  k  mm.  Eyepiece  /  was  removed,  and 
slit  5*3  made  as  narrow  as  possible  without  producing  diffraction 
fringes.  The  telescope  was  set  at  such  a  scale-reading  as  to  bring 
light  of  the  desired  wave-length  to  S^.  Without  having  the  ray- 
filter  in  place,  five  settings  of  nicol  N  were  made,  balancing  the 
illumination  of  the  silver  strip  against  its  background.  The 
average  sin^  of  these  readings  gave  the  fractional  part  of  the  Kght 
of  the  chosen  wave-length  entering  ^2  necessary  to  balance  that 
entering  Si.  The  ray-filter  was  then  put  in  front  of  Si  and  five 
other  settings  of  N  were  made.  The  average  sine^  of  these  readings 
gave  the  fractional  part  of  the  Hght  entering  S.  now  necessary  to 
balance  that  transmitted  by  the  ray-filter.  The  ratio  between  the  two 
averages  gave  the  fractional  part  of  the  incident  Hght  of  the  chosen 
wave-length  which  was  transmitted  by  the  ray-filter.  By  making 
the  measurements  in  this  way,  the  percentage  of  transmission  at 
any  particular  wave-length  could  be  obtained  at  any  time  with 
no  necessity  of  taking  any  other  measurements  in  the  series. 

The  current  through  the  lamp  L  sometimes  dropped  to  50  per 
cent,  or  less,  of  its  normal  value,  when  the  motor  raising  the  floor 
in  the  big  dome  was  started,  but  no  perceptible  effect  on  the 
balancing  of  illuminations  in  the  Brace  prism  was  produced  thereby. 

The  five  ray-filters  already  described  were  examined  for  their 
color-transmission  and  the  percentages  of  transmission  of  the 
selected  wave-lengths  are  given  in  the  following  table.  The  curves 
for  filters  "Dec.  '07"  and  "M  i"  appear  in  Figure  2.     It  will  be 
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seen  how  closely  the  filters  "Dec.  '07"  and  "M  i"  correspond  in 
their  transmission  to  the  flat  part  of  the  color-curve  of  the  40-inch 
objective  shown  in  Figure  3,  which  is  taken  from  the  investigation 
pubhshed  by  Philip  Fox  in  this  Journal,  27,  237,  May  1908.  The 
fact  that  the  filters  transmit  the  longer  wave-lengths  for  which 
the  color-curve  slopes  upward  is  neutralized  by  the  lack  of  sensi- 
tiveness of  the  photographic  plates  to  those  wave-lengths.     The 
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combination  of  the  three  elements  thus  enables  the  great  light- 
gathering  power  of  the  40-inch  telescope  to  be  employed  photo- 
graphically with  practically  no  troublesome  effects  due  to  chromatic 
aberration. 

The  ray-filter  possessing  these  transmission  characteristics, 
combined  with  a  plate  having  a  maximum  sensitiveness  to  the 
yellow,  gives  a  combination  whose  position  of  maximum  sensitive- 
ness corresponds  to  that  of  the  retina  of  the  human  eye.  This  is 
one  of  the  reasons  why  the  determinations  of  stellar  magnitudes 
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Fig.  3. — Color-curve  of  the  40-inch  objective 
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made  by  Professor  J.  A.  Parkhurst  by  his  photographic  method 
have  such  close  correspondence  to  the  visual  magnitudes. 

TABLE  I 
Transmission-Percentages  of  Ray-Filters 


Wave-Length 


7SO. 

725- 
700. 
650. 
600. 
SSo. 

525- 
500. 
486. 
475- 
450- 


Ji 


87.1 
85.5 
89-3 
92.6 

87.7 
88.7 

87.3 

57-6 

7-9 

2-5 


Mi 


79-4 
89.2 
81.8 

90.3 
84.0 
87.8 
81. 1 
18. s 
2.0 
0.6 


Beta  10 


82.0 

73-9 
74.0 
82.2 
86.2 
83.8 

85.3 

40.0 

14.4 

6.0 


Dec.  '07 


64.8 
81.8 
88.7 
91.0 
88.5 
87.6 
79.6 
20.8 


2.0 

2-3 


Beta  7 


72.2 

79-3 
78.0 
87.1 

83-5 
87.8 

81. 5 
40.8 


12. 5 
4.9 


The  three  colored  glasses  in  use  with  a  Hess-Ives  Tint  Photom- 
eter were  also  examined  for  their  color-transparency.  The  re- 
sults appear  in  the  following  table  and  in  Figure  4. 

TABLE  II 

Transmission-Percentages  of  Colored  Glasses,  Hess-Ives 
Tint  Photometer 


Red  Glass 

Green  Glass 

Bliie-Violet  Glass 

Wave- 
Length 

Percentage 

Wave- 
Length 

Percentage 

Wave- 
Length 

Percentage 

766 

750 

725 

700 

675 

650 

625 

600 

489 

0.0 
II. 7 

57-7 
73-0 
78.7 
78.4 
65.0 

3-4 
0.0 

628 

610 

590 

570 

550 

530 

510 

490 

468 

0.0 

0.04 

I .  I 

6.0 

15-9 

19-5 

10.5 

0.8 

0.0 

495 

486 

475 

465 

455 

445 

435 

425 

415 

0.0 
0.8 

3-9 
9.2 

14.4 
19. 1 
20.9 
18.7 
0.0 

It  will  be  seen  that  the  red  glass  has  a  maximum  transmission 
of  78.7  per  cent  for  hght  of  wave-length  675  /x/x.  Its  average  trans- 
mission in  the  region  for  which  it  transmits  appreciably,  i.e., 
between  766 /xju  and  589  ju^  is  51.5  per  cent  of  the  incident  light. 
In  the  same  way  the  maximum  transmission  for  the  green  glass 
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is  19.5  per  cent  for  light  of  wave-length  530  juju,  and  its  average 
transmission  for  the  region  between  628  and  468  ju/z  is  6.7  per  cent. 
The  blue-violet  glass  has  a  maximum  transmission  of  20.9  per  cent 
for  light  of  wave-length  435 /xju,  and  an  average  transmission  for 
the  region  between  495  nij.  and  415  /u/i  of  10.9  per  cent.  It  is  very- 
noticeable  how  little  overlapping  there  is  in  the  light  transmitted 
by  either  pair  of  adjacent  glasses. 
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An  interesting  piece  of  incidental  information  is  the  relative 
selective  absorption  exerted  by  the  nicol  prisms  and  the  silver  strip. 
When  the  readings  are  taken  with  no  ray-filter  in  front  of  5,,  the 
angle  through  which  the  nicol  iV  must  be  rotated  to  produce  a 
balancing  of  illuminations  is  not  the  same  for  all  wave-lengths. 
At  first  it  increases  as  wave-length  decreases,  remains  practically 
uniform  from  X  =  600/1^1  to  X  =  525  /xm,  and  then  decreases  with  the 
wave-length,  showing  that  there  is  selective  absorption  correspond- 
ing in  relative  values  to  the  sin^  of  the  angle  of  rotation  of  the 
nicol.  The  table  below  is  computed  from  the  average  values 
obtained  in  the  measurements  of  filters  "Mi,"  ''Beta  10,"  and 
"J  I." 
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The  measurements  on  ray-filters  "Dec.  '07"  and  "Beta  7" 
were  made  after  the  instrument  had  been  taken  down,  readjusted 

TABLE  III 

Wave-length     750      700     650     6cx)     550     525      500     485     475 
Sin^  0.246    .415    .563    .613    .610    .611    .575    .535    .513 

and  caHbrated,  and  therefore  could  not  be  included.     Figure  5 
gives  the  curve  corresponding  to  this  table. 
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SYSTEMATIC  CORRECTIONS  TO  SPECTROSCOPIC  AND 
TRIGONOMETRIC  PARALL.\XES' 

By  GUSTAF  STROMBERG 

ABSTRACT 

Systematic  corrections  to  reduce  spectroscopic  and  trigonometric  parallaxes  to  absolute 
parallaxes. — The  fact  that  the  systematic  and  accidental  errors  of  spectroscopic 
parallaxes  are  proportional  to  the  parallaxes  themselves,  while  the  errors  in  trigono- 
metric parallaxes  are  independent  of  the  values  of  the  parallaxes,  makes  it  possible, 
theoretically  at  least,  to  determine  from  a  comparison  of  the  two  systems  the  true 
systematic  corrections  for  each  system  and  ev^en  for  each  observer.  The  basis  of 
grouping  the  stars  must  be  independent  of  each  system  and  therefore  Kapteyn's  mean 
parallaxes,  derived  from  apparent  magnitudes  and  proper  motions,  were  used.  The 
factorial  correction  (.v)  for  the  spectroscopic  parallaxes  and  the  additive  correction  {s) 
for  the  trigonometric  parallaxes,  connected  by  the  fundamental  equation  xir^  =  iri+s, 
were  thus  determined.  For  dwarfs  .v  ranges  from  0.97  to  1.07  for  different  spectral 
types;  for  giants  the  range  is  from  0.89  to  1.13,  the  extreme  values  being  rather 
uncertain.  The  corresponding  systematic  correction  to  absolute  magnitudes  averages 
only  about  o.i  for  dwarfs,  but  may  be  somewhat  larger  for  the  giants.  For 
the  separate  observatories,  ilcCormick,  Allegheny,  Yerkes,  and  Mount  Wilson,  the 
reductions  from  relative  to  absolute  parallaxes  come  out,  respectively,  +o"oo53, 
+o'oo76,  +0^0084  and— o"ooio  within  about  =^--0*002.  These  values  agree  well  with 
those  obtained  by  van  Maanen  and  Miss  Wolfe.  Hence  the  list  of  1646  spectroscopic 
parallaxes  recently  published  from  Mount  Wilson  probably  gives  the  absolute  paral- 
laxes without  any  appreciable  systematic  error. 

The  large  number  of  spectroscopic  parallaxes  now  available 
enables  us  to  determine  fairly  accurate  values  of  the  systematic 
corrections  for  both  spectroscopic  and  trigonometric  parallaxes. 
In  the  derivation  of  the  reduction  tables  for  converting  line  intensi- 
ties into  absolute  magnitudes  used  in  the  recent  list  of  1646  paral- 
laxes^ no  corrections  were  apphed  to  the  trigonometric  parallaxes, 
but  it  was  found  that  if  the  corrections  deduced  by  van  Maanen 
and  Miss  Wolfe^  had  been  used,  the  effect  due  to  these  corrections 
would  have  been  less  than  o.i  magnitude.  The  method  used  by 
van  Maanen  and  Miss  Wolfe  consisted  in  comparing  the  means  of 
the  trigonometric  parallaxes  found  by  different  observers  for  groups 
of  stars  of  nearly  the  same  mean  apparent  magnitude  and  mean 
proper  motion.     Their  corrections  represent  the  deviations  of  the 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  220. 

^  Ml.  Wilson  Contr.,  No.  199;  Aslrophysical  Journal,  53,  i,  1921. 

^  Ml.  Wilson  Contr.,  No.  189. 

II 
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results  by  indixadual  observers  from  the  mean  system  defined  by 
all  the  trigonometric  parallaxes.  Since  the  systematic  errors  of 
individual  observers  must  compensate  each  other  to  a  large  extent 
in  the  mean  system,  the  corrections  of  van  Maanen  and  Miss  Wolfe 
are  presumably  close  approximations  to  the  true  systematic  errors. 

Other  determinations  of  systematic  corrections  of  trigonometric 
parallaxes  have  been  made  by  Flint^  and  B,  Boss,"*  the  former 
reducing  his  corrections  to  a  system  based  upon  the  Yale  parallaxes, 
the  latter  comparing  the  spectroscopic  parallaxes  published  in 
Mt.  Wilson  Contribution,  No.  142  {Astrophysical  Journal,  46,  313, 
191 7)  with  the  different  series  of  trigonometric  parallaxes. 

The  comparison  of  spectroscopic  and  trigonometric  parallaxes 
enables  us,  theoretically  at  least,  to  determine  the  true  systematic 
corrections  for  each  observer  and  for  the  spectroscopic  system  as 
well.  This  depends  upon  the  fact  that  the  systematic  and  acci- 
dental errors  of  the  spectroscopic  parallaxes  are  proportional  to  the 
parallaxes  themselves,  while  the  errors  in  the  trigonometric  paral- 
laxes are  independent  of  the  size  of  the  parallax.  Hence,  for 
any  series  of  trigonometric  parallaxes,  when  compared  with  the 
spectroscopic  system,  we  have,  as  shown  more  in  detail  below,  an 

equation  of  the  form 

XTrs  =  Trt-\-S, 

from  which  the  systematic  correction  s,  and  the  correction  factor  x 
for  the  spectroscopic  parallaxes,  can  be  determined.  The  success- 
ful use  of  the  equation  of  course  presupposes  a  considerable  range 
in  the  values  of  the  parallaxes  compared.  Another  important 
advantage  of  the  method  is  that  any  error  in  the  assumed  values  of 
the  mean  parallax  of  the  comparison  stars  used  for  the  reduction 
of  the  relative  trigonometric  parallaxes  to  absolute  values  goes 
over  into  5  and  is  determined  as  a  part  of  the  systematic  correction. 
In  principle,  therefore,  the  comparison  permits  us  to  establish  an 
absolute  system  of  parallaxes. 

The  principal  object  of  this  investigation  being  to  determine  sys- 
tematic corrections  of  the  spectroscopic  parallaxes  as  a  whole,  taking 
into  account  the  possibihty  of  constant  corrections  to  the  trigono- 

^  Astronomical  Journal,  29,  189  (No.  696),  1916. 
'Ibid.,  33,  17  (No.  771),  1920. 
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metric  parallaxes,  only  the  larger  lists  of  trigonometric  parallaxes, 
viz.,  those  derived  at  the  McCormick,  Allegheny,  Yerkes,  Mount 
Wilson,  Sproul,  and  Yale  observatories,  have  been  discussed. 
The  following  notation  has  been  used: 
M= Absolute  magnitude  as  published  in  ML  Wilson  Contribution, 
No.  199. 
AM  =  Systematic  correction  to  M  to  obtain  the  most  probable 
absolute  magnitude. 
r  =  Accidental  error  of  M +AM. 
7r  =  True  parallax. 

TTi  =  Spectroscopic  parallax  based  on  the  absolute  magnitude  M. 
TTo  =  Trigonometric  parallax. 
J  =  Systematic  correctioa  to  tto 
€  =  Accidental  error  of  tto+s. 
We  have  then  (cf.  Mt.  Wilson  Contribution,  No.  199,  p.  4) 

or  o-Tiri  =  7ro+5+e  \  (i) 

where  (t=io°-^^^,        t  =  io°-'^ 

Expanding  r  in  a  power  series, 

T=i-\-E-{-iE'=A-\-E] 


£=°-'^ 


(2) 


Mod 

Thus 

aATi—s—To  =  e—E(nri  (3) 

As  the  right-hand  side  of  this  equation  must  be  assumed  equal 
to  zero,  we  cannot  group  the  stars  according  to  the  size  of  tto  or  Xi. 
If  we  group  the  stars  according  to  values  of  ttq  the  quantity  E  could 
be  assumed  zero,^  but  e  would  show  a  continuous  decrease  from 
positive  to  negative  values  as  tto  increases.  The  same  holds  for  E 
if  we  group  the  stars  according  to  tti,  and  furthermore  the  weight 
of  the  unknown  quantity  <r  would  be  systematically  affected  by 
the  accidental  errors  in  tti.     These  circumstances  correspond  to 

'  A  bar  above  a  symbol  denotes  throughout  this  paper  an  algebraic  mean. 
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the  difference  in  slope  of  the  two  regression  Imes  in  the  correlation 
theory.  A  neutral  basis  of  grouping  according  to  the  size  of  the 
parallaxes  must  therefore  be  used,  i.e.,  one  for  which  we  can 
assume  the  errors  in  the  parallaxes  to  be  independent  of  the 
errors  in  the  measured  quantities  M  and  ttq.  Such  an  indepen- 
dent basis  of  grouping  is  afforded  by  Kapteyn's  mean  parallaxes, 
which  are  a  function  of  apparent  magnitude  and  proper  motion. 
For  each  star  the  mean  parallax  was  therefore  computed  from 
Kapteyn's  formula  in  Groningen  Publication,  No.  8,  and  groups  of 
stars  were  then  formed  having  mean  parallaxes  within  certain 
limits.  The  mean  spectroscopic  and  trigonometric  parallax  was 
then  found  for  each  group.  Each  of  these  groups  then  furnished 
an  equation  of  condition. 
From  equation  (3)  we  find 

(tAtti — s—Tro  =  e  —  (TEiri  . 

For  a  neutral  basis  of  grouping  we  have  e  =  o  and  E  =  o.  The 
second  term  on  the  right-hand  side,  however,  is  not  quite  zero,  as 
E  is  to  some  extent  dependent  on  tti  and  thus  Ettj,  is  not  exactly 
equal  to  Etti. 

To  reduce  the  right-hand  side  of  the  equation  of  condition  to 
zero,  we  multiply  equation  (i)  by 

I 


=  i-E-{-^E'  =  A-E 

T 


and  find 
Thus 


CTTTi  =  ^  (iro+ 5+ e)  —  £(7ro-f  5-f  e) . 


-jTTi  —  S  —  Tro 


For  a  neutral  basis  of  grouping,  we  have,  including  terms  of 
second  order  of  E, 

— TTi— 5  — 7ro  =  e(l— £)— £(7ro+5)  =  0. 


The  equations  of  condition  thus  become 

XlTi  —  5  —  Xo  =  O 

I  N 


Weight = 


2 

2      2 


2     --^  ,    -5  .     2 


"+£r      e+£rJ 


(4) 
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where  a:  =  =  is  the  quantity  by  which  the  spectroscopic  parallaxes 

must  be  multiplied  in  order  to  obtain  the  best  agreement  with  tto+s. 
N  is  the  number  of  stars  in  the  group. 

Assuming  only  that  the  quantities  x  and  s  are  constant  for  a 
certain  group  of  stars,  we  can  determine  them  separately  without 
introducing  any  limitation  as  to  their  size.  The  value  of  ^  found 
in  this  way  is  the  systematic  correction  which  reduces  Xo  to  absolute 
parallax. 

We  have  assumed  that  the  external  accidental  probable  error 
in  the  trigonometric  parallaxes  determined  at  the  McCormick, 
Allegheny,  Yerkes,  and  Mount  Wilson  observatories  is  ±o''oio. 
The  probable  errors  of  the  spectroscopic  parallaxes  have  been 
assumed  to  be  ±  o .  20  tti.  The  weights  of  the  equations  of  condition 
are  therefore  proportional  to  iV^/(o.09|-+o.ooo225)  where  for  t 
we  have  used  ^(xi+tto),  x  being  nearly  equal  to  unity. 

The  following  provisional  reductions  to  absolute  parallaxes 
were  applied  before  the  computations  were  made:  For  McCormick, 
Allegheny,  and  Yerkes  observatories,  +o''oo5;  for  Mount  Wilson, 
+o''oo2;  for  Sproul  and  Yale  the  reductions  were  computed  from 
the  table  given  by  Kapteyn  in  Groningen  Publications,  No.  24, 
page  15.  The  Sproul  and  Yale  parallaxes  were  given  half- 
weight. 

The  value  of  x  was  determined  separately  for  giant  and  dwarf 
stars  of  different  spectral  types.  For  the  first  solution  the  system- 
atic correction  s  was  determined  for  each  of  the  above-mentioned 
groups  of  trigonometric  parallaxes.  The  results  are  given  in 
Table  I.  The  first  column  indicates  the  limits  of  spectral  type, 
the  second  the  division  according  to  absolute  magnitude.  The 
probable  errors  for  x  and  x  are  below  the  numbers  to  which  they 
belong.  The  numbers  of  stars  used  are  given  in  parentheses. 
The  last  line  shows  the  weighted  means  of  5  for  all  types  and  abso- 
lute magnitudes. 

Using  these  mean  systematic  corrections  to  the  trigonometric 
parallaxes  and  recomputing  the  correction  factor  of  the  spectro- 
scopic parallaxes,  we  find  the  values  of  x  and  AM i,  given  in  Table  II. 
The  quantity  AMj,  is  the  correction  that  must  be  apphed  to  M  in 
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TABLE  II 

Correction'  Factors  for  Spectroscopic  P.vrallaxes 


Spectrum 

M 

X 

AM. 

A6  to  F9 

Go  to  G9 

Go  to  G9 

Ko  to  Kg 

Ko  to  Kg 

Fo  to  Fg 

Ma  to  Md 

Ma  to  Md 

I.oto  5.5 

^3.0 

^3-1 
^4.0 

^4.1 
^0.0 
<3-o 
>7.o 

i.o59=fc.oi2 

1.121=*=  .040 

o.999±  .o2g  • 
1 .001='=  .o5g 
o.g6o=fc .019 
o.i49=t.io3 
o.8g2=t  .081 
i.o8g=fc .086 

+O.I2=*=0.02 

+0.25=*=  0.08 

0 . 00  =fc  0 . 06 

o.oo=»=o.  13 
— o.og=»=o.04 
+0.30=1=0.20 

—  0.25=*=0.20 
+  0.  l8:fcO.  17 

order  to  obtain  the  most  probable  parallax  and  is  determined  by 
the  equation 

AMi  =  5  log  x  =  AM—s  log  A. 

Another  solution  was  made,  using  all  the  spectral  types,  A6  to 
Md,  and  solving  all  the  equations  as  a  simultaneous  set  of  condi- 
tions, assuming  the  correction  5  to  be  constant  for  each  observer. 
The  results  of  this  solution  are  given  in  Table  III. 


TABLE  III 
SruuxTAXEOUs  Solution  for  All  Types 


McCormick . 
.\llegheny.  . 
Yerkes 


—0*0015=^0 '001 8 
+  .0010=*=  .0015 
+   .ooig='=    .0021 


Mount  Wilson . 

Sproul 

Yale 


— oToo38=toTooi4 
—  .0085=*=  .0025 
+  .0004=*=   .0021 


Spectrum 


.1/ 


X 

i.oi5=t 

040 

i.o37=fc 

078 

0.969=*= 

033 

0.922=1= 

074 

0 .  940  =^ 

029 

0.962=*= 

247 

0.750=*= 

154 

i.o82=t 

045 

AA/, 


A6toF. 

G 

G 

K 

K 

F 

M 

M 


I .  o  to  5 . 5 

^30 

^31 
^4.0 

^4-1 
^0.0 
<3.o 
>7-o 


+0.03 
+0.08=*= 
— o.07=»= 
-o.i8=t 
—  o.  14=*= 
— o.o8=t 
-0.63=*= 
+o.i7=fc 


0.08 
.16 
.07 

17 
07 

57 
45 
09 


From  van  Maanen's  investigation  we  know,  however,  that  the 
Sproul  and  Yale  parallaxes  have  a  considerable  magnitude  correc- 
tion. Such  an  error  would  affect  appreciably  the  determination 
of  the  factor  x,  and  for  this  reason  a  final  solution  was  made, 
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omitting  the  Sproul  and  Yale  parallaxes.  The  results  of  this 
solution,  which  are  given  in  Table  IV,  are  probably  the  most 
trustworthy.  They  are  in  good  agreement  with  those  found  by 
van  Maanen  and  Miss  Wolfe,  which,  reduced  to  the  same  system  of 
corrections  for  reduction  to  absolute  parallaxes  as  used  here,  are 
given  in  the  last  column  of  Table  IV. 

TABLE  IV 

Simultaneous  Solution  (Sproul  and  Yale  Omitted) 


s 

5  (van  Maanen) 

McConnick 

+0 ''0003  =t  0 ''00  2 1 
+    .0026=*=    .0017 
+    .0034=1=    .0022 
—    .0030=*:    .0014 

—  0  '0016 

Alleffhenv 

+    .0027 
+    .0036 
—    .0020 

Yerkes 

Mount  Wilson 

Spectrum 

M 

X 

AJlfi 

A6toF 

G 

I .  o  to  5 

^3-o 

^3.1 
^4.0 

^4-1 
^0.0 

<3.o 
>7.o 

•5 

i.04i±.045 
i.i35±.092 
o.987=fc.o37 

I.  01  2=*=  .086 

o.972=fc.o34 
1. 090=1=.  254 
o.888=fc.i67 
i.o68=t .052 

+0.09=1=0.09 

+o.27=fc    .18 

—  0.03=1=    .08 

+0.03=1=  .18 

—  o.o6=t    .08 
+o.i9=fc    .52 
—0.26="=    .41 
+o.i4=fc    .11 

G 

K 

K 

F 

M 

M 

Using  the  systematic  corrections  resulting  from  this  final 
solution,  we  find  the  following  reductions  from  relative  to  absolute 
parallax. 


o''oo2i 


McCormick  +0^^0053 
Allegheny     +0^0076=*=  ©''0017 


Yerkes  +  ©''0084  ±0'' 002  2 

Mount  Wilson    —o'' 0010  ±©''0014 


The  systematic  corrections  to  the  absolute  magnitudes  are  in 
general  very  small  except  in  the  case  of  the  giant  G  and  M  stars 
and  the  very  brightest  F  stars,  most  of  which  are  Cepheids  or 
pseudo-Cepheids.  For  these  stars,  however,  the  probable  errors 
are  rather  large  on  account  of  the  smallness  of  the  parallaxes.  In 
the  previous  derivation  of  the  reduction  tables  for  the  determination 
of  absolute  magnitudes  it  was  found  that  in  the  case  of  the  giant  G 
stars  the  results  from  trigonometric  parallaxes  and  parallactic 
motion  differed  considerably.     The  determination   of  the  mean 
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absolute  magnitudes  based  on  parallactic  motion  would  make 
these  stars  considerably  brighter  than  the  results  from  the  trigo- 
nometric parallaxes  indicate.  A  weighted  mean  was  accordingly 
used.  The  discordance  is  now  nearly  eliminated  by  the  application 
of  the  systematic  corrections  to  the  trigonometric  parallaxes. 
The  same  holds  for  the  brightest  F  stars,  for  which  originally  the 
measured  parallaxes  were  not  used  at  all,  the  result  from  parallactic 
motion  having  much  higher  weight.  For  the  giant  M  stars  the 
original  determination  was  based  mainly  on  the  peculiar  motion, 
and  the  present  results  seem  to  indicate  that  for  these  stars  as 
a  whole  the  system  is  nearly  correct. 

As  the  final  result  of  this  investigation,  we  may  say  that  the 
system  of  spectroscopic  parallaxes  in  Mt.  Wilson  Contribution, 
No.  199,  as  a  whole,  is  correct  within  the  errors  of  the  quantities 
involved,  and  that  there  is  no  need  at  present  to  apply  correc- 
tions to  the  system.  The  systematic  corrections  to  the  trigono- 
metric parallaxes  determined  at  the  McCormick,  Allegheny, 
Yerkes,  and  Mount  Wilson  observatories  have  been  found  to 
agree  satisfactorily  with  those  of  van  Maanen  and  Miss  Wolfe, 
and,  as  the  method  used  here  gives  absolute  corrections,  it  can 
be  regarded  as  probable  that  after  these  corrections  have  been 
applied  there  remain  no  appreciable  outstanding  constant  errors  in 
the  resulting  absolute  parallaxes. 

MoxjNT  Wilson  Observatory 
September  iq2i 


NEW  MEASUREMENTS  OF  STELLAR  RADIATION 

By  W.  W.  COBLENTZ 

ABSTRACT 

Relative  total  radiation  of  27  bright  stars,  down  to  magnitude  j .  8.— New  measure- 
ments which  were  recently  made  with  the  40-inch  reflector  of  the  Lowell  Observatory 
at  Flagstaff,  using  a  vacuum  thermo-couple,  are  given  in  a  table.  These  confirm  the 
result  obtained  at  Mount  Hamilton  in  1914  that  the  total  radiation  from  red  stars 
is  2.5-3  times  as  much  as  that  from  blue  stars  of  the  same  visual  magnitude. 

Distribution  of  energy  in  the  spectra  of  some  bright  stars  was  determined  by  the  use 
of  a  series  of  filters  which  isolated  various  spectral  regions.  In  this  preliminary  note 
merely  the  general  result  is  reported  that  the  maximum  emission  lies  in  the  infra-red 
(o.  7-0 . 9  n)  for  stars  of  types  K  and  M,  and  in  the  ultra-violet  for  stars  of  types  B  and 
A.  The  corresponding  black  body  temperatures  vary  from  3000°  C,  for  the  red  M 
stars  to  9000°  or  10,000°  C,  for  the  blue  B  stars.  The  percentage  transmission  through 
I  cm  of  water  is  given  for  22  stars  and  varies  from  81  for  B  stars  to  40  for  M  stars. 

In  a  previous  paper^  data  were  given  on  a  comparison  of  stellar 
radiometers  and  radiometric  measurements  of  stars  as  observed 
at  an  altitude  of  about  4000  feet  at  Mount  Hamilton,  California, 
with  the  Crossley  36-inch  reflector  of  the  Lick  Observatory. 
Quantitative  measurements  were  made  of  stars  down  to  magni- 
tude 5.3  and  qualitative  measurements  to  magnitude  6.7.  It  was 
found  that  red  stars  emit  from  2.5  to  3  times  as  much  total  radiation 
as  blue  stars  of  the  same  visual  magnitude. 

These  observations  were  verified  by  an  independent  method 
which  consisted  in  measuring  the  transmission  of  stellar  radiation 
through  a  i-cm  cell  of  water,  having  quartz  windows.  By  this 
means  it  was  shown  that,  of  the  total  radiation  emitted,  blue  stars 
have  about  two  times  as  much  visible  radiation  as  yellow  stars,  and 
about  three  times  as  much  visible  radiation  as  red  stars. 

At  various  times  during  the  past  seven  years  attention  was 
given  to  the  improvement  of  the  stellar  radiometers,^  galvanom- 
eters, etc.  The  various  subsidiary  data  will  be  published  in  a  com- 
plete paper  dealing  with  the  whole  subject. 

The  object  of  this  paper  is  to  give  a  preliminary  survey  of  the 
results  of  new  stellar  radiometric  measurements,  made  at  a  much 

'  Coblentz,  Bzdletin  of  the  Bureau  of  Standards,  ii,  613,  1914. 
*  Bulletin  of  the  Bureau  of  Standards,  13,  423,  1916;   14,  532,  1918;   16,  253,  1920; 
Journal  of  the  Washington  Academy  of  Sciences,  6,  473,  1916. 
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higher  altitude,  7300  feet,  at  Flagstaff,  Arizona,  with  the  40-inch 
reflector  of  the  Lowell  Observatory.  This  was  made  possible 
through  the  generosity  of  Drs.  V.  M.  Slipher  and  C.  O.  Lampland. 
Not  only  was  an  otherwise  busy  program  interrupted,  but  further- 
more, Dr.  Lampland  personally  operated  the  telescope,  thus 
insuring  speed  and  efficiency  in  accomphshing  results.  It  is  a 
pleasure  to  record  here  my  grateful  acknowledgments  for  the 
many  courtesies  accorded  by  various  members  of  the  staff  of  the 
Lowell  Observatory. 

The  object  of  the  present  investigation  was  (i)  to  verify  previous 
results;  (2)  to  measure  the  intensities  of  radiation  of  bright  stars 
in  the  region  of  o  hours  to  12  hours  in  right  ascension,  not  previously 
measured;  and  (3)  to  determine  the  feasibihty  of  the  method  of 
obtaining  the  distribution  of  spectral  energy  of  stars  by  means  of 
transmission  screens  which,  either  singly  or  in  combination,  are 
placed  in  front  of  the  vacuum  thermo-couple.  By  means  of  these 
thermo-couples,  measurements  were  made  on  the  intensities  of 
radiation  of  thirteen  bright  stars  not  observed  in  19 14,  thus  complet- 
ing the  survey  of  the  whole  sky.  A  total  of  thirty  celestial  objects 
was  measured,  including  Venus  and  Mars. 

By  means  of  a  series  of  transmission  screens  (of  yellow  and 
red  glass,  of  water,  and  of  a  thick  plate  of  quartz)  wide  spectral 
regions  were  isolated  and  the  intensities  of  radiation  in  the  spectrum 
from  0.3  jj,  to  0.43  n;  0.43  /x  to  0.6  /x;  0.6  n  to  1.4  /x]  1.4  /x  to  4  /x;  and 
4  ju  to  10  jLi  were  determined.  In  this  manner  the  distribution  of 
energy  in  the  spectra  of  sixteen  stars  was  determined,  and  thus  was 
obtained  for  the  first  time  an  insight  into  the  intensities  of  radia- 
tion in  the  complete  spectrum  of  a  star. 

By  means  of  this  device  it  was  found  that  in  the  stars  of  types 
B  and  A  the  maximum  intensity  of  radiation  Hes  in  the  ultra-violet 
(0.3  IX  to  0.4  ix)  while  in  the  cooler  stars  of  types  K  and  M  the 
maximum  emission  lies  at  0.7  /x  to  o.  9  /x  in  the  infra-red.  From  this 
it  appears  that  the  black-body  temperature  (i.e.,  the  temperature 
which  a  black  body  would  have  to  attain  in  order  to  emit  a  similar 
distribution  of  relative  spectral  energy)  varies  from  30oo°C.  for 
red  M  stars  to  9000°  or  io,ooo°C.  for  blue  B  stars. 
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The  observing  station  being  much  higher  than  previously  used, 
the  atmospheric  scattering  of  hght  was  greatly  reduced  and  con- 
sequently the  transmissions  in  the  violet  are  somewhat  higher 
than  previously  observed   when   the  water-cell  was  interposed. 

TABLE  I 
Transmission  of  Stellar  Radiation  through  a  i-Cm  Layer  of  Water 


Star 


d  Ononis  (Nebula) 

e  Ononis 

7  Orionis 

a  Leonis 

/3  Tauri 

/3  Canis  Minoris .  . 

/3  Orionis 

/3  Lyrae 

a  Geminorum .... 

a  Lyrae 

-y  Geminorum .... 

a  Canis  Majoris .  . 

a  Cygni 

a  Aquilae 

a  Persei 

a  Canis  Minoris.  . 

a  Aurigae 

e  Geminorum.  .  .  . 
/3  Geminorum .... 
a  Bootis 

7  Leonis 

a  Tauri 

X  Aquarii 

ju  Geminorum.  .  .  . 
^  Andromedae. . . . 

a  Orionis 

a  Scorpii 

/3  Pegasi 


Magnitude 
Harvard 
Revision 


1-75 
1 .70 
1.30 
1.78 
3-09 
0.34 
Var. 

/  1-99  1 

I  2.85  / 

o.  14 

1-93 
-1-581 
8.5  / 
1-4 
0.9 
1.90 
/  0.48  1 

113-5     / 
0.21 
3-18 

1 .21 
o.  24 
2.61  1 
3-80/ 
1.06 
3-84 
3-19 
2.37 
0.92 

1 .22 
2.61 


Deflection 
for  a  Gal- 
vanometer 
Sensitivity 

of 

j=iXio— ■» 

Amperes 


^0.02  cm 
0.66 
0.64 
0.77 
0.78 
0.38 
2.89 
0.26 

0.78 

3.60 
0.71 

10.62 

1-34 
1.88 

0.75 

2.67 

4.91 
0.58 
2. 19 
8.10 

0.99 

6.03 

0.75 
2 .  II 

2.45 
15.00 
8.82 
2 .  96  cm 


Spectral 
Type 


B 

B2 

B8 

B8 

B8 

B8p 

B8p 

A 

A 
A 

A 

A2 
As 
F5 

F5 
G 

G5 

K 

K 

K 

K5 

Ma 

Ma 

Ma 

Ma 

Map 

Mb 


Percent- 
age of 
Trr.ns- 

mission 


81 
82 


79 


63^ 


82 

75 


65* 
76 
71 
74 

64* 

57 
66 

58 

47 


42 
47 
41 
41 
34 

38 


Remarks 


Rigel,  spectroscopic  binary 

Castor 
Vega 

Sirius,  binary 

Deneb 
Altair 

Procj^on,  binary 
Capella 

Pollux 
Arcturus 

Aldebaran 


Betelgeuse 

Antares,  spectroscopic  binary 


However,  all  the  data  verify  previous  measurements  showing  that 
blue  stars  emit  less  infra-red  radiation  than  do  red  stars  of  the 
same  visual  magnitude.  Moreover,  observations  made  on  the 
same  night  (same  weather  conditions)  are  consistent  in  showing 
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small  gradations  in  the  infra-red  component  of  the  radiation, 
corresponding  with  the  small  gradations  (say  B2  and  B8)  in 
spectral  types. 

For  binary  stars  having  companions  of  low  luminosity,  trans- 
missions of  the  water-cell  are  low,  indicating  that  the  companion 
stars  emit  considerable  infra-red  radiation.     See  Table  I. 

It  was  found  that  even  in  red  stars  the  component  of  spectral 
radiation  of  wave-lengths  greater  than  4  /x  is  only  from  i  to  perhaps 
10  per  cent  of  the  total.  From  this  it  would  appear  that  in  future 
work  it  may  be  permissible  to  use  vacuum  thermo-couples  with 
thin  quartz  windows  instead  of  fiuorite,  thus  saving  expense  and 
possible  leakage  by  constructing  the  container  of  quartz. 

Washington,  D.C. 
October  24,  192 1 
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SOLAR  CONSTANT,  SUN-SPOTS,  AND  SOLAR 

ACTIVITY 

By  ANDERS  ANGSTROM 

ABSTRACT 

Variation  of  solar  constant  with  number  of  sun-spots. — A  study  of  205  observations 
for  1915-1917  furnished  by  C.  G.  Abbot  suggests  that  the  solar  constant  5  does  not 
increase  regularly  with  any  power  of  the  sun-spot  number  N,  but  rather  reaches  a 
maximum  value  for  N  between  100  and  160,  approximated  in  accordance  with  the 

formula  5  =  1.903+0.011^  iV— o.ooo6A^.  The  number  of  observations  for  high  value 
of  N  is,  however,  too  small  to  be  decisive. 

A  comparison  of  the  values  of  the  solar  constant  computed  by 
Abbot  and  his  collaborators  with  the  sun-spot  numbers  given  by 
Wolfer  shows,  if  mean  values  for  the  separate  years  are  considered, 
a  close  connection  between  the  two  phenomena.  Thus  a  high  sun- 
spot  number  seems  to  correspond  to  a  high  value  of  the  solar 
constant  and  vice  versa.  The  relation  is  apparently  not  a  linear 
one;  and  inquiring  into  the  exponent  which  applied  to  the  sun-spot 
numbers  gives  the  highest  correlation  between  the  two  phenomena, 
I  have  found  this  exponent  to  be  very  nearly  equal  to  ^.^ 

If  we  consider  only  yearly  mean  values,  the  solar  constant 
S  seems  then  to  be  given  with  good  approximation  by  the  relation : 

5=1.903-1-0.0055  l/iV,  (i) 

where  N  is  the  number  of  sun-spots  according  to  Wolf-Wolfer. 
The  mean  difference  between  observed  and  computed  values 
during  the  epoch  1905-1917  is  less  than  o.oi,  i.e.,  less  than  0.5 
per  cent  of  the  value  of  the  solar  constant  itself,  as  may  be  seen 
from  Table  I. 

As  the  question  regarding  the  probable  connection  between 
solar  constants  and  sun-spot  numbers  is  an  important  one  for  the 
solution  of  many  problems  connected  with  the  climate  of  past 
epochs  and  with  the  constitution  of  the  sun,  it  seems  worth  while 
to  enter  a  little  more  closely  into  the  question. 

»  Geografiska  Annaler,  H.  i,  1920. 
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For  the  low  values  of  N  which  are  obtained  by  taking  averages 
during  a  considerable  time  the  relation  (i)  seems  to  hold  with 
good  approximation.  But  is  this  true  also  for  a  wider  range  of 
values  of  N  ?  If  we  consider  the  values  of  5  and  N  corresponding 
to  individual  days,  what  will  be  the  relation  between  them  ? 

In  order  to  answer  these  questions,  I  have  divided  the  values 
of  the  solar  constant  during  the  years  191 5-191 7, -kindly  put  at  my 
disposal  by  Dr.  Abbot,  in  groups  according  to  the  corresponding 
sun-spot  numbers,  as  is  seen  from  Table  II.  The  years  named 
are  selected  from  the' point  of  view  that  the  sun-spot  numbers 
have  varied  during  that  time  over  a  considerable  range 
(o<iV<256),  and  also  because  the  variation  in  the  yearly  mean 
values  is  small,  and  consequently  should  not  have  introduced 
any  complications.  The  values  of  the  solar  constant  corresponding 
to  the  various  groups  of  sun-spot  frequencies  are  given  in  Table  II 
together  with  the  numbers  of  values  of  which  they  represent  the 
means.  On  the  basis  of  this  table.  Figure  i  has  been  drawn, 
where  the  values  of  the  solar  constant  are  plotted  against  sun-spot 
numbers. 

The  table  and  figure  seem  now  to  suggest  the  following  con- 
clusions. With  increasing  sun-spot  numbers,  the  solar  constant 
first  increases  in  order  to  reach  a  maximum,  which  seems  to  cor- 
respond to  a  sun-spot  number  of  between  100  and  160  (maximum 
difficult  to  locate  exactly) ;  thereafter,  the  solar  constant  decreases 
with  an  increase  in  sun-spot  numbers.  The  relation  between  solar 
constant  and  sun-spot  numbers  is  apparently  governed  by  two 
separate  phenomena.  The  one  causes  an  increase  of  the  solar 
constant  with  increasing  sun-spot  numbers,  and  this  effect  pre- 
dominates for  the  small  values  of  N ;  the  other  effect  goes  in  the 
opposite  direction,  and  predominates  for  large  values  of  iV.  Let 
us  start  from  the  assumption  that  the  relation  between  solar 
constant  and  sun-spots  for  small  values  of  iV  may  be  given  by  the 
expression 

S=\.()oi^-kVN ,  (2) 

obtained  in  its  general  features  by  the  study  of  the  yearly  mean 
values.     We  may  assume  the  other  effect,  which  evidently  must 
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depend  upon  a  function  of  higher  order  of  N  than  N^,  to  be  of  the 
form  iV,  where  a  is  to  be  determined  from  the  observations.  The 
expression  for  the  relation  then  takes  the  form: 

5=  I .  ()oz+kVN-cN''.  (3) 

A  comparison  with  the  tabulated  values  gives  us  the  following 
approximate  values  for  the  constants: 

^  =  0.011,  c  =  o.ooo6,  a  =  i  (approx,). 

The  smooth  curve  of  Figure  i  is  computed  from  (3)  on  the  basis 
of  these  values  of  a,  k,  and  c. 


1.96 


%    1-94 

tn 

S 

o 
u 

u 

s 

CO 

1.92 


1.90 


_ 

/  *  ^^^^^ 


20 


60 


180 


100  140 

Sun-spot  numbers 
Fig.  I. — Solar  constant  and  sun-spot  numbers 
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It  is  clear  that  too  much  weight  ought  not  to  be  attached  to  a 
result  based  upon  a  number  of  observations  which,  especially  for 
large  values  of  N,  is  very  limited.  In  fact,  the  decrease  of  the 
solar  constant  with  increasing  N  after  a  maximum  value  is  reached 
is  based  upon  ten  observations,  of  which,  according  to  Abbot, 
four  are  excellent  (e),  two  very  good  ivg),  three  good  (g),  and  one 
poor  {p).  It  is  to  be  noted,  however,  that  the  value  marked  {p) 
is  the  highest  one  of  them  all,  namely  i  .971,  and  consequently  it 
has  raised  and  not  lowered  the  mean  value.     But,  on  the  other 
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hand,  the  result  seems  to  me  to  be  in  remarkable  agreement  with 
consequences  to  be  expected  from  the  nature  and  constitution  of 
sun-spots.     The  sun-spots  themselves  are  dark  relative  to  the  sur- 
rounding parts  of  the  sun's  disk.     The  decrease  in  brightness  varies 
between  wide  limits,  but  according  to  E.  Liais'  and  M.  Gouy  and 
L.  Thollon,^  the  larger  sun-spots  generally  have  a  brightness  less 
than  20  per  cent  of  the  normal.     The  percentage  of  heat  radiation 
is  somewhat  larger.     S.  P.  Langley^  gives  it  as  about  one-half 
of  the  normal  for  the  photosphere.     It  is  evident  that  the  spot- 
covered  area  itself  cannot  contribute  to  the  increase  in  the  solar 
constant.     The  observations  of  individual  sun-spots  show,  how- 
ever, that  the  dark  area  of  the  spot  generally  is  surrounded  by  an 
outer  region,  where  the  brightness  for  a  number  of  special  lines  is 
more  intense  than  the  normal  for  the  surface.     At  this  area  the 
protuberances  and  flocculi  are  especially  strongly  developed,  sur- 
rounding the  inner  and  darker  part  by  a  kind  of  luminous  corona 
of  more  or  less  symmetric  form.     If  we  assume  the  point  of  view 
expressed  by  Abbot,  Fowle,  and  Aldrich,  namely,  that  the  increase 
in  the  solar  constant  is  caused  mainly  by  an  increase  in  the  vertical 
convection  through  which  hot  material  is  carried  to  the  surface  of 
the  sun,  we  must  conclude  that  the  seat  of  this  "intensified'' 
radiation  must  be  located  especially  at  peripheric  rings  round  the 
sun-spots.     It  seems  very  natural,  then,  that  the  areas  of  these 
rings  must  increase  less  rapidly  than  the  area  of  the  sun-spots, 
viz.,  the  Wolf -Wolf  er  sun-spot  numbers.     On  the  other  hand,  it 
seems  as  natural  that  the  simultaneous  decrease  of  the  solar  con- 
stant is  proportional  to  the  spot  area,  which  as  we  know  represents 
dark  regions  of  the  sun's  surface  for  luminous  as  well  as  dark  heat 
radiation.    The  measured  area  of  the  sun-spots  is,  it  is  true,  scarcely 
more  than  a  few  thousandths  of  the  sun's  disk.     But  to  this  area 
we  must  probably  add  a  great  part  of  smaller  spots  of  granular 
structure  which  never  are  counted  as  real  sun-spots,  but  the  area 
of  which  increases  and  decreases  with  the  sun-spot  number  itself. 
The  data  available  at  present  are  too  few  to  give  a  very  defi- 
nite idea  of  the  form  of  the  relation  between  solar  constant  and 

"  Memoires  de  la  SocietS  des  Sciences  de  Cherbourg,  12,  1866. 

»  Comptes  Rendus,  95,  1834-1836,  1882.  3  Monthly  Notices,  37,  5,  18/6. 
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sun-spot  number.  It  is  with  all  probability  a  function  depend- 
ent not  only  on  the  area  of  sun-spots,  but  also  on  their  number, 
intensity,  and  constitution  in  general.  So  much  seems  clear,  how- 
ever, from  the  previous  discussion,  that  this  function  is  not  a  linear 
one;  the  opinion  that  an  increase  of  sun-spots  is  also  accompanied  by 
an  increase  in  the  solar  constant  must  he  subjected  to  a  revision.  In 
all  probability  the  solar  constant  passes  through  a  maximum  with 
increasing  sun-spot  area,  after  which  a  continuous  decrease  of  the 
solar  constant  takes  place  when  the  area  increases. 

From  our  material  at  present  it  therefore  does  not  seem  per- 
missible to  assume  that  very  high  values  of  the  solar  constant  in 
the  past  have  accompanied  a  very  high  value  of  the  frequency  of 
sun-spots,  but,  on  the  contrary,  that  the  solar  constant  at  certain 
epochs  possibly  may  have  had  a  very  low  value  on  account  of  a  great 
frequency  of  sun-spots.  If  we  dared  to  extrapolate  the  function 
given  above  to  represent  the  conditions  at  very  high  sun-spot 
frequencies,  we  should  find  that  a  sun-spot  number  of  i,ooo  cor- 
responds to  as  low  a  solar  constant  as  about  1.66,  or  a  decrease 
from  the  normal  by  about  15  per  cent.  As  such  high  sun-spot 
frequencies  have  not  yet  occurred,  so  far  as  we  have  observed,  we 
then  enter  into  the  region  of  hypotheses. 

Further  determinations  of  the  solar  constant,  especially  at  the 
times  of  maxima  of  sun-spots,  will  be  of  great  interest  in  throwing 
more  hght  upon  the  questions  raised  above.  The  foregoing  discus- 
sion seems  to  the  author  to  form  an  additional  support  for  the 
opinion  that  the  variations  of  the  solar  constant,  observed  by 
Abbot  and  his  collaborators,  are  real  and  the  sun  consequently 
is  a  variable  star. 

Recently  doubts  as  to  the  reahity  of  the  variations  of  the  solar 
constant  have  been  raised  by  G.  Granqvist  on  account  of  a  correla- 
tion found  to  exist  between  the  values  of  the  solar  constant  and 
the  values  of  the  atmospheric  transmission'.  In  a  recently  pub- 
Hshed  paper^  I  consider  that  I  have  shown:  (i)  that  in  the  case 
of  Abbot's  values  the  correlation  pointed  out  by  Mr.  Granqvist 

^Kosmos,  Stockholm,  1921. 

^  "Ar  solens  straining  variabel?"  Tidskrifl  for  elemenldr  malemalik  Jysik  och 
kemi.    Alb.  Bonnier,  Stockholm,  192 1. 
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practically  disappears,  if  one  accounts  for  the  probable  variation 
of  the  solar  constant  itself  during  the  time  of  observations;  and 
(2)  that  the  connection  between  solar  constant  and  transmission 
in  the  case  of  the  observations  of  Mr.  Granqvist  probably  is  caused 
by  variations  in  the  atmospheric  transmission  during  the  time  of 
observations,  i.e.,  too  high  a  value  of  the  solar  constant  is  obtained 
when,  in  view  of  the  increasing  transmission,  too  low  a  value  is 
computed  for  the  transmission,  and  vice  versa. 

TABLE  I 


1905- 

1906. 
1908. 

1909. 

I9I0. 
I9II. 

1913- 
I9I4. 

1915- 

I9I6. 

I9I7. 


Years 


Mean  difference . 


Solar  Constant  (5) 


Observed 


1.956 
1.942 
1.936 
1. 918 
1 .921 
1.921 
1.904 
1.956 

1-952 
1.946 
1 .960 


Computed 


.946 
•945 
•944 
.940 
.928 
.922 
.909 
.919 
.946 
.942 
.961 


Sun-Spot 

Numbers  (N) 


(VVolfer) 


63 
58 

55 
46 

21 

3 

I 

9 
62 

50 

"3 


O.-C. 


+0.010 

—  0.003 

—  0.008 

—  0.022 

—  0.007 

— O.OOI 

-0.005 

+0.037 

+0.006 
+0.004 

— O.OOI 


0.009 


TABLE  II 


Sun-Spot  Number 


0-9.. 

10-19. 

20-29. 

30-39- 

40-59- 

60-79. 

80-99 • 

100-119 

120-139 

140-159 

160-179 

180-199 

200-224 

225-275 


Stockholm 
May  IQ2I 


Mean  Solar 
Constant 


1-933 
1.946 

1-945 
1.942 

1.949 
1-953 
1-955 
1.956 

I-95I 
1-959 
1.966 

1.938 
1-933 
1-935 


Number  of 
Observations 


s 

12 
17 
17 

35 
3i 
27 

23 
II 
10 

5 
2 

3 
5 


THE  ORBITS  OF  THE  SPECTROSCOPIC  BINARIES 
1  HYDRAE  AND  75  CANCRI^ 

By  R.  F.  SANFORD 

ABSTRACT 

Orbits  of  the  spectroscopic  binaries,  Boss  2227  =  i  Hydrae  and  Boss  2447  =  75  Cancri. 
— These  stars  are  of  classes  Fi  and  G2  and  of  visual  magnitudes  5.7  and  6.0,  respec- 
tively. Twenty-seven  spectrograms  of  each  give  for  the  periods,  1.563  and  19.46 
days;  for  e,  0.05  and  0.206;  for  K,  30.3  and  20.2  km/  sec;  and  for  7,  +71.3  and 
+  12.3  km/ sec,  respectively.  Attention  is  called  to  the  large  y  for  Boss  2227,  and 
to  the  fact  that  Boss  2447  is  a  dwarf  star.     Radial  velocity-curv'es  are  shown. 

A  previous  paper^  discusses  the  orbits  of  seven  spectroscopic 
binaries;  the  present  note  gives  the  orbits  of  two  additional  binaries. 
The  general  remarks  which  precede  the  discussions  of  indi\'idual 
stars  in  the  first  paper  are  equally  appHcable  here  and  need  not 
be  repeated. 

The  data  in  Table  I,  except  for  the  last  column  which  gives 
the  number  of  revolutions  of  the  star  in  its  orbit  between  the  first 
and  last  observations,  are  taken  from  the  list  of  spectroscopic 

TABLE  I 


Name 

Vis. 
Mag. 

a  (1900) 

5  (1900) 

Spectral 
Class 

Vis. 
Abs. 
Mag. 

M 

-sp. 

No. 
Rev. 

Boss  2227-1  Hydrae 
Boss  2447-75  Cancri 

S-7 
6.0 

8'»i9T6 
9     2.9 

-  3°26' 
+27    3 

Fi 
G2 

+3-6 
+4.1 

o'2i6 
0.404 

o':o38 
0.042 

340 
59 

parallaxes  of  1646  stars.''  Figures  i  and  2  show  the  radial  velocity- 
curves.  In  the  following  pages  the  derivation  of  the  orbits  of 
these  two  spectroscopic  binaries  is  discussed. 

BOSS  2227 
Measures  of  the  first  two  spectrograms  of  this  star  by  Professor 
H.  C.  Wilson  showed  that  its  radial  velocity  is  variable.     Accord- 
ingly observations  were  started  immediately  for  the  determination 

*  Contributions  from  the  Mount  Wilson  Observatory,  No.  221. 

'  Mt.  Wilson  Contr.,  No.  201;  Astro  physical  Journal,  53,  201,  192 1. 

3  Mt.  Wilson  Contr.,  No.  199;  Astrophysical  Journal,  53,  13,  1921. 
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of  the  elements  of  its  orbit.  Twenty-seven  suitable  spectrograms 
are  listed  in  Table  II.  The  derivation  of  the  correct  period  pre- 
sented some  difficulty  at  first  because  of  its  shortness.     Finally, 
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Fig.  I. — Radial  velocity-curve  for  Boss  2227 
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Fig.  2. — Radial  velocity-curve  for  Boss  2447 

all  observations  were  gathered  into  one  period  in  a  satisfactory 
manner  when  P  =  1.562975  days  was  used.  Since  approximately 
340  revolutions  of  the  star  in  its  orbit  occurred  between  the  first 
and  last  observations  it  seemed  needless  to  endeavor  to  correct 
the  period,  and  therefore  the  value  given  above  has  been  taken  as 
final. 
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With  preliminary  elements  derived  by  Russell's  method,  an 
ephemeris  was  computed  and  the  residuals  (0-C)  derived.  The 
spectrum  is  of  Class  Fi,  with  only  one  set  of  lines  which  at  best 
yields  a  velocity  of  only  fair  precision  and  which  varies  so  in  quality 


TABLE  II 
Observations  of  Boss  2227 


Plate  No. 


Date 

G.M.T. 

Phase 

Weight 

Velocity 

km/sec. 

1919    Nov. 

12 

Qh^2™ 

0^062 

0.75 

+   52.2 

1920    Apr. 

4 

IS    II 

0.870 

0-75 

+   92-6 

Oct. 

26 

0    19 

0.501 

1 .00 

+   54-6 

29 

0    24 

0.380 

0.75 

+  42.4 

Nov. 

I 

0   40 

0.262 

0.75 

+  41-8 

2 

0    13 

1 .246 

1. 00 

+  90-6 

20 

0   36 

0.506 

0.50 

+  55-0 

20 

23    58 

1-479 

0.75 

+  60.3 

21 

22    47 

0.867 

1. 00 

+  92-8 

23 

I    06 

0.401 

0.50 

+  53-7 

24 

I    28 

1 .416 

1. 00 

+  70.9 

Dec. 

22 

22   55 

0.614 

1 .00 

+  72.1 

192 1     Feb. 

15 

16  47 

0.653 

0.50 

+  84.0 

17 

15  22 

1-031 

0.7s 

+  99-9 

21 

18  20 

0.466 

0.75 

+  54-1 

22 

18  29 

1-473 

1. 00 

+  63.5 

23 

18  32 

0.910 

1 .00 

+  98.0 

25 

19  46 

1.400 

0.7s 

+  74-2 

Mar. 

16 

14  50 

1-439 

1. 00 

+  74-4 

16 

18  52 

0.04S 

1. 00 

+  48.0 

17 

14  42 

0.871 

1. 00 

+  92.8 

19 

15  42 

1-349 

0.7s 

+  80.6 

24 

IS  19 

0.095 

1. 00 

+  46-9 

Apr. 

17 

16  25 

0.682 

0.50 

+  77-3 

18 

17  03 

0.143 

0.50 

+  33-9 

25 

17  40 

0.920 

1. 00 

+  104.4 

28 

17  04 

0.768 

0.7s 

+  75-0 

0-C 


c 

y 


C 


c 

y 


8860 
9109 
9666 
9687 

741 
9705 
9723 
9732 
9738 
9747 

778 
9809 

9893 
9897 

9934 
897 
9940 
9957 
9995 

9999 
10003 
10012 
10046 
1009 1 
10099 
10124 
10139 


km/sec. 

+  4-9 

-  1.8 

-  2.7 

-  3-9 

+  1-3 

-  1.2 

-  2.8 

-  3-6 

-  1.4 
+  5-8 

-  0.8 
+  2.4 

+  9-9 

-  0.7 
+  0.4 

-  1.2 
+  1.2 

-  0.2 

+  5-2 

-  0.9 

-  1.6 
0.2 
1.8 

+  0.1 

-  8.0 
+  7-0 

-  II.O 


+ 


from  plate  to  plate  that  it  has  seemed  advisable  to  assign  weights 
to  the  measures  of  different  plates.  The  best  have  been  given 
weight  unity  and  the  rest  weight  0.75  to  0.50,  according  to  the 
inherent  quality  of  the  hnes,  or  their  quaUty  as  affected  by  photo- 
graphic density,  focus,  etc.,  or  a  combination  of  these  circumstances. 
The  twenty-seven  observations  were  converted  into  seventeen 
normal  places,  assigned  proper  weights  and  then  used  to  correct 
the  preliminary  elements  by  the  method  of  least  squares.  With 
the  elements  thus  corrected  the  quantity  lipv^  is  about  75  per  cent 
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of  its  value  when  derived  with  the  preliminary  elements.  The 
residuals  obtained  by  substitution  of  the  unknowns  in  the  equa- 
tions of  condition  agree  satisfactorily  with  the  residuals  from  an 
ephemeris  based  on  the  final  elements.  In  Table  III  are  to  be 
found  preliminary  elements,  corrections,  final  elements,  and  their 
probable  errors.  The  probable  error  of  a  single  observation  of 
velocity  of  weight  unity  is  =±=2.64  km/sec.  The  absolute  magni- 
tude (+3.6)  is  very  nearly  that  of  Class  F  stars  of  greatest  frequency 
and  is  therefore  typical. 

TABLE  III 


Preliminary  Elements 


Corrections 


Final  Elements 


P 

e 

0} 

K 

T 

y 

a  sin  i 
vi^  sin3  i 


0.08 
119° 

30 . 5  km/sec. 
J.D.  2422650.073 

+  71 .7  km/sec. 


—0.029 

+4-92 

—0.22    km/sec. 
+o'?oo9 
—0.40    km/sec. 


1.562975  days 
0.051=*=   .035 
123.92   ±34?4 
30.28  =t  1.38  km /sec. 
2422650. o82=fc  0'?I32 

4- 7 1. 3  km/sec. 

650000  km 

0.0045  O 


BOSS   2447 

This  was  announced  as  a  spectroscopic  binary  in  a  list  pub- 
lished by  Adams  and  Joy.'  The  single  set  of  Knes  appearing  on  its 
spectrograms,  which  show  that  its  class  is  G2  and  its  absolute 
magnitude  +4.1,  is  quite  satisfactory  for  measurement  on  properly 
exposed  plates.  Table  IV  gives  the  data  for  the  twenty-eight 
plates  which  have  been  obtained.  With  P  =  19.4589  days  all 
observations  arranged  themselves  satisfactorily  within  a  single 
period  and  furnished  the  basis  for  the  preliminary  elements.  Since 
the  observations  extend  over  an  interval  of  approximately  sixty 
revolutions  of  the  star  in  its  orbit,  this  period  was  taken  as  definitive. 
By  the  method  of  least  squares  the  other  five  elements  were  cor- 
rected, equal  weights  being  given  to  all  of  the  twenty-seven  plates 
which  were  used.  Plate  7  6662,  whose  residual  stood  out  as  the 
only  large  one,  was  arbitrarily  rejected  from  the  least-squares 
solution,  and  Plate  y  9997  was  obtained  after  the  elements  were 

I  Publications  of  the  Astronomical  Society  of  the  Pacific,  31,  41,  iQ^Q- 
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derived.  Data  for  both  plates  are  given  in  Table  IV,  however. 
The  quantity  Xpv^  derived  from  the  elements,  corrected  as  indi- 
cated by  the  solution  given  above,  is  i8  per  cent  less  than  for  the 
preliminary  elements,  and  substitution  of  the  unknowns  into  the 
equations   of   condition   gave   residuals    comparable   with    those 

TABLE  IV 
Observations  of  Boss  2447 


Plate  No. 


Date 


G.M.T. 


Phase 


Velocity 


O-C 


y  6396. 
6591. 
6662* 
6706. 
6894. 

6943- 

C  346. 

352. 

356. 

T  9123. 

9130. 

9179. 

9186. 

C  410. 

•V  9255- 
9266t 
9272. 
9667. 
9688. 
9767. 

9774- 
9876. 
9886. 
9889. 
9927. 

9935- • 
C  896. 

•y  9969- 
999  7 1 


1917 
1918 


1920 


Nov.  27 
Jan.  22 

30 
Feb.  28 
May  I 

30 

Apr.  3 

4 

5 

6 

7 
6 

7 
7 
4 
6 


May 


June 


Oct. 


7 
26 


29 
Nov.  26 


192 1  Jan. 


27 
28 
29 
30 

Feb.  20 
21 
22 
26 

Mar.  16 


QhQjcn 

22  SI 
22  19 
20  43 

16  59 

16  43 
15  02 
18  43 

17  00 
IS  22 
17  04 
IS  39 
IS  35 

15  3S 

16  16 

IS  58 

15  S6 

0  52 

1  03 
I  05 

o  53 
20  14 
22  21 
22  S3 

16  36 

20  56 

17  10 

21  46 
17  06 


9'?02I 

7.598 

15.574 

5.589 

9-057 

18.589 

11.456 
I 2 . 609 

13.537 
14.469 

15.540 

5-563 

6.560 

6.560 

15-130 

17.017 

18.016 

2.813 

5. 821 

14-367 

15-359 

0.326 

1-414 
2.422 
3.716 
4.896 

5-739 
9-930 
8-277 


km/sec. 
+  21.6 
+  29.1 

+  4-3 
+  29.0 
+  20.2 

-  2.8 
+  11. 4 
+  4-2 

-  1.6 

-  5-0 

-  2.5 
+31-7 
+30.4 
+  29-3 

-  6.7 

-  10. 1 

-  5-4 
+  24.0 

+  27.3 

-  5-5 

-  8.6 
+  8.2 

+17-9 
+29.8 

+31-4 
+34-5 
+  24-4 

+  11. 9 
+  19.2 


+ 
+ 


+ 
+ 
+ 


km/sec. 
+  i-S 

+  3.8 

+  11. 8 

-  1.4 
0.3 
0.3 
1.8 
o 
I 
I 

4 

I 

2 

+  0.9 

-  0.5 

-  1.2 
+  0.6 

-  3-9 

-  2.7 

-  2.1 

-  1.8 

-  0.1 

-  0.8 

+  3-9 
+  0.8 

+  33 

-  5-7 

-  4.4 

-  3-7 


*  Not  used  in  least-squares  solution. 

t  Poor  plate. 

t  This  plate  obtained  after  elements  were  derived. 

derived  from  an  ephemeris  calculated  with  the  corrected  elements, 
which  are  therefore  adopted  as  final.  The  preliminary  elements, 
corrections,  final  elements,  and  probable  errors  are  given  in 
Table  V.  The  probable  error  of  a  single  observation  of  velocity 
of  weight  unity  is  =^1.74  km/sec.  The  barred  circle  in  Figure  2 
represents  the  velocity  from  Plate  7  9997. 
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Preliminary  Elements 


P 

e 
a 
K 
T 

y 

a  sin  i 
m^  sin3  i 


J.D. 


.200 

248?5 

20.5     km/sec. 
2422426.555 

+ 1 2 .  49    km/sec. 


Corrections 


+    .006 

+4?oo 

—0.29    km/sec. 

+0^079 

—0.16    km/sec. 


Final  Elements 


19.4589  days 
0.206=*=    .002 
252^5     =^7-70 
20.21   ± o . 49  km/sec. 
2422426. 634  =fco'?384 

+  12.3  km/sec. 

5295900  km 

0.0157  O 


Mount  Wilson  Observatory 
October  192 1 


AN   INVESTIGATION   OF   THE   CONSTANCY  IN  WAVE- 
LENGTH OF  THE  ATMOSPHERIC  AND 
SOLAR  LINES^ 

By  CHARLES  E.  ST.  JOHN  and  HAROLD  D.  BABCOCK 

ABSTRACT 

Constancy  in  wave-length  of  atmospheric  lines  in  the  solar  spectrum. — In  1915  Perot 
reported  ha\ing  found  the  wa\'e-length  of  an  O  line  considerably  longer  at  noon  than 
at  sunrise  and  sunset.  Since  these  lines  are  constantly  used  as  standards  of  wave- 
length in  solar  obsers^ations,  a  study  of  the  wave-length  as  a  function  of  the  altitude  of 
the  sun  was  made  for  a  number  of  atmospheric  lines  in  the  B  group  at  X  6867,  in  the 
a  group  at  X6276,  and  in  the  water-vapor  band  near  X  5900.  Measurements  of  25 
plates  show  no  indication  of  a  \'ariation  greater  than  the  accidental  error.  Moreover, 
spectrograms  and  data  accumulated  at  Mount  Wilson  since  1911  give  wave-lengths, 
some  determined  with  reference  to  solar  lines  and  some  with  reference  to  arc  lines, 
which  agree  very  closely,  the  difference  from  the  general  mean  shown  b}^  any  plate 
seldom  exceeding  0.00 1  A.  This  negative  result  indicates  the  absence  of  high  velocity 
radial  currents  in  the  earth's  atmosphere  and  justifies  the  use  of  atmospheric  lines  as 
a  reliable  standard  of  reference  even  in  work  requiring  the  highest  precision. 

Constancy  in  wave-length  of  lines  from  the  center  of  the  solar  disk. — While  Evershed 
reported  in  1919  remarkaljle  variations  amounting  to  several  thousandths  of  an 
angstrom,  the  experience  at  ISIount  Wilson  is  that  the  more  carefully  the  solar  wave- 
lengths are  compared  mth  standard  arc  lines,  the  smaller  the  de\'iations  from  spectro- 
gram to  spectrogram  become.  E\'idence  from  13  plates  is  presented.  These  results 
prove  that  the  radial  convection  currents  in  the  sun,  while  not  absent,  are  remarkably 
constant,  apparently  dowmward  at  high  levels  and  upward,  but  small,  at  low  levels. 

In  spectrographic  observations  on  the  solar  spectrum  for  deter- 
mining wave-lengths  and  displacements  of  the  Fraunhofer  lines 
with  high  precision,  a  desideratum  is  some  means  of  procuring  a 
simultaneous  comparison  spectrum  under  the  same  conditions  of 
illumination  as  those  obtaining  for  the  spectrum  under  investiga- 
tion. Provided  their  wave-lengths  are  constant,  ideal  conditions 
occur  when  atmospheric  lines  are  used  for  reference  in  solar  observa- 
tions, since  in  the  instrument  the  path  of  the  light  is  identical 
for  both  classes  of  lines. 

It  has  been  generally  assumed  that  under  all  practical  condi- 
tions of  solar  observation  the  velocities  of  terrestrial  atmospheric 
movements  are  of  such  an  order  that  no  measurable  Doppler 
effect  is  produced.  It  would  require  motion  in  the  line  of  sight  of 
approximately  125  miles  an  hour  to  cause  a  displacement  of  0.00 1  A 

^  Contributions  from  the  Mount  Wilson  Observatory,  No.  223. 
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at  X  6000.  Some  observations  reported  by  Perot,'  however,  give 
very  remarkable  and  surprising  results,  and  if  confirmed  would 
show  that  the  atmospheric  lines  are  not  constant  in  wave-length 
and  hence  not  reliable  as  standards  of  reference.  He  measured 
with  an  interferometer  the  wave-length  of  an  oxygen  line  in  the  B 
group  at  different  hours  of  the  day  and  concluded  that  the  wave- 
length increased  from  morning  to  noon  and  decreased  from  noon 
to  evening.  He  interprets  his  results  as  showing  a  recession  of 
the  absorbing  centers  from  the  surface  of  the  earth  with  a  radial 
velocity  of  about  3  km  per  second. 

In  view  of  the  importance  of  the  atmospheric  lines  in  solar 
observ^ations  we  have  examined  for  change  in  wave-length  during 
the  day  the  atmospheric  lines  in  three  spectral  regions,  namely, 
in  the  B  group  at  X  6867,  in  the  a  group  at  X  6276,  and  in  the  water- 
vapor  band  near  X  5900,  and  have  supplemented  these  observa- 
tions from  spectrograms  taken  for  other  purposes  through  a  series 
of  years.  For  much  of  the  measurement  and  reduction  we  are 
under  obligation  to  Miss  Ware,  Miss  IMiller,  and  Miss  Keener. 

Oxygen  lines  in  the  B  group. — On  two  occasions  grating  spectro- 
grams of  the  center  of  the  sun  were  taken  in  the  first  order  of  the 
75-foot  spectrograph  of  the  150-foot  tower  at  intervals  from  sunrise 
to  sunset.  The  wave-lengths  of  eight  oxygen  lines  were  obtained 
from  solar  lines  whose  wave-lengths  were  corrected  for  the  earth's 
motions.  The  statistical  results  are  given  in  Table  I.  The  lines 
are  identified  by  their  Rowland  wave-lengths  in  the  first  and  fourth 
columns  and  in  the  other  columns  are  given  the  deviations  from 
the  mean  for  the  hours  of  observation.  In  Figure  lA  the  average 
deviations  from  the  general  mean  are  plotted  against  the  cor- 
responding altitudes  of  the  sun. 

From  our  investigation  on  solar  wave-lengths  in  the  inter- 
national system  we  extract  the  data  given  in  Table  II.  These 
measurements  were  made  during  June,  191 9,  with  the  interferometer 
attached  to  the  Snow  telescope.  Our  unpublished  international 
va'ues  of  solar  lines  were  used  as  standards.  The  first  column 
contains  the  preliminary  wave-lengths  in  the  international  system 
of  28  oxygen  lines  in  the  B  group.     In  the  other  columns  are  shown 

•  Comptes  Rendus,  160,  549,  1915- 
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the  deviations  from  the  mean  values  for  altitudes  varying  from 
i2°5o'  to  75°4o'-  The  observed  mean  wave-length  at  the  highest 
altitude  is  0.0012  A  less  than  the  general  mean. 

Oxygen  lines  of  the  a  group. — On  June  7  and  9,  19 19,  spectro- 
grams of  the  center  of  the  sun  were  taken  with  the  75-foot  spectro- 
graph at  intervals  from  6  :oo  a.m.  to  6  :oo  p.m.  Eight  oxygen  lines  of 
the  a  group  were  measured  in  terms  of  solar  standards.  After  cor- 
rection of  the  reference  lines  for  the  earth's  motions,  the  mean  wave- 
length at  noon  exceeded  the  mean  for  the  two  lowest  altitudes  by 
0.0016  A.  The  numerical  data  are  given  in  Table  III;  the  relative 
results  are  plotted  in  Figure  iB  against  the  hours  of  observation. 

+0.002  A 


10        12 


6    hours  P.S.T. 


^ '_. A 

•    •     •. 


—  0.002 
-I-0.002 

—  0.002 

-J-0.002 

—  0.002 


10  30  50  70  90 

Fig.  I. — A.  Deviations  of  oxygen  lines  in  B  group  from  mean  wave-length;  for 
different  altitudes  of  sun. 

B.  Deviations  of  oxygen  lines  in  a  group  from  mean  wave-length;  at 

different  hours  of  the  day.     Solar  standards. 

C.  Same  as  B,  referred  to  absorption  lines  of  iodine  as  standards. 

In  order  to  eliminate  solar  standards  and  obtain  an  independent 
determination,  spectrograms  of  sunlight  filtered  through  iodine 
vapor  were  taken  with  an  interferometer  using  two  absorption 
lines  of  iodine  as  the  fixed  references.  These  observations  were 
made  in  the  Pasadena  laboratory  in  April,  1919,  with  an  etalon  of 
20  mm  separation  giving  a  mean  order  of  interference  of  63400 
for  the  eight  measured  oxygen  lines  of  the  a  group.  The  devia- 
tions from  the  mean  wave-length  at  the  hours  of  observation  are 
plotted  in  Figure  iC,  The  wave-length  at  noon  shows  no  deviation 
from  the  mean  of  the  series. 


40 


CHARLES  E.  ST.  JOHN  AND  HAROLD  D.  BABCOCK 


TABLE  II 

Relatwe  Wave-Lengths  of  Oxygen  Lines  of  the  B  "Group  at  Different 
Hours  of  the  Day.    Interferometer  Spectrograms 

(Unit  for  residuals =o,ooi  A) 

June  6,  15,  16,  1919,  P.S.T. 


XI.A. 


6872.265. 
6872.861, 
6873.816, 
6874.671 . 
6875.608. 

6876.733 

6877.655, 

6879.058, 

6879.947, 

6883.850 

6885.772 
6886.761 
6888.967 
6889.921 
6892.389 

6893.328 
6896.056 
6896.984 
6899.972 
6900.887 

6904.137 

6905-137 
6908.553 
6909.450 
6913.219 

6914.109 
6918.140 
6919.022 

Mean . . . 

Altitude. 


June  6 
9:08 


-3 
+1 
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—  2 
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+  2 
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+1 
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From  spectrograms  and  data  accumulated  since  191 1,  when  the 
a  band  was  first  studied  at  Mount  Wilson,  a  yearly  record  is  avail- 
able. The  results  for  eight  lines  are  given  in  Table  IV.  The  mean 
wave-lengths  for  the  eleven-year  period  are  in  the  first  column  and 
those  for  the  separate  years  in  the  succeeding  columns.     The  mean 
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wave-length  of  the  group  is  shown  at  the  bottom  of  the  table. 
The  spectrograms  were  taken  in  various  months,  on  various  days, 
and  at  various  hours.  It  would  seem  that  frequently  occurring 
disturbances  should  have  been  detected;  but  on  none  of  the  scores 
of  spectrograms  measured  is  there  definite  evidence  of  radial  move- 
ments of  the  absorbing  region^  of  the  atmosphere.  The  difference 
from  the  general  mean  shown  by  any  plate  seldom  exceeds  o.ooi  A.* 

TABLE  III 

Wave-Lexgths  of  Oxygen  Lines  of  the  a  Group  at  Different  Hours 
OF  THE  Day,    Grating  Spectrograms 

June  7-9,  1919,  P.S.T. 


XI.A. 

6280 . 404 . . . . 

6281.187 

6281.964. . . . 
6290.230. . . . 

6295.187 

6295.969 

6302.009. . . . 
6302. 770. . . 

Mean  .215.. 

No.  of  plates 

Altitude .... 


June  7 
6:00 


•403 
.185 
.962 
.229 
.185 
.967 
.006 
.768 

.2131 

2 


I2°30' 


June  7 
9:00 


.402 
.186 
.962 
.230 
.184 
.968 
.006 
.769 

•2134 

I 


49°io' 


June  7-9 
12:00 


.406 
.189 
.966 
.232 
.188 
.970 
.010 
.772 

.2166 

3 
78°4o' 


June  9 
2:50 


.404 
.189 
.966 
.230 
.187 
.971 
.009 
770 

.2158 


5i°2o' 


June  9 
6:00 


•403 
.186 

963 
.229 
.188 
.968 
.010 
.771 

.2148 


1 2°4o' 


Water-vapor  lines  near  X  ^goo. — To  complete  the  investigation 
on  atmospheric  lines,  grating  spectrograms  of  the  center  of  the 
sun's  disk  were  taken  at  high  and  low  sun  in  the  region  of  the  rain- 
band  near  Di  and  D2.  The  results  of  the  measures  of  eleven  lines 
on  twenty-four  spectrograms  are  shown  in  Table  V.  Solar  lines 
were  used  as  standards.  The  mean  wave-lengths  in  the  inter- 
national system  are  in  the  first  column,  weighted  according  to  the 
number  of  exposures.  For  the  eleven  lines  the  wave-length  at 
high  sun  exceeds  the  mean  at  low  sun  by  o.ooi  A. 

'  This  confirms  and  extends  in  time  other  observations  on  the  a  group.  Royds, 
Annual  Report,  Kodaikanal  Observatory,  191 7;  St.  John  and  Babcock,  Publications  of 
the  Astronomical  Society  of  the  Pacific,  31,  178,  1919. 
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TABLE  V 
Wave-Lengths  of  Water-Vapor  Lines  at  Different  Hours  of  the  Day 

(March  and  June  1921) 


X  I.A. 


5885.982... 
5887.227.  .  . 
5887.665... 
5892.402. . . 
5909.001. . . 
5913.999... 
5919.058... 
5919.646... 
5924.276... 
5932.097... 
5932.788... 

Mean  .4675 

Altitude. . . . 


P.S.T.  of  Observation 


7:0,5 


.980 
.226 
.664 
•396 
.998 

.998 
.056 
.644 

•275 
.096 
.788 

.466 

16° 


II 140 


■983 
.  227 

.668 

•  405 
.000 
.996 

•059 
.647 

•27s 
.097 
.788 

.468 

61° 


3:16 


.984 
.230 
.663 
•  403 
.004 
.004 

•059 
.646 
.278 
.098 
.788 

.469 
35° 


5:40 


.980 
.  226 
.664 
.402 
.002 

•999 
•  057 
.646 
.276 
.097 
.788 

.467 
13° 


When  the  observations  on  atmospheric  lines  at  high  sun  are 
compared  with  the  mean  for  all  altitudes,  the  residuals,  high  sun 
minus  mean,  are  as  follows: 


Source 

Lines 
Observed 

Altitude 
High  Sun 

Residuals 

Table  I 

Table  II 

B  group 
B  group 
a  group 
Water-vapor 

78°io' 
7540 
7830 
61  20 

— O.OOIO  A 
—  0.0012 

Table  III 

+0.0016 

Table  IV 

+0.0005 

Mean .    . 

0.0000 

We  are  unable  to  account  for  the  wide  divergence  between 
our  measures  and  those  of  Perot.  Within  the  error  of  measure- 
ment our  series  of  observations  show  no  variation  in  the  wave- 
lengths of  the  terrestrial  lines  with  the  altitude  of  the  sun.  It 
will  be  recalled  that  Duner,'  in  his  determination  of  solar  rotation 
in  1887-1889,  used  the  terrestrial  line  X6302.209  as  a  fixed  point 
of  reference,  and  in  1899-1901  the  other  component  of  the  pair, 
X6302.975.  If  the  terrestrial  atmosphere  in  the  absorbing  region 
is  subject  to  radial  velocities  of  3  km  per  second  his  consistent 

'  Uber  die  Rotation  der  Sonne,  Upsala,  1906. 
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values  are  remarkable,  particularly  for  the  highest  latitude  where 

the  observed  rotational  velocity  was  only  0.39  km  per  second. 

It  must  be  admitted  that  radial  velocities  in  the  earth's  atmosphere 

of  the  order  of  3  km  per  second,  if  they  do  occur,  are  extremely 

rare  and  very  local.     It  seems  to  us  more  probable  that  a  different 

interpretation   should  be   sought   for  Perot's   observations.     His 

interpretation  requires  for  the  absorbing  centers  a  radial  velocity 

of  6700  miles  per  hour.     That  such  enormous  radial  velocities 

occur  even  in  attenuated  regions  of  the  earth's  atmosphere  is  open 

to  question,  and  it  is  more  doubtful  still  that  the  radial  component 

would  remain  constant  for  a  month  over  a  given  locality.     From 

our  observations  we  feel  justified  in  using  the  atmospheric  lines  as 

reliable  standards  of  reference,  even  in  work  requiring  the  highest 

precision. 

On  constancy  of  wave-length  of  solar  lines. — JewelP  was  the  first 

to  raise  the  question  of  variability  in  the  wave-lengths  of  the  solar 

lines.     He  says, 

Another  effect  of  this  investigation  may  be  to  make  the  lines  of  the  solar 
spectrum  step  down  from  the  commanding  position  which  they  have  occupied, 
as  standards  of  reference. 

At  the  period  of  Jewell's  investigation  the  instability  of  many  lines 

in  the  arc  spectra  of  metals  had  not  been  recognized.     Moreover, 

the  records  of  the  spectrograms  taken  by  Rowland  and  used  by 

Jewell   were   not   sufficiently   detailed   to   determine   corrections 

depending  upon  the  earth's  motions.     Under  these  conditions  the 

conclusion  reached  by  Jewell  loses  much  of  its  weight.     Evershed^ 

reports  that 

a  continuous  series  of  sunlight  and  Fe  spectra  was  taken  to  test  the  constancy 
of  the  sun-arc  displacement.  Confining  attention  to  the  region  4337-4531 
and  to  lines  not  subject  to  pole-effect  in  the  arc,  it  was  found  that  some  remark- 
able variations  occurred  amounting  to  several  thousandths  of  an  angstrom. 
The  variations  are  of  two  kinds:  a  general  change  for  all  the  lines  in  the  region 
studied,  and  a  change  affecting  particular  lii.es  or  groups  of  lines. 

He  says. 

These  displacements  may  be  observed  at  the  center  of  the  disk,  but  up  to 
the  present  they  have  not  been  found  very  near  the  limb.  It  appears  there- 
fore that,  unlike  the  displacements  in  the  penumbra  of  spots,  they  may  be 

^  Astrophysical  Journal,  3,  113,  1896. 

'Annual  Report,  Director,  Kodaikanal  and  Madras  Observatories,  1919,  p.  2. 
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due  to  movements  normal  to  the  surface  or  having  a  component  normal  to 
the  surface. 

At  Mount  Wilson  it  has  been  found  that  in  the  determination  of 
solar  wave-lengths  from  arc  standards,  the  more  carefully  the  iron 
arc  is  controlled,  the  more  completely  instrumental  displacements 
are  eliminated,  the  more  accurately  the  image  of  the  sun  is  centered,' 
and  the  more  exactly  the  axes  of  the  light-cones  incident  upon  the 
grating  are  made  to  coincide,  the  smaller  the  deviations  from 
spectrogram  to  spectrogram  become. 

A  comparison  of  four  observations  with  the  grating  spectro- 
graph from  April  to  June,  192 1,  and  the  mean  of  measures  in  191 7 
for  the  13  solar  lines  common  to  all  plates  gives  for  the  fractional 
part  of  the  mean  wave-length  the  following: 


Mean 

IQ2I, 

April  21 

ig2i 
April  2g 

ig2i 
May  I 

ig2i 
June  I 

13  lines 

X  433  7-X  4401 

0.  !;';4.^   '   n   ccc^ 

O.S5SO 

0-5565 

0.5554 

The  three  April-June  observations  for  the  other  common  lines  also 
show  good  agreement  in  the  fractional  part. 


1921,  April  21 

April  29 

May  I 

1 7  lines 

1 5  lines 

20  lines 

X  4489-X  4607 
X4615-X4688 
X  4707-X  4784 

0.5574 
0.3942 
0.5217 

0.5594 
0.3941 
0.5217 

0.5593 
0.3945 
0.5216 

These  wave-lengths  are  determined  from  the  arc  standards, 
not  by  measuring  the  displacements  between  the  center  of  the 
sun  and  arc,  but  by  using  the  arc  lines  as  standards  of  reference. 
Five  interferometer  spectrograms  likewise  referred  to  arc  standards, 
taken  on  August  5,  1920,  at  intervals  from  10:44  a.m.  to  5  :o3  p.m. 
P.S.T.  and  one  taken  a  year  later  on  August  8,  192 1,  give  deviations 
from  the  mean  of  the  six  as  follows  for  a  group  of  38  solar  lines: 


August  5,  1920 

August  8, 
1921 

10:44 

2:34 

3:30 

4:22 

5:03 

4:50 

38  lines. . . 

X  5497-x  5862 

.0000 

-t-.ooii 

-I-.0003 

— .0020 

+  .000S 

.0000  A 

'  Observatory,  43,  260,  1920. 
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The  degree  of  constancy  of  the  solar  wave-iengths  at  the  center 
of  the  sun  shown  by  these  determinations  is  further  evidenced  by 
considering  the  data  in  Table  IV  from  this  point  of  view. 

The  wave-lengths  of  the  ox^'^gen  lines  in  the  table,  except  for 
the  years  1920-192 1,  were  referred  to  solar  standards  determined 
as  above.  In  191 1,  191 2,  1913,  and  1919  the  wave-lengths  of  the 
solar  lines  at  the  center  of  the  disk  were  used.  For  the  years  1920- 
192 1  the  oxygen  lines  were  referred  directly  to  the  iron-arc  stand- 
ards. This  completes  the  cycle:  arc-sun-atmospheric  lines-arc. 
The  closing  of  the  cycle  is  practically  perfect.  Unless  it  is 
assumed  that  continuously  compensating  changes  in  the  wave- 
lengths of  the  solar  and  terrestrial  lines  occur,  the  agreement 
between  the  first  and  last  sections  of  Table  IV  may  be  taken  as  a 
measure  of  the  constancy  in  wave-length  of  the  atmospheric  lines 
and  of  the  solar  lines  at  the  center  of  the  disk,  and  also  of  the 
accuracy  of  their  determination  in  terms  of  the  international 
iron-arc  standards.  In  1914-1918  the  results  are  less  dependable, 
as  the  measures  were  made  upon  spectrograms  of  the  limb  and  it 
was  necessar}'  to  apply  a  correction  for  the  limb-center  shift,  a 
somewhat  uncertain  quantity  for  a  single  observation.  From  an 
extended  series  the  mean  limb-center  shift  for  solar  lines  in  this 
spectral  region  is  0.007  A  with  a  range  of  0.002  to  o.oio  A. 

In  view  of  the  probable  existence  of  radial  convection  currents 
on  the  sun  the  relative  constancy  of  wave-length  at  the  sun's 
center  is  somewhat  surprising.  At  any  given  level,  the  radial 
velocity  appears  to  reach  a  comparatively  steady  state,  differing 
from  level  to  level  and  in  widely  different  levels  even  opposite  in 
direction.  For  the  strong  lines — -high-level  Hnes — the  motion  is 
apparently  downward.  The 'great  intensity  of  these  hnes  at  high 
levels  is  probably  dependent  on  the  increased  ionization  under  the 
low  pressures  at  the  high  elevations.^  As  yet  too  little  is  known  of 
the  ionizing  potentials  of  the  elements  involved  for  a  definite  con- 
clusion. For  very  low-level  lines  the  motion  is  small  but  upward. 
At  both  low  and  high  levels  we  appear,  however,  to  be  dealing  with 
remarkably  steady  states.  In  this  regard  there  is  a  marked  difi"er- 
ence  between  the  center  and  the  limb,  the  range  of  deviation  from 

'  Megh  Xad  Saha,  Philosophical  Magazine,  40,  472,  1920. 
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plate  to  plate  at  the  limb  being  four-  to  five-fold  that  at  the  center. 
Though  the  causes  of  the  motions  in  the  solar  and  terrestrial  atmos- 
pheres are  different,  there  may  be  common  characters  in  the  general 
atmospheric  movements  due  to  the  similar  damping  influences. 
In  both  cases  centrifugal  velocities  are  opposed  by  gravitation,  very 
powerfully  so  in  the  sun,  while  tangential  movements  are  damped 
by  the  smaller  forces  of  friction.  Thus  through  a  kind  of  selective 
action  the  tangential  components  would  tend  to  persist  and  the 
radial  components  to  be  quenched,  so  that  in  both  the  solar 
and  terrestrial  atmospheres  the  prevalent  atmospheric  flows 
would  tend  to  be  tangential.  In  the  sun  the  opposing  effects  of  light- 
pressure  and  gravitation  may  have  influence  in  producing  the 
steady  state  at  any  given  level,  the  different  levels  of  the  absorbing 
centers  being  again  a  selective  result  as  the  equilibrium  between 
light-pressure  and  gravitation  depends  upon  the  ratio  between  the 
mass  and  diameter  of  the  centers. 

From  these  observations  it  is  evident  that  differences  between 
solar  wave-lengths  at  the  sun's  center  and  in  terrestrial  sources 
may  be  determined  with  an  accuracy  comparable  to  that  for  the 
terrestrial  lines.  Upon  the  magnitude  of  these  differences,  their 
variation  over  the  solar  disk,  from  element  to  element,  from  line 
to  line,  and  from  wave-length  to  wave-length,  rests  the  possibility 
of  disentangling  the  causes  of  the  displacement  of  solar  lines,  a 
formidable  but  far  from  hopeless  undertaking. 

Mount  Wilson  Observatory 
October  1921 


THE  WAVE-LENGTH  IN  ASTRONOMICAL 
INTERFEROMETER  MEASUREMENTS^ 

By  J.  A.  ANDERSON 

ABSTRACT 

Effective  wave-length  in  measurements  with  astronomical  interferometer. — The 
separation  of  double  stars  and  the  diameters  of  stellar  disks  are  measured  by  the 
interferometer  in  terms  of  an  effective  wave-length  X  which  is  such  that  if  the  stellar 
object  emitted  monochromatic  light  of  wave-length  X  the  setting  of  the  interferometer 
would  be  that  actually  found.  The  accuracy  of  setting  obtainable  in  these  measure- 
ments is  such  that  in  each  case  X  should  be  known  to  a  few  tenths  of  i  per  cent.  For 
any  star,  the  normal  effective  wave-length  may  be  computed  from  the  effective  tem- 
perature corresponding  to  its  spectral  type,  by  combining  the  Planck  radiation  law 
with  the  mean  transmission  curve  for  the  atmosphere  and  with  the  A.I.S.  visibility- 
curve  for  the  normal  eye.  The  corrections  required  for  variations  of  atmospheric 
absorption  and  of  eye  sensitivity  from  the  assumed  values  may  best  be  obtained 
experimentally  by  observations  on  sunlight,  since  in  anj^  case  the  correction  is  equal 
to  the  difference  between  the  observed  and  computed  effective  wave-lengths  for  sun- 
light under  the  same  conditions.  The  method  and  apparatus  used  in  the  determination 
of  the  effective  wave-length  for  sunlight  are  described,  and  the  results  of  some  observa- 
tions on  the  variation  of  X  with  zenith  distance  and  atmospheric  conditions  are  given. 
On  Mount  Wilson  the  values  found  vary  from  5660  A  at  sunrise  and  sunset  to  5510  A 
for  zenith  distances  up  to  60°;  at  Pasadena  the  variation  with  zenith  angle  was  more 
rapid.     The  wave-length  was  greater  on  cloudy  days  and  least  after  a  rain. 

Astronomical  interferometer. — The  distribution  of  intensity  in  the  interference  pat- 
terns, for  both  circular  and  rectangular  apertures,  is  fully  discussed,  and  in  the 
particular  case  of  a  double  star  is  given  mathematically  for  all  points  of  the  focal 
plane,  for  all  orientations  of  the  apertures.  The  effect  of  the  size  of  the  apertures  on 
the  setting  is  nil  when  rotation  is  used  and  also  when  the  setting  is  made  for  minimum 
visibility  of  the  fringes;  but  when  the  apertures  are  separated  until  minimum  intensity 
at  the  center  is  obtained,  it  is  found  both  theoretically  and  experimentally  that  for 
apertures  of  wdth  a  and  separation  D,  the  effective  separation  is  very  closely  equal 
to  D/[i-\-K  (a/D)^]  for  D/a  greater  than  3.5,  where  K  is  0.223  instead  of  0.765  as 
given  by  Hamy. 

The  interferometer  as  used  *n  astronomical  measurements 
consists  of  two  apertures  alike  in  shape  and  size,  placed  either  in 
front  of  the  objective  or  in  the  converging  beam  a  short  distance 
in  front  of  the  focal  plane.  The  idea  of  using  a  telescope  in  this 
manner  appears  to  have  originated  with  Fizeau/  and  the  first 
actual  trials  were  made  by  Stephan.^  Michelson''  carried  both  the 
theory  and  applications  of  the  method  considerably  farther  than 
his  predecessors;  he  gave  an  analytical  treatment  for  the  case  of 
a  pair  of  narrow  slits,  and  applied  it  to  the  determination  of  the 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  222. 

'  Comptes  Rendus,  66,  934,  1868.  ^  Ibid.,  78,  1008,  1874. 

*  Philosophical  Magazine,  30,  i,  1890. 
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diameter  of  Jupiter's  satellites.  Hamy'  treated  the  case  of  narrow- 
slits,  and  also  that  of  rectangular  apertures  whose  width  cannot  be 
neglected  in  comparison  to  their  separation,  and  applied  his  results 
to  a  measurement  of  the  diameter  of  Jupiter's  satellites  and  of 
some  of  the  brighter  asteroids.  Comstock'  used  the  method  for 
a  determination  of  the  effective  wave-length  of  star  light.  The 
work  of  the  past  two  years  is  so  recent  that  references  to  it  need 
not  be  given  here  in  detail. 

The  purpose  of  the  present  paper  is  to  call  attention  to  the 
necessity  of  knowing  quite  accurately  the  effective  wave-length 
of  the  source  which  is  studied ;  to  describe  and  illustrate  a  method 
for  determining  this  quantity  quickly  and  accurately;  and  to 
discuss  in  some  detail  the  effect  of  using  apertures  of  different 
shapes  and  sizes. 

Consider  first  the  determination  of  the  diameter  of  a  star, 
assumed  to  appear  as  a  uniformly  luminous  circular  disk.  If  the 
apertures  are  narrow  in  comparison  wnth  their  separation,  the 
angular  diameter  is  given  by 

I.22X  . 

where  fi  is  the  angular  diameter,  D  the  distance  between  the  centers 
of  the  apertures  corresponding  to  the  first  vanishing  of  the  inter- 
ference fringes  as  the  distance  is  increased,  and  X  the  wave-length 
of  light.  The  two  quantities  which  determine  /3  are  X  and  D. 
Experience  indicates  that  the  probable  error  in  the  determination 
of  D  under  good  conditions  is  of  the  order  of  i  per  cent;  and  accord- 
ingly if  the  uncertainty  of  the  true  value  of  X  exceeds  a  few  tenths 
of  I  per  cent,  the  probable  error  of  (3  w^ll  be  larger  than  that  of  D. 
Again,  consider  a  double  star  whose  angular  separation  is  to 
be  measured.     This  is  given  by 

a  =  -yc  (2) 

2D 

where  a  is  the  angular  separation,  the  other  quantities  being  the 
same  as  in  (i).  In  this  case,  under  good  conditions,  the  uncertainty 
in  the  value  of  D  is  considerably  less  than  i  per  cent. 

'  Bulletin  Astronomique,  16,  257,  1899. 
'  Aslrophysical  Journal,  5,  26,  1897. 
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Other  cases  might  be  given,  but  always  the  quantity  to  be 
measured  will  be  expressed  in  the  form  K\,  where  K  is  deter- 
mined by  the  actual  observation,  while  X  in  general  must  be  found 
by  some  other  means,  and  since  X  is  always  a  simple  multiplier, 
it  is  necessary  or  at  least  desirable  to  know  its  value  with  a  probable 
error  considerably  smaller  than  that  involved  in  K. 

At  present  all  observations  with  the  interferometer  are  made 
visually,  and  hence  the  value  of  X  will  fall  somewhere  near  the 
middle  of  the  visibility  curve  of  the  eye,  at  least  for  sources  emitting 
white  light;  or,  we  may  say  that  X  will  have  a  value  lying  some- 
where within  the  range  5400  A  to  6000  A.  It  follows  from  what  has 
just  been  said  that,  if  possible,  X  should  be  known  for  a  given 
source  within  10  A  to  20  A. 

Definition  of  the  effective  visual  wave-length. — a)  Let  an  artificial 
double  star  be  illuminated  with  the  white  light  whose  effective 
visual  wave-length  is  required ;  let  this  double  star  be  viewed  with 
an  interferometer,  and  the  latter  adjusted  so  that  the  interference 
fringes  just  disappear  according  to  equation  (2).  Leaving  the 
interferometer  unchanged  we  now  illuminate  the  double  star  with 
the  monochromatic  Hght  whose  known  wave-length  can  be  varied 
at  will.  The  value  of  X  which  just  makes  the  fringes  disappear  is 
defined  as  the  effective  visual  wave-length  of  the  white  source  in 
question. 

h)  Analytically^  the  definition  may  be  given  as  follows:  Take 
rectangular  co-ordinates  in  the  focal  plane  with  the  origin  on  the 
axis  of  the  telescope.  Let  the  geometrical  images  of  the  compo- 
nents of  a  double  star  fall  at  ( -fc,  o)  and  ( — c,  o) .  Let  the  apertures 
be  narrow  sHts  separated  by  a  distance  D,  and  the  focal  length  of 
the  objective  be  F. 

If  I(\)d\  be  the  visual  effect  of  the  radiation  of  the  source 
lying  between  the  limits  X  and  X+JX,  the  intensity  along  the 
X-axis  is  given  by 


J=      /(X)<iX  COS* — ^^^^ — ^+cos^ 


F\      ^  ""^        F\ 


(3) 


'  This  statement  was  first  suggested  to  the  writer  in  a  letter  from  Dr.  C.  M. 
Sparrow. 
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When  D  is  very  small,  /  has  a  maximum  at  x  =  o.  As  D  increases, 
J  diminishes  for  .v  =  o,  reaching  a  value  of  zero  when  D  is  some- 
where near  F\o/2c  where  Xo  is  an  arbitrary  value  of  X  near  the 
middle  of  the  range  for  which  /(X)  has  an  appreciable  value. 
Both  for  D  small  and  for  D  having  a  value  near  F\o/2c,  J  oscillates 
as  X  is  varied;  but  for  a  value  of  D  in  the  neighborhood  of  FX0/4C, 
these  oscillations  become  very  small,  and  in  particular  at  x=o, 
J{x)  will  have  a  stationary  value  for  some  particular  value  of  D. 
The  condition  for  this  is 

9^.  =  o;  forx  =  o  (4) 

Solving  (4)  we  have  D  =  F\o/4c,  where  Xo  is  the  effective  visual 
wave-length  required. 

For  a  source  such  as  a  given  star,  /(X)  is  defined  as  follows: 
Let  £(X)  represent  the  energy-curve  of  the  star,  as  determined 
outside  our  atmosphere;  let  T{\)  be  the  transmission-curve  of  the 
atmosphere  at  the  time  and  place  of  the  observ^ation ;  and  let  V(\) 
be  the  visibility-curv^e  of  the  eye  of  the  observ^er;  then 

/(X)=£(X)r(X)F(X). 

Some  questions  now  naturally  arise,  among  which  the  following 
are  important  enough  to  state: 

1.  If  in  (a),  instead  of  using  an  artificial  double  star,  we  use 
an  artificial  star  disk,  would  the  same  value  of  X  be  obtained  ? 

2.  If  the  components  of  a  double  star  are  of  different  spectral 
t\^es,  or,  what  amounts  to  the  same  thing,  if  the  effective  wave- 
length of  the  components  is  not  the  same,  what  wave-length  is  to 
be  used  in  calculating  the  angular  separation  from  the  data  given 
by  an  observ^ation  with  the  interferometer  ? 

3.  In  case  of  a  star  disk  darkened  toward  the  limb,  if  this  dark- 
ening is  accompanied  by  a  color  change,  what  value  of  X  is  to  be 
used? 

It  is  important  to  remember  that  when  the  observations  are 
made  visually,  different  observers  will  not  in  general  find  the  same 
effective  wave-length  for  a  given  source.  In  (b)  above  this  is 
provided  for  by  the  factor  F(X),  which  may  differ  slightly  for  differ- 
ent observers.     In  (a)  it  is  automatically  provided  for  by  reason  of 
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the  fact  that  the  same  observer  is  supposed  to  make  both  the  adjust- 
ments. Again,  since  T{\)  enters  as  a  factor  in  /(X),  an  observer 
will  not  obtain  the  same  value  of  X  for  a  given  source  under  differ- 
ent conditions  of  observations  as  to  time  and  place. 

Only  a  beginning  has  thus  far  been  made  in  the  application  of 
the  interferometer  to  astronomical  measurements,  and  it  is  too 
early  to  predict  what  its  future  may  be;  yet  it  will  undoubtedly 
be  valuable  in  certain  restricted  fields;  for  example,  in  the  direct 
determination  of  star  diameters  and  in  the  measurement  of  very 
close  double  stars  of  particular  types.  No  doubt  it  will  be  applied 
successfully  also  in  other  fields.  Now,  as  has  already  been  pointed 
out,  the  result  of  any  interferometer  measure^  will  be  expressed  in 

the  form 

d=K\  (S) 

where  K  is  given  by  the  observation,  and  X  depends  upon  the  object 
observed.  If  X  did  not  depend  upon  local  conditions  such  as  the 
observer,  the  time  and  place  of  the  observation,  and  the  instru- 
ments employed,  the  reduction  would  be  a  relatively  simple  matter; 
for  this  case  the  value  of  X  could  be  found,  once  and  for  all,  for 
stars  of  all  spectral  types.  It  is  clear,  however,  from  what  has 
already  been  said,  that  this  may  involve  errors  very  much  larger 
than  the  errors  of  observation.  On  the  other  hand,  it  will  obviously 
be  quite  impracticable  for  each  observer  to  determine  independently 
the  value  of  X  for  every  observation  he  makes.  The  following  plan 
will,  it  is  hoped,  remove  most  of  the  difficulties.  We  will  leave 
out  of  account  objects  such  as  the  planetary  nebulae,  that  is,  objects 
having  discontinuous  spectra,  for  in  such  cases  there  is  no  difficulty  in 
determining  the  value  of  X  with  sufficient  accuracy.  Consider  then 
only  objects  like  the  great  majority  of  the  stars,  having  continuous 
spectra,  more  or  less  similar  to  spectra  of  black  bodies  at  various 
temperatures.  The  fact  that  no  star  radiates  exactly  like  a  black 
body  is  of  little  importance,  because  the  black-body  temperature  will 
be  used  merely  as  an  auxilliary  in  the  general  scheme.  The  black- 
body  temperature  of  stars  has  been  determined  for  all  or  nearly 
all  the  brighter  stars,  and  these  include  nearly  all  of  the  spectral 
types  that  it  will  be  necessary  to  consider. 
'  The  position-angle  of  a  double  star  is  an  exception. 
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Using  Planck's  law,  the  mean  transmission-curve  of  the  atmos- 
phere, and  the  adopted  A.I.S.  visibility-curve  of  radiation,  we 
may  compute  by  equation  (4)  the  value  of  Xo  for  a  few  tempera- 
tures from  3000°  to  20,000°  absolute.  A  curve  passed  through  the 
computed  points  will  enable  one  to  read  ofT  Xo  for  any  temperature 
within  the  range.  The  absolute  value  of  the  wave-lengths  thus 
derived  may  not  be  correct,  but  this  does  not  matter,  for  their 
relative  values  will  be  sensibly  right.  To  illustrate  the  use  of  such 
a  curve  n  practice,  suppose  that  an  observer  has  made  an  inter- 
ferometer measure  of  a  star  of  spectral  type  Fo;  assume  also  that 
he  has  made  a  determination  of  the  effective  wave-length  of  sun- 
light by  the  method  given  later  in  this  paper.  From  tables  giving 
the  effective  temperatures  of  stars  of  different  spectral  types,  he 
reads  off  the  temperature  for  an  Fo  star  and  for  a  star  of  the  same 
spectral  type  as  the  sun.  Let  these  temperatures  be,  respectively, 
Ti  and  T2.  From  the  cur\T  the  corresponding  wave-lengths  are 
Xi  and  X2.  If  now  the  measured  wave-length  of  sunlight  is  Xo,  the 
proper  wave-length  for  the  Fo  star  will  be 

X=Xo+Xx-X,  (6) 

Of  course,  as  the  determination  of  Xo  is  necessarily  made  in 
daytime  while  the  observation  of  the  star  is  made  at  night,  it  is 
probable  that  the  atmospheric  conditions  will  have  changed  in  ,the 
interval.  But  as  different  determinations  of  Xo  will  soon  show  about 
what  correction  is  required  for  variations  in  observing  conditions, 
this  difficulty  is  not  very  serious. 

Experimental  determination  of  effective  wave-length. — In  Figure  i 
let  A  be  an  artificial  double  star,  consisting  of  two  small  pinholes 

A  B 

r  c  M 


-4-| ^e — c± 


■H" 


Fig.  I 


whose  linear  separation  is  5,  illuminated  by  white  light  such  as 
sunlight.  At  B  are  two  circular  apertures  separated  by  the  dis- 
tance D,  so  mounted  that  they  can  be  rotated  about  the  axis  of 
the  telescope  C.     Obser\^ations  are  made  through  the  compound 
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microscope  M.  The  distance  A  to  B  will  be  denoted  by  L.  The 
angular  separation  of  the  pinholes  as  viewed  from  B  is  8/L.  The 
value  of  D  for  the  first  disappearance  of  the  interference  fringes, 
if  the  line  joining  the  pinholes  is  parallel  to  that  joining  the  apertures 
at  B,  is,  by  equation  (2), 

L~2D 


or,  if  the  two  lines  make  an  angle  6  with  each  other, 

8^      X 
L    2D  cos  d 


(7) 


All  the  quantities  in  the  equation  except  X  are  drectly  measur- 
able, and  hence  X  can  be  determined. 

In  order  to  form  some  idea  of  the  accuracy  to  be  expected  in 
this  determination,  we  will  now  examine  in  detail  the  measurement 
of  each  of  the  quantities  entering  into  equation  (7). 

In  the  present  experiments  5  was  of  the  order  of  0.6  mm.  The 
two  pinholes  were  made  in  tinfoil,  as  follows:  A  fine  needle  was 
selected  and  mounted  in  a  mechanics'  pin-chuck.  A  small  piece 
of  tinfoil  was  smoothed  out  on  a  flat,  smooth  piece  of  soft  metal 
such  as  brass  or  aluminum.  A  small  round  hole  was  made  by 
resting  the  needle  point  on  the  tinfoil,  the  needle  and  chuck 
being  vertical,  and  then  carefully  turning  the  chuck  a  few  times. 
By  always  taking  care  to  have  the  pressure  about  the  same,  holes 
of  very  nearly  the  same  diameter  may  be  made,  and  if  care  is  used 
in  rotating  the  chuck  and  in  lifting  the  needle  after  the  operation, 
the  holes  will  be  quite  perfectly  round.  The  diameter  of  the  pin- 
holes used  was  between  0.035  and  0.050  mm.  Under  a  microscope 
the  distance  between  such  a  pair  of  openings  can  be  determined 
with  a  probable  error  of  about  0.0002  mm.  Since  8  is  about  0.6  mm, 
this  corresponds  to  a  probable  error  of  the  order  of  i  in  3000. 
Before  measurement  the  tinfoil  is  mounted  on  a  metal  plate  through 
which  a  hole  about  2  mm  in  d'ameter  has  been  drilled,  the  apertures 
in  the  tinfoil  being  directly  over  this  hole. 

Two  sources  of  error  are  to  be  noted  in  using  such  an  arrange- 
ment as  an  artificial  double  star: 
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1.  The  plane  of  the  apertures  will  not  in  general  be  exactly- 
perpendicular  to  the  line  of  sight  from  the  observing  telescope,  but 
will  make  an  angle  ^  with  this  line.  The  apparent  separation  will 
then  be  not  8  but  8  sin0.  With  ordinary  care  in  mounting  the 
tinfoil  and  adjusting  the  plate,  </>  should  not  differ  from  90°  more 
than  a  degree,  which  would  at  most  cause  an  error  of  15  parts 
in  100,000,  which  is  negligible. 

2.  When  an  image  of  the  sun  is  formed  on  the  apertures,  the 
tinfoil  becomes  heated  somewhat,  causing  5  to  increase.  The 
rise  in  temperature  to  be  expected  may  be  roughly  estimated. 
The  image-forming  lens  has  an  area  of  16  cm^,  and  its  focal  length 
was  I  meter,  so  the  diameter  of  the  image  was  roughly  i  cm.  Of 
this  YT  f^ll  o^  the  tinfoil,  which  is  equal  to  the  amount  of  sunlight 
falling  on  if  cm^,  or  i  calorie  per  minute.  Assuming  that  the  tin- 
foil reflects  80  per  cent  of  this,  we  have  j-  calorie  per  minute  taken 
up  by  the  tinfoil  or  0.003  calorie  per  second.  When  equilibrium 
is  established,  the  greater  part  of  this  energy  passes  by  conduc- 
tion from  the  tinfoil  to  the  brass  plate,  which  is  so  large  that 
its  temperature  never  rose  appreciably  above  room  temperature. 
A  temperature  gradient  of  3°  per  centimeter  in  the  tinfoil  would 
more  than  suffice  to  carry  this  amount  of  energy  to  the  brass 
plate — and  hence  we  may  conclude  that,  within  a  very  few  de- 
grees, the  tinfoil  was  always  at  room  temperature,  and  that  the 
error  due  to  thermal  expansion  was  less  than  i  in  10,000,  which 
is  negligible. 

The  value  of  D  was  usually  between  6  and  7  mm.  The  aper- 
tures were  round  holes  made  with  a  drill  in  a  brass  plate;  they  were 
always  sensibly  equal  in  diameter,  and  the  determination  of  their 
distance  apart  could  always  be  made  with  an  error  less  than  i  part 
in  5000.-  Various  diameters  were  used,  from  about  i  mm  up  to 
2.5  mm.  The  effect  of  using  apertures  of  different  sizes  will  be 
discussed  more  fully  below. 

The  value  of  L  was  about  900  centimeters,  and  with  a  good 
steel  tape  this  distance  could  always  be  measured  to  a  millimeter. 

It  follows  that,  as  far  as  the  quantities  8,  D,  and  L  are  concerned, 
the  sum  of  the  errors  made  in  their  evaluation  should  never  affect 
the  result  by  as  much  as  i  part  in  1000;    and,  since  the  wave- 


56  J.  A.  ANDERSON 

length  of  the  hght  used  was  near  5500  A,  the  uncertainty  arising 
from  the  instrumental  constants  is  not  more  than  5  A. 

It  remains  now  to  discuss  the  value  of  6,  which  is  the  only  quan- 
tity directly  measured  in  an  actual  experiment.  In  order  to  make 
the  discussion  of  6  intelligible  it  is  necessary  to  describe  and  explain 
the  appearance  of  the  diffraction  pattern  and  its  system  of  inter- 
ference fringes  in  some  detail. 

Consider  the  distribution  of  intensity  in  the  focal  plane,  due  to 
a  single  distant  point  source,  when  the  objective  is  covered  by  a 
screen  perforated  by  a  single  circular  aperture  of  radius  r.  Denote 
the  focal  length  by  F,  and  let  the  origin  of  rectangular  co-ordinates 
coincide  with  the  optical  axis.     The  intensity  is  given  by 


4-' I 


where  /j  is  a  Bessel  function  of  the  first  order. 

This  well-known  expression  states  that  at  x  =  o,  y  =  o,  the  inten- 
sity is  a  maximum  and  equal  to  K;  as  we  move  away  from  the 
origin,  the  intensity  diminishes  at  first  very  slowly,  then  more 
rapidly,  and  reaches  a  value  zero,  when  the  argument  of  Ji  is  equal 
to  about  2i9°33'.  For  larger  values  of  the  argument  the  in- 
tensity increases,  reaching  a  second  maximum  whose  value  is 
0.0175  K  near  292°,  and  a  second  zero  value  near  401°,  etc.  This 
is,  of  course,  simply  the  ordinary  diffraction  pattern  of  a  circular 
aperture,  or  the  so-called  spurious  star  disk.  In  ordinary  telescopic 
observations  with  relatively  large  apertures  the  entire  disk  and 
diffraction  rings  are  apparently  very  small;  but  in  interferometer 
work,  on  account  of  the  small  apertures  and  the  very  high  magni- 
fication employed,  the  pattern  may  cover  the  larger  part  of  the 
field  of  view. 

The  appearance  is  independent  of  the  location  of  the  aperture, 
as  long  as  this  falls  entirely  within  the  objective.  Hence  we  will 
assume  that  it  is  placed  so  that  its  center  is  at  a  distance  D/2  from 
the  axis.     Now  let  an  equal  aperture  be  uncovered,  at  the  same 
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distance  from,  but  on  the  other  side  of.  the  axis.  This  second 
aperture  alone  would  give  exactly  the  same  intensity  as  the  first, 
namely  that  expressed  by  equation  (8) ;  but  if  we  use  both  apertures 
together,  the  result  will  be  the  sum,  not  of  the  intensities  as  given 
by  (8).  but  of  the  amplitudes  formed  by  taking  the  square  root  of 
the  right-hand  side  of  (8),  with  proper  attention  to  the  relative 
phases  of  the  two  disturbances. 

Let  the  apertures  be  so  placed  that  the  line  joining  their  centers 
is  parallel  to  the  x-axis;  in  this  case  the  amplitudes  and  phases 
will  be  equal  at  x  =  i.  At  x  =  ^F\/2D  the  phases  will  differ  by 
180°,  and  since  the  ampHtudes  are  equal,  the  resultant  amplitude 
is  zero.  At  x  =  ^F\/D,  the  phases  differ  by  360°,  that  is,  they 
are  in  phase,  and  the  amplitude  will  be  the  sum  of  the  two, 
and  so  on. 

It  follows  that  the  resultant  intensity  is  now  given  by 


27rrV  x^-\-'f 
,     ^  "^  '         F\  wDx 

^  =  ^o  1 V  ,  COS^  ^^  (9) 

FK 


lo  being  the  intensity  at  the  origin. 

Hence  the  general  outline  of  the  pattern  is  the  same  as  that 
given  by  a  single  aperture;  we  still  have  the  central  disk  surrounded 
by  diffraction  rings;  but  the  effect  of  using  two  apertures  is  to 
break  up  the  disk  and  rings  into  a  series  of  equally  spaced  inter- 
ference fringes  parallel  to  the  y-axis — that  is,  perpendicular  to  the 
line  joining  the  apertures.  Along  a  Une  parallel  to  the  y-axis  the 
distribution  of  relative  intensity  is  exactly  the  same  as  that  in  the 
pattern  given  by  a  single  aperture;  parallel  to  the  x-axis  we  have 
this  intensity  multiplied  by  the  factor  cos^  irDx/FX. 

Figure  2  gives  a  graphical  representation  of  the  intensity  along 
the  a:-axis.  The  dotted  curve  is  the  intensity  due  to  a  single 
aperture,  multiphed  by  the  factor  4. 

If  we  retain  the  apertures,  but  use  two  point-sources  separated 
by  an  angular  distance  a,  there  will  be  two  such  patterns,  whose 
centers  are  separated  by  the  distance  2c  =  Fa.     If  the  centers  fall 
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at  {—c,  o)  and  (+c,  6),  respectively,  the  expression  for  the  inten- 
sity becomes 


I  =  Io 


j2TrV{x-c)'±/\ 
\  F\ 


irDix-c) 
cos' 


j2TrrV{x-\-cy-{-y'\ 

"^   A             F\              /         TrD(x+c) 
cos^ 


2irrV  (x+cy-i-y^Y  P^ 


FK 


do) 


If  the  line  joining  the  apertures  makes  an  angle  6  with  the  ic-axis, 
then,  letting  m  =  tan  6,  the  expression  for  the  intensity  will  be  that 
given  by  equation  (lo),  except  that  we  write  x-\-my  instead  of  x  in 
the  cosine  factors.  Figure  3  is  a  sketch  showing  the  pattern  for 
such  a  double  point-source,  the  Hne  joining  the  apertures  making 
the  angle  6  with  a;-axis.  The  centers  of  the  patterns  are  at  P  and 
P'  respectively;  the  pattern  centered  at  P'  is  shown  in  dotted 
lines.  The  straight  lines  represent  the  centers  of  the  bright  fringes, 
A  A  being  the  central  fringe  for  P\  A' A'  that  for  P'.  The  angle  6 
has  been  so  chosen  that  the  fringes  due  to  P'  are  just  mid- 
way between  those  due  to  P.  If  6  is  diminished,  the  similarly 
lettered  fringes  will  approach  each  other  and  the  visibihty  will  be 
increased;  and  similarly,  if  6  is  increased,  A  A  will  approach  B'B\ 
etc.,  and  the  visibihty  will  again  increase.  The  position  repre- 
sented is  that  of  minimum  visibility. 

Remembering  that  the  intensity  in  a  pattern  diminishes  from 
the  center  outward,  it  is  clear  that  at  all  points  on  the  ^'-axis  the 
intensity  of  one  pattern  is  the  same  as  that  of  the  other,  except 
for  the  changes  due  to  the  interference,  and  since  the  maxima  in  one 
pattern  fall  on  the  minima  of  the  other,  the  result  is  very  nearly 
uniform  intensity  along  this  Une.  To  the  right  of  the  y-axis  the 
intensity  of  P'  is  greater  than  that  of  P,  and  hence  the  maxima  of 
the  P'  pattern  become  more  and  more  prominent  as  we  go  to  the 
right.  To  the  left  of  the  y-axis  the  P  pattern  is  stronger  and  hence 
its  maxima  become  increasingly  prominent  in  this  direction.  The 
observer  will  therefore  see  two  sets  of  fringes  meeting  just  out  of 
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step  near  and  along  the  >'-axis.  (a)  If  6  is  decreased  a  certain 
amount,  so  that  the  distance  between  A  A  and  A' A'  becomes 
smaller  than  the  adjacent  intervals,  the  corresponding  bright 
fringe  will  start  at  ^'  on  the  right  and  run  in  a  sensibly  straight 
line  to  A  on  the  left,  crossing  the  ^'-axis  exactly  at  the  origin. 
(b)  If  d  is  increased,  we  shall  have  a  dark  fringe  running  from  A  on 
the  right  in  a  nearly  straight  Hne  to  ^'  on  the  left,  also  crossing  the 
)'-axis  at  the  origin.  The  change  in  d  necessary  to  pass  from 
condition  (a)  to  condition  (b)  depends  upon  the  number  of  fringes 
in  the  pattern  as  here  represented,  being  the  smaller,  the  larger  the 
number  of  fringes.  For  a  case  .such  as  that  in  Figure  3,  with  6 
fringes  across  the  central  disk,  the  total  required  change  in  6  is 
about  5°.  With  12  to  15  fringes  it  will  be  from  2°  to  3°.  It  is 
evident,  therefore,  that  a  setting  for  the  exact  bisection  can  be 
made  quite  accurately — in  general  to  a  few  tenths  of  a  degree. 

We  can  now  estimate  the  probable  error  in  the  determination 
of  d.  In  one  rotation  of  the  aperture  plate  there  are  four  values 
of  6  which  give  the  appearance  just  described,  and  a  *'  set  of  observa- 
tions" in  the  present  experiments  has  consisted  of  five  complete 
rotations.  As  a  typical  example  we  may  take  the  measures  made 
on  Mount  Wilson  on  June  18,  192 1.  Fourteen  sets  of  observations 
were  made  of  which  only  eleven  were  complete.  The  probable 
error  of  each  set  was  calculated  in  the  usual  way,  and  the  sum  of 
these  probable  errors  found  to  be  o?48,  or  an  average  of  about 
o?035  for  a  set.  Taking  0  =  45°,  the  percentage  error  of  cos0  is 
0.05  per  cent  or  i  part  in  2000. 

Hence  the  experimental  method  should  be  capable  of  giving  X 
to  at  least  i  part  in  1000,  or  to  about  5  A. 

Effect  of  the  size  of  the  apertures. — Hamy'^  derived  a  formula 
for  the  correction  to  be  applied  to  observations  made  with  apertures 
of  finite  width.  The  apertures  were  assumed  to  be  rectangular, 
of  width  a  and  separation  D:  The  source  was  assumed  to  be  a 
uniformly  luminous  circular  disk  of  angular  diameter  (3.  The 
fringes  will  disappear  near  the  center  of  the  pattern  when 

-=^1  ^+-H^'  ■■■•[• 

^  Bulletin  Astronomique,  16,  257,  1899. 
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No  other  cases  were  treated.  It  would  seem  reasonable  to  assume, 
however,  that  if  the  source  is  a  double  star  of  angular  separation  a, 
the  corresponding  formula  would  be 


^=fj  ■+-^^y  •  •  •  •  [ 


since  the  correction  must  depend  upon  some  property  of  the  observ- 
ing instrument.  For  circular  apertures,  a  further  modification 
would  no  doubt  be  required,  and  we  may  reasonably  assume  that 
this  would  be  the  substitution  of  a'/ 1.22  for  a  where  a'  is  the  diam- 
eter of  the  circular  aperture. 

Observations  were  made  on  the  artificial  double  star  with 
circular  apertures  of  various  sizes,  using  the  method  of  rotating 
aperture  plate.  These  gave  the  same  value  of  6  for  all  sizes  of 
apertures,  well  within  the  errors  of  observation,  thus  indicating 
that  for  this  method  of  observing  and  with  this  kind  of  a  source 
no  correction  whatever  is  required.  This  result  was  so  surprising 
that  it  seemed  worth  while  to  make  a  theoretical  examination  of 
the  problem,  using  a  method  somewhat  different  from  that 
employed  by  Hamy. 

The  method  adopted,  while  being  very  simple,  has  the  advantage 
of  giving  a  clear  physical  picture  of  the  phenomenon  so  that  the 
need  for  a  correction,  if  required,  is  made  evident. 

Let  us  consider  rectangular  apertures  having  a  width  a,  and  a 
length  b,  and  let  their  centers  be  separated  by  a  distance  D.  When 
the  line  joining  the  apertures  is  parallel  to  the  x-axis  the  intensity 
in  the  focal  plane  due  to  a  distant  point-source  is 

irax    ,   ,  Trbv 


sm^  -;:^—  sm 


,     -         F\         F\       ^ttDx  .    , 

\F\j    \F\) 


If  a  double  point-source  is  used,  the  angular  separation  being  a, 
we  have,  writing  2c  =  Fa 
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I  =  I'o< 


.  ^Tra(x—c)    .     vhy 
sin'  — ^ —  sin^  ^^  r./         \ 

cos^  — ^ 


7ra(.v— c\2    firbyX^ 


E\ 


m 


F\ 


.     ira(x-\-c)    .  ^irby 

sin' — —  sin^  -^  r»/    1    N 

F\  F\  tD(x-\-c) 

cos' 


Ta{x-\-c)\2  /Trby\2 
F\      )     \F\) 


F\ 


(12) 


If  circular  apertures  of  radius  r  be  emplo3^ed,  we  have  equation  (10) 
instead  of  the  foregoing. 

These  expressions  hold  for  monochromatic  light  of  wave- 
length X,  and  hence  by  definition  (a)  they  are  also  vahd  for  white 
hght  of  visual  efifective  wave-length  X.  If  we  limit  ourselves  to 
the  phenomena  on  the  x-axis,  which  in  no  way  restricts  the 
generahty  of  the  treatment,  we  can  place  the  factors  involving  y 
equal  to  i  in  equation  (11)  and  write  x  for  1'  x^-\-'f  in  equation  (10). 
Writing  D/a  =  n,  equation  (12)  may  be  put  in  the  form 


I  =  Iol 


sm' 


z—c' 


n 


sm" 


:-hc' 


z—c 


cos'  {z—c')-{- 


n 


Z-\-c'\2 


cos'  (z-f-c') 


(12a) 


n    /  \    n 

in  which  c'  =  tvDc/F\. 

When  n  is  very  large,  the  intensity  near  the  center  of  the  pattern 
is  given  very  nearly,  by 

I  =  K\  cos'  (2 - c') -f  cos^  (z+ c')  \ . 

The  visibihty  will  be  zero  when  z  —  c'  =  z-{-c'  —  ~,  or,  2c'  =  -,   or, 

appHed  to  equation  (12).  we  find  that  for  a  small  in  comparison 
to  D,  the  fringes  will  vanish  when 

2tDc  _T 
FX  ~2 

whence  2c=F\/2D,  or,  since  2c/F=a, 

X 


a  = 


2D 


which  is  the  ordinary  formula,  equation  (2). 
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In  order  to  form  a  clear  idea  of  what  happens  when  a  is  increased, 

let  us  refer  to  Figure  2,  and  for  this  purpose  we  will  assume  that  the 

dotted  curve  represents 

"  —  r' 

s>vo? 

n 


Z  —  C'\2 


n 
instead  of 

/2TrX 


aJ 


\  F\ 


/2irrx\2 

Vfx) 


which  really  makes  very  Uttle  difference. 


sin^  - 

ft 

Fig.  2. — Dotted  curve;   y  =    ,   ,        (w  =  6) 


(»)^ 


sin*  - 

n 

Full  curve :  y  =    ,  .     cos'x 


[nj 


J 

With  this  understanding,  we  have  then  2«-loops  of  the  inscribed 
curve  in  the  central  loop  of  the  dotted  curve.  If  n  is  very  large, 
or  a  very  small,  the  loops  of  the  inscribed  curve  near  the  origin  all 
have  very  nearly  the  same  height,  the  dotted  curve  approaching 
a  straight  hne  parallel  to  the  x-axis,  and  the  inscribed  curve 
approaching  a  true  cosine-square  curve  more  and  more  closely  as 
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n  is  increased.  If,  under  these  conditions,  we  superpose  two 
patterns  displaced  in  the  x  direction  by  one-quarter  of  a  period, 
the  maxima  of  one  will  fall  upon  the  minima  of  the  other,  and  the 
sum  will  be  a  constant,  which  leads  directly  to  equation  (2). 

When  n  is  not  large,  the  inscribed  curve  may  be  regarded  as  a 
distorted  cosine-square  curve,  the  distortion  becoming  more  and 
more  pronounced  the  more  the  dotted  curve  deviates  from  a 
straight  line  parallel  to  the  axis.  Since  with  white  light  the  fringes 
are  observable  only  near  the  center  of  the  pattern,  it  follows  that  we 
need  consider  only  the  loops  of  the  inscribed  curve  which  are 
near  the  origin,  and  when  n  is  small  we  have  to  confine  our  atten- 
tion to  the  central  fringe  only,  or  to  the  portion  of  Figure  2  between 
the  points  P  and  Q.  Let  the  ordinate  at  a;  =  0  be  taken  as  unity, 
and  expressing  x  in  degrees,  we  have  for  the  undistorted  curve 
(n  =  co)  the  value  0.500  at  =*=45°  and  the  value  o  at  90°.  For  the 
distorted  curve  we  have  unity  at  x  =  o,  and  zero  at  90°,  but  a  value 
less  than  0.500  at  45°.  Hence  if  we  superpose  two  such  curves, 
90°  apart,  there  will  be  a  minimum  at  45°,  or  at  the  point  midway 
between  them,  which  will  disappear  only  if  their  distance  apart  is 
made  less  than  90°.  This  makes  it  clear  why  equation  (2)  requires 
modification  for  small  values  of  n,  at  least  if  we  regard  only  the 
center  of  the  pattern.  It  is  necessary  to  remember,  however,  that 
when  the  minimum  at  45°  for  the  superposed  curves  disappears, 
the  minimum  at  135°  has  been  made  more  prominent,  and  accord- 
ingly the  "correction"  that  we  employ  to  remove  the  minimum 
at  45°  is  really  somewhat  too  large. 

In  order  to  calculate  the  angular  displacement  necessary  to 
fill  up  the  minimum  at  the  center  of  the  superposed  curves,  we 
need  only  equate  the  second  derivative  of  (12)  with  respedt  to 
c,  equate  it  to  zero,  and  solve  for  c  on  the  assumption  that  x  =  o. 
The  factor  in  y  is  of  course  placed  equal  to  unity.  Table  I  gives 
the  results  of  this  calculation  for  a  few  values  of  n. 

Here  we  have  written  the  formula  appKcable  to  double  stars 

in  the  form  \ 

D  =  -ii-\-K) 
2a 

where  i^  according  to  Hamy  is  0.7651  y^j    . 
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Experimental  verification  of  the  results  given  in  Table  I. — In 
Table  I  we  have  applied  Hamy's  formula  to  a  case  which  was  not 
considered  in  his  investigation,  namely  that  of  double  stars.  The 
difference  between   our   calculated   values   and   those   given   by 


TABLE  I 


n 

c 

iC(Calculated) 

00 

0 
45.000 

0 

II-5 

44 

9234 

0.0017 

S-75 

44 

6938 

0 . 0068 

4.60 

44 

5275 

0.0106 

3-45 

44 

1721 

0.0187 

K  by  Hamy's 
Formula 


Ratio 


7C(Hamy) 
/fiCalc.) 


O 

0.00577 

0.02314 

0.03615 

0.06427 


3-395 
3  403 
3-4II 
3-437 


Hamy's  formula  as  here  appHed  is  so  great  that  it  seemed  worth 
while  to  test  both  the  case  of  double  stars  and  that  of  a  star  disk 
experimentally,  to  see  if  there  is  really  any  difference  between  the 
two. 

The  experimental  arrangement  was  as  follows :  A  screen  having 
a  horizontal  slot  2  mm  in  width  was  placed  in  front  of  the  objective 
of  the  observing  telescope.  A  plate  was  arranged  to  sUde  in  a 
vertical  direction  directly  in  front  of  and  in  contact  with  this 
screen.  This  plate  had  two  parallel  slots  5  mm  apart,  each  tapering 
from  I  mm  in  width  at  one  end  to  2^  mm  at  the  other  end,  the  length 
being  55  mm.  This  arrangement  provided  two  nearly  rectangular 
openings  in  front  of  the  objective,  at  a  constant  distance  apart;  by 
shding  the  plate  up  and  down  the  width  of  each  opening  could  be 
varied  continuously  from  \  mm  to  2^  mm,  or,  what  amounts  to 
the  same  thing,  n  could  be  varied  from  n  =  2  to  n  =  10  in  a  continu- 
ous manner. 

Observations  were  made  both  on  an  artificial  double  star,  and 
on  an  artificial  star  disk.  The  disk  was  illuminated  with  approxi- 
mately monochromatic  green  hght,  in  order  to  avoid  the  variations 
in  color  which  are  troublesome  with  white  Hght,  especially  when 
the  visibiHty  of  the  fringes  is  low. 

The  observations  were  made  by  finding  the  distance  between 
the  observing  telescope  and  the  source  which  gave  the  minimum 
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visibilit}'  for  n  =  10.  and  also  the  distance  at  which  the  central 
minimum  for  ;;  =  2  just  vanished.  Since  the  results  were  the  same 
as  far  as  the  correction  factor  is  concerned,  whether  a  star  disk 
or  a  double  star  was  used,  we  will  record  only  the  observations 
made  on  the  star  disk: 

Wave-length  of  green  light  (mean)  5400  A. 

Diameter  of  artificial  star  disk  (5)  0.650  mm. 

Distance  between  centers  of  rectangular  apertures  {D)  =  5.0  mm. 

jMinimum  visibility  11=  ro,  at  492  cm±2  cm. 

Minimum  in  central  fringe  just  disappears  (n=  2)  at  478  cni^2  cm. 

Using  L  =  D8/i.22\  for  the  distance  at  which  fringes  should 
vanish  with  «  =  00  and  substituting,  we  get  Z,  =  493.3  cm,  which, 
considering  the  uncertainty  in  the  value  of  X  used,  is  sufficiently  near 
492  cm. 

From  this  we  find  an  experimental  value  of  A'  for  «  =  2,  namely, 

492  493-3 

— -  —  I  or —  —  I ,  accordmg  to  whether  we  use  the  observed  or 

478  478 

calculated  value  of  L^.  The  first  gives  A  =  0.0293,  the  second 
iiC  =  0.0320,  while  by  Hamy's  formula,  which  is  strictly  applicable  to 
this  case,  K  should  equal  o.  191 25.  An  extrapolation  of  the  values 
in  Table  I  to  ;?  =  2  gives  a  value  of  K  shghtly  larger  than  0.03,  which 
is  in  good  agreement  with  the  observations.  We  must  conclude 
that  the  formula  given  by  Hamy  is  incorrect,  and  that  if  the 
observations  are  made  directly  on  the  vanishing  of  the  minimum 
in  the  central  fringe,  the  values  given  in  Table  I  are  correct.  It 
must  be  borne  in  mind,  however,  that  if  the  observations  are  made 
simply  on  the  minimum  visibiHty  of  the  pattern  as  a  whole,  which 
on  account  of  seeing,  will  generally  be  the  case  in  astronomical 
work,  the  simple  formulae  (i)  and  (2)  are  to  be  used  without  any 
corrections.  It  has  already  been  shown  (see  p.  64)  that,  with  the 
method  of  rotating  apertures,  no  correction  to  the  simple  formula 
is  required. 

Determination  of  the  effective  wave-length  of  sunlight. — We  will 
first  consider  some  general  questions  which  bear  directly  on  the 
problem.  It  may  be  assumed  that  the  quality  of  sunUght  outside 
of  our  atmosphere  is  constant  or  very  nearly  so.  In  passing 
through  the  atmosphere  it  is  modified  by  selective  absorption  and 
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scattering  to  an  extent  which  depends  both  on  the  thickness  of  the 
air  layer  and  upon  its  character,  such  as  water-vapor  content, 
smoke,  haze,  etc.  Most  of  these  factors  will  reduce  the  intensity 
of  the  short  wave-lengths  more  than  that  of  the  red  end  of  the 
spectrum.  Water-vapor  is,  however,  an  exception.  It  is  very 
transparent  to  the  short  wave-lengths,  while  absorption  begins  some- 
what below  6000  A  and  increases  rapidly  toward  the  red.  Since 
its  absorption  lies  almost  entirely  on  the  red  side  of  the  maximum 
of  the  sensitivity  curve  of  the  human  eye,  it  appears  that  the 


Fig.  3. — Pattern  for  double  star 

effect  of  water-vapor  by  itself  is  to  move  the  value  of  the  effective 
wave-length  toward  the  violet.  Dust,  smoke,  haze,  and  increased 
thickness  of  the  atmosphere  due  to  large  zenith  distances  might  be 
expected  to  shift  the  wave-length  to  the  red.  A  priori,  then,  a 
given  observer  would  not  expect  to  find  a  constant  value  for  the 
wave-length. 

Apparatus. — Figure  i  gives  a  schematic  diagram  of  the  appa- 
ratus, and  Figure  4  is  a  drawing  of  the  observing  telescope  and 
aperture  plate.  The  lens  C  is  a  theodoUte  objective  of  22  mm 
aperture  and  of  about  20  cm  focus.  The  miscroscope  consists  of 
an  8-mm  objective  and  a  7.5-power  eyepiece,  giving  a  linear 
magnification  of  about  1 2  5  X .     The  circle  B  is  graduated  in  degrees 
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and  can  be  read  easily  to  o?i.  It  carries  the  aperture  plate  AA, 
and  is  rotated  by  a  worm  D\V,  so  arranged  that  one  revolution  of 
the  worm  gives  a  rotation  of  10°.  The  whole  instrument  is  mounted 
on  a  solid  brass  base  plate,  A',  which  is  easily  clamped  to  a  table 
or  other  convenient  support.  The  slot  5  was  designed  to  hold  a 
plane  parallel  quartz  plate,  cut  at  45°  to  the  optic  axis.  Viewed 
through  this  plate,  a  single  distant  pinhole  appears  as  an  artificial 
double  star,  whose  angular  separation  depends  only  on  the  thick- 
ness of  the  quartz  plate.  A  slight  difficulty  arises  in  the  use  of 
such  a  quartz  plate,  on  account  of  the  fact  that  one  of  the  emergent 
beams  of  light  is  colored,  due  to  the  dispersion  of  the  quartz.  A 
great  deal  of  time  was  spent  in  the  calibration  of  the  plate  by  the 


Fig.  4. — Laboratory  apparatus 
a.  Side  view.         b.  End  view 

use  of  monochromatic  light,  and  a  few  observations  were  made 
using  it  in  conjunction  with  the  100-inch  Hooker  telescope  on  some 
of  the  brighter  stars,  but  the  results  were  not  entirely  satisfactory. 
When  the  quartz  plate  is  not  used  the  slot  5  is  covered  by  a  suitable 
cap.  In  the  determination  of  the  wave-length  of  sunhght  the 
source  was  always  a  pair  of  pinholes  made  and  mounted  as  described 
above;  the  sunlight  was  reflected  into  the  quartz  projection  lens 
L,  Figure  i,  by  a  two-mirror  coelostat,  the  mirrors  being  freshly 
silvered  and  polished  every  two  or  three  weeks. 

In  Tables  II  and  III  are  collected  the  observations  which  have 
been  made  with  the  apparatus  shown  in  Figure  4.  Table  II  gives 
the  observations  made  on  Mount  Wilson,  June  15  to  June  18,  while 
in  Table  III  are  collected  all  the  miscellaneous  observations  made 
under  all  sorts  of  conditions  of  sky  in  Pasadena.  The  first  two 
columns  give  the  date  and  hour  of  the  observation.  Since  each 
complete  observation  required  about  10  minutes,  the  time  given 
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refers  to  the  middle  of  the  observation.  The  third  column  gives 
the  zenith  distance  of  the  sun  to  the  nearest  degree  at  the  time. 
The  fourth  column  gives  the  number  of  settings  in  each  determina- 
tion, which  was  always  20,  excepting  for  the  first  observation  on 
]\Iount  Wilson  which  was  stopped  by  fog,  and  for  the  three  early 
observations  on  June  18,  when  the  available  time  did  not  permit  a 
complete  set.  The  only  observations  calHng  for  special  comment 
are  those  of  April  5  and  6  in  Pasadena.  These  were  made  immedi- 
ately after  a  rain,  and  the  abnormally  low  value  for  the  wave-length 
may  be  due  to  a  relatively  large  amount  of  water- vapor;  this,  as 
mentioned  above,  would  tend  to  displace  the  effective  wave-length 
to  the  violet. 

TABLE  II 
MouxT  WiLSOx  Observations 


Date 

Mean  Time 

f 

Xo.  of 

Settings 

X 

Remarks 

June  IS 

8:35  A.M. 

45° 

16 

(5546) 

Incomplete.  Fog  blowing  over. 
Image  drifting  badly. 

June  16 

5 

14  A.M. 

85 

20 

5631 

June  16 

5 

46  A.M. 

79 

20 

5574 

June  16 

6 

35  A.M. 

69 

20 

5542 

June  16 

7 

53  A.M. 

53 

20 

(5535) 

Fog    coming    over.     Foggy 

remainder  of  day. 

June  17 

6:32  A.M. 

69 

20 

5554 

June  17 

7:52  A.M. 

53 

20 

5515 

June  17 

8:34  A.M. 

45 

20 

5519 

Faint  haze. 

June  17 

9:18  A.M. 

35 

20 

5519 

June  17 

10:06  A.M. 

25 

20 

5520 

June  17 

10:49  A.M. 

17 

20 

5515 

Clouded  over  at  11:00  a.m. 

June  17 

4:50  P.M. 

65 

20 

5546 

Clouds.  Haze  as  high  as 
mountain  tops.     Skv  blue. 

June  17 

5:22  P.M. 

71 

20 

5579 

Clouds.  Haze  as  high  as 
mountain  tops.     Skv  blue. 

June  17 

6:13  P.M. 

82 

20 

5596 

Through  very  thin  clouds.  Haze. 

June  17 

6:37  P.M. 

86 

20 

5625 

Haze  only. 

June  18 

4:58  A.M. 

87 

8 

5656 

Sky  clear  all  day. 

June  18 

5:06  A.M. 

86 

8 

5629 

Sky  clear  all  day. 

June  18 

5:07  A.M. 

85 

8 

5619 

Sky  clear  all  day. 

June  18 

5:17  A.M. 

83 

20 

5593 

June  18 

5:47  A.M. 

78 

20 

5561 

June  18 

6:12  A.M. 

73 

20 

5546 

June  18 

6:44  A.M. 

67 

20 

5528 

June  18 

7:43  A.M. 

55 

20 

5523 

June  18 

8:12  A.M. 

48 

20 

5512 

June  18 

9:10  A.M. 

37 

20 

5512 

June  18 

10:11  A.M. 

25 

20 

5515 

June  18 

10:56  A.M. 

17 

20 

5513 

June  18 

II  :20  A.M. 

14 

20 

5510 

June  18 

11:58  A.M. 

II 

20 

5509 
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TABLE  III 
Pasadena  Observations 


Date 

Mean  Time 

r 

No.  of 
Settings 

X 

Remarks 

March  27.  . . 

10:11  A.M. 

40 

20 

5537 

]\rarch  27.  .  . 

11:41  A.M. 

32 

20 

5521 

March  28.. 

9:05  A.M. 

48 

20 

5568 

March  28 .  . . 

9:57  A.M. 

42 

20 

5531 

March  28.  .  . 

11:03  A.M. 

34 

20 

5515 

March  28... 

2:03  P.M. 

42 

20 

5555 

^March  29.  .  . 

9:19  A.M. 

48 

20 

5556 

^larch  29.  .  . 

9:50  A.M. 

42 

20 

5542 

March  29 .  .  . 

10:29  A.M. 

36 

20 

5522 

March  29.  .  . 

11:30  A.M. 

31 

20 

5525 

!March  29.  .  . 

1:10  A.M. 

36 

20 

5559 

Sky  very  thick. 

^larch  30 .  .  . 

8:30  A.M. 

56 

20 

5562 

Sky  thick  toward  east. 

March  30.  .  . 

9:10  A.M. 

49 

20 

5537 

March  30.  .  . 

9:40  A.M. 

45 

20 

5542 

March  30.  .  . 

10:03  A.M. 

41 

20 

5547 

March  30.  .  . 

10:27  A.M. 

37 

20 

5528 

Clearing  rapidly. 

March  30.  .  . 

II  :oi  A.M. 

S3 

20 

5522 

March  30.  .  . 

11:25  A.M. 

31 

20 

5515 

[March  30.  .  . 

I  :oo  P.M. 

34 

20 

5519 

March  30.  .  . 

1:30  P.M. 

38 

20 

5522 

March  30.  .  . 

2:05  P.M. 

43 

20 

5526 

IMarch  30.  .  . 

2:50  P.M. 

51 

20 

5526 

Cirrus  developing  rapidly. 

April       2 .  .  . 

10:10  A.M. 

28 

20 

5553 

Sorne  fog.     Light  unsteady. 

April       2 .  .  . 

10:38  A.M. 

34 

20 

5547 

AMiite  sky,  haze. 

April       2 .  .  . 

11:10  A.M. 

31 

20 

5524 

April       2 .  .  . 

11:30  A.M. 

30 

20 

5524 

April       2 .  .  . 

1:35  P.M. 

3? 

20 

5527 

April       4 .  .  . 

8:30  P.M. 

55 

20 

5524 

After  a  rain.  Cumulus  clouds. 
Sky  clear.    Windy. 

April      4.  .  . 

8:56  P.M. 

50 

20 

5527 

April      4.  .  . 

9:48  P.M. 

40 

20 

5524 

• 

April      4 .  .  . 

10:42  P.M. 

34 

20 

5533 

April      4 .  .  . 

11:17  P.M. 

31 

20 

5531 

Observer  P.W.M. 

April      5... 

9:10  P.M. 

46 

20 

5517 

Thin  cirrus  here  and  there. 

AprU      5 . . . 

10:12  P.M. 

37 

20 

5494 

Through  cirrus. 

April      5 .  .  . 

11:13  P-M. 

30 

20 

5503 

Clear. 

April      6 . . . 

8:05  A.M. 

59 

20 

5515 

Clear. 

April      6 .  . . 

9:46  A.M. 

39 

20 

5513 

Clear. 

April      6... 

11:22  A.M. 

29 

20 

5506 

Clear. 

June      21. . . 

8:50  A.M. 

40 

20 

5560 

Haze  obscuring  mountains. 
WTiite  area  around  sun. 
Sky  blue  otherwise. 

June      21. . . 

9:26  A.M. 

32, 

20 

5545 

June     21. . . 

10:12  A.M. 

24 

20 

5S33 

June      21. . . 

11:05  A.M. 

14 

20 

5524 

June      21... 

11:40  A.M. 

II 

20 

5522 

Figure  5  gives  a  graphical  representation  of  the  Mount  Wilson 
results.  This  shows  that  on  clear  days  for  purposes  of  inter- 
ferometer measurement  the  wave-length  is  sensibly  constant  if  the 
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zenith  distance  is  less  than  60°,  while  for  greater  zenith  distances 
it  rises  rapidly.  The  Pasadena  observations  in  general  show  that 
for  zenith  distances  less  than  40°  there  is  not  much  change  in  the 
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Fig.  5. — Mount  Wilson  observations 
June  16-18,  1921 

wave-length.  For  small  zenith  distances  the  Pasadena  observa- 
tions indicate  a  value  not  far  from  5520,  while  the  Mount  Wilson 
observations  indicate  5510.  The  difference  of  10  A,  though  perhaps 
real,  is  so  small  that  it  may  be  said  to  be  neghgible  as  far  as 
ordinary  astronomical  interferometer  work  is  concerned. 

MoxJNT  Wilson  Observatory 
October  19  21 
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ON  THE  SYSTEM  OF  PROCYON 

ABSTRACT 

Radial  and  orbital  velocities  of  the  system  of  Procyoti. — A  series  of  forty-five  plates 
made  from  1908  to  1913  give  for  Fo,  after  correction  for  the  orbital  velocity,  the  value 
—3.52^0.057  km/sec.  Taking  the  paralla.x  at  0*33  and  the  masses  as  2.70  and  0.89, 
K  comes  out  0.60  km/sec.  The  sign  of  the  inclination  is  assumed  to  be  positive,  but 
is  not  definitely  known.  In  order  that  more  accurate  information  as  to  the  orbit  may 
be  obtained,  it  is  hoped  that  other  observatories  will  co-operate  in  measuring  radial 
velocities  during  the  next  few  years,  since  as  favorable  an  opportunity  will  not  occur 
again  for  thirtj^-nine  years. 

The  most  recent  orbit  of  this  well-known  and  interesting  binary- 
is  due  to  Lewis  Boss^  who  gave  the  following  elements  of  the  orbit 
of  the  faint  star  about  the  brighter  one : 

r=i886.5 
F=     sgyo 

n=  150?; 

i=  =t  i4?2 
co=     36?8 
a=       4'/os 
e=       0.324 

Aitken^  gives  the  masses  of  the  two  stars  in  terms  of  the  sun's 
mass  as  ^  =  2.70,  ^'  =  0.89. 

The  following  values  of  the  parallax  have  been  published: 
L.  Boss^  (adopted)  o''33;  Kapteyn  and  Weersma^  ©''324;  Adams/ 
spectroscopic,  0(^347;  trigonometric,  o''309.  There  is  considerable 
uncertainty  in  the  foregoing  elements  owing  to  the  difficulty  of  the 
observations  and  the  short  length  of  the  arc  described  by  the  faint 
companion  since  its  discovery  by  Schaeberle  in  1896. 

As  observations  of  radial  velocity,  if  sufficiently  numerous  and 
differential,  promise  results  of  value,  it  is  opportune  at  the  present 
time  to  call  attention  to  them  and  to  invite  the  co-operation  of 
other  observatories  in  an  attack  on  the  problem  of  the  spectro- 
scopic orbit. 

'  Preliminary  General  Catalogue  of  6188  Stars. 

*  Popular  Astronomy,  18,  485,  19 10.  ^  Groningen  Publications,  24. 

*  Astrophysical  Journal,  53,  51,  1921.  , 
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Cape  observations  point  to  a  +  sign  for  the  inclination;  a  series 
of  plates  taken  during  the  next  apparition,  when  the  ascending 
node  is  being  closely  approached,  will  remove  any  doubts. 

Assuming  the  sign  positive  we  have  the  following  values  for  Vo 
based  on  unpublished  details  of  my  measures  made  from  1908 
to  1913,  viz.: 


Mean  Date 

Number  of  Plates 

Radial  Velocity 

Correction  for 
Orbital  Velocity 

Fo 

1909.35... 
1910.73. . . 
19 I I. 46. . . 
1912.49. . . 

13 
7 

12 
13 

km 
-3-74 
-3-74 
-3-51 
-3.56 

km 
+0.19 

+0.13 
+0.09 
+0.04 

km 
-3-55 
-3-6i 
-342 
-352 

Means  191 1.03. . . 

(45) 

-3-63 

+  0.  II 

-3.52±o.o57 

Adopting  —3.5  km/sec.  as  the  value  of  Vo,  o'.'t^T)  as  the  parallax, 
,  and  the  elements  of  Boss,  the  value  of  K  becomes 


as 


m-^-m'        3.59 

0.60  km/sec.  and  the  following  radial  velocities  are  calculated: 


Date 

i+ 

i  — 

Difference 

1921 .0 

km 
-2.87 
-2.79 
-2.75 
-2.74 

km 

-413 
-4.21 

-4-25 

—  4.26 

km 
+  1.26 

1922 .0 

+  1  .42 

102'?  .  0 

+  1-50 

+  1.5  2  (max.) 

TQ2?     ? 

It  is  important  to  take  the  opportunity  of  observing  the  radial 
velocities  at  the  approaching  node,  an  opportunity  which  will  not 
again  occur  for  thirty-nine  years,  in  order  to  obtain  a  more  accurate 
value  of  K  when  the  observations  are  combined  with  others  made 
at  the  node  due  in  1938.  During  the  next  seventeen  years  the 
velocity-curve  shows  the  most  rapid  variations  in  the  radial  veloc- 
ity. It  is  proposed  to  take  three  plates  on  each  of  seven  nights 
for  the  determination  of  a  normal  place.  Corrected  for  the  solar 
motion,  the  system  is  approaching  the  sun  with  a  velocity  of 
19  km/sec.  in  a  path  inclined  14°  to  the  line  joining  sun  and  star. 

Joseph  Lunt 
Royal  Observ.^tory 
Cape  of  Good  Hope 
September  3,  192 1  • 
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Fig.  I. — General  spectrum  of  the  corona.     Single  prism.     Top  W 
b  5303  D3 


Fig.  2. — Spectrum  of  inner  corona.     Three  prisms.     Top  E 
H/3  b  5303 


Fig.  3. — H/3  ring  and  green  coronium  ring.     Top  N 


Fig.  4. — Prominences   and    inner   corona 
with  3g-foot  camera. 

Eclipse  of  June  8,  1918 
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THE  SPECTRUM  OF   THE   CORONA  AS   OBSERVED  BY 
THE  EXPEDITION  FROJ^I  THE  LOWELL  OBSERVA- 
TORY AT  THE  TOTAL  ECLIPSE  OF  JUNE  8,  1918 

By  V.  :\I.  SLIPHER 

ABSTRACT 

Spectrum  of  corona  observed  at  total  eclipse  of  June  8,  igi8. — The  Lowell  Observa- 
tor>-  party,  located  near  Syracuse,  Kansas,  obtained  photographs  with  the  following 
four  spectrographs:  (i)  with  single  prism,  49  cm  camera,  slit  E-W;  (2)  with  single 
prism,  8.3  cm  camera,  slit  N-S,  then  E-W;  (3)  ^^ith  three  prisms,  9-inch  camera, 
slit  E-W;  (4)  with  three  prisms,  edges  N-S,  47  cm  camera,  no  slit.  Weather  con- 
ditions somewhat  interfered  with  preparations;  and  thin  haze  veiled  the  sun  during 
the  eclipse,  causing  some  scattering  of  light  that  rendered  less  certain  the  interpreta- 
tion of  some  of  the  results.  Yet  useful  plates  were  obtained  with  all  the  instruments. 
These  show  the  usual  prominence  and  chromospheric  lines,  the  chief  lines  of  coronium, 
the  continuous  spectrum  of  the  corona,  with  weak  dark  lines  whose  origin  is  not  quite 
certain;  and  strips  of  continuous  spectrum  coincident  with  certain  prominences  and 
sections  of  the  inner  corona  uncovered  by  depressions  of  the  moon's  limb. 

Distribution  of  coronium. — The  coronium  line  X5303.0  indicates  that  this  sub- 
stance extended  about  a  solar  diameter  above  the  sun's  surface.  The  slitless  spectra 
show  many  condensations  in  the  green  coronium  ring.  These  are  not  related  to  the 
prominences.  Coronium  was  fairly  abundant  generally  along  the  sun's  limb  under 
those  major  extensions  of  the  outer  corona,  and  scarce  where  the  coronal  rays  tj-pical 
of  the  polar  regions  occupied  the  limb. 

The  Lowell  Observatory  station  for  observing  the  solar  ecHpse 
of  June  8,  1918,  was  located  about  eight  miles  north  and  one  mile 
east  of  Syracuse,  Kansas.  Points  along  the  path  to  the  west  of 
Denver  offered  somewhat  better  conditions  as  regards  weather 
prospects,  higher  altitude  of  the  sun  and  somewhat  longer  period 
of  totality ;  but  the  advantages  of  accessibihty  and  wider  distribu- 
tion of  the  expeditions  along  the  eclipse  path  were  sufficiently 
weighty  to  determine  upon  a  station  where  the  main  line  of  the 
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Santa  Fe  Railroad  was  intersected  by  the  eclipse  path  in  western 
Kansas.  This  region  is  only  one  day  by  direct  train  from  Flagstaff. 
Thus  shipments  of  apparatus  could  be  depended  upon  to  go  through 
more  promptly  and  with  less  danger  of  injury  than  where  changes 
in  transit  are  involved.  Then,  too,  this  choice  placed  the  Lowell 
station  the  farthest  eastward  of  any  of  those  prepared  to  undertake 
general  observations  of  the  eclipse. 

In  the  autumn  of  1917,  Messrs.  C.  O.  Lampland  and  E.  C. 
Slipher  looked  over  the  general  conditions  in  western  Kansas  with 
a  view  to  finding  a  station  site,  and  early  in  May,  1918,  Mr.  E.  C. 
Slipher  went  to  Syracuse,  chose  a  site,  found  its  latitude  and  the 
meridian  and  made  all  necessary  arrangements,  secured  the  needed 
help  and  materials,  and  went  forward  with  the  preparations. 
Others  proceeded  to  Syracuse  later  as  their  roles  required,  until 
the  membership  of  the  expedition  was  constituted  thus:  Mr.  and 
Mrs.  V.  M.  Slipher,  Mr.  and  Mrs.  C.  O.  Lampland,  Mr.  E.  C. 
Slipher,  Mr.  Stanley  Sykes,  and  Mr.  E.  C.  Mills,  of  the  Lowell 
Observatory;  Mr.  George  R.  Agassiz,  of  Boston,  Massachusetts, 
and  Mr.  and  Mrs.  O.  H.  Truman,  of  the  University  of  Iowa;  and, 
on  June  8,  Mrs.  Percival  Lowell  joined  the  expedition  for  the  eclipse. 

During  the  last  week  preceding  eclipse  day  the  weather  was, 
for  the  most  part,  unfavorable.  There  were  frequent  showers  and 
the  sky  was  clouded  much  of  the  time,  day  and  night.  From 
what  had  been  learned  from  weather  records  it  had  been  expected 
that  some  clouds  and  rain  would  be  encountered,  but  not  so  much 
as  was  experienced  the  last  week.  Thus  the  preparations  and 
rehearsals  could  not  be  completed  in  the  manner  originally  planned. 

On  eclipse  day  the  sky  at  sunrise  was  only  partly  clear,  and 
soon  became  completely  overcast.  However,  in  the  late  forenoon 
the  clouds  dissipated  and  by  mid-day  the  sky  was  mostly  clear. 
Throughout  the  afternoon  some  veil-like  clouds  of  haze  were  present 
and  at  eclipse  time  one  of  these  covered  the  region  of  the  sun. 
This  haze  somewhat  reduced  the  light  and  rather  seriously  limited 
the  effectiveness  of  the  smaU-scale  cameras  in  recording  the  extreme 
outer  extensions  of  the  corona,  by  its  direct  action,  and  also  by  its 
scattering  the  Hght  of  the  prominences  and  bright  inner  corona 
over  the  faint  outer  parts  of  the  corona.     However,  although  the 
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haze  must  have  affected  to  some  extent  the  photographs  of  the 
inner  corona  and  the  spectrograms,  its  ill  effects  were  not  always 
manifest.  Indeed,  the  two  large-scale  cameras,  particularly, 
secured  a  number  of  negatives  of  the  brighter  parts  of  the  corona 
that  in  comparison  with  other  eclipse  results  are  seen  to  be  of  a 
high  degree  of  excellence.  This  valuable  and  extensive  material 
will  be  pubUshed  later  by  Messrs.  Lampland  and  E.  C.  Slipher, 
who  were  responsible  for  that  part  of  the  eclipse  program  and 
deserve  full  credit  for  the  success  of  the  results. 

It  was  thought  wise  to  confine  the  studies  of  the  spectrum  to 
that  of  the  corona.  For  this  work  servdceable  instruments  could 
be  arranged  from  the  stellar  and  nebular  spectrographic  equip- 
ment of  the  observatory.  High  linear  dispersion  was  not  con- 
sidered vital  in  the  observations  to  be  undertaken  and  in  arranging 
the  different  spectrographs  questions  of  choice  between  dispersion 
and  Hght-power  were  decided  to  favor  light-power,  in  order  that 
the  instruments  might  be  quick  enough  under  good  conditions 
to  get  a  strong  record  of  the  spectrum  and  still  to  get  some  record 
even  should  the  conditions  be  poor.  The  mountings  of  the  instru- 
ments were  made  largely  of  wood,  but  metal  was  employed  where 
most  needed  to  give  the  optical  parts  proper  support.  The  weather 
at  Syracuse  made  clear  the  weakness  of  wood  and  the  wisdom  of 
making  all  essential  parts  of  metal.  At  the  eclipse  camp  ]\Ir.  0.  H. 
Truman  assisted  me  for  several  days  before  the  eclipse,  and  he 
and  ]Mrs.  Slipher  shared  with  me  the  operation  of  the  instruments 
during  the  eclipse. 

The  single-prism  spectrograph. — A  spectrograph  of  one  63°  flint 
glass  prism  and  a  380-mm  camera  of  33-mm  aperture  was  used  in 
recording  the  general  spectrum  of  the  inner  corona  from  D  to  the 
ultra-\'iolet.  It  was  supplied  with  an  image-forming  lens  of  about 
the  same  aperture  and  focus  as  the  collimator,  which  was  of  490-mm 
focus  and  32-mm  aperture.  The  sKt  was  east  and  west  over  the 
sun's  diameter  and  long  enough  to  include  the  corona  to  some 
distance  off  the  east  and  west  limbs  of  the  sun.  The  exposure 
ran  from  count  2  to  78  of  the  83  seconds  of  the  total  phase.  A 
Cramer  Isochromatic  plate  was  used,  and  recorded  the  spectrum 
from  D3  to  about  X  3650  in  the  ultra-violet. 


76  V.  M.  S  LI  PEER 

The  exposure  began  soon  enough  after  second  contact  to 
register  a  great  number  of  chromospheric  bright  Imes  on  the  east 
edge  of  the  sun,  but  it  stopped  too  early  to  show  these  on  the 
west  edge. 

The  prominence  lines  of  calcium,  hydrogen,  and  helium  are  long, 
especially  so  those  of  calcium.  The  chief  coronium  line,  that  near 
X  5303.0  is  also  strong  and,  like  the  lines  mentioned  above,  it 
extends  across  the  space  occupied  by  the  moon's  image,  owing  to 
scattering  of  the  light  in  the  earth's  atmosphere.  The  coronium 
line  near  X  4231  is  present  and  also  weak  impressions  of  the  lines 
X  4086  and  3601.  The  continuous  spectrum  of  the  inner  corona 
extends  from  D  almost  to  X  3650,  with  the  general  variations  of 
intensity  that  are  to  be  expected  from  the  variations  in  color 
sensitiveness  of  the  photographic  plate  used.  In  its  strongest 
portion — in  the  blue — it  is  recorded  outward  from  the  sun's  east 
limb  to  a  distance  of  about  10  minutes  of  arc  and  to  about  14 
minutes  from  the  west  limb.  In  the  outer  margin  of  the  continuous 
spectrum  there  are  irregularities,  especially  between  H5  and  X4500, 
which  I  am  more  inclined  to  beheve  are  the  weak  beginnings  of  the 
dark-line  solar  spectrum  rather  than  that  they  are  bright  lines  of  a 
true  coronal  origin.     This  plate  is  reproduced  in  Figure  i,  Plate  I. 

Low-dispersion  spectrograph. — x\  slit  spectrograph  of  high  light- 
power  having  a  66°  prism  of  dense  but  clear  flint  glass  and  a  camera 
of  35-mm  aperture  and  83-mm  focus,  was  used  in  photographing 
the  spectrum  of  the  corona  to  as  great  distances  from  the  sun's 
surface  as  possible.  This  spectrograph  with  its  image-forming  lens 
was  mounted  so  that  it  could  be  rotated  through  90°  in  order  to 
obtain  two  spectrograms:  one  with  the  sht  N-S,  for  the  outer 
corona  off  the  north  and  south  limbs  of  the  sun;  the  other,  with 
slit  E-W,  to  cover  the  corona  to  the  east  and  west  of  the  sun. 
Thus,  with  a  long  slit  it  was  planned  to  compare  the  spectra  of  two 
of  the  most  dissimilar  parts  of  the  corona,  the  polar,  and  the 
equatorial  regions.  The  slit  was  long  enough  to  cover  the  corona 
out  on  each  side  to  about  1.2  times  the  solar  diameter.  Unfor- 
tunately we  did  not  have  time,  under  the  weather  conditions,  to 
perfect  the  adjustments  for  rotation  so  as  to  have  the  slit  cover 
the  desired  portions  of  the  corona  for  the  polar  and  the  equatorial 
comparisons. 
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In  consequence,  for  the  lirst  exposure  the  slit  which  was  east 
and  west  crossed  the  moon's  image  near  the  south  limb.  The 
exposure  started  two  seconds  after  the  second  contact  and  con- 
tinued during  the  first  half  of  totahty.  Then  at  mid-totality  the 
instrument  was  rotated  through  90° — which  brought  the  sht  north 
and  south  and  about  10'  west  of  the  sun's  west  limb — the  plate  was 
shifted  and  the  second  exposure  continued  up  to  within  about  two 
seconds  of  third  contact. 

The  plate  used  was  a  Cramer  Trichromatic.  It  has  a  good 
impression  of  the  continuous  spectrum,  over  the  full  length  of  the 
slit,  and  from  the  violet  down  to  the  D  line.  The  exposure  with  the 
slit  crossing  the  sun's  image  near  the  south  limb  shows  many  promi- 
nence and  chromospheric  emission  Hnes,  including  the  red  line  of 
hydrogen.  The  green  coronium  line  is  clearly  recorded  by  the 
first  exposure  and  faintly  by  the  second.  This  record  of  the 
coronium  line  will  be  of  interest  later  in  connection  with  the  slitless 
spectrogram.  A  few  of  the  strongest  groups  of  solar  absorption 
lines  are  discernible  toward  the  edges  of  the  spectrum  of  the  first 
exposure  and  traceable  across  the  full  width  of  the  second  one. 

The  variation  of  intensity  of  these  spectra  across  their  width 
is  in  fuU  accord  with  what  the  direct  photographs  indicate  for  light 
intensities  along  lines  over  the  corona  occupied  by  the  sKt:  i.e., 
the  first  exposure  slit  E-W,  shows  more  extension  and  density  to 
the  west  than  to  the  east  of  the  sun,  and  the  second  more  uniform 
density  across  its  width.  The  ends  of  the  slit  for  the  first  exposure 
reached  distances  of  about  1.2  diameters  from  the  sun's  limb  and 
for  the  second  exposure  about  1.3  diameters.  The  two  exposures 
overlap  by  about  one-eighth  of  their  combined  width  and  the  plate 
was  somewhat  fogged  by  extraneous  light  from  too  early  drawing 
of  the  slide.  These  faults  and  the  incorrect  placing  of  the  slit  for 
the  two  spectra  made  them  unsuitable  for  the  comparison  of  the 
coronal  spectrum  of  the  polar  with  the  equatorial  region. 

The  presence  of  the  cloud  of  haze  over  the  sun  raises  a  question 
as  to  the  extent  reflected  sunlight  contributed  to  the  dark-line 
spectrum.  The  direct  photographs  and  also  the  slit  spectra  bear 
evidence  of  light  scattered  from  the  prominences  and  bright  inner 
corona.  The  great  extension  of  the  calcium  and  hydrogen  promi- 
nence lines  and  their  presence  over  the  moon's  image  is  clear 
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proof  that  prominence  light  was  widely  scattered.  Some  years 
ago  the  late  Lord  Rayleigh  showed  how  rapidly  the  power  of  our 
atmosphere  in  scattering  sunlight  increased  as  the  wave-length 
was  decreased,  and  previous  ecKpse  spectra  have  shown  the  effect 
with  clear  skies.  Hence  our  air  must  have  greatly  aided  the  cloud 
in  scattering  the  violet  rays  among  which  the  dark  lines,  in  the 
present  case,  were  observed.  It  does  not  seem  possible  to  determine 
just  how  great  the  effect  of  the  haze  was,  but  the  presence  of  the 
prominence  emissions  over  these  spectrograms  leaves  no  doubt 
that  the  strictly  continuous  spectrum  of  the  bright  inner  corona 
was  likewise  spread  over  that  of  the  outer  corona,  which  would 
tend  to  cover  up  any  dark  lines  it  possessed.  It  is  not  possible  to 
know  to  what  extent  these  two  opposing  effects  of  the  haze  balanced 
each  other,  and  hence  we  cannot  say  certainly  that  the  dark  lines 
observed  were  of  true  coronal  origin  although  they  appear  to  be 
such. 

Three-prism  spectrograph. — -The  Brashear  stellar  spectrograph 
of  three  prisms,  supplied  with  a  camera  of  nine  inches  focus,  was 
adjusted  for  the  visual  end  of  the  coronal  spectrum  with  the  hope 
of  photographing  more  of  the  red  region  than  is  usually  done.  I 
had  planned  to  sensitize  a  plate  to  the  extreme  red,  but  conditions 
did  not  permit  my  doing  that  and  a  Cramer  Trichromatic  plate  was 
finally  used. 

The  exposure  ran  from  count  2  to  80.  The  slit  was  placed  east 
and  west.  The  plate  records  well  the  continuous  spectrum  from 
the  blue  down  to  D3,  where  it  rapidly  weakens  owing  to  the  dimin- 
ished sensitiveness  of  this  emulsion  in  that  region.  On  the  shorter 
wave-length  side  of  D3  there  are  present  the  usual  hydrogen  and 
helium  prominence  lines  and  also  a  number  of  chromospheric  lines. 
The  C  line  of  hydrogen  is  registered,  but  no  other  bright  lines  are 
evident  on  the  red  side  of  the  D3  line.  The  green  coronium  line 
X  5303.0  is  strongly  impressed  upon  the  plate  (Fig.  2),  but  I  have 
recognized  no  other  true  coronal  lines. 

The  green  line  is  long  and  nearly  equally  intense  on  the  east 
and  the  west  of  the  sun.  Prominence  and  chromospheric  lines, 
however,  are  much  stronger  on  the  east  than  on  the  west  side, 
implying  that  the  exposure  began  a  little  nearer  second  contact  than 
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the  ending  was  to  third  contact.  The  comparison  spectrum  was 
unfortunately  accidentally  omitted  from  this  plate,  but  the  wave- 
length of  the  green  line  was  determined  with  fair  accuracy  from 
measures  of  it  relative  to  nearby  prominence  and  chromospheric 
lines,  the  resulting  value  being  X  5303.0.  Owing  to  scattering  of 
light  the  green  coronium  line,  like  H/3  and  H7,  is  traceable  across 
the  moon's  image. 

The  slitless  spectrograph. — A  battery  of  three  63°  dense  flint 
prisms  and  a  camera  of  35-mm  aperture  and  472-mm  focus  served 
as  a  prismatic  camera  for  investigating  the  spectrum  of  the  corona 
with  special  regard  to  the  green  coronium  ring.  The  adjustments 
were  such  as  to  include  the  spectrum  from  D3  to  beyond  F  in  the 
blue,  in  order  to  have  these  helium  and  hydrogen  radiations  for 
comparison  with  the  coronium  ring  in  studying  the  distribution  of 
this  substance  around  the  sun's  surface.  The  prisms  were  not  at 
minimum  for  X  5303  and  the  green  ring  is  somewhat  elhptical.  The 
edges  of  the  prisms  were  set  north  and  south  instead  of  east  and 
west,  the  more  usual  position.  This  orientation  was  the  more 
favorable  for  recording  the  coronal  ring  clearly  along  the  east  and 
west  limbs  where  it  shows  most  intensity  and  detail.  In  this  case 
the  east  and  west  limbs  are  in  the  middle  of  the  spectral  band  and  the 
north  and  south  limbs  at  its  edges,  where  details  are  of  course 
confused.  On  account  of  the  persistent  clouds  on  the  last  few 
days  and  nights  I  did  not  get  the  focus  sharply  adjusted;  and,  too, 
the  instrument  received  a  slight  jar  when  the  small  spectrograph 
described  above  was  rotated  at  mid-totality,  the  two  being  mounted 
on  the  same  polar  axis.  In  consequence  the  objective  spectra  are  not 
quite  sharp,  but  it  seems  that  nothing  of  importance  was  thereby  lost. 

The  solar  image  on  the  plate  of  the  prismatic  camera  had  a 
diameter  of  4.3  mm. 

Three  exposures  were  made  with  this  instrument  on  isochro- 
matic  plates;  one  from  the  signal  "go,  "for  three  seconds;  the  second 
(on  the  same  plate  shifted)  for  seventy  seconds ;  and  the  third  (on 
a  separate  plate)  for  about  a  second  near  third  contact,  for  the 
flash.  This  last  exposure  was  a  little  late  and  owing  to  the  low 
dispersion  is  overexposed  and  probably  does  not  merit  any  further 
consideration  and  description  here. 
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The  first  of  these  exposures  records  the  eastern  crescents  of 
F  and  D3  together  with  a  faint  impression  of  the  green  coronal 
crescent.  The  second,  the  long  exposure,  secured  a  good  impression 
of  the  green  ring  and  of  the  irregular,  broken  rings  of  hydrogen  F 
and  hehum  D3.  The  plate  is  of  course  considerably  fogged  by 
scattered  light  and  by  the  light  of  the  bright  inner  corona.  There 
is  sharp  increase  in  the  intensity  of  the  continuous  spectrum  of  the 
corona  at  its  edges  corresponding  to  the  north  and  south  limbs  of 
the  sun.  These  margins  are  strikingly  sharp.  They  of  course 
mask  the  coronium  ring  near  the  north  and  south  points  of  the 
sun's  disk;  but  as  the  ring  becomes  weak  before  reaching  the  edges 
except  in  the  southwest  quadrant,  probably  not  much  detail  of  the 
ring  was  thereby  covered.  However,  it  is  strongly  advised  in  such 
observations  of  future  echpses  that  the  observer  provide  himself 
with  a  pair  of  instruments  of  this  simple  type  and  mount  them  so 
that  for  one  the  refracting  edge  of  the  prism  (or  grating  rulings) 
is  north  and  south,  and  for  the  other  east  and  west.  In  this  way, 
between  the  two,  he  will  secure  the  whole  of  the  sun's  limb  without 
masking,  and  for  the  most  part  he  will  thus  also  secure  the  much- 
to-be-desired  dupHcate  records  of  the  coronium  spectrum. 

The  second  exposure,  with  this  instrument,  of  seventy  seconds, 
began  and  ended  about  equally  near  second  and  third  contacts, 
respectively,  but  it  ended  a  very  little  nearer  third  contact.  This 
negative  shows  that  the  green  coronium  ring  is  not  uniformly 
intense  around  the  sun.  Its  strength  is  much  greater  along  the 
east  and  west  limbs,  generally,  than  about  the  north  and  south 
ones,  yet  its  stronger  parts  do  not  coincide  with  the  equatorial 
regions  or  its  fainter  parts  with  the  polar  regions.  It  occupies  a 
greater  extent  of  the  west  limb  than  it  does  of  the  east  one,  and  on 
that  side  it  extends  in  considerable  strength  farther  to  the  south  of 
the  equator  than  it  does  to  the  north,  in  fact  it  seems  traceable  to 
the  south  pole.  On  the  east  limb,  on  the  other  hand,  the  ring 
stops  quite  suddenly  nearer  the  equator  on  the  south  than  on  the 
north.  That  is,  the  coronium  ring  is  faint  or  absent  along  the 
sections  of  the  sun's  limb  occupied  by  the  bristhng  streamers  typical 
of  the  polar  regions.  The  spectrogram,  compared  with  direct 
photographs,  shows  that   the  coronium  substance  was  relatively 
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abundant  generally  in  those  regions  of  the  sun's  limb  from  which 
flowed  the  great  extensions  of  the  corona.  While  there  seems  to  be 
this  general  correspondence  in  the  distribution  of  the  coronium 
substance  and  the  main  features  of  the  corona,  the  nature  of  the 
relationship  is  a  problem  for  further  investigation. 

In  addition  to  these  main  variations  in  intensity  of  the  coronium 
ring  it  has  numerous  local  irregularities,  its  stronger  portions  being 
found  in  the  zones  of  spots  and  prominences,  generally;  yet  these 
do  not  coincide  with  individual  prominences.  The  presence 
on  the  same  plate  of  the  F  ring  of  hydrogen  and  the  D3  ring  of 
helium,  one  on  either  side  of  the  coronium  ring,  rendered  compari- 
son and  study  easy  and  definite.  It  is  evident  at  a  glance  that  the 
coronium  ring  is  not  at  all  like  those  of  hydrogen  and  helium. 
The  distribution  of  coronium  thus  is  different  from  that  of  hydrogen 
and  helium,  and  so  no  obvious  relationship  of  coronium  to  these 
other  substances  is  indicated.  It  is  true  only  in  a  general  way 
that  the  green  ring  is  strong  throughout  regions  including  the 
zones  frequented  by  sun-spots  and  prominences.  The  condensa- 
tions in  the  coronium  ring,  none  of  which  are  definitely  limited, 
stand  in  striking  contrast  to  those  of  hydrogen  and  helium  due  to 
the  prominences.  The  spectrogram  shows  the  green  radiation  to 
fade,  at  first  rather  rapidly,  outward  from  the  sun's  surface. 
While  this  negative  gives  no  direct  evidence  on  the  question  whether 
or  not  coronium  is  concerned  in  the  arches  over  the  prominences, 
it  reveals  a  distribution  of  coronium  favorable  to  its  presence  there. 
The  coronium  line  on  the  plate  of  low  dispersion,  already  described, 
extends  outward  fully  a  solar  diameter  into  the  corona.  It  is 
stronger  off  the  southwest  limb  than  off  the  southeast  one — both 
of  which  were  similarly  included  by  the  slit — thus  conforming  to 
the  intensity-distribution  of  the  coronium  ring  shown  on  the 
objective-prism  plate.  Of  course  we  must  consider  here  the  effect 
that  scattering  of  light  in  the  earth's  atmosphere  has  upon  the 
extension  of  the  line.  Some  assistance  on  this  point  is  furnished 
by  the  negative  for  the  general  coronal  spectrum,  the  first  to  be 
described  of  the  series.  This  negative  contains  a  good  record 
of  the  emissions  of  hydrogen,  hehum,  calcium,  and  coronium  from 
the  yellow  to  the  ultra-violet,  and,  as  it  is  without  a  comparison 
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spectrum,  it  is  well  adapted  to  comparing  the  emission  lines  inside 
the  moon's  limb,  where  scattering  is  wholly  responsible  for  their 
presence,  with  their  extensions  outward  from  the  same  limb  into 
the  corona,  where  the  effect  is  a  combination  of  scattering  of  light 
and  the  distribution  of  the  substances  involved.  Inside  the  moon's 
disk  the  coronium  line  is  as  weak  as,  or  weaker  than,  the  helium 
line  X  4472  and,  of  course,  weaker  than  any  of  the  hydrogen  lines; 
but  when  compared  with  the  same  lines  at,  say,  half  the  solar 
radius  outside  the  moon's  limb,  on  the  west,  the  coronium  line  is  as 
strong  as  the  strongest  hydrogen  line.  Lord  Rayleigh  investigated 
the  scattering  of  light  in  the  atmosphere  and  found  it  to  increase 
inversely  as  the  fourth  power  of  the  wave-length.  The  effect  is 
clearly  disclosed  by  this  spectrogram,  the  coronium  line  showing 
less  spreading  over  the  moon's  image  than  do  the  blue  and  violet 
Knes  of  hydrogen  and  helium.  But  outside  the  sun's  limb  over 
the  corona  something  more  than  scattering  is  at  work,  for  the 
coronium  line  gains  strength  relatively  to  these  same  H  and  He 
lines  of  shorter  wave-length.  This  seems  to  imply  that  some 
coronium  was  present  high  above  the  sun's  surface,  as  high  appar- 
ently as  the  arches  over  the  prominences. 

These  arches  seemed  unusually  well  developed  at  this  ecKpse 
and  it  is  unfortunate  that  the  presence  (or  absence)  in  them  of 
coronium  could  not  be  cleared  up.  The  presence  of  the  coronium 
line  high  above  the  sun  raises  the  question  whether  its  luminescence 
may  not  be,  as  has  been  suggested,  an  electro-magnetic  phenomenon 
similar  to  that  of  the  aurora:  the  arches  over  the  prominences 
have  some  resemblance  to  magnetic  lines  of  force.  One  might 
further  remark  upon  the  fact  that  coronium  and  "aurorium"  each 
has  its  distinguishing  radiation  in  the  same  general  region  of  the 
spectrum.  Much  remains  to  be  learned  of  coronium  and  its 
relationships,  at  future  eclipses. 

This  objective-prism  plate,  Figure  3,  has  further  interest  in  that 
it  shows  strips  of  well-defined,  continuous  spectrum  which  run  longi- 
tudinally through  the  main  spectral  background  of  the  inner  corona. 
Three  of  these  are  quite  distinct  and  rather  definitely  limited  in 
width.     It  appears  evident  that  two  of  them  coincide  with  the  two 
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strong  prominences  of  the  northern  hemisphere,  one  on  the  east 
limb,  the  other  on  the  west.  The  third  is  in  the  southern  hemi- 
sphere and  is  somewhat  wader  and  apparently  related  to  some  small 
prominences  and  an  elevated  region  of  the  photosphere.  Compari- 
son of  the  maxima  of  the  coronium  ring  with  those  of  the  H  and  He 
rings  with  regard  to  the  strips  of  intensified  continuous  spectrum 
led  me  to  the  conclusion  that  the  bands  are  related  to  the  promi- 
nences and  photosphere  and  not  in  any  direct  way  to  the  substance 
of  the  green  ring.  In  addition  to  what  has  been  stated,  the  facts 
pointing  to  this  conclusion  are  that  the  maxima  of  the  ring  are  not 
definitely  limited,  as  are  the  strips  of  continuous  spectrum  and 
there  is  not  that  correspondence  between  the  two  that  would  be 
expected  were  the  ring  maxima  and  the  strips  due  to  the  same 
origin.  It  is  noted  that  where  the  bands  cross  the  ring  it  is  gener- 
ally denser,  but  it  seems  not  more  so  than  would  result  from  the 
action  of  the  blended  light  of  the  two. 

It  seems  to  be  definitely  established  that  some  prominences 
possess  a  continuous  spectrum,  and  brief  computation  shows  that  a 
depression  of  the  moon's  limb,  moderate  in  depth  among  those 
known  to  exist',  would  have  been  equivalent  to  starting  the  exposure 
as  much  as  5  seconds  early — or  to  stopping  it  that  much  late — 
which  is  ample  time,  near  second  or  third  contact,  to  expose  sections 
of  the  photosphere  and  so  introduce  continuous  spectrum.  Obser- 
vations clearly  bear  this  out,  as  such  lunar  depressions  have  caused 
sharp  strips  of  continuous  spectrum  on  eclipse  spectra  in  numerous 
cases.  Both  the  causes  mentioned  above  seem  to  have  been  con- 
cerned in  the  strips  of  continuous  spectrum  described  here  for  the 
1918  eclipse. 

To  IVIrs.  Percival  LoweU,  for  her  generous  provision  for  the 
expedition  and  interest  in  its  success;  to  ]Mr.  Guy  Lowell,  the 
Trustee  of  the  LoweU  Obser\'atory,  who  early  proposed  the  under- 
taking; to  Professor  W.  W.  Campbell,  Director  of  the  Lick  Observa- 
tory, for  expert  ad\T[ce  on  plans  and  equipment;    to  Professor 

^  Astronomische  Ahhandlungen  der  Hamburger  Sternwarle  in  Bergedorf,  3,  No.  i; 
Selenographische  Koordinaten  von  Friedrich  Hayn.  IV  Abhandlung  des  XXXIII 
Bandes,  K.  Sternwarte,  Leipzig;  Aslronomische  Nachrichten,  Xo.  4615  (193,  118, 
1912). 
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John  A.  Miller,  Director  of  the  Sproul  Observatory,  and  Professor 
W.  A.  Cogshall,  Director  of  the  Kirkwood  Observatory,  for  counsel 
and  the  loan  of  apparatus;  to  Mr.  George  R.  Agassiz,  Boston, 
Massachusetts,  for  the  loan  of  a  large  lens;  to  the  Naval,  Flower, 
and  Haverford  observatories,  for  the  loan  of  equipment,  and  to  a 
number  of  citizens  of  Syracuse  for  their  kind  interest  and  assistance 
before  and  on  eclipse  day,  it  is  a  pleasure  to  make  grateful  acknowl- 
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SPECTROPHOTOMETRIC  :\IETHODS  FOR  DETERMINING 

STELLAR  LUMINOSITY^ 

By  BERTIL  LIXDBLAD 

ABSTR.\CT 

T'd'O  spectra  photometric  methods  for  determining  absolute  magnitudes. — (i)  Relative 
intensity  of  spectral  regions  on  either  side  of  X  jgoy.  Using  the  lo-inch  Cooke  refractor 
with  6°  objective  prism,  a  series  of  images  of  decreasing  density  was  obtained  for  each 
star  on  each  plate,  making  each  exposure  0.707  times  the  preceding,  and  from  these 
images  the  exposure  ratio  {E^li'ti)  required  to  give  the  same  density  in  the  two 
adjacent  spectral  regions  was  determined  for  stars  in  well-known  groups  with  common 
proper  motions  and  hence  common  parallaxes — the  Hyades,  the  Pleiades,  the  Ursa 
Major  stream,  and  Praesepe — and  also  for  some  stars  with  known  spectroscopic 
parallaxes,  in  all,  107  stars  of  t\'pes  A  and  B  and  74  stars  of  later  tj-pes.  The  results 
show  that,  especially  for  stars  of  type  BS  to  .43,  there  is  a  definite  correlation  between 
E  and  M,  the  variation  being  such  that  even  \nth  the  small  dispersion  here  used  the 
probable  error  of  a  determination  of  M  for  a  star  within  this  range  of  t>T3e  and  of 
absolute  magnitude  o  to  4  is  only  0*^4.  (2)  Relative  intensity  of  cyanogen  bands  and 
adjacent  spectral  regions.  Using  the  same  instrument  and  method  as  above,  the  relative 
density  on  either  side  of  X  3889  was  determined  for  16  stars  of  known  parallax,  and 
(since  the  band  at  X4216  though  weak  is  more  favorable  for  the  redder  stars)  the 
relative  density  in  regions  XX4144-4184  and  XX  4227-4272  was  determined  for  78 
late  stars.  The  absorption  was  found  to  be  strongest  for  the  giants  of  types  Gs-K$ 
and  much  weaker  for  dwarfs;  in  fact  all  stars  with  log  £>o.i7  are  giants.  Figures 
;i-S  show  the  variation  of  log  E  \\-ith  M  for  various  types. 

Relation  of  spectra  of  A  and  B  stars  to  absolute  magtiitude. — A  study  of  some 
spectra  made  with  the  60-inch  showed  that  the  increase  in  the  density  of  the  region 
XX  3S89-3907  with,  reference  to  XX  3907-3935  is  caused  by  a  mdening  of  the  Hf  line 
and  also  of  some  arc  lines  of  Fe  and  Si,  which  may  be  due  to  a  greater  density  gradient 
in  the  outer  layers  of  the  less  luminous  stars  of  this  t>T)e.  a  Cygni  and  the  faint 
companion  of  02  Eridani  represent  extreme  t>-pes. 

Spectral  type  and  luminosity  of  137  faint  stars  of  magnitudes  10  to  14,  in  Messier  1 1, 
Messier  13,  and  Selected  Areas  63  and  64,  were  determined  from  10  plates  made  \\'ith  a 
small  focal-plane  spectrograph  attached  to  the  60-inch.  Dwarfs  and  giants  were 
distinguished  by  applying  the  spectrophotometric  results  reported  above. 

Spectro photometric  parallax  determinations. — The  concordance  of  the  results  for 
log  £  as  a  fiuiction  of  M,  as  determined  from  the  various  groups  of  stars,  indicates 
that  the  assumed  parallaxes  for  the  Hyades,  Pleiades,  and  Praesepe,  0^023,  0^010,  and 
o!'oo72,  respectively,  are  accurate  to  within  10  per  cent.  The  value  found  iox Messier 
II  is  0^00025. 

Schajarzschild's  constant  p  for  Seed  23  plates  was  determined  for  images  made  with 
the  lo-inch  refractor  and  6^  prism  and  found  to  be  equal  to:  0.97-0.026  (wz  — 5),  where 
m  is  apparent  magnitude  ranging  from  4  to  8.     X-ray  developer  was  used. 

I.      A   CRITERION   OF   ABSOLUTE    LUMINOSITY   FOR   STARS    OF 

SPECTRAL   TYPE   A 

The  faint  companion  of  the  star  o^  Eridani  of  apparent  mag- 
nitude 9.5  and  absolute  magnitude-f  10.3  was  found  by  Adams^  to  be 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  228. 
^Publications  of  the  Astronomical  Society  of  the  Pacific,  26,  198,  1914. 
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of  spectral  type  Ao,  and,  intrinsically,  is  by  far  the  faintest  A- type 
star  known.  Some  photographs  of  this  object,  taken  with  an 
objective  prism  on  the  lo-inch  refractor  and  with  a  focal-plane 
spectrograph  in  conjunction  with  the  6o-inch  reflector,  showed 
some  peculiarities  in  the  energy-distribution  of  the  spectrum,  when 
compared,  for  instance,  with  the  spectrum  of  Sirius.  The  most 
conspicuous  feature  is  the  very  strong  widening  of  the  wings  of  the 
hydrogen  lines,  connected  with  a  decided  weakening  of  the  high- 
numbered  members  of  the  Balmer  series.  On  the  spectrograms  of 
low  dispersion  taken  here,  Hr}  is  the  last  hydrogen  line  to  be 
identified  with  certainty.  Seemingly  as  a  consequence  of  this 
weakening  of  the  extreme  hydrogen  lines,  the  photographs  show  a 
faint  extension  of  the  continuous  spectrum  much  farther  into  the 
ultra-violet  than  is  the  case  for  an  ordinary  A-type  star.  A  further 
difference  between  this  star  and  Sirius  was  found  in  the  distribution 
of  energy  between  He  and  Hf,  apparently  consisting  in  a  consider- 
able decrease  of  intensity  in  the  region  X  3889-X  3907  as  compared 
with  the  region  X3907-X3935.  This  phenomenon  may  be  caused 
partly  by  the  expansion  of  the  wings  of  H^,  but  there  was  seemingly 
also  some  other  cause;  in  particular,  a  widening  of  the  silicon  arc 
line  X  3905.6  was  suspected.  This  line  is  well  developed  in  the 
spectrum  of  Sirius,  though  probably  it  is  to  some  extent  a  blend 
with  an  enhanced  line  of  chromium.  In  order  to  see  whether  the 
last  mentioned  phenomenon  might  be  a  general  criterion  of  intrinsic 
brightness  for  A-type  stars,  an  investigation  was  begun  on  the 
Hyades  which  was  later  extended  to  include  other  groups  of 
common  proper  motion. 

The  instrument  used  was  the  lo-inch  Cooke  refractor  with 
an  objective  prism  of  6°.  The  scale  of  the  spectra  thus  obtained, 
about  340  A  per  mm  in  the  region  of  the  K  line,  is  probably  near 
the  lower  limit  possible  for  a  successful  investigation  of  the  effect. 
No  widening  of  the  spectra  was  undertaken.  Satisfactory  images 
of  an  A  star  of  photographic  magnitude  6.5  were  thus  obtained  in 
one  minute.  Seed  23  plates  were  used,  with  X-ray  developer. 
Owing  to  the  steep  color-curve  of  the  objective  for  the  extreme 
violet,  only  a  small  region  of  the  spectrum  can  be  in  good  focus  for 
a  given  setting;  that  used  corresponded  to  the  interval  X3889- 
X3920. 
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In  order  to  measure  the  decrease  of  intensity  at  X  3907  the 
following  process  was  used.  For  each  object  a  series  of  exposures 
was  made  on  the  same  plate  with  exposure-times  decreasing  in  the 
ratio  I  2:1.  Each  star  thus  produced  a  sequence  of  images  of 
decreasing  photographic  density;  that  is,  a  scale  of  images  which 
may  be  represented  by  the  numbers  o,  i,  2,  3,  etc.,  corresponding 
to  the  exposure-times  /«,  k,  t2,  t^  .  .  .  .  ,  where  /,•;/,+ 1=^1/^2. 
The  density  in  the  region  X  3895  to  X  3907  of  a  certain  image,  for 
instance,  the  first,  was  compared  with  that  in  the  region  X  3907  to 
X  3925  of  the  following  images.  The  point  in  the  scale  of  images 
for  which  the  density  in  the  second  region  equaled  that  of  the  first 
region  in  the  reference  image,  was  estimated  by  interpolation  to  a 
tenth  of  an  inter\-al.  Suppose  the  exposure- time  corresponding  to 
this  "scale-reading"  to  be  /.  The  logarithm  of  the  ratio  t^U, 
denoted  by  log  E,  is  then  a  measure  of  the  energ}.'-fall  in  the  spec- 
trum near  X  3907.  The  successive  images  define  a  scale  with 
intervals  of  logarithmic  exposure-ratio  equal  to  0.15,  and  the 
"scale-reading"  observed  is  therefore  readily  converted  into  log  E. 
As  many  estimations  as  possible  were  made  from  each  series  of 
images,  starting  with  each  of  the  spectra  in  succession  as  a  refer- 
ence image.  The  process  is  analogous  to  that  used  by  Scares'  in 
determining  the  color  of  a  star  by  the  method  of  exposure-ratios. 
Distorted  images,  as  well  as  very  dense  or  very  weak  images,  have 
not  been  measured.  Whenever  possible,  measurements  were  made 
with  the  plate  in  two  opposite  positions.  In  some  of  the  measure- 
ments, especially  of  very  bright  stars,  like  Sirius,  for  which  suf- 
ficiently short  exposures  could  not  be  made  with  the  accuracy 
necessary  to  form  a  rehable  scale,  the  value  of  log  E  was  estimated 
directly  from  the  difference  of  density  between  the  two  regions  in 
the  same  image.  Apart  from  the  influence  of  possible  changes  of 
gradation  from  one  plate  to  another,  the  two  methods,  if  checked 
against  each  other,  should  give  equivalent  results.  This  follows 
from  Kron's^  results  for  the  law  of  photographic  density  as  a  function 
of  intensity  and  exposure-time.  If  the  gradation  in  a  time-scale 
is  constant,   a  difference  in  density  obtained  during  the  same 

^Proceedings  of  the  National  Academy  of  Sciences,  2,  521,  1916. 
'  Publikationen  des  Astrophysikalischen  Observaloriums  zii  Potsdam,  22   (No.  67), 
1913- 
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exposure  for  two  different  light-sources  will  always  correspond  to 
the  same  ratio  of  exposure-times  giving  the  same  density,  independ- 
ently of  the  order  of  magnitude  of  the  intensities,  in  this  case,  of 
the  apparent  magnitude  of  the  star. 

The  wave-length  X  3907,  separating  the  two  regions,  is  easily 
identified  with  sufficient  accuracy  from  its  position  relative  to  the 
lines  H^,  Ht,  and  K.  The  abrupt  fall  of  intensity  near  this  wave- 
length for  low-luminosity  A-type  stars  was  confirmed  by  these 
observations  and  also  on  spectrograms  of  higher  dispersion,  as  will 
be  seen  later.  With  the  low  dispersion  used,  the  rapid  change  in 
intensity  leaves  the  density  fairly  uniform  in  the  two  regions, 
X  3895-X  3907  and  X  3907-X3925.  In  fact,  the  success  of  the  process 
depends  on  this  circumstance.  On  the  other  hand,  the  smallness 
of  the  dispersion  entails  relatively  large  accidental  errors,  thus 
necessitating  the  use  of  a  rather  large  number  of  images  in  order 
to  get  a  reliable  mean  result. 

Because  of  the  juxtaposition  of  the  two  regions  in  the  spectrum, 
it  is  evident  that  the  influence  of  slight  changes  in  the  sensibility- 
curve  of  the  plate,  as  well  as  of  a  variation  in  zenith-distance 
within  reasonable  limits  from  one  object  to  another,  will  be  negli- 
gible. The  same  will  hold  for  a  difference  of  gradation  for  the  two 
regions.  Further,  if  we  use  the  law  of  density  in  Schwarzschild's 
form,  5  =  0  {It^) ,  we  may  assume  the  value  of  p  to  be  the  same  for 
the  two  regions.  Suppose  /i  and  1 2  to  be  the  acting  intensities  for 
the  first  and  second  regions,  respectively,  and  suppose  5i,  h,  S2,  ti, 
to  be  corresponding  values  of  density  and  exposure-time  for  the 
two  regions.     Then  for  equal  densities  we  have  81=82,  and 

htt=Ui 

\ogf  =  p\ogj  =  p\ogE. 
1 1  I2 

If  we  use  the  same  kind  of  plates  and  the  same  developer,  we  have 
reason  to  assume  p  to  be  tolerably  constant,  though  experience 
shows  that  large  deviations  may  occur. 

Since  we  may  certainly  disregard  any  difference  in  gradation 
for  the  two  regions,  there  cannot,  according  to  Kron's  results,  be 
any  change  of  log  E  with  the  density  of  the  images,  a  result  which 


STELLAR  LiWHNOSITY  89 

seems  to  be  confirmed  by  the  measures.  This  follows  from  the 
paralleUsm  of  the  cur\^es  log  //  against  log  /  for  different  degrees  of 
density  in  Kron's  diagrams.  Two  values  of  log  /  giving  the  same 
density  will  demand  the  same  difference  of  log  t  for  all  values  of 
the  densit}'.  There  may  be,  however,  a  shght  change  of  log  E 
with  the  absolute  \^alue  of  the  acting  intensity,  that  is,  with  the 
apparent  magnitude  of  the  star,  due  to  the  bending  of  the  curves 
mentioned,  corresponding  to  a  change  of  the  exponent  p  with  the 
intensity. 

The  method  described  here  admits  a  determination  of  Schwarz- 
schild's  constant  p  for  a  certain  intensity,  as  soon  as  we  have  on  a 
single  plate  the  series  of  images  of  two  different  stars  whose  magni- 
tudes are  accurately  known.  The  method  of  measurement  is 
simply  to  interpolate  the  density  of  the  successive  images  of  one 
star  into  the  scale  defined  by  the  images  of  the  second  star.     In 

,       ,  ,  .      ,  r  ,         1     .  A  log  7   , 

this  way  p  has  been  determined  from  the  relation  p  =  -r-, r  for 

-^  ■^  -^     A  log  / 

nearly  all  of  the  plates  used  here ;  in  some  cases  p  was  determined 

for  Ytry  dift'erent  intensities  on  the  same  plate.     The  results  seem 

to  confirm  Kron's  conclusions.     There  is  a  decided  decrease  of  p 

with  the  apparent  magnitude.     The  mean  from  five  plates  is 

A/> 

— ^=  — O.026±0.002   (P.E.), 

Aw 

for  photographic  magnitude  6.5. 

Assuming  a  linear  relation  between  p  and  m  to  hold  for  the 
variation  of  intensity  met  with  in  this  investigation,  we  have  as  a 
mean  for  the  first  seventeen  plates  measured  />  =  0.97—0.026  (w— 5). 
Individual  plates  were  assumed  to  dift'er  from  this  equation  by  a 
constant  e,  which  in  so  far  as  possible  was  determined  for  each  plate. 
The  probable  deviation  in  p  from  the  formula  for  one  plate,  com- 
puted as  a  probable  error  for  the  seventeen  plates  mentioned,  was 
found  to  be  ="=0.03.  A  few  Seed  23  plates  of  a  later  emulsion  give, 
in  the  mean,  lower  values  of  p.  One  plate  of  the  Pleiades  was  dis- 
carded by  reason  of  an  abnormally  low  \alue  of  p.  The  values  of 
log  E  were  reduced,  as  far  as  possible,  to  p  =  o.g'j.  As  a  rule  the 
corrections  were  small. 
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From  stars  measured  on  more  than  two  plates  it  appears  that 
the  probable  error  of  log  E  from  a  series  of  four  measured  images 
on  a  single  plate  is=t  0.025.  The  residuals  of  different  plates  indicate 
a  probable  systematic  error  of  about±o.o2.  A  considerable  part 
of  the  probable  error  in  log  E  for  one  plate  must  therefore  be  due  to 
causes  common  to  all  the  stars  on  the  plate  taken  in  the  same  expo- 
sure. For  the  greater  part  these  are  probably  connected  with 
irregularities  in  the  images  caused  by  imperfect  guiding.  From  the 
foregoing  discussion  it  seems  unlikely  that  varying  quality  of  the 
plates  contributes  appreciably.  In  computing  the  final  values  of 
log  E,  weights  were  therefore  assigned  equal  to  the  number  of 
images  measured  on  the  respective  plates. 

Attention  was  given  first  to  members  of  well-known  groups  of 
stars  with  common  proper  motioQs,  the  Hyades,  the  Pleiades,  the 
Ursa  Major  stream,  and  Praesepe,  for  which  values  of  the  parallaxes 
have  been  derived  from  the  stream-motion  or  other  plausible 
considerations.  The  large  number  of  early-type  stars  in  these 
clusters  makes  it  much  easier  to  establish  the  relation  of  spectral 
intensity  to  absolute  magnitude  than  is  the  case  for  later  types. 
Tables  I-IV  contain  the  results  for  stars  of  these  groups;  in  addi- 
tion, Table  V  gives  results  for  some  stars  of  types  B5  to  B9  of 
Kapteyn's  groups  in  Orion  and  Scorpius,  and  for  the  two  stars 
a  Cygni  and  Comp.  02  Eridani,  which  may  be  considered  as  repre- 
senting extreme  limits  for  the  luminosities  of  A-t^^De  stars. 

For  the  Hyades  the  parallax  used  for  computing  the  luminosities 
is  that  of  Kapteyn-Kiistner,'  x  =  o''o23.  The  Ursa  Major  stars  are 
given  according  to  Bottlinger.^  Thirteen  of  the  fifteen  A-type 
stars  which  are  certainly  members  of  the  group  have  been  observed 
for  this  investigation.  The  absolute  magnitudes  of  e  and  ^i 
Ursae  Majoris,  spectroscopic  binaries  with  composite  spectra  of 
nearly  equal  intensities,  have  been  increased  by +©^'7  5  in  order  to 
reduce  to  the  absolute  magnitude  of  each  component.  For  the 
Pleiades  a  list  of  probable  members  brighter  than  9^*5  photographic 
has  kindly  been  communicated  by  Dr.  Trumpler  of  the  Lick 
Observatory.     The  value  of  the  parallax  adopted  is  Trumpler's' 

'  Publications  of  the  Astronomical  Laboratory  at  Groningen,  No.  23,  1909. 

'  Astronomische  Nachrichlen,  198,  153,  1914. 

^Publications  of  the  Astronomical  Society  of  the  Pacific,  33,  214,  1921. 
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result,  7r  =  o!'oio,  derived  by  means  of  the  orbital  motion  of  ten 
visual  binaries  belonging  to  the  group.  Some  stars  of  the  list  are 
not  measurable  on  the  plates  because  of  overlapping  images.  The 
maximum  exposures  for  the  four  plates  used  were  30  minutes,  10 
minutes,  2  minutes,  and  30  seconds,  respectively.     For  the  Praesepe 

TABLE  I 
Hyades,  7r  =  o''o23 
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cluster  Kohlschiitter's'  value  7r  =  o''oo72  was  adopted.  This  was 
derived  by  a  comparison  of  the  relations  between  apparent  magni- 
tude and  spectrum  for  the  early-type  stars  in  the  Hyades  and 
Praesepe.  This  value  is  at  least  consistent  since  it  gives  for  the 
four  bright  K  stars  of  Praesepe  a  mean  absolute  magnitude  nearly 
equal  to  that  of  the  corresponding  stars  in  the  Hyades.  For  one 
of  the  Praesepe  stars  mentioned,  B.D.-|-20°2i66,  Mr.  Adams  has 
kindly  secured  a  spectrogram,  from  which  he  estimates  the  absolute 

'  Astronomische  Nachrichten,  211,  289,  1920. 
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magnitude  to  be  —0.4.  A  result  of  the  same  order  is  indicated  by 
the  strong  absorption  in  the  "cyanogen"  bands  shown  by  a  spectro- 
gram of  the  same  star,  taken  by  the  writer  with  the  Crossley 
reflector,  which  places  the  luminosity  near  that  of  /3  Geminorum 
{M=-\-i.j).  The  value  M=-{-o.6g  found  with  7r  =  o''oo72  is  in 
fairly  good  agreement  with  these  results.  The  stars  from  Kapteyn's 
lists  have  been  combined  into  groups  having  the  same  spectral 
type  and  nearly  the  same  values  of  log  E. 


The  absolute  magnitude 


TABLE  II 
Ursa  Major  Stream 
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was  assumed  to  be  the  same  within  each  group,  and  was  calculated 
from  the  means  of  Kapte}Ti's  values  of  the  parallaxes. 

The  fourth  column  of  the  tables  contains  the  final  values  of  log  E, 
corrected  to  ^  =  0.97;  the  fifth  and  sixth  give  respectively  the  num- 
ber of  plates  and  the  total  number  of  images  on  which  these  values 
are  based.  The  seventh  column  gives  the  absolute  magnitude  M^,, 
derived  from  apparent  magnitude  and  parallax  by  the  relation 
M  =  w+5  +  5log7r.  The  eighth  column  gives  the  absolute  magni- 
tude Ms,  read  by  means  of  log  E  from  the  curves  in  Figure  i .  The 
ninth  and  tenth  columns  give  the  residuals  in  M  and  log  E  from 
these  curves. 

The  visual  apparent  magnitudes  for  the  Hyades,  the  Ursa 
Major  stars,  and  for  Kapteyn's  stars  are  from  the  Draper  catalogue. 
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TABLE  III 
Pleiades,  7r  =  o'oio 


Star 


Vis.  Mag.    Spectrum    log  E  \    N    \    n 


Bessel 


B.D. 


/ 

b 
c 
e 

d 
h 

g 
28 
m 

k 

34 
32 
38 
12 

24 
40 
29 

19 

22 

10 
37 
39 
31 
20 


23 

7 
33 

I 


30 


13 


+  23°S4i. 
23  557- 
23  507 
23  516 
23  547. 

23  522, 
23  558, 

23  505 

22  563, 

24  546 

24553 
23563 

23  561 

23  569 

24  562 

23  540 
23  570 
23  553 
23  537 
23  538 

23  523 

23  567 
24578 

23  560 

24  566 

24  540 
23  539 
23  517 
23  562 
23  5 10 

23  496 
23,524 
23  559 
23  504 

22  573 

23495 

23  528 
23  508 
22  565 

+  24  563 


M 


M, 


AM      Alog£ 


Distance  from  Alcyone^i" 


2.94 

3-73 

3.76 

3-93 

4-34 

4.28 

5.15 

5-53 

5-54 

5-68 

5.83 

6.23 

6.66 

6.82 

6.88 

6.93 

6.98 

6.99 

7.04 

7.19 

7-37 

7.44 

7.46 

7-54 

7.68 

7-79 

7.81 

7.87 

8.01 

8.06 

8.07 

8.13 

8.14 

8.22 

8.24 

8.29 

8.46 

8.51 

8.53 

8.59 

65/* 

B8 
B5/' 
B5 
B5 

B5 
B8/> 

B5 

B8 

B8 

B8 
B8 
B9 
B9 
B9 

B9 
Ao 
Ao 
Ao 
B9 

Ao 
Ao 
A2 
Ao 
A  2 

A3 
A2 
A  2 
A2 
A2 

A5 
A2 

A3 
A5 
A3 

As 
A5 
A3 
A5 
A5 


0.06 
0.06 

O.II 

0.08 
0.09 

0.06 

O.II 
O.II 

o.  16 
0.09 

0.12 

o.  19 

0.17 

o.  24 

O.  22 

O.  22 
0.23 
O.  22 

o.  24 

0.25 

o.  24 

O.  22 
0.23 
0.28 

O.  26 

0.26 

o.  24 
0.27 
0.23 
0.27 

O.  21 

o.  29 

0.25 
O.  22 
0.23 

0.19 

o.  24 

0.24 
O.  21 
0.20 


I 
2 

3 
2 
2 

I 

3 
I 

2 
2 

2 

3 

I 

3 
3 

3 
3 
3 
3 
3 

3 
3 
3 

I 
2 

2 
2 
2 
2 
3 

2 
2 
2 
2 
2 

2 
2 
2 
2 
2 


4 

8 

12 

7 
II 

3 
10 

4 

9 

II 

8 
12 

4 
15 
12 

II 
17 
14 
16 

12 

IS 

13 

II 

3 
6 

7 
5 
8 

S 
6 

7 
7 
6 
6 
6 

9 

5 
4 
6 

5 


—  2.06 

—  1.27 
-1.24 

—  1.07 
-0.66 

—0.72 

+0.15 

0-53 

0.54 

0.68 

0.83 
1.23 
1.66 
1.82 
1.88 

1-93 
1.98 
1.99 
2.04 
2. 19 

2.37 

2.44 
2.46 

2.54 
2.68 

2.79 
2.81 
2.87 
3.01 
3.06 

3.07 
3.13 
3-14 
3.22 

3   24 

3.29 
346 
3-51 
3-53 
3  59 


0.2 
0.2 
0.9 


0.4 

1-4 

1 .  I 

2-5 

2.0 

2.0 
2.2 
2.0 

2.5 
2.8 

2.5 
2.0 

2.  2 
3-6 
3-1 

4.0 

2-5 

3-3 
2.2 

3.3 


3.9 
3-6 


2.6 


3-1 


0.0 
+0.3 
-0.4 


+0.4 
— o.  2 
+0.6 
-0.7 

—  O.  I 

—  O.I 

—0.2 
0.0 

-o.S 
-0.6 

— O.  I 

+0.4 
+0.3 

—  I.I 

-0.4 

—  1.2 
+0.3 
-0.4 
+0.8 

—  0.2 


-0.8 

-o-S 


+0.6 


+0.4 


+  1 

—  2 

+3 
-5 

-3 
+1 
-4 
+3 
o 

+1 

+  1 

o 

+  2 
+  2 

O 

—  2 

—  I 

+4 
+  1 

+3 

—  I 

+2 

-3 

+  1 


+3 
+  1 


—  I 


—  I 
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TABLE  III— Continued 


Star 

Vis.  Mag. 

Spectrum 

log£ 

N 

« 

^. 

^s 

Ailf 

A  LOG  E 

Bessel 

B.D. 

Distance  from  Alcyone  1°  to  3 

0 

+  2i°535---- 

6.0 

B9 

O-IS 

3 

17 

I.O 

0.8 

+0.2 

—  I 

22  523 

6.7 

Ao 

0.17 

3 

18 

1-7 

I.I 

+0.6 

-4 

22545.... 

6.9 

Ao 

0.22 

3 

17 

1.9 

2.0 

—  O.I 

+  1 

22  572 

6.9 

B9 

0.22 

3 

16 

1.9 

2.0 

—  O.I 

0 

24527.... 

7-1 

Ao 

0.21 

3 

18 

2. 1 

1-7 

+0.4 

—  2 

21  492  ••  ■ 

7-4 

Ao 

0.20 

3 

16 

2.4 

1.6 

+0.8 

-4 

24  537---- 

7.6 

A3 

0.23 

3 

14 

2.6 

2.6 

0.0 

0 

20  624 

7-7 

A2 

0.20 

3 

9 

2-7 

1.6 

+I.I 

-5 

22  569 

7-8 

A2 

0.29 

3 

13 

2.8 

3-9 

—  I.  I 

+4 

•    25631.... 

7.8 

A  2 

0.  24 

3 

12 

2.8 

2-5 

+0.3 

—  I 

22  544 

8.0 

A2 

0.22 

3 

10 

30 

2.0 

+1.0 

-4 

24  554. • • • 

8.2 

A3 

0.26 

2 

8 

3-2 

4.0 

-0.8 

+2 

24  568  ..  . 

8.4 

A3 

0.21 

2 

8 

3-4 

1.9 

+  1-5 

-4 

22  556 

8.5 

A2 

0.27 

2 

7 

3-5 

3-4 

+0.1 

—  I 

21  530- •• 

24528.... 
+  25  615..  .  . 

8.3 

8.9 
8.9 

Fo 

0-13 
0.  22 

2 

6 

Z-3 

3-9 
3-9 

A5 
A3 

2 

4 
4 

0.25 

2 

3-6 

+0.3 

—  I 

TABLE  IV 

Praesepe,  7r  =  0''0072 


Star 


B.D. 
+  20^2171 
20  2149 
20  2166 
20  2158 
20  2159 

19  2069 

19  2053 

20  2175 
20  2172 
20  2185 

20  2143 
20  2152 
20  2163 
20  2153 

19  2064 

20  2148 
20  2132 
20  2165 
19  2078 

+  19  2084 


Vis.  Mag. 


6.23 

6.39 
6.40 
6.48 
6.48 

6.54 
6.58 
6.60 
6.77 
6.98 

7.09 
7.26 
7.41 
7-52 
7-54 

7-57 
7.72 

7-74 
7-77 
7.88 


Spectrum 


A2 
Fo 

G5 
Ko 
Ao 

Fo 
A5 
A3 
As 
Ko 

Fo 
Ao 
Ao 
Ao 
A3 

A3 
Ao 
Ao 
A3 
A5 


log£ 


0.17 

0.15 

0.05 
0.08 
o.  II 

o.  14 

0.13 

0.17 
o.  19 
o.  10 

o.  20 
o.  16 
o.  24 

0.18 

o.  17 

O.  21 

0.26 
o.  20 

O.  21 

o.  20 


.V 


14 
10 

2 

5 
6 

9 
13 
10 

9 
3 


M 


0.52 
0.68 
0.69 
0.77 


o. 


/  / 


0.83 
0.87 
0.89 

1.06 
1-37 

1.38 

1-55 
1.70 
1. 81 
1.83 

1.86 
2.01 
2.03 
2.06 
2.17 


M. 


I .  I 


o.  2 


I .  I 


0.9 

2-5 
1 . 2 
I .  I 

1.9 

31 
1.6 
1.9 


AM 


-0.6 


+0.6 


—  O.  2 


+  0.7 
-0.8 
+  0.6 
+  0.7 

+  0.0 
—  I.I 
+0.4 
+  0.2 


A  log  E 


+4 


-4 


+  1 


-4 
+3 
-3 
-4 

o 

+4 

—  2 

—  I 
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Those  of  the  Pleiades  are  by  Miss  Parsons/  or  by  Miiller  and 
Kempf  with  the  reduction  —0.30  to  the  Harvard  scale.  For  a  few 
Pleiades  stars  Miinch's  photographic  magnitudes  have  been  used, 
reduced  to  the  visual  scale  by  means  of  color-indices  inferred  from 
the  spectral  t\pe,  which  is  not  far  from  Ao.  The  first  part  of 
Table  III  contains  members  of  the  group  within  1°;   the  second, 

TABLE  V 
Kapteyn  Stars,  Comp.  02  Eridaxi,  a  Cygxi 


Star 

Vis.  Mag. 

Spectrum 

log£ 

Mean 

N 

n 

^'. 

''s 

Mil 

Alogfi 

Boss  4018 

4. II 
4.92 

5-57 
6.61 

3-09 
4-65 
5-II 
5-41 
5-6i 

5-79 
5.88 

3-68 
5-25 

9-5 

1-33 

B9 
B9 
B9 
B9 

B8 
B8 
B8 
B8 
B8 
B8 
B8 

B5 
B5 

B9 

\2p 

O.II 
O.IO 
O.II 

0.16 

0.08 
0.08 
0.08 

0.07 
0.07 
0.06 

0.08 

0.04 
0.06 

0.31 
0.08 

0.12 

0.08 
0.05 

I 
2 

3 
3 

2 

I 

7 
12 

19 
II 

5 
5 
5 
5 
6 

S 
6 

8 
7 

2 
8 

1438 

1455 

144S 

O.OI 

0.4 

-0.4 

+  2 

Boss  1944 

/1/|fic 

2071 

4058 

—0.16 

4006 

4';7? 

1788 

Boss  1262 

926 

-1.27 
10.3 

Comp.  02  Eridani 

a  Cygni 

between  1°  and  3°  from  Alcyone.  For  the  latter  stars  the  photo- 
graphic magnitudes  derived  by  Trumpler  have  been  reduced  to 
the  visual  scale  in  the  same  way  as  those  by  Miinch.  For  Praesepe 
the  photographic  magnitudes  by  Kohlschiitter  on  the  Gottingen 
system  were  similarly  reduced  to  visual  magnitudes.  The  spectra 
are  given  according  to  Harv^ard  with  the  exceptoin  that  for 
Pleiades  stars  fainter  than  7'^5  the  spectral  ty^QS  have  been  revised 
on  the  basis  of  the  strength  of  the  K  line. 

Table  VI  contains  the  results  of  measurements  on  later-type 
stars  from  the  list  of  spectroscopic  parallaxes  by  Adams,  Joy, 
Stromberg,  and  Burwell,  made  in  connection  with  an  investigation 
of  the  "cyanogen"  absorption  beyond  X  3889.     The  means  were 

'  Astro  physical  Journal,  47,  38,  19 18. 
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taken  for  limited  intervals  of  spectral  type  and  absolute  magnitude ; 
A^  is  the  number  of  stars  in  each  group.  No  correction  was  made 
for  a  variation  of  Schwarzschild's  constant,  and  the  measurements 
for  the  individual  stars  are  not  as  accurate  as  for  the  A-type  stars 
in  the  preceding  tables.  In  fact,  with  the  decrease  in  intensity  of 
Hf  and  the  general  strengthening  of  the  metallic  lines  in  later 
spectral  types  the  region  X3895-X3907  has  no  longer  the  same 
uniform  appearance  as  for  the  early  types.  The  results  in  the  table 
show,  however,  that  the  effect  still  persists  to  some  extent  in  the 
later  types,  in  spite  of  the  vanishing  of  Hf. 

TABLE  VI 

Mean  Resxtlts  for  Stars  with  Determined  Spectroscopic  Parallaxes 


Spectral  Range 

Fsi^GsP 

F4  -G8 

A8  -Fg 

Fi  -Gi 

Gi  -K2 

G4  -K2 

K3  -Ma 

K3-K7 


Mean  Type 


Gop 
Gi 

F4 
F7 

G8 
Gq 

Ks 
Ks 


.V 


4 
3 

3 
IS 

12 
6 

7 
3 


Mean  Abs.  Mag. 


—  2 

—  I 

O 

3 

o 

5 

o 
7 


Mean  log  E 


0.05 
0.04 

0.09 
0.15 

o.os 
0.16 

0.12 
o.  24 


Figures  i  and  2  illustrate  the  result  in  the  tables,  log  E  being 
plotted  against  M^,  with  different  symbols  for  the  different  groups. 
a  Cygni  and  Comp.  0,  Eridani  are  represented  by  arrows.  The 
absolute  magnitude  of  a  Cygni  can  only  be  estimated  qualitatively 
as  very  bright  from  exceedingly  small  proper  motion.  Comp.  02 
Eridani  with  M=io.3  falls  below  the  margin  of  the  diagram. 
Figure  i  gives  the  results  for  spectral  types  B5-A3;  Figure  2  for 
types  rom  A5  on.  From  B8  to  A2  there  is  no  certain  evidence  of 
a  change  in  the  curve;  but  the  A3  curve  for  lower  luminosities 
evidently  falls  below  the  B8-A2  curve,  and  forms  a  transition  to 
the  A5  curve  in  Figure  2.  The  degeneration  of  the  curves  for  types 
A5-F  is  clearly  a  consequence  of  the  decreasing  intensity  of  H^  with 
advancing  type. 

It  is  evident  from  these  results  that  the  increase  of  log  E  with 
decreasing  luminosity  can  be  used  for  determining  absolute  magni- 
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tudes  for  stars  of  spectral  types  B8-A3,  but  that  the  curves  for 
later  t>-pes  cannot  give  very  trustworthy  results.  The  curves 
further  show  that  for  very  bright  stars  log  E  approaches  a  limiting 
value  representing  a  very  smooth  run  of  the  energy-curve  between 


OBlc 


\Atf, 


ssx  o 


OSSp 


•  Htfoaes 

+  Ursa  Major 
■  Praesepe 
o  P/e/odes 
X  f(apfe<^n  ^tars 


05     Loge 


Fig.  I. — Logarithmic  exposure-ratio  for  the  regions    XX  3895-3907,  3907-3925, 
and  absolute  magnitude.     Spectral  types  B5-A3. 


Hi"  and  K,  a  consequence  of  the  extreme  narrowness  of  all  absorp- 
tion lines.  This  phenomenon  seems  to  be  more  or  less  independent 
of  type,  a  Cygni,  A2/>,  falling  in  with  the  B5  stars  of  the  Pleiades. 
The  Cepheids  and  Pseudo-Cepheids  and  the  ver>'  bright  F4-G8 
stars  in  Table  VI  also  fall  near  the  same  point  of  the  diagram.  The 
steepness  of  the  curve  for  stars  brighter  than  M  =  o  is  such  that  only 
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M 


•2 


iisap 


i 


i<?/ 


•  Hcfades 

+  Urja  Major 

■  Praesepe 

o  P/e/<x/ss 

®  3pectro£cop/<:  para//axej 


Fig.  2. — Logarithmic  exposure-ratio  for  the  regions   XX  3895-3907,  3907-3925, 
and  absolute  magnitude.     Spectral  types  later  than  A5. 
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qualitative  estimates  of  the  luminosity  can  be  made  from  values 
of  log  E  less  than  o.io. 

To  form  the  B8-A2  curs-e,  means  of  log  E  for  certain  interv'als 
of  M  were  taken  for  both  Ursa  Major  and  Pleiades  stars.  Between 
M  =  o  and  M=-{-2  the  curve  was  drawn  to  represent  the  Ursa 
Major  stars.  A  comparison  with  the  eleven  Pleiades  stars  in  this 
region  observed  on  three  plates  gave  a  systematic  difference  of 
-{-0.002  in  log  E,  which  is  negligible.  The  remaining  parts  of  the 
cur\^es  were  then  drawn  in  accordance  with  the  results  for  the 
Pleiades,  attention  being  given  also  to  the  Hyades  and  Praesepe 
stars  in  forming  the  A3  and  A5  curves.  The  co-ordinates  of  the 
cur\-es  in  Figure  i  then  run  as  follows: 


B8-A2 

log  £ 

M 

0. 10 
-1-0.08 

0.15 
0.80 

0.20 
I-S5 

0.25 
2.77 

0.28 
3-68 

A3 

log  £ 

M 

0.10 
4-0.08 

0.15 
0.80 

0.20 
1.62 

0.22 
2.  20 

0.2s 
3.60 

The  Fo  curve  in  Figure  2  is  drawn  mainly  from  stars  in  the 
Hyades. 

The  absolute  magnitudes  corresponding  to  log  E,  Ms,  have  been 
read  from  these  curves  for  all  B8-A3  stars  having  log  £>o.io;  the 
two  A5  stars  in  Figure  2  wdth  log  £<o.i8  are  included. 

Errors  in  the  assumed  values  of  the  parallaxes  evidently  combine 
with  residual  systematic  errors  in  the  measurements.  From  the 
discussion  of  systematic  errors  it  seems  that  the  reliability  of  any 
correction  to  the  parallax  that  might  result  from  the  mean  residuals 
for  a  group  will  probably  depend  more  on  the  number  of  images 
measured  for  the  individual  stars  than  on  the  number  of  stars. 
The  absolute  magnitudes  of  the  Ursa  JVIajor  stars  derived  from 
stream-motion  are  probably  but  little  affected  by  systematic  errors. 
This  likely  is  also  true  of  the  values  of  log  E,  because  these  stars 
were  obser\'ed  individually  on  a  rather  large  number  of  different 
plates.     As  there  seems  to  be  no  appreciable  systematic  difference 
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between  the  Ursa  Major  stars  and  the  Pleiades  we  may  conclude 
that  Trumpler's  value  of  the  parallax,  7r  =  o''oio,  is  very  good. 
With  allowance  for  a  possible  systematic  error  of  about  o.oi  in 
log  E  the  error  may  amount  to  about  lo  per  cent,  or  ^o''©©!. 
For  the  Hyades  and  Praesepe  we  can  determine  the  parallax  which 
causes  the  systematic  difference  in  log  E  to  vanish.  For  the  Hyades 
we  find  7r  =  o''o23,  the  value  initially  adopted;  and  for  Praesepe, 
x  =  o''oo68,  dififering  by  only  o''ooo4  from  Kohlschiitter's  value. 
An  uncertainty  of  lo  per  cent  is  probably  to  be  admitted  for  both 
these  values.  The  Kapteyn  stars  of  types  B8  and  B9  seem  to 
agree  with  the  curve  as  well  as  can  be  expected. 

The  residuals  AM  for  the  individual  stars  are  seen  to  be  very 
small  for  t  le  Ursa  Major  stars,  but  are  rather  large  for  some  of  the 
A3  stars  of  low  luminosity  :"n  the  other  groups.  This  is  to  be 
expected  from  the  steepness  of  the  curve.  In  all,  the  residuals 
for  seventy-one  stars  give  a  probable  deviation  of  =•=0^40,  which  is 
comparable  with  the  probable  error  of  the  spectroscopic  method  for 
late-type  stars.  With  weights  equal  to  the  number  of  images,  n, 
the  probable  deviation  in  log  E  from  the  curves  is  found  to  be 
±0.026  for  a  value  based  on  four  measured  images.  This  value 
is  to  be  compared  with  =1=0.025  previously  derived  from  the  residuals 
in  log  E  from  the  mean  for  different  plates.  The  latter  value,  it 
was  concluded,  was  produced  to  a  considerable  extent  by  systematic 
errors  common  to  a  large  number  of  stars  in  a  certain  group.  In 
the  new  value,  on  the  other  hand,  the  systematic  errors  are  com- 
bined with  errors  in  the  parallaxes,  and  may  be  partly  eliminated 
in  drawing  the  curves.  The  close  agreement  of  the  two  results 
suggests,  however,  that  the  correlation  between  the  energy 
distribution  around  X  3907  and  the  absolute  magnitude  is  close. 

An  investigation  of  spectra  of  higher  dispersion  for  some 
selected  A  stars  of  different  luminosities,  photographed  with  a 
focal-plane  spectrograph  in  the  Newtonian  focus  of  the  60-inch 
reflector,  and  with  the  Cassegrain  spectrograph  and  an  18-inch 
camera,  and  also  with  a  slitless  quartz  spectrograph  used  in  con- 
junction with  the  Crossley  reflector  of  the  Lick  Observatory,  throws 
some  light  on  the  question  of  the  physical  cause  of  the  effect 
investigated  here.     Undoubtedly  the  increase  of  log  E  with  decreas- 
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ing  luminosity  is  to  a  considerable  degree  caused  by  a  widening  of 
the  wings  of  the  HC  line,  the  extreme  limits  being  represented  by 
very  bright  stars  such  as  a  Cygni  and  a  Leonis  with  narrow  hydrogen 
lines  and  the  very  faint  companion  of  o,  Eridani,  which  has  exceed- 
ingly wide  lines.  But  there  seems  also  to  be  evidence  of  another 
cause.  It  appears  as  though  certain  arc  lines  of  iron  and  silicon 
in  the  region  X  3889-X  3907  increase  appreciably  in  width  and  inten- 
sity with  decreasing  luminosity.  The  lines  suspected  are  XX  3895.8, 
3899.9,  3903.1,  3906.6  of  iron,  and  X  3905.6  of  silicon.  With  the 
exception  of  XX  3903.1  and  3905.6,  these  lines  are  classified  by  King' 
as  belonging  to  Class  IB.  The  exceptions  are  in  classes  II  and  III, 
'respectively.  A  widening  of  these  lines  with  decreasing  luminosity 
seems  to  contribute  perceptibly  to  the  depression  of  the  intensity 
in  the  region  H^-X  3907.  There  seems  to  be  a  similar  effect,  though 
much  weaker,  in  the  region  X3914-X3923,  including  the  two  iron 
lines  XX  3920.4  and  3923.1  of  Class  IB.  On  the  whole,  in  stellar 
spectra  the  region  between  X  3907  and  K  is  certainly  affected  by 
heavy  arc  lines  to  a  much  smaller  degree  than  the  region  H^'-X  3907. 
In  some  spectra  of  Sirius  photographed  by  Nicholson  with  the 
Snow  telescope,  with  a  dispersion  of  3  A  per  mm,  the  lines  men- 
tioned between  XX  3889  and  3907  are  plainly  visible,  except  the  iron 
line  X  3906.6.  The  line  X  3905.6  is  relatively  strong,  of  about  the 
same  strength  as  the  enhanced  titanium  lines  XX  3900.7  and  3913.7. 
We  probably  have  here  a  blend  of  the  silicon  line  with  an  enhanced 
line  of  chromium,  but  an  indication  that  the  blend  is  to  a  consider- 
able part  due  to  silicon  may  be  found  in  the  circumstance  that  the 
Kensington  observers'  state  that  it  is  somewhat  weaker  in  the 
spectrum  of  e  Ursae  Majoris  than  in  the  spectrum  of  Sirius,  in  spite 
of  the  fact  that  of  thirty  enhanced  chromium  lines  all  are  found 
stronger  in  the  former  star,  except  one  which  is  given  as  of  the  same 
intensity  in  both  spectra.  In  the  case  of  a  Lyrae  and  a  Coronae, 
which  are  stars  of  Ao  type  more  luminous  than  Sirius,  X  3905.6  is 
stil    to  be  seen  in  the  spectrograms  taken  with  the  Cassegrain 

^  Mt.  Wilson  Conir.,  No.  66;  Astro  physical  Journal,  37,239,  igiy,  Publications  oj 
the  Astronomical  Society  of  the  Pacific,  33,  106,  1921. 

*  Solar  Physics  Committee,  Chemical  Origin  of  Various  Lines  in  Solar  and  Stellar 
Spectra,  p.  49,  1910. 
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spectrograph;  of  the  iron  lines  only  X  3903.1  can  be  traced  with 
certainty.  On  the  other  hand,  in  ^2  Ursae  Majoris  with  if  =  +2.25, 
X  3903.1  is  strong,  and  XX  3895.8  and  3899.9  are  clearly  visible; 
in  the  position  of  X  3906.6  there  is  a  very  broad  line  seemingly 
including  X  3905.6  as  a  blend.  The  prominent  arc  lines  of  iron 
between  Hf  and  H77  are  very  broad  and  well  marked,  probably 
affecting  to  a  perceptible  extent  the  integrated  intensity  of  the 
region  between  these  two  lines,  at  least  from  X  3860  to  H77.  To  the 
red  of  X  3907  no  effects  of  similar  importance  for  the  variation 
of  the  integrated  intensity  of  wide  patches  of  the  continuous 
spectrum  can  be  seen,  though  the  spectrum  is  e\ddently  rich  in  lines. 
The  K  line,  which  indicates  that  the  spectral  type  lies  between  Ao  * 
and  A2,  is  weaker  and  sharper  than  in  the  spectrum  of  /3  Serpentis, 
type  A2,  ilf  =  0.56,  in  which  the  iron  arc  lines  are  faint.  The 
visibihty  of  the  broad  arc  lines  is  therefore  not  likely  to  be  inter- 
preted as  due  to  an  increase  in  spectral  type.  In  addition  to  these 
comparisons  made  with  the  Cassegrain  spectrograph,  the  slitless 
spectrograms  taken  with  the  quartz  spectrograph  on  the  Crossley 
reflector,  and  the  low  dispersion  slit  spectra  obtained  with  the 
60-inch  reflector,  show  an  abrupt  fall  of  intensity  near  X  3907 
for  ^2  Ursae  Majoris,  as  well  as  for  Nos.  10,  20,  and  31  of  the 
Pleiades,  types  Ao,  A2,  Ao,  ^=+2.37,  2.68,  2.54,  respectively, 
for  No.  64  of  the  Hyades,  A3,  M^  +2.57,  and  the  Praesepe  star 
B.D.  +  20°2i65,  Ao,  M=-|-2.03.  The  difference  relative  to  the 
brighter  Pleiades  and  Ursa  Major  stars  is  plainly  recognizable.  A 
very  marked  depression  near  X  3906  is  shown  on  a  spectrogram  of 
Comp.  02  Eridani  taken  with  the  quartz  spectrograph.  From  the 
appearance  of  the  K  line  this  star  ought  probably  to  be  classified 
a  little  earlier  than  Ao . 

The  effect  in  question  persists  for  later  t}^es,  as  shown  by 
Table  VI  and  is  confirmed  by  results  from  spectra  of  other  kinds. 
The  energ}'-fall  in  a  slitless  spectrogram  at  X3907  is  much  more 
pronounced  for  a  dwarf  than  for  a  giant.  This  fact  confirms  our 
results  just  derived,  because  the  importance  of  the  hydrogen 
line  Hf  for  the  effect  must  be  negligible  in  these  types.  On  the 
other  hand,  the  degeneration  of  the  effect  toward  tj'pe  F  shows 
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that  Hi"  probably  causes  a  large  part  of  the  phenomenon  in  the 
A  type. 

The  facts  dealt  with  here  are  probably  best  understood  from 
the  standpoint  of  an  increased  density-gradient  in  the  outer  layers 
of  a  star  of  certain  tj-pe  with  decreasing  luminosity,  which  follows 
because  the  change  in  luminosity  is  in  all  probability  due  chiefly 
to  a  change  of  the  mean  density.  For  a  layer  of  certain  temperature 
the  density  will  be  appreciably  greater  in  a  star  of  low  luminosity 
than  in  a  more  luminous  one,  a  condition  which  may  be  thought  to 
favor  the  strength  and  width  of  the  arc  and  flame  lines. 

The  eclipsing  binaries  offer  an  opportunity  to  derive  a  relation 
between  the  effect  at  X  3907  and  the  mean  density  of  the  star. 
From  some  preliminary^  results  obtained  here  it  has  been  found 
that  the  energy-fall  near  X  3907  is  strong  for  RZ  Cassiopeiae  and 
RR  Draconis,  whose  brighter  components  have  especially  high 
mean  densities,  and  seems  to  be  much  smoother  for  the  low- 
density  stars  examined.  For  RZ  Cassiopeiae  a  value  of  M  be- 
tween +  2  and  +3  inferred  from  the  spectrum  is  in  fair  agreement 
with  Dugan's^  results  for  the  dimensions  of  the  brighter  component 
of  this  star. 

II.      THE    ''cyanogen"    ABSORPTION   IN    SPECTRA    OF   TYPES    G-M 

Miss  Maury^  makes  the  statement  in  her  classification  of  stellar 
spectra  that  the  sudden  decrease  of  general  intensity  in  the  spectrum 
from  X  3889  toward  the  ultra-\iolet  found  in  types  XIV  and  XV, 
as  well  as  the  degree  of  absorption  in  the  regions  X  405  5-X  4078  and 
X4144-X4216,  is  developed  to  a  different  degree  for  dift'erent  stars 
within  these  tx'pes.  The  variation  of  intensity  in  these  regions  is 
further  thought  to  be  correlated  to  some  extent  with  the  strength  of 
the  lines  XX  4215.7,  4227,  and  the  compound  line  X  4076. 8-X  4077.9. 
Kapteyn^  showed  that  "stars  with  hea\y  absorption  in  the  violet 
and  ultra-violet  regions  mentioned  have  on  the  average  much 
smaller   proper   motions    than    stars    with    comparatively    slight 

'  Contributions  from  the  Princeton  Observatory,  No.  4,  1916. 

'  Harvard  Annals,  28,  38,  1897. 

^  Mt.  Wilson  Contr.,  Xo.  31;  Astro  physical  Journal,  29,  46,  1909. 
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absorption.  This  result  was  thought  by  him  to  bear  upon  the 
problem  of  selective  absorption  in  inter-stellar  space.  In  more 
recent  years,  however,  the  influence  of  differences  in  the  absolute 
magnitudes  of  the  stars  on  the  appearance  of  their  spectra  has  been 
recognized,  especially  by  Adams  and  Kohlschiitter  in  the  develop- 
ment of  the  spectroscopic  method  for  deriving  stellar  parallaxes.  In 
this  method  the  lines  X  4216  and  X  4078  are  two  of  the  most  impor- 
tant variable  lines.  That  the  energy-fall  beyond  X  3889  is  inti- 
mately connected  with  the  spectroscopically  determined  absolute 
magnitude  was  found  by  the  writer  by  using  very  short  objective- 
grating  spectra.'-  The  color-effect  of  the  absolute  magnitude  was 
found  to  be  much  more  strongly  developed  at  the  inner  limit 
of  the  spectra  in  the  "minimum  wave-length "  than  in  the  "effective 
wave-length"  measured  by  bisecting  the  images.  It  was  then 
suspected  that  the  eft'ect  could  be  due  to  an  increase  of  absorption 
with  stellar  luminosity  in  the  heavily  winged  lines  of  iron  in  the 
region  X  3870-X  3890. 

It  has  been  found  recently,  however,  that  the  effect  is  without 
doubt  due  to  a  variation  in  strength  with  stellar  luminosity  in  the 
strong  "cyanogen"  band  with  its  first  head  at  X  3883.  On  spectra 
of  stars  of  different  types  and  luminosities  photographed  with  a 
slitless  quartz  spectrograph^  on  the  Crossley  reflector  of  the  Lick 
Observatory  three  similarly  behaving  absorption  regions  were 
found  to  coincide  with  the  three  "cyanogen"  bands  with  first  heads 
at  XX  4216,  3883,  and  3590.  The  band  at  X  3883  is  by  far  the 
strongest ;  the  point  most  sensitive  to  changes  in  luminosity  seems 
to  be  the  region  around  and  between  the  two  heads  at  X  3871  and 
X  3883.  Of  the  two  other  bands,  that  at  X  3590  seems  to  be  some- 
what stronger.  The  band  at  X  4606  seems  to  be  too  faint  to  be 
identified  with  certainty. 

The  spectra  of  the  following  stars  were  photographed;  the 
spectral  types  and  absolute  magnitudes  are  from  the  new  list  of 
spectroscopic  parallaxes^  by  Adams  and  his  collaborators. 

o 

^  Aslrophysical  Journal,  49,  289,  1919;    Upsala  UnivcrsHcts  Arsskrifl,  1920. 
^  This  instrument  is  described  by  W.  H.  Wright  in  the  Lick  Observatory  Bulletin, 
9.52,1917- 

^  Mt.  Wilson  Contr.,  No.  199;  Astrophysical  Journal,  53,  13,  1921. 
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;(  Leonis F5,     0.8  02  Eridani Ki,  6.2 

39  Lconis F8,     3.7  Cin.  1712 K3,  6.4 

Lai  19896 Gi,     4.5  a  Tauri K4,  i.o 

Boss  2338 G3,  — 1.0  /3  Cancri K4,  0.4 

Lai  21008 06,      5.2  Lai  13284 K5,  7.1 

e  Virginis 06,      0.0  60532935 Ma,  10.5 

€  Oeminorum 08,  —1.4  Boss  1868 Ma,  — o.  2 

/3  Geminorum O9,      1.7  a  Orionis Ma,  —3.8 

6 1  Tauri G9,      i .  4 

The  development  of  the  bands  is  at  a  maximum  for  giant  stars 
of  t>pes  between  G5  and  K5,  and  diminishes  strongly  toward  the 
F  and  M  types.  In  the  dwarf  stars  of  all  types  the  bands  are  only 
faintly  developed. 

The  absorption  in  the  band  at  X  3883  has  been  investigated 
here  for  stars  of  known  spectroscopic  parallax  by  means  of  the  6° 
objective  prism  on  the  lo-inch  refractor.  The  method  employed  is 
analogous  to  that  used  for  the  A  stars  described  in  the  first  part  of 
this  paper.  This  investigation  was  carried  out  before  the  identifica- 
tion with  the  "cyanogen"  band  had  been  made.  The  two  regions 
of  the  spectrum  immediately  adjacent  to  X  3889  were  compared  in 
series  of  images  taken  with  decreasing  exposure-time  to  determine 
the  exposure-ratio  for  equal  photographic  density  in  the  two  regions. 
The  maximum  effect  seems  to  be  in  spectral  t^pes  G8-K0,  where 
the  difference  in  exposure-ratio  between  average  giants  and  dwarfs 
corresponds  to  nearly  a  magnitude.  The  effect  decreases  rapidly 
from  G5  to  Go.  The  Cepheids  and  pseudo-Cepheids  have  a  some- 
what peculiar  position  with  even  less  contrast  at  X3889  than  dwarfs 
of  the  same  spectral  type.  The  smoothness  of  the  spectrum  around 
the  Hf  line  for  these  stars  is  probably  due  to  the  disappearance  of 
the  wings  of  the  strong  absorption  lines  following  the  advance  of 
the  spectrum  toward  Miss  Maury's  c-stage. 

There  is  a  very  decided  disadvantage,  however,  in  the  fact  that 
the  region  in  question  is  situated  so  far  in  the  violet  that  for  the 
redder  stars  the  exposures  must  be  made  considerably  longer. 
The  band  at  X4216,  though  weaker,  is  much  more  favorable 
in  this  particular,  and  an  investigation  of  it  was  therefore  begun 
with  the  same  instrumental  arrangement.  The  region  most 
strongly  affected  by  this  band  lies  between  XX  4144  and  4184. 
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This  region  of  40  A  width,  corresponding  to  about  0.09  mm  on  the 
plate,  has  been  compared  with  that  at  X  4227-X  4272  as  standard. 
The  regions  in  question  are  easily  identified  with  sufficient  accuracy 
by  estimating  the  distances  from  the  G-band  and  the  line  X  4227, 
which  are  conspicuous  features  of  the  spectra  even  with  very  low 
dispersion.  For  the  dwarfs  of  types  K5-M  the  intensity  in  the 
second  region  mentioned  is  probably  somewhat  modified  by  the 
wings  of  X4227  which  produce  an  additional  effect  of  luminosity 
on  the  exposure-ratio  in  the  same  direction  as  the  effect  of  the  "cyan- 
ogen" absorption  in  the  first  region.  No  special  efforts  were  made 
to  determine  Schwarzschild's  constant  for  the  plates.  The  results 
obtained  from  the  investigation  of  the  A  stars  indicate  that  generally 
the  changes  in  the  constant  are  small  and  do  not  increase  materially 
the  probable  error  of  the  measured  exposure-ratio,  but  that  rather 
large  changes  may  occur,  especially  from  one  emulsion  to  another. 
In  this  case  several  stars  were  measured  on  each  plate,  and  system- 
atic errors  of  large  size  ought  to  show  in  the  residuals  from  the 
curves.  The  means  of  the  residuals  for  the  individual  plates  are 
found  to  be  small,  however. 

As  before,  the  plates  used  were  Seed  23,  size  8X10  inches,  with 
X-ray  developer.  Images  more  than  3.6  inches  from  the  center 
were  excluded.  The  focus  was  set  near  X  4200,  and  is  tolerably 
constant  over  most  of  this  area.  Even  within  the  adopted  limit 
of  distance,  however,  some  images  must  be  excluded  by  reason  of 
distortion  or  bad  focus,  because  the  field  has  not  exact  symmetry 
of  rotation  with  reference  to  the  plate  center. 

A  scheme  for  classifying  the  objective-prism  spectra  was  devel- 
oped by  using  types  determined  by  Adams  and  his  collaborators 
as  standards.  The  classification  is  based  on  the  appearance  and 
relative  strength  of  the  hydrogen  lines,  the  K  line  of  calcium,  the 
X4227  line  of  calcium,  the  titanium-oxide  bands,  and  the  general 
energy-distribution  in  the  spectrum.  Since  the  decrease  of  the 
hydrogen  lines  and  the  increase  of  X  4227  with  advancing  spectral 
type  proceed  more  rapidly  in  the  dwarf  series,  while  the  increase  of 
redness  takes  place  faster  in  the  giant  series,  and  since  X  4227  has 
enormous  strength  in  dwarfs  of  types  K5-M,  these  characteristics 
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TABLE  VII 


Boss  or  Cin.  Xo. 


3274- 
3298. 
3326. 
3344- 
3362. 

C  1657. 
3408. 
3537- 
3554- 
4131- 

4137- 
4147- 
4257- 
4264. 

4315- 

4318. 
4323- 
4327- 
4342. 

4370. 

4372. 

4414. 

4420. 

C  2322. 

Lai  31905 

4571- 
4580. 

4595- 
4618. 

4635- 

4638. 

A.  G.  Leip.  8449 . 

4660. 

C  2420. 

C  2421. 

A.  G.  Leip.  8507 . 

4678. 
A.  G.  Leip.  8585 . 

4688. 

4713- 


Harv. 
Vis.  Mag. 


6 
6 
4 

7 
7 

/4 

\5 

4 

5 

6 

4 


Spectrum 


G8 

K3 
Ko 
G8 
Ma 

K2 
K4 
K3 
F9 
K2 

02 

06 
08 

Ks 
K2 

Ma 

K5 
O2 

K5 
Ki 
K2 

K4 
Ki 
A9 

Ks 
K2 

Ko 
K4 
06 
F4 
O2 

G5 

08 
K2 
Go 
G5 

O9 


M 


0.4 
0.6 
4.2 
0.9 
■0-3 

6.4 

0.5 
0.4 

4-3 
I .  I 

4-7 
0.0 

4-7 
0.8 
0.6 

0.2 
o.  2 
-1.4 
7-9 
6.3I 
6.3/ 

7-3 
1-3 
1.6 
8.0 
2.1 

5.8\ 

7.8/ 

-o.  I 

2.8 

-0-3 

-0.5 

2-5 

0.8 
-0.8 

S-S 
5-2 


log£ 


Spectrum 
Obj.  Prism 


02 

S-7 

G9 

1-7 

Ma 

1-5 

08 

2.8 

Fo 

1.6 

0.25 

0.27 
0.16 
0.26 
0.18 

o.  14 

0.25 
0.25 

O.  12 

o.  27 

0.12 

o.  19 

0.13 

o.  24 
0.26 

O.  22 

o.  29 

0.27 
0.05 

0.12 


0.08 
0.24 
0.12 
—  0.02 
0.25 

o.  10 

o.  27 
0.12 
o.  20 
o.  20 

0.15 

0-33 

O.  22 
O.II 

o.  10 

0.14 
O.  21 
0.16 
O.  22 
O.II 


6 

8 
4 
7 
8 

4 
4 
4 
6 

S 

7 
5 
7 
7 
5 

4 
S 
4 
6 


5 
3 
4 
4 
4 


6 
6 
6 
9 

S 
5 
9 
5 
6 

5 
5 
3 
3 
6 


G8g 

Kog 

K2 

G8g 

Maf 

Ko(/ 
Ksg 

K2g 

Gsd 

K2g 

Gsrf 
Gsg 
Ko<f 

Ksg 
Kog 

Mag 

K2g 

Gsg 

Ks^ 

Itiod 


K2g 

F2 
Ksg 

G8<f 

G8g 
Fs 
Gsg 
Gog 

08 

K2g 

Gog 
Gsd 
Gsd 

Gsd 
Kog 
Mag 
Kog 
A-F 
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TABLE  Vll—Continued 


Boss  or  Cin.  No. 


C  2456 
4800 
4817 
4823 

C  2495 
4892 

4893 
4898 
4910 
4912 

4920 

4940 

495° 
5009 
5027 

5052 

5079 
5089 

5093 
5098 

5118 

5125 

5129 

C  2616 

5143 

S180 
S187 

5219 

5229 

C  2672 

5321 
5346 

C  2707 
C  2718 

5420 
5431 

5433 
5434 


Harv. 
Vis.  Mag. 


8.8 
4-5 
5-4 
4.2 
6.0 

6.8 
6.6 
5-7 
6.3 
4-5 

6.0 
4.6 

5-2 
4.8 

4-4 

3-8 
4.0 

4-9 
3-9 
5-8 

3-7 
5.6 
4.6 
7.2 
5-6 

5-7 
4.0 
6.1 

2-3 

6.3 

6.0 
3-6 
8.6 
6.6 
6.2 

3-9 
5-6 

6.3 


Spectrum 


Mb 

Mb 

F8 

Ki 

G4 

G4 
G6 
08 
G8 
Ko 

F4 
K4 
G8 

G9 
G8 

Ma 
G2 

G9 
G8 
Gip 

K6 

Mc 

Mb 

G8 

G8 

K2 

Ggp 
G2 
Gop 
G8 

Fs 
G8 
Ma 

F7 
G8 

K2/» 

K7 
K8 


M 


10.  7 

—  1.2 

0.3 
i.o 

3-7 

5-5 

5-7 

-1.4 

1-5 
o.  2 

2.8 
0-5 
S-i 
5-8 
0.0 

o.  2 
0.7 
0.8 
3-9 
-2.5 

0.5 
0.5 
0-3 
5-6 
0.0 

5-9 

—  2.0 

5-2 

-3-0 
6.2 

3-6 
3-2 
9-4 
3-9 
1-5 

-2.9 

8.3 
8.7 


log  E 


-0.09 

015 
0.13 
0.28 
o.  10 

0.13 

O.  12 
0.28 

o.  24 
o.  29 

0.12 
o.  26 

0.13 

0.09 

O.  22 

O.  II 
0.13 
0.18 
0.13 

o.  20 

0.25 

o.  14 

0.13 
0.13 
0.27 

0-13 
0.23 

0.06 

o.  24 

O.  12 

0.13 
0.18 

-o.oi 
o.  10 
0.26 

o.  24 
0.09 

0.05 


3 
8 

5 
II 

10 

3 
3 

12 
2 


3 
4 
5 
6 


5 
6 

5 
5 
4 

6 

5 
8 
2 
2 

6 
4 
3 
5 
4 

2 
5 
3 
9 

7 

4 
9 

7 


Spectrum 
Obj.  Prism 


Wod 

Mhg 

F8 

Kog 

Gsd 

G2d 

G2d 
G8g 
Gsg 

K2g 

F8 

K3g 
Gsd 
G8d 
GSg 

Mag 

Gsg 
GSg 
G8 
Gspg 

Ksg 
Mbg 
Mhg 
G8d 
Kog 

K2d 

Gpg 
Gsd 
Gpg 
G8d 

F5 

G8g 
Md 

F5 
Kog 

Ksd 
Mad 


alone  will  suffice  in  a  great  number  of  cases  to  determine  the  spectral 
type  and  to  decide  whether  the  star  is  a  giant  or  a  dwarf.  From 
type  Go  on,  however,  the  degree  of  the  "cyanogen"  absorption 
must  be  taken  into  account,  and  the  approximate  luminosity  will 
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be  obtained  with  the  aid  of  log  E.  The  spectra  used  are 
narrow  and,  in  what  concerns  the  visibiHty  of  the  lines,  are 
inferior  to  widened  images,  but  this  has  been  at  least  partly 
compensated  by  the  large  number  of  images  with  different  inten- 
sities usually  available.  For  spectral  types  Go-Ko  both  the  hydro- 
gen lines  and  X4227  are  only  faintly  visible,  but  a  fairly  good 
discrimination  between  the  stages  Go,  G5,  and  G8-K0  seems  to  be 
possible.  Four  Cepheids  and  pseudo-Cepheids  among  the  stars 
observed  were  recognized  as  peculiar  stars  mainly  by  the  abnormal 
strength  of  the  hydrogen  lines. 

The  results  of  the  measurements  and  classifications  are  given  in 
Table  \TI.  The  first  four  columns  contain  data  from  the  list  of 
spectroscopic  parallaxes.  The  fifth  column  gives  log  E,  the  loga- 
rithmic exposure-ratio  for  equal  intensities  in  the  two  regions 
X4144-X4184  and  X  4227-X4272,  the  former  being  situated  in  the 
densest  part  of  the  "cyanogen''  band;  n  is  the  number  of  images 
used  for  determining  log  E.  The  last  column  gives  the  spectral 
t}-pe  as  determined  from  the  objective-prism  spectra,  in  most  cases 
w^thout  knowledge  of  the  more  accurate  values  of  the  t}'pe  in  the 
third  column.  An  added  g  or  d  indicates  a  giant  or  a  dwarf, 
respectively.  This  estimation  of  luminosity  is  made  mainly  from 
the  value  of  log  E  according  to  the  curves  in  Figures  3  and  4,  the 
value  of  the  spectral  type  estimated  from  the  objective-prism 
spectra  being  used  as  argument.  The  indi^'idual  results  given  in 
the  last  column  are  therefore  directly  dependent  only  on  the  data 
secured  from  the  low  dispersion  spectra.  The  good  agreement 
between  these  results  and  the  spectral  t>^e  and  absolute  magnitude 
in  the  third  and  fourth  columns  seems  to  give  promise  of  the 
usefulness  of  the  method. 

Figure  3  gives  the  relation  between  log  E  and  the  absolute 
magnitude  for  stars  of  t\^es  A9  to  K2,  Figure  4  for  t^-pes 
K2-]\Ic.  The  curves  drawn  representing  the  different  tj-pes  have 
only  provisional  significance.  Figure  5  gives  log  £  as  a  function 
of  the  spectral  type,  different  degrees  of  luminosity  being  repre- 
sented by  different  notations.  It  is  evident  from  these  diagrams 
that  the  ett'ect  of  the  ''cyanogen''  band  reaches  a  maximum  near 
Type  K2  and  decreases  toward  Go  and  M.     The  analogy  between 
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Ol  02  03      Log  C 

Fig.  3. — Logarithmic  exposure-ratio  for  the  regions   X\4i44-4i84,  4227-4272, 
and  absolute  magnitude.     Spectral  types  A9-K2. 
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III 


Figure  5  and  the  diagram  for  the  minimum  wave-length  of  the 
grating- spectra*  is  very  striking.  The  advantage  of  the  present 
diagram,  however,  lies  in  the  circumstance  that  the  effect  of  the 


Lo<f  6 


Fig.  4. — Logarithmic  exposure-ratio  for  the  regions  X\4i44-4i84,  4227-4272, 
and  absolute  magnitude.     Spectral  types  Kz-Mc. 

regular  change  in  the  energy-distribution  in  the  spectrum  due  to 
the  change  of  temperature  in  the  spectral  series  has  practically  no 
effect  on  log  E,  owing  to  the  closeness  of  the  two  compared  regions. 
Except  for  the  position  of  the  Cepheids  and  pseudo-Cepheids  the 

» Loc.  cit. 
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correspondence  is  nearly  perfect  between  Figure  5  and  a  similarly 
arranged  diagram  for  the  absorption  in  the  X  3883  band.  The 
variation  in  log  E  for  the  stronger  ultra-violet  band  is,  however, 
about  2.3  times  as  large  as  for  the  X  4216  band.  The  increase  of 
the  effect  from  G8  to  K2  probably  explains  the  correlation  of  the 
absorption  in  the  bands  with  the  line  X  4227  found  by  Miss  Maury 
in  type  XV. 

The  rapid  decrease  of  the  effect  toward  Go,  especially  for  stars 
with  M  between  o  and  +  i,  is  a  disadvantage  for  a  more  accurate 
determination  of  luminosity.  On  the  other  hand,  stars  of  this 
brightness,  between  types  Fo  and  G2,  seem  to  be  very  scarce. 
Most  of  the  giants  in  this  interval  of  spectral  type  given  in  the  list 
of  1646  spectroscopic  parallaxes,  for  example,  are  Cepheids  or 
pseudo-Cepheids  and  of  much  higher  luminosity. 

The  Cepheid  variables  and  the  pseudo-Cepheids  seem  to  have 
an  abnormally  small  absorption  in  the  regions  of  the  ''cyanogen" 
bands;  it  is  somewhat  stronger,  however,  in  the  region  of  the 
X  4216  band  than  in  that  of  the  X  3883  band.  In  the  case  of  the 
former  band  the  stars  still  fall  among  the  ordinary  giants  in  the 
diagram  in  Figure  5,  but  in  the  case  of  the  ultra-violet  band,  as 
mentioned  before,  they  lie  even  below  the  dwarfs. 

From  K2  to  M  there  is  a  general  decrease  of  log  E;  the  difference 
between  giants  and  dwarfs  is  still  well  accentuated.  The  extent  to 
which  this  difference  is  still  due  to  "cyanogen"  absorption  in  type 
M  seems  to  be  uncertain.  For  this  type  the  line  X  4227,  strong  in  the 
dwarfs,  and  the  hydrogen  lines,  which  are  strong  in  the  giants,^ 
give  a  reliable  criterion  of  the  order  of  magnitude  of  the  luminosity. 
The  titanium-oxide  bands  characterizing  type  M  are  generally 
well  developed  in  the  objective-prism  spectra.  An  observation  of 
importance  to  be  made  from  Figure  5  is  that  stars  with  log  £>o.i7 
are  giants. 

An  application  of  the  preceding  principles  to  stars  of  faint 
apparent  magnitudes  in  a  few  rich  regions  has  been  made  with  a 
small  focal-plane  spectrograph  attached  to  the  60-inch  reflector. 
The  spectrograph  has  a  64°U.V.  prism;  the  focal  lengths  of  colli- 
mator and  camera  are  about  6  inches.     The  dispersion  gives  1.51 

'  See  various  papers  by  Adams  and  his  associates  on  the  spectroscopic  method. 
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mm  between  H7  and  H5,  and  is  2.8  times  that  of  the  objective- 
prism  spectra.  The  slit  was  removed,  thus  giving  a  field  about 
q'Xq',  of  which  about  two-thirds  is  in  good  enough  focus  to  be 
used.  The  objects  investigated  were  the  clusters  M  11  and  13, 
and  a  few  fields  in  Selected  Areas  Nos.  63  and  64  in  the  Cygnus 
region.  A  list  of  the  photographs  is  given  in  Table  VIII.  Seed 
30  plates  were  used,  except  for  No.  33,  which  is  Seed  23.  All  the 
plates  were  taken  during  good  seeing,  estimated  about  5  and  6  on  a 


Lo^ 


□  M<00  E  Cepheid 


Fig.  5. — Logarithmic  exposure-ratio  for  the  regions  XX4144-4184,  4227-4272, 
and  spectral  type. 

scale  of  10  in  most  cases.  The  last  column  gives  for  the  Selected 
Area  plates  the  number  of  the  star  in  the  Harvard  Durchmusterung^ 
which  is  nearest  to  the  center  of  the  field. 

Messier  11,  R.  A.  18*^46"",  DecL  — 6°23'  (1900). — This  well-known 
open  cluster,  situated  in  the  bright  galactic  clouds  in  Scutum 
Sobieski,  is  very  rich  in  stars,  several  hundred  being  brighter 
than  the  fourteenth  magnitude.  Magnitudes  and  colors  for  a 
large  number  of  stars  in  the  cluster  have  been  determined  by 
Shapley.^ 

'  " Durchmusterung  of  Selected  Areas,"  Harvard  Annals,  loi,  1918. 
^  Mt.  Wilson  Conlr.,  No.  126;  Astro  physical  Journal,  45,  164,  191 7y. 
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Table  IX  gives  the  results  of  the  classification  of  spectra  for 
eighty-five  stars  in  the  cluster.  A  great  many  stars  which  are 
sufficiently  bright  have  their  images  superposed,  thus  making 
estimates  of  their  spectral  types  impossible.  For  early  types  the 
classification  is  based  on  the  strength  of  the  K  line  relative  to  the 
hydrogen  lines ;  for  the  late  types  the  spectra  have  been  compared 
with  spectrograms  of  stars  with  known  spectroscopic  parallaxes, 
photographed  with  the  same  instrumental  arrangement  on  the  same 


TABLE  VIII 
List  of  Plates 


Plate  No. 

Object 

Date 

Exposure-Time 

Harvard  No. 

33 

35 

46 

47 

Sel.  Area  63 
Sel.  Area  63 
Messier     1 1 
Messier     11 

Messier     11 

Sel.  Area  64 
Messier     13 
Sel.  Area  64 
Sel.  Area  64 
Sel.  Area  64 

1921     May  10 
May  II 
Aug.    2 
Aug.    2 

Aug.    2 

Aug.    2 
Aug.    3 
Aug.    3 
Sept.    4 
Sept.    5 

l''43'" 
2  55 
30 

2  0 

/       5 

I       I 

4     0 

I  30 

4     2 

3  30 

4  37 

527 
527 

48 

49 

50 

51 

65 

75 

666 

509 
1029 

454 

kind  of  plates.  The  numbers  are  those  of  Stratonoff^;  the  photo- 
graphic magnitudes  are  according  to  Shapley.  The  letter  d  after 
the  spectral  type  means  for  an  A-type  star  that  the  spectrum  shows 
a  marked  energy-fall  at  X  3907,  thus  indicating  a  relatively  low 
luminosity  (M>i.5);  for  later  types  a  g  indicates  giant  character- 
istics, in  this  case  strong  "cyanogen"  absorption  in  the  region 
X4144-X4184. 

The  giants  of  types  K0-K2  in  Table  IX  have  nearly  the  same 
apparent  magnitude.  The  estimate  M  =  o  for  their  absolute 
magnitude  seems  to  be  fair,  judging  from  the  very  marked  "cyan- 
ogen" absorption  in  their  spectra.  The  mean  photographic  magni- 
tude of  the  four  stars  Nos.  252,  423,  666,  674,  is  13.32.  With  a 
mean  color-index  somewhat  exceeding  unity,  we  find  the  modulus 
M—m  to  be  nearly  equal  to  —12. 

'  Publications  de  I'Observatoire  de  Tachkent,  No.  i,  1899. 
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The  two  brightest  A  stars  in  Table  IX,  Nos.  545  and  437,  show- 
sharp  lines  suggesting  very  high  luminosity.  With  the  value 
M—m=  —12  their  absolute  magnitudes  would  be  —2.8  and  — 0.5, 


TABLE  IX 

Messier  ii 


No. 


193 
197 
204 

214 
221 

224 
227 
232 
236 

252 
267 

273 
274 

280 
28s 
288 
297 
307 

310 
322 

32s 
331 
336 

341 

345 
356 
362 

364 


Pg.  Mag. 


3-38 
3-48 
3-07 

3-56 
2.06 
2.22 

307 
1-74 

3-o8 
3.26 
3.00 
4-32 

301 
3.08 

2.75 
2.44 
4.  20 

3  04 
3-46: 

3  04 
2.  24 
2.08 

2.42 
2.06 
2.60 
3-68 
2-73 


Spectral 
T>-pe 


Ao 
A2 
Ao 
Ao 
Ao 

Xod 
Ao 
Ao 
Ao 

Ao 

Ao 
Kg 

Ao 
Ao 

A2rf? 

G8g 
Ao 

A3 

Ao 

^2d 

Aod? 

Ao 

A2 

Ao 

Ao 

Ao 
Ao 
Ao 
Ao 

GSg 


No. 


365 
366 

375 
377 
381 

405 
407 

423 
425 
426 

437 
43Q 
460 
462 
464 

468 
486 
487 
490 
491 

494 
511 
519 
525 
529 

545 
548 
552 
568 

569 


Pg.  Mag. 


332 
3.02 

2.54 
3  64 
2.44 

3-18 
1-93 
3  46 
2.62 
3.21 

1 .46 

3-64 
2.97 

2.79 
3-94 

391 
2.8s 

2-39 
3.12 

2.33 

2.32 

3-30 
2.08 
3-48 

9-3: 
2.23 
4.  20 

331 
3.26 


Spectral 
Type 


Ao 
Ao 
Ao 
Ao 
Ao 

Ao 
Ao 

K2g 
A2 

Aod? 

Ao 

Ao 
Ao 
Ao 

Ao 

A2d? 

Ao 
A2 
Ao 
Ao 

Ao 
G8g 
Ao 
Ao 

Aod? 

A5 

Ao 

Aod? 

Ao 

Ao 


No. 


571 
579 
581 
583 
590 

592 
597 
598 

599 
601 

616 

617 
630 
631 
633 

635 
647 
662 
663 
666 

672 
674 
704 

715 
762 


Pg.  Mag. 


13.16 
(Triple) 
1.85 
84 
04 


22 
78 
02 
40 
69 

89 
25 
54 
46 

37 

23 
66 

47 
90 

45 

50 
28 


Spectral 
Type 


Ao 

Aod 

Ao 

A2d 

(GSg)  ? 

Aod 

A2 

G8g 

Ao 

F? 

Aid 

Ao 

Ao 

Ao 

Ao 

Ao 

Ao 

Ao 

Asd 

Kog 

Ao 

K2g 

Aodl 
Ao 

K2g 


respectively.  The  remaining  A  stars  have  fairly  broad  hydrogen 
lines.  Between  photographic  magnitude  11. 8  and  13.5  the  energy- 
distribution  around  X  3907  was  found  to  be  smooth,  except  for  star 
No.  663;  with  the  value  of  M  —  m  found  above,  those  limits  will 
correspond  to  M=  —  0.2  and  M=+i.5.  The  faintest  A  stars  in 
the  tables  show  indications  of  a  more  abrupt  fall  of  intensity  at 
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X  3907.  For  Nos.  224,  307,  592,  616,  where  this  is  most  noticeable, 
we  find  for  M  the  values  of  1.6,  2.3,  2.2,  2.1,  respectively,  which 
are  in  good  agreement  with  the  results  for  the  A  stars  in  the  first 
part  of  this  paper.  The  A5  star  No.  663,  photographic  magnitude 
11.90,  is  probably  a  relatively  near  star,  superposed  on  the  cluster. 
The  spectra  of  the  four  faint  A  stars  just  mentioned  are  rather  weak, 
and  no  definite  conclusions  can  be  drawn  from  those  stars  alone, 
but  the  indications  are  that  the  value  M  —  m=  —12  deserves  a  fair 
degree  of  confidence.  Adopting  this  value  we  find  for  the  parallax 
of  the  cluster  tt  =  ©''00025,  corresponding  to  a  distance  of  4000 
parsec  or  13,000  light-years.  Shapley,^  obtaining  a  value  by 
an  entirely  different  method,  finds  7r  =  o''oooi4.  In  view  of  the 
uncertainties  affecting  the  two  determinations  the  difference  cannot 
be  considered  as  by  any  means  excessive. 

Globular  clusters. — On  Plate  No.  50  three  of  the  brightest  stars 
in  the  globular  cluster  Messier  13  are  sufficiently  well  separated 
from  other  stars  to  permit  an  examination  of  their  spectra.  They 
are  the  Scheiner  Nos.  47,  63,  127.  Shapley^  gives  the  photographic 
magnitudes  13.45,  13-70,  13.58,  and  the  color-indices  1.41,  1.16, 
1.42.  With  the  parallax  =  0'' 000090^  the  absolute  magnitudes  are 
—  3.19,  —2.69,  —3.07,  respectively.  These  stars  seem  to  be  of  a 
spectral  type  not  far  from  Ko,  but  show  a  much  smaller  absorption 
in  the  region  of  the  "cyanogen"  band  than  the  late-type  stars  in 
Messier  11.  This  agrees  with  the  degree  of  luminosity  found  by 
Shapley,  if  the  stars  are  pseudo-Cepheids;  if  they  are  ordinary 
giants  we  should  estimate  the  absolute  magnitude  around  +  i- 
Low  dispersion  slit  spectrograms  of  some  stars  in  Messier  13  on  a 
plate  taken  by  Mr.  Pease,  and  of  stars  in  Messier  3  on  a  plate  taken 
by  Mr.  Sanford,  exposure-times  30^  and  20^,  respectively,  seem 
rather  to  confirm  the  high  degree  of  luminosity.  The  stars  of 
earlier  type  on  the  first  mentioned  plate  seem  to  have  no  appreciable 
change  of  intensity  at  X  3907,  and  for  the  late-type  stars  on  the 
latter  plate,  especially  for  the  star  von  Zeipel  No.  752,  photographic 
magnitude  13.96,  color-index  1.42,  absolute  magnitude  according  to 

^Proceedings  of  the  National  Academy  of  Sciences,  s,  344,  1919. 

^  Mt.  Wilson  Conir.,  No.  116. 

3  Shapley,  Mt.  Wilson  Contr.,  No.  152;  Astrophysical  Journal,  48,  154,  1918. 
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Shapley  — 3.18,  the  depression  between  X  4100  and  X  4227  seems  to 
be  centered  around  H5  and  X  4172  rather  than  in  the  ''cyanogen" 
band,  observations  in  favor  of  a  classification  in  the  Pseudo- 
Cepheid  t}-pe. 

Selected  Areas 

No.  63,  R.A.  iQ*-©",  Decl.+3o°o',  (1900) 

No.  64,  R.A.  iq'^sS'",  Decl.+3oV. 


TABLE  X 
Selected  Areas  63  and  64 


Harv. 
No. 

Pg.  Mag. 

Spectral 
T>-pe 

Harv. 

No. 

Pg.  Mag. 

Spectral 
T>-pe 

Han-. 
No. 

Pg.  Mag. 

Spectral 
Type 

Area  63 

504 

145 

Ao 

710... 

12.87 

Ao 

511.... 

13.20 

K3g 

524.... 

14.0 

A  2 

719 ■■■ 

14.40 

K2g 

5^3-- 

12.61 

Gsd 

535- ••• 

12.5 

Ao 

726... 

14.  26 

K2g 

518.... 

9.61 

Ao 

581.... 

12.5 

B9 

733- • - 

11.70 

Ao 

519.... 

10.50 

A5 

583.... 

12.0 

Ao 

744-- 

13.06 

F8 

535  ■■■• 

12.43 

God 

603 

13-6 

A2 

748... 

13-31 

Ao 

S39--- 

11.86 

Asd 

611.... 

138 

F8 

767... 

12.10 

Gsd 

546.... 

13-43 

K2g 

619. . . . 

14.6 

Ao 

1005. . . 

II-3 

Ao 

623 

14.2 

Ao 

1007. . . 

10.6 

Ao 

Area  64 

629 

13-7 

Ao 

1017. . . 

13-I 

Kog 

430 

14.6 

A 

435--- 

13.2 

K2g 

646.... 

II-3 

GSg 

1020. . . 

13-9 

K2g 

438.... 

13-8    . 

F5^ 

661.... 

14. 1 

Ao 

1021 . . . 

13-6 

B? 

442.... 

13.2 

GSd 

667.... 

14.18 

K5g 

1026. . . 

10.9 

Fo 

443 • • • • 

14.0 

FSd 

668.... 

130 

FSd 

1027. . . 

13-8 

God 

671.... 

14.22 

Kog 

1028. . . 

^3-3 

Ao 

445 ■ • •  ■ 

14.0 

^5S 

448.... 

13-9 

Gsd 

677.... 

13-31 

Ao 

I 104. . . 

II. 8 

A2d 

476.... 

135 

Gsd 

680.... 

13-86 

Kog 

479 ... . 

14. 1 

Ao 

682..-.. 

13-64 

Gsd 

486.... 

12.7 

Gsd 

702 ... . 
706 .... 

13.81 
10.52 

K2g 

A2 

The  results  of  classification  for  fifty-two  stars  in  Selected 
Areas  63  and  64  are  given  in  Table  X.  The  numbers  are  according 
to  the  Harv-ard  Durchmusterung.  The  photographic  magnitudes  for 
the  central  fields  are  according  to  unpubHshed  Mount  Wilson 
measures;  for  stars  more  distant  from  the  center  of  the  area  the 
Harvard  magnitudes  have  been  reduced  to  the  ]Mount  Wilson 
system,  and  are  given  to  only  one  decimal. 

These  two  areas  are  situated  in  ver}'  rich  galactic  regions. 
There  are  eleven  late-type  stars  classified  as  dwarfs  in  Table  X, 
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which  as  a  group  may  be  considered  to  be  the  nearest  stars  in  the 
region.  Of  the  remaining  more  distant  stars  twenty-eight  are 
fainter  than  the  thirteenth  magnitude,  twelve  of  which  are  found  to 
be  giants  of  types  K0-K5,  a  remarkably  high  percentage.  These 
late-type  giants  range  in  photographic  magnitudes  from  13. i  to 
14.4,  with  a  mean  of  13.8.  With  a  mean  color-index  of  1.2  and  an 
absolute  visual  magnitude  of  0.5  they  should  be  at  the  same  distance 
as  Mil,  about  4000  parsecs.  If  M  11  is  associated  with  the 
galactic  clouds  in  Scutum,  the  inference  would  be  that  these  giant 
stars  together  with  some  of  the  A  stars  are  members  of  the  distant 
galactic  cloud  in  Cygnus. 

I  wish  to  express  my  deep  feeling  of  obligation  to  Director  Hale 
for  the  opportunity  to  undertake  this  investigation  during  a  stay 
of  more  than  a  year  at  the  Observatory,  and  also  to  several  members 
of  the  staff,  especially  Mr.  Adams  and  Mr.  Seares,  for  much  valuable 
information  and  advice.  I  also  wish  to  express  my  gratitude  to 
Director  Campbell  for  a  month's  stay  at  the  Lick  Observatory, 
and  to  Mr.  Wright  for  his  kind  help  and  instruction  in  the  work 
with  the  Crossley  reflector. 

Mount  Wilson  Observatory 
October  1921 


THE  THEORY  OF  IONIZATION  AND  THE  SUN-SPOT 

SPECTRUM' 
By  henry  NORRIS  RUSSELL* 

ABSTRACT 

Saha's  theory  of  temperature  ionkation,  assuming  the  ionization  to  be  due  to 
temperature  alone,  leads  to  the  relation:  Px^/{i-x^)  —  K\  that  is,  the  ratio  of  the 
fraction  of  atoms  ionized  {x)  to  the  fraction  un-ionized  (i  —x),  times  the  partial  pressure 
of  the  free  electrons  [Px/{\-\-x)],  is  equal  to  K,  a  function  only  of  the  ionization  voltage 
/  and  of  the  absolute  temperature  T,  nameh':  log,o  K=  —5036  //7"+2.5  logio  T— 6.5. 
The  theor>'  is  here  extended  to  mixtures  of  elements  by  putting  the  partial  pressure  of 
the  electrons  equal  to  Px/{\-\-x)  where  x  is  the  fraction  of  ionization  for  all  the  atoms 
present,  and  P,  as  before,  is  the  total  pressure.  Hence,  Pxi  x/(i  — x,)(i+  )  =  -K^i; 
PXi  A-/(i  —x^{i-\-x)  =  K2;  etc.;  and  the  ratio  of  x,/(i  —x^  to  Xi/ii-Xi)  is  merely  K1/K2. 
Therefore  the  degree  of  ionization  is  always  higher  for  an  element  of  easy  than  for  one  of 
difficult  ionization,  and  the  relation  between  the  two  depends  only  on  (/j— /i)  and  on  T, 
and  not  on  the  pressure  or  on  the  relative  concentrations.  Sa.h.a.'s  formulae  for  second- 
stage  ionization  are  corrected.  Only  two  successive  stages  of  ionization  can  be  present  in 
any  considerable  proportions  at  the  same  time.  Strong  evidence  in  favor  of  the  theory 
is  afforded  by  a  comparison  of  the  sun-spot  and  the  solar  spectrum,  since  the  predictions 
of  the  theor>'  with  reference  to  the  relative  intensity  in  the  hotter  and  the  cooler 
spectrum,  of  lines  associated  with  ionized  and  un-ionized  atoms,  are  found  to  be  in 
general  agreement  with  the  facts.  However,  discrepancies  such  as  the  presence  of  too 
large  a  fraction  of  ionized  Ba  atoms,  suggest  the  need  of  some  modification  of  the 
theorj';  and  it  is  evidently  incomplete,  since  it  neglects  the  effects  of  radiation  on 
ionization. 

Relative  intensity  in  solar  and  sun-spot  spectra  of  series  lin^s. — The  lines  of  the 
alkali  metals  (all  of  which  are  due  to  the  neutral  atoms)  are  greatly  strengthened  in 
the  spot  spectrum.  Na  (7  =  5.11  volts)  e.xhibits  its  principal  and  subordinate  series, 
K  (4.32)  the  principal  series  alone,  and  Li  (5.37)  and  Rb  (4.16)  the  leading  pair  of  the 
principal  series,  and  only  in  the  spot  spectrum.  The  corresponding  lines  of  Cs  are 
out  of  reach  in  the  infra-red. 

Among  the  alkaline  earths  the  lines  of  the  neutral  atom  for  Ca  (6.08  volts)  are 
strengthened  in  the  spots  to  a  degree  which  is  greatest  for  the  principal  series  and 
least  for  the  combination  series.  The  corresponding  lines  of  Sr  (5.67)  are  faint  in 
the  sun  and  much  strengthened  in  spots.  For  Ba  (5.12  volts)  they  are  absent  both 
in  sun  and  spots.  The  enhanced  lin.es  arising  from  the  ionized  atoms  (Ca-|-,  Sr+, 
Ba+)  are  strong  in  both  spectra. 

For  IMg  (7.65  \-olts)  the  lines  of  the  neutral  atom  are  little  affected,  except  that 
the  fundamental  line  iS  — apa  is  stronger,  while  for  Zn  (9.4  volts)  the  arc  lines  are 
much  weaker  in  the  spot  spectrum. 

These  results  are  all  in  agreement  with  Saha's  theory.  The  lines  of  Li  and  Ba, 
however,  are  much  weaker  than  the  theorv'  indicates. 

Relative  intensity  of  arc  and  enhanced  lines. — It  is  pointed  out  that  enhanced  lines 
of  easily  ionized  elements  can  be  produced  with  less  excitation  than  arc  lines  of  dif- 
ficultly ionized  elements.  This  fact  explains  many  apparent  anomalies  in  astrophysical 
spectra. 

Ionization  potential  of  the  elements  as  a  function  of  atomic  number. — Since  from  the 
relative  behavior  in  sun,  spot,  and  furnace  spectra,  of  the  lines  of  Ca,  Sc,  Ti,  V,  Cr, 

^  Contributions  from  the  Mount  Wilson  Observatory,  No.  225. 
'  Research  Associate  of  the  Mount  Wilson  Observatory. 
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Mn,  Fe,  Co,  Ni,  Cu,  and  Zn,  the  elements  as  arranged  in  the  order  of  their  atomic 
numbers,  are  progressively  more  difficult  to  excite  spectroscopically,  the  ionization 
potential  probably  increases  regularly  from  6  volts  for  Ca  to  9.4  volts  for  Zn,  and  this 
result  combined  with  other  data  suggests  that,  in  general,  the  ionization  potential  is 
a  periodic  function  of  the  atomic  number. 

Identification  of  certain  solar  lines. — Lines  of  Rb  have  been  detected  in  the  sun 
for  the  first  time.  ^\lso  several  faint  Xa  lines  have  been  identified  and  Datta's  identifi- 
cations of  Na  and  K  lines  have  been  partly  confinned,  partly  not. 

Tables  of  the  series  lines  of  Li,  Xa,  K,  Rb,  Cs,  Ca,  Sr,  Ba,  Mg,  and  Zn  are  given 
with  intensities  in  sun  and  spot,  and  wave-lengths  in  international  units  to  o.oi  A. 

Dr.  Megh  Nad  Saha,  in  an  important  series  of  papers/  has  shown 
the  great  importance  of  the  modern  thermodynamic  theory  of 
ionization  in  astrophysical  and  spectroscopic  researches.  In 
particular,  he  makes  certain  predictions  about  the  behavior  of  the 
lines  of  the  alkali  metals  in  the  spectra  of  sun-spots.  The  present 
communication  deals  with  certain  points  connected  with  the  theory, 
especially  when  many  kinds  of  atoms  are  present  at  the  same  time, 
and  with  the  obser\'ational  verification  of  the  predictions,  which 
has  been  complete. 

I.      THE    THEORY   OF   IONIZATION   WHEN   ATOMS    OF    SEVERAL 

KINDS    ARE    PRESENT 

The  equation  of  the  "reaction  isobar"  as  given  by  Saha^  in  the 
case  of  the  ionization  of  a  gas  consisting  of  atoms  of  but  a  single 
kind  :s 

log-^,P  =  logA^=-— ^+2.5logr-6.5  (i) 

10-  4.  571  J 

where  the  logarithms  are  to  the  base  10,  P  is  the  pressure  of  the  gas, 
X  the  fraction  of  all  the  atoms  which  are  ionized,  T  the  absolute 
temperature  centigrade,  and  U  the  "heat  of  ionization"  in  calories 
per  gram-molecule.  For  the  gas  in  question,  the  latter  is  propor- 
tional to  the  ionization  potential,  /,  being  23,020  calories  if  /  is  one 
volt,  so  that  we  may  also  write 

5036/ 


-x^    P  ' 


\ogK=-^-Hf, — h2.5  logr-6.s.  (2) 


'"Ionization  in  the  Solar  Atmosphere,"  Philosophical  Magazine,  40,  472,  1920; 
"Elements  in  the  Sun,"  ibid.,  40,  809,  1920;  "On  the  Temperature  Radiation  of 
Gases,"  ibid.,  41,  267,  1921;  "On  a  Physical  Theory  of  Stellar  Spectra,"  Proceedings 
of  the  Royal  Society,  A,  99,  135,  1921. 

'  Philosophical  Magazine,  40,  479,  1920. 
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If  atoms  of  several  dififerent  kinds,  all  capable  of  ionization,  are 
present,  the  situation  is  somewhat  more  complicated.  To  use 
equation  (i),  introducing  for  P  the  value  of  the  partial  pressure 
of  the  vapor  of  each  element  separately,  is  inadmissible,  since  one 
of  the  products  of  the  reaction — free  electrons — is  produced  by  all 
the  ionizations.  But  if  p'  is  the  partial  pressure  of  the  ionized 
atoms  of  any  sort,  p  that  of  the  corresponding  non-ionized  atoms, 
and  p"  that  of  the  free  electrons,  we  will  always  have 

when  K  is  given  by  (2). 

If  now  atoms  of  several  kinds  are  present  in  the  relative  numbers 
Qi,  Gi,  a^  .  .  .  .  and  the  fractions  Xi,  X2,  x^  .  .  .  .  of  these  are 
ionized,  the  whole  number  of  atoms  and  free  electrons  present 
will  be  ai{i+Xi)+a2ii+X2)  ....  and  the  partial  pressures  for 
element  i  will  be 


Xa+'Eax  ^'    2a+2aa; 


P 


{P  being  as  before  the  whole  pressure  of  the  gas),  while  for  the  free 
electrons  we  will  have 


where 


,,^     2aa:  x 

^      lla+'Lax        i+x 


"Lax 


*=  2^  •  ^4) 


X  is  therefore  the  fraction  of  all  the  atoms  present  which  are 
ionized,  and  may  be  regarded  as  a  weighted  mean  of  the  values  of 
X  for  the  individual  elements. 

Equation  (3)  then  becomes  for  the  various  elements 

Xi  X  Kr  X,  X  K2 


I— ajii+x     P'        I— iCji+ic     P' 


(5) 


where  Ki,  K2  are  given  by  (2)  with  the  ionization  potentials  for 
the  elements  concerned. 
We  then  have 

X-i        Jvt     X2  ,Ai  ---'2     It  /^\ 

log  ^  =  5036^^^  (6) 


i—Xi    K3I—X2'  K2  T 
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or,  expressed  verbally :  The  ratios  of  the  number  of  ionized  atoms  to 
that  of  non-ionized  atoms  for  any  two  elements  in  a  gaseous  mixture 
hear  a  fixed  proportion  to  one  another,  which  depends  only  on  the  tem- 
perature, and  is  independent  of  the  pressure,  the  relative  abundance 
of  the  two  elements,  or  the  presence  of  other  elements. 

These  latter  conditions  affect  the  amount  of  ionization,  without 
modifying  this  proportion.  The  element  of  lower  ionization  poten- 
tial is  always  the  more  highly  ionized. 

We  may  write  (5)  in  the  form 

where 

^^^^^1+^,^  (7) 

If  Xi>x,  that  is,  if  the  element  is  more  easily  ionized  than  the 
average,  Pi  will  be  less  than  P,  and  the  percentage  of  ionization 
will  be  greater  than  it  would  be  if  this  element  alone  were  present, 
with  the  same  total  pressure.  For  elements  ionized  with  more 
difficulty  than  the  average,  the  reverse  will  be  the  case. 

The  ionization  will  in  all  cases  be  less  than  if  this  element 
were  present  alone  with  its  actual  partial  pressure,  for  p",  in  equa- 
tion (3),  will  always  be  greater  than  the  partial  pressure  pi  of  the 
electrons  arising  from  the  dissociation  of  this  one  component  of 
the  mixture. 

When  ionization  is  just  beginning  all  the  re's  will  be  small,  and 
we  will  have  approximately 

:r,--^xi,  etc.       x—^j^ 
P^^P^^P^Ll  K^a,^  K,a, 


Xi        2c  \      KiGi    KiOi 

The  factor  outside  the  parentheses  is  the  partial  pressure  of 
constituent  i.  It  follows  that  at  the  beginning  of  ionization  the 
constituent  of  lowest  ionization  potential  behaves  very  nearly  as  if 
it  alone  were  present  at  its  actual  partial  pressure.  For  constituents 
more  difficult  of  ionization  the  initial  ionization  is  less,  and  may  be 
very  much  smaller. 
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When  the  ionization  of  any  element  is  nearly  complete,  we  may 
set  .Ti  =  I  in  (7)  and  find 


1+^' 


The  effective  pressure  for  this  element  is  therefore  nearly  equal 
to  the  total  pressure  (unless  a  large  proportion  of  atoms  of  more 
difficult  ionization  is  present). 

For  an  element  of  easy  ionization  the  range  of  temperature  or 
pressure  within  which  both  ionized  and  uncharged  atoms  wiU  be 
present  in  sensible  proportions  is  therefore  extended  by  the  presence 
of  other  constituents  in  the  mixture. 

For  an  element  of  difficult  ionization,  Xj,  will  be  much  less  than 
X  and  Pi  greater  than  P,  when  ionization  is  beginning.  The  range 
within  which  both  phases  are  present  will  in  this  case  be  reduced. 

If  we  set 


x^ 

K 

1-X^ 

P 

we 

find 

easily 

k'- 

-X 

-Kr 

-^i 

-Kr 

Xj, 

• 

_i:aK{T.-x) 
'LaK{i—x) 


K= 


2a(i-.T) 


so  that  A'  is  the  mean  of  the  individual  K's,  weighted  in  proportion 
to  the  number  of  non-ionized  atoms  remaining.  At  low  tempera- 
tures, the  atoms  of  easy  ionization,  which  have  the  largest  values 
of  K,  will  contribute  most  to  this  mean;  but  at  high  temperatures 
these  will  be  ionized,  and  the  atoms  of  difficult  ionization  will 
contribute  most.  The  effective  mean  ionization  potential,  cor- 
responding to  the  value  of  K,  will  therefore  increase  with  the 
temperature. 

Successive  ionization. — Consider  now  atoms  of  the  same  kind, 
which  are  susceptible  of  the  loss  of  two  successive  electrons.  Let 
the  ionization  potential  for  the  removal  of  the  first  be  /  and  the 
additional  potential  for  the  second  be  /'.     If  x  is  the  proportion 
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of  singly-ionized  and  y  of  doubly-ionized  atoms,  that  of  free  elec- 
trons will  be  x-\-2y,  and  we  will  have^ 

x(x-\-2y)  K  ' 


{i—x—y)ii-\-x-\-2y)     P 
yix-\-2y)        K 


(8) 


x{i-\-x-\-2y)     P 

The  first  of  these  equations  may  be  written 

{x+yY    _K  {x'-{-2xy+y'-){i-\-x-\-2y)     K 


i  —  {x-\-yy    P       {x^-\-2xy){i-\-x-\-y)         P 

also 

x^    _K/      y{2—x-\-x'^-{-2xy)\K 
i-x^~Py       {i-x^){x-]-2y)   /     P 

while  the  second  may  be  written 

y'    _K'    X        2y^-\-xy-\-y        K' 


I— y     P  i—y 2y^-\-xy-\-2y-\-x     P 

It  follows  that  the  numbers  of  both  neutral  and  singly-ionized 
atoms  are  less  than  they  would  be  if  the  second  ionization  did  not 
occur^ — the  draft  upon  the  singly-ionized  atoms  being  partly  made 
up  by  fresh  ionization  of  neutral  ones;  but  the  number  of  doubly- 
ionized  atoms  is  less  than  it  would  be  if  the  second  ionization  was 
the  only  one  which  occurred. 

Dividing  the  second  of  the  equations  (8)  by  the  first  we  find 

y{i-x-y)  ^K'  . 

x^  K  •  ^^^ 

Now 

log  ;^  =  - 5036^^ 

and  in  all  cases  which  have  so  far  been  investigated  I'— I  is,  positive, 
and  equal  to  at  least  five  volts. 

'  These  equations  differ  from  Saha's  {Proceedings  of  the  Royal  Society,  A,  99,  143, 
192 1)  which  contain  x^  and  y^  in  the  numerators;  but  the  latter  formula  would  appear 
to  involve  the  inadvertent  assumption  that  an  atom  can  combine  only  with  an  electron 
previously  liberated  by  another  atom  which  happens  to  be  in  the  same  state  of  ioniza- 
tion. 
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Hence  K'/K  is  usually  a  small  quantity,  and  it  is  impossible  for 
y  and  i  —x  —  y  to  be  considerable  at  the  same  time;  that  is,  there 
will  not  simultaneously  be  any  noticeable  proportion  of  atoms  in  all 
three  states  of  ionization.  When  the  temperature  is  high  K'/K 
increases;  but  in  this  case  x  is  small  and  the  number  of  neutral 
atoms  very  small. 

At  low  temperatures  we  may  set  y  =  o,  when  the  ordinary 
equation  for  single  ionization  is  obtained;  at  high  temperatures 
we  may  set  x-]-y  =  i  and  have 

y'+y    _K' 

One  or  the  other  of  these  formulae  will  always  give  a  good  first 
approximation,  provided  that  a  third  electron  is  not  lost. 

In  a  mixed  gas,  containing  other  constituents,  we  will  have 

XX                K         yx         K'     _     'La{x-\-2y)  ,     . 

—      •  —       •  x  = = — —.  (10) 


(i-.T-y)(i+X-)     P  '  .t(i+x)     P'  2a 

Since  the  potential  for  the  second  ionization  is  always  high,  the 
presence  of  other  elements  will  in  general  diminish  its  amount ;  but 
equation  (9)  will  hold  in  all  cases. 

Instead  of  equation  (6)  we  will  have 

X  K     X2  y    K'    X2  /    V 

(11) 


i—x—y    K2I—X2         X    K2I—X2 

where  Xz  is  the  percentage  of  ionization  for  any  singly  ionized 
element. 

2.      THE   ALKALIES   AND   ALKALINE   EARTHS    IN   THE    SUN-SPOT 

SPECTRUM 

Saha  has  shown'  that  sodium  should  be  considerably  ionized  in 
the  reversing  layer,  potassium  almost  completely,  and  rubidium 
and  caesium  entirely.  As  the  familiar  lines  of  these  elements  are 
absorbed  by  the  neutral  atoms  only,  the  faintness  of  the  lines  of 
potassium  in  the  solar  spectrum  and  the  absence  of  those  of  rubid- 
ium and  caesium  is  immediately  explained.  At  the  lower  tem- 
peratures which  prevail  in  the  spots  he  predicts  that  the  lines  of 

'Philosophical  Magazine,  42,  812-815,  1920. 
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potassium  should  be  strengthened,  and  that  those  of  rubidium 
should  show  faintly. 

Obser\'ations  upon  the  behavior  of  sodium  in  sun-spots  have 
been  published  by  Adams^  and  the  presence  of  lithium  has  been 
determined  by  King.*  The  study  of  the  other  alkali  metals, 
which  have  their  lines  principally  in  the  red,  has  been  made  very 
easy  by  the  publication  of  extensive  and  accurate  tables  of  wave- 
lengths in  the  red  and  infra-red,  both  in  the  solar  spectrum^  and  in 
the  arc,'*  and  by  the  existence  at  Mount  Wilson  of  an  excellent 
series  of  plates  of  the  spot  spectrum,  extending  to  X  8200,  taken  by 
Mr.  Brackett  with  the  150-foot  tower  telescope  and  75-foot  spectro- 
graph, in  the  first  order,  with  nicol  prism  and  compound  quarter- 
wave  plate.  All  the  available  lines  of  the  alkali  metals  were 
examined  on  these  plates  (or  on  the  photographic  map  of  the  spot 
spectrum  for  the  wave-lengths  less  than  6600  A)  and  some  additions 
to  the  data  for  sodium  and  lithium  were  made. 

The  results,  including  those  of  the  earlier  observers,  are  given 
in  Table  I.  In  this  table  the  first  column  gives  the  element  and 
series  designation  of  the  line  (after  Sommerfeld) .  The  leading  pair 
of  the  principal  series  is  denoted  by  is-2p,  the  next  pair  by  1S-3P, 
and  so  on.  The  corresponding  pairs  for  the  diffuse  series  are  2p)-3d, 
2p-4d,  and  for  the  sharp  series  2p-3S,  etc.  Lines  lying  too  far  in 
the  infra-red  to  be  observed,  or  too  far  in  the  ultra-violet  to  be 
observable  in  spots,  are  in  general  omitted,  as  are  also  the  fainter 
members  of  a  series  when  the  stronger  earlier  members  are  invisible. 

The  second  column  gives  the  wave-lengths  found  in  the  labora- 
tory^ by  Datta  or  by  Meggers  (or,  in  one  or  two  cases,  by  others) ; 
and  the  third,  the  wave-length  of  the  corresponding  solar  line 
derived  from  Rowland's  tables,  from  Meggers,  or  from  measure- 
ments made  at  Mount  Wilson.     All  wave-lengths  are  given  in 

'  Mt.  Wilson  Contr.,  No.  40;  Astro  physical  Journal,  30,  108,  1909. 
^  Mt.  Wilson  Contr.,  No.  122;  Astrophysical  Journal,  44,  169,  1916. 

3  W.  F.  Meggers,  "  Solar  and  Terrestrial  Absorption  in  the  Sun's  Spectrum  from 
6500  A  to  9000  A,"  Publications  of  the  Allegheny  Observatory,  6,  12-44,  iQiQ- 

^W.  F.  Meggers,  "Wave-Length  Measurements  in  Spectra  from  5600  A  to 
9600  A,"  Bulletin  of  the  Bureau  of  Standards,  14,  371-397,  1916;  S.  Datta,  "The 
Vacuum  Arc  Spectra  of  Sodium  and  Potassium,"  Proceedings  of  the  Royal  Society,  A, 
99,  69-78,  1921. 
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TABLE  I 
Lines  of  the  Alkali  Metals 


Element 


Lithium 

is-2p 

2J>-2S 

2p-3d 


Sodium 
is-2p.  . . . 


2p-3d. 
2p-4d. 
2p-sd. 
2p-6d. 
ap-yd. 


2p-4s. 


2P-SS . 


2p-6s. 


Potassium 
is-2p 


1S-3P. 
2p-4d. 
2p-5d. 

2p-4S. 
2P-5S. 


Wave-Lengths 


Arc 


6707.82 
8126.52 
6103.53 


5895-94 
5889.97 

8194.82 
8183.30 

5688.22 
5682.67 

4982.86 
4978.61 

4668 . 60 
4664.86 

4497.72 
4494-27 

6160. 72 
6154.21 

5153-85 
5149-27 

4751-89 
4748.02 

7699 . 00 
7664.92 

4047 . 20 
4044.14 

6965.0 
6936 . o 

5832.31 
5812.71 

6939-50 
6911.80 

5802.16 
5782.77 


Sun 


07.83 


95-94 
89.97 

94.84 
83.27 

88.22 
82.65 

82.82 
78.56 

68.57 


97-73 


60.75 
54.23 


51-83 
47.98 

99.01 
64.92 

47.19 
44-14 


Intensity 


Sun 


abs 
abs 
abs 


20 
30 

2 
3 

6 

5 

2 
o 

iN 


abs 
abs 

3 
2 

abs 
abs 

00 
000 

5 
6 

ooNd 
o 

abs 
abs 

abs 
abs 

abs 
abs 

abs 
abs 


Spot 


5 
abs 
abs 


60 
90 

7 
10 

12 
12 

4 

I 


o 
abs 

8 
9 

abs 
abs 

2 
o 

13 

IS 


abs 
abs 

abs 
abs 

abs 
abs 

abs 
abs 


Authority       Notes 


King 

Russell 

King 


Adams 
Adams 

Russell 
Russell 

Adams 
Adams 

Russell 
RusseU 

Russell 
Russell 

Wilson 
Russell 

Adams 
Adams 

Russell 
Russell 

Adams 
Adams 

Russell 
Russell 

Russell 
Russell 

Russell 
Russell 

Russell 
Russell 

Russell 
Russell 

Russell 
Russell 


3 
3 

4 
5 

6 

7 


8 
9 


10 


II 


12 


13 
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TABLE  I — Continued 


Wa\t; -Lengths  In 

Intensity  In 

Authority 

ElES£ENT 

Arc 

Sun 

Sun 

Spot 

Notes 

Rubidium 

IS— 2p 

7947-64 
7800.29 

4215-57 
4199.85 

7757-80 
7619.12 

8943.46 
8521.12 

4593-22 
4555-31 

8079.4 
8016.2 

47-63 
00.  29 

abs 
abs 

abs 
abs 

abs 
abs 

abs 
abs 

abs 
abs 

abs 
abs 

0 

I 

abs 
abs 

abs 
abs 

Unknown 
Unknown 

abs 
abs 

abs 
abs 

Russell 
Russell 

Russell 
RusseU 

Russell 
RusseU 

14 

IS— ■^D 

2D— 4.d 

Caesium 

IS— 2p 

I  s 

IS— ■^D 

RusseU 
RusseU 

RusseU 
RusseU 

16 

NOTES  TO  TABLE  I 

1.  Much  widened  in  the  spot,  and  showing  strong  Zeeman  effect. 

2.  Rowland's  line  4982.994,  for  which  he  gives  no  origin.     Identified  by  Datta. 

3.  Rowland  4978.732.  Shows,  like  the  last,  a  conspicuous  Zeeman  effect.  Clearly  separated  from 
the  iron  line  4978 .  785  which  is  erroneously  identified  by  Datta  as  the  sodium  line. 

4.  Rowland  4668.749.     Shows  Zeeman  effect.     Identified  by  Datta. 

5.  Masked  by  the  chromium  line  4664.965  (Rowland). 

6.  A  faint  line,  visible  only  in  the  spot,  and  showing  conspicuous  Zeeman  effect.  Measured  by 
Wilson  (unpublished)  4497.900  on  Rowland's  scale.  Datta  identifies  this  with  Rowland  4497.842,  a 
titanium  line  which  is  clearly  separated. 

7.  Datta  identifies  this  with  Rowland  4.1.94.356  (00)  which  is  not  strengthened  in  the  spot,  and  is 
probably  not  the  sodium  line.  No  trace  of  the  latter  could  be  seen.  The  character  of  the  foregoing 
lines,  and  their  strong  intensification  in  the  spots,  support  their  identification  as  sodium  lines.  It  is 
very  difficult  to  get  these  lines  sharp  in  the  laboratory,  and  Datta's  measures,  though  much  superior  to 
earlier  ones,  demanded  long  exposures. 

8.  Datta  identifies  as  Rowland  5153.848  (000).     This  is  a  band  line  showing  no  Zeeman  effect. 

9.  Datta  identifies  as  5149.267  (000)  Rowland  C.  This  is  very  Httle  strengthened  in  the  spot  and 
shows  no  Zeeman  effect.     No  trace  of  the  sodium  lines  could  be  found  in  this  vicinity. 

10.  Practically  coincident  with  a  strong  atmospheric  fine  in  the  tail  of  the  A  band,  but  identified  by 
Meggers  by  means  of  the  sun's  rotation.  The  intensification  of  this  line  in  the  spot  spectrum  and  the 
Zeeman  effect  are  conspicuous  in  spite  of  this  blending,  which  has  been  allowed  for  in  the  estimates  of 
intensity. 

11.  Identification  by  Rowland  and  Datta  confirmed. 

12.  Wave-lengths  from  Saunders.  These  lines  are  abnormally  faint  in  the  arc  spectrum.  Datta 
identifies  as  Rowland  6965.320  (000  N)  which  shows  no  Zeeman  effect  and  6926.290  (0000)  which  is 
invisible  both  in  sun  and  spot  on  the  Mount  Wilson  plates. 

13.  Identified  by  Datta  as  5832.490  (000)  and  5812.942  (0000).  These  lines  are  too  faint  to  be 
visible  on  the  Mount  Wilson  plates,  either  in  sun  or  spot. 

14  Typical  spot  lines,  diffuse  and  showing  strong  Zeeman  effect,  and  greatly  resembling  the  lithium 
line  at  X  6708.  Measured  by  the  writer,  the  first  on  one  plate,  the  second  on  two.  Probable  error  of 
measurement  about  ±0.01  A.  One  of  the  Zeeman  components  of  7947.63  is  clearly  separated  from  the 
atmospheric  line  at  7947.766  (Meggers).     The  other  is  blended  with  it. 

15.  These  lines,  which  are  the  first  pair  of  the  principal  series,  lie  beyond  the  limits  of  the  region  so 
far  photographed  at  Mount  Wilson,  and  attempts  to  secure  plates  showing  the  spot  spectrum  in  this  region 
have  not  yet  been  successful.  They  are  not  present  in  the  solar  spectrum  (Meggers).  The  absence  of  the 
second  pair  of  this  series  might  have  been  anticipated. 

16.  This  relatively  narrow  pair  is  strong  in  the  arc,  but  does  not  belong  to  the  known  series.  There 
are  no  strong  lines  of  the  subordinate  series  of  caesium  in  favorable  positions  for  investigation. 
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International  units  and  Rowland's  values  have  been  reduced  to 
this  standard  with  the  aid  of  a  correction-curve  which  was  kindly 
furnished  by  St.  John. 

The  fourth  and  fifth  columns  give  the  intensity  of  the  lines  in 
sun  and  spot.  The  values  in  the  former  are  taken  from  Rowland  or 
Meggers ;  the  latter,  for  the  lines  pre\'iously  observed,  from  Adams 
or  King.  For  lines  newly  observed,  estimates  have  been  made  on 
the  original  plates,  as  nearly  as  possible  upon  the  same  scale  as 
that  used  b}'  Rowland  or  Meggers.  Cases  in  which  a  line  is 
certainly  invisible  are  denoted  by  ''abs."  The  sixth  column  gives 
the  authority  for  the  data  concerning  the  spot  spectrum  (including 
measures  of  wave-length  when  the  line  does  not  appear  in  the 
spectrum  of  the  photosphere),  and  the  last  provides  references  to 
the  notes  which  follow. 

These  results  may  be  summarized  as  follows : 

Sodium  is  represented  in  the  sun  by  the  principal,  diffuse,  and 
sharp  series,  and  all  its  lines  are  much  strengthened  in  the  spot 
spectrum.  Some  of  Datta's  identifications  of  faint  lines  have  been 
confirmed  and  others  modified.  The  absence  of  the  pair  XX  5153, 
5149  in  both  sun  and  spot  is  remarkable,  since  the  following  and 
fainter  pair  of  the  series  appears  to  be  present. 

Potassium  is  represented  by  the  principal  series  only.  Its  lines 
are  greatly  strengthened  in  the  spots.  Datta's  identifications  of 
faint  solar  lines  as  belonging  to  the  subordinate  series  of  this  element 
are  not  confirmed. 

Lithium  shows  in  the  spot  spectrum  alone,  and  only  through 
the  leading  line  of  the  principal  series. 

Rubidium,  previously  undetected  in  the  sun,  is  definitely  proved 
to  be  present  by  the  appearance  of  both  members  of  the  leading 
pair  of  the  principal  series  in  the  spot  spectrum. 

The  corresponding  lines  of  caesium  lie  far  in  the  infra-red,  and 
satisfactory-  photographs  of  the  spot  spectrum  have  not  yet  been 
obtained  in  this  region. 

The  alkaline  earths  (for  which  the  ionization  potentials  are 
likewise  known)  are  of  special  interest,  because  the  fundamental 
members  is-2p,  of  the  series  of  enhanced  lines,  absorbed  by  the 
ionized  atoms,  lie  within  the  accessible  portion  of  the  solar  spectrum 
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TABLE  II 
Lines  of  Alkaline  Earths  in  Sun-Spots 


Elements 


Wavt-Length 


Intensity  in 


Sun 


Spot 


Notes 


Mg 

1S-2P 

1S-2P2 

2P-4D 

2P-SD 

2P-6D 

2P-4S 

2p-3s 

2p-4d 

Mg+ 

IS-2P 

Ca 
1S-2P 

lS-2pi 

2P-3D 

2P-4D 

2P-4S 

2P-5S 

3D-4F 

3D-2P 

2p-4d 


2p-2S. 

3d-4f. 


Ca+ 

IS-2p , 

2p-3d 

2p-2S 

Sr 
1S-2P 

lS-2pa , 

2p-3S 


2852.13 

457I-II 
5528.47 
4703.07 

4351-94 
5711-13 
5183.62 

5172.68 

5167.33 
3838.28 

3832.31 
3829.36 

2802.70 
2795.52 

4226.73 
6572.78 
7326. 10 
5188.85 
5512.98 

4847.29 

4878.13 

6717. 19 

4556.61 

4555.88 

4554.77 

4535.67 

4534.95 

4525.43 

6162.18 

6122. 22 

6102. 72 

4585. 92I 

4585.87/ 

4581.41 

4578.57 

3968.08 
3933-68 
8662.42 
8542.48 
8498.32 
3736.92 
3706.03 

4607.3s 

6892.36 

7070.7 

6878.8 

6791.4 


5 

8 

10 

5 
6 

30 
20 

15 

25 

15 
10 


20 

I 
2 

3 

4 
o 

3 
5 
2 

3 
5 
4 
5 
4 
15 
10 

9 
4 


4 
3 

700 
1000 

15 
16 
12 

5 
6 

I 
abs 
abs 
abs 
abs 


7 

8 

10 

4 

6 

30 
22 

17 


25 
10 

5 
4 

5 

I 

3 
8 

4 
5 
7 
6 

7 
6 

25 

20 

20 

6 


6 
6 

700 
1000 


3 
abs 
abs 
abs 
abs 


Out  of  reach 


Out  of  reach 

2 

3 
4 
4 
4 
4 
4 
4 
2 
2 
2 
2 
2 
2 
2 
2 
2 
4 

4 
4 

3 
3 


7 
7 

4 
4 
4 
4 
4 
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Elements 


2p-4d. 


Sr 


Sr+ 

IS-2P 

2p-4d 

2p-2S 

Ba 
1S-2P 

lS-2pj 

Ba+ 

IS-2P 

2p-4d 

2p-2S 

Zn 

1S-2P 

1S-2P2 

2P-3D 

2p-2S 

2p-4d 


Wave-Length 


4971.68 
4967.94 
4962. 28 
4876.06 
4872.49 
4852.06 

4215-50 
4077-73 
10915.0 
10328.3 
10038.7 

4305  -  44 
4161.79 

5535-53 
7911.36 

4934-07 
4554-04 
4166.01 
4130.65 

3891-83 
4899.97 

4524-95 

2139-33 
3075-90 
6362.35 
4810.54 
4722.16 
4680. 14 
3346.02 

3345-58 
3345-12 

3303-37 
3303-59 
3282.33 


Intensity  in 


Sun 


abs 


000 
abs 
abs 
abs 


(3) 

I 

abs 
abs 

7 
8 
o 
2 


(2) 
o 


I 

I 
3 
3 

I 
o 
I 
2 


Spot 


abs 


00 
abs 
000 
abs 

8 
5 


(5) 
00 

abs 
abs 

7 

10 

o 

2 


(2) 
o 


o 

o 

o 

00 


Notes 


4 
5 
4 
4 
4 
4 

2 
2 

Out  of  reach 
Out  of  reach 

5 
2 

6 
4 

4 
4 
4 
4 
5 
5 
4 

Out  of  reach 
7,8 
9 
4 
4 
4 
7 
7 
7 
5 
7 
5 


NOTES 

1.  Adams,  -V/.  Wilson  Conir.,  No.  40,  p.  20;   Astrophysical  Journal,  30,  105,  igog. 

2.  Adams,  .1//.  IVjVjow  Contr.,  No.  22;   Astrophysical  Journal,  27,  45-55,  1908. 

3.  Adams,  .Vf<.  Wilson  Contr.,  No.  40,  p.  7;   Astrophysical  Journal,  30,  93,  igog. 

4.  From  examination  of  the  map  of  the  sun-spot  spectrum  or  of  original  plates  for  wave-lengths 
greater  than  6600.  Many  of  these  lines  have  previously  Iseen  studied  at  Mount  Wilson,  but  they  have 
been  re-examined  because  the  later  plates  are  probably  better. 

5.  Masked  by  other  lines. 

6.  This  line  faccording  to  the  accurate  measures  of  Schultz  (Zeit.fUr  Wiss.  Phot.,  11,  209,  1912)  lies 
at  5535 .  755  on  Rowland's  scale,  and  falls  in  a  very  confused  region  between  the  iron  line  5535 .  644  (inten- 
sity 2)  anii  the  line  5535 .778  (intensity  o),  for  which  Rowland  gives  no  origin.  Between  these  two  there  is 
a  faint  line  which  is  confined  to  the  spot,  in  which  it  is  of  intensity  o  and  shows  Zeeman  effect.  It  was 
measured  and  found  to  be  at  5535. 703.  There  is  also  a  faint  band  line  close  by  showing  no  Zeeman  effect, 
but  nothing  which  can  be  identified  as  the  barium  line.     It  is  either  absent,  or  masked  by  5535.778. 

7.  Too  far  to  the  Niolet  to  show  changes  in  the  spot  spectrum. 

8.  Rowland's  line  3076.002,  for  which  he  gives  no  origin.  Kayser  and  Runge  find  3075.99  in  the 
arc;  E.^ner  and  Hascheck,  3076.02. 

9.  But  little  weakened  in  the  photographic  map.  Weakening  confirmed  on  an  original  negative. 
Zeeman  effect  stronger  over  penumbra  of  spot  than  over  umbra.  May  be  blended  with  a  band  line. 
These  are  numerous  in  this  region. 
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(except  for  magnesium)  which  is  not  known  to  be  the  case  for  any 
other  elements.  They  are  also  noteworthy  for  possessing  two 
radiation  potentials,  corresponding  to  the  shift  of  an  electron  from 
its  normal  position  in  the  neutral  atom  to  the  position  corresponding 
to  the  limits  of  the  subordinate  series  of  single  lines  and  of  triplets. 

These  lines  afford  the  most  deHcate  tests  for  the  presence  of  the 
ionized  or  neutral  atoms  of  these  elements.  Their  behavior  in 
spots  is  indicated  in  Table  II.  Various  other  lines  of  these  elements 
and  the  observable  lines  of  zinc  are  included. 

This  table  exhibits  the  well-known  fact  that  the  strongest  lines 
of  the  alkaline  earths  (except  magnesium)  are  enhanced  Hnes. 

The  series  of  calcium  and  magnesium,  both  of  triplets  and  of 
single  Knes,  are  conspicuous  in  the  solar  spectrum,  and  only  some 
of  the  more  prominent  lines  are  given  in  the  table.  The  calcium 
lines  are  considerably  strengthened  in  the  spot  spectrum;  those  of 
magnesium  are  not,  with  one  exception. 

In  the  case  of  strontium,  only  the  strongest  lines  of  the  neutral 
atom  appear  in  the  sun;  these  are  very  faint,  but  are  intensified 
in  spots,  while  not  one  of  the  strong  low-temperature  lines  of  barium 
appears  either  in  the  sun  or  the  spots.  This  has  been  confirmed 
by  examining  a  number  of  those  which  did  not  belong  to  known 
series  and  are  therefore  not  given  in  the  table. 

3.      APPLICATION   OF   THE    THEORY   OF   IONIZATION 
TO   THESE   DATA 

The  ionization  potentials  of  a  number  of  elements  of  astro- 
physical  importance  are  as  follows: 

Volts  Volts  *  Volts 

Caesium 3.81  Barium 5.12  Ba-f 9.86 

Rubidium 4.16  Strontium 5.67  Sr-|- 10.70 

Potassium 4.32  Calcium 6.08  Ca-|- 11.86 

Sodium 5.  II  Magnesium 7.65  Mg-H 15  02 

Lithium 5.37  Zinc 9.4  Zn-|- 18.20 

Hydrogen 13-54  Helium 25.2  He-|- 53.4 

The  last  column  gives  the  potentials  corresponding  to  the 
additional  energy  required  to  remove  a  second  electron  after  the 
first  is  already  gone. 
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We  may  now  proceed  to  calculate  the  percentages  of  the  atoms 
of  various  elements  which  are  neutral,  singly-ionized,  and  doubly- 
ionized,  in  a  gaseous  mixture  at  the  temperature  of  the  reversing 
layer  and  of  a  sun-spot — which  we  will  take  in  round  numbers  as 
6000°  and  4000°  respectively — and  at  various  pressures. 

Since  the  pressure  in  the  solar  atmosphere  is  unknown  within 
very  wide  limits  (except  that  it  is  probably  small)  we  may  save 
trouble  by  computing  for  assigned  values  of  the  "effective  pressure" 
Pi,  for  sodium,  using  equations  (2)  and  (7).  The  difference  between 
the  effective  pressure  and  the  true  pressure  will  be  much  less  than 
the  range  of  uncertainty  of  the  latter.  We  may  then  find  the  per- 
centages of  ionization  of  other  elements  by  (5)  or  (11). 

The  results  are  given  in  Table  III.  Neutral  atoms  are  denoted 
as  usual  by  Ca;  singly-ionized,  by  Ca-|-;  and  doubly-ionized,  by 
Ca++  (taking  calcium  as  an  example).  The  percentage  of  atoms 
in  the  highest  stage  of  ionization  for  each  element  is  not  given,  except 
for  hydrogen,  since  it  can  easily  be  found  by  subtracting  the  sum 
of  the  others  from  100,  and  also  because  atoms  of  the  elements 
given  in  the  table,  when  in  these  states,  absorb  no  known  lines  in 
the  visible  spectrum. 

It  should  be  remembered  that  the  equations  from  which  these 
tables  have  been  calculated  are  based  upon  certain  assumptions, 
as  yet  unverified,  namely,  that  the  chemical  constant  for  the  electron 
may  be  derived  by  an  extrapolation  of  the  Sackur-Tetrode  relation 
(which  gives  this  constant  as  a  function  of  the  atomic  weight  of  an 
element)  to  the  electron,  considered  as  having  an  atomic  weight  of 
0.00055,  and  also  that  the  chemical  constant  is  the  same  for 
the  neutral  and  ionized  atoms  of  any  element.'  An  error  in 
the  former  assumption  could  be  corrected  by  multiplying  all  the 
tabular  pressures  by  a  constant  factor;  one  in  the  second,  by 
multiplying  the  pressure  for  each  element  by  an  appropriate  factor 
before  entering  the  table. 

What  is  more  important,  the  tabular  numbers  depend  on  the 
assumption  that  temperature  alone  is  effective  in  producing  ioniza- 
tion. This  is  certainly  not  the  case  in  the  solar  atmosphere,  where 
the  absorption  of  radiation,  though  it  does  not  completely  ionize 
the  absorbing  atoms,  must  undoubtedly  get  them  into  a  state  in 

'  See  Saha,  Philosophical  Magazine,  40,  479,  1920. 
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which  ionization  by  some  other  stimulus  becomes  easier.^     This 

should  operate  to  increase  the  ionization  in  the  reversing  layer  to 

a  considerable  degree. 

TABLE  III 

Percentages  of  Xeutral  axd  Iomzed  Atoms 


P  IX  Atmospheres 

Element 

I 

1 

10—'        1        10—'               10— J 

10—^ 

10-5 

10-* 

Reversing  Layer — Temperature  6000°  C. 

Cs 

Rb 

K 

Na 

Li 

Ba 

Ba+.... 

Sr 

Sr+ 

Ca 

Ca+ .... 

Mg 

Mg+.-.. 

Zn 

Zn-t- .... 
H+ 

22.6 

37-2 
44-7 
79-3 
86.1 

79-1 
10.9 
91.7 

8-3 
96.1 

3-9 

99-8 

0.2 

99-99 

O.OI 

2X10^ 

6.1 
12.3 
14.8 

44-4 
57-0 
45-0 
55-0 
70.2 
29.8 
84.0 
16.0 

99-1 
0.9 

99.96 

0.04 

I X 10-3 

0.87 

1-7 

2.  2 

9.6 

15-0 

9-7 

90.  2 

23-8 

76.2 

41 .0 

59-0 

93-5 

6.5 

99-7 

0.3 
8X10-5 

0.09 
0.18 
0.19 
1. 1 

1-9 

1. 1 

98.0 

3-2 

96.4 
6.8 
93-2 
60.4 
29.6 
96.9 

3-1 
8Xio-^ 

O.OI 

0.02 
0.02 
0.  II 
0. 19 
0. 10 

91-3 
0-3 

97-9 
0.7 

99-1 
13.2 

86.8 
75-6 
24.4 
0.008 

O.OOI 

0.002 
0.002 

O.OII 

0.019 

0.005 

48.3 

0.03 
84.6 

0.07 

98.0 

1-5 
98.5 
23-7 
76.3 

0.08 

O.OOOI 

0.0002 
0.0002 

O.OOII 

0.002 

O.OOOI 

9.6 

O.OOI 

35-8 
0.007 
83-6 

015 
99-8 

3-1 
96.9 

0.76 

Sun-Spot — Temperature  4000°  C. 

Cs 

Rb 

K 

Na 

Li 

Ba 

Ba+.... 

Sr 

Sr+ 

Ca 

Ca+-... 

Mg 

Mg-f.... 

Zn 

Zn+.... 
H. -}-.... 

54-9 
77-0 
84.2 
98.1 
99-2 
98.2 

1.8 
99-63 

0.37 
99-89 

O.II 

99-999 

O.OOI 

100.00 
1. 3x10-3 

4.7X10-° 

27.0 
50.0 
61.5 
94.1 
97-1 
94-1 

5-9 
98.76 

1.24 
99.62 

0.38 
99.996 

0.004 
100.00 
4.3X10-3 
LdXio-'o 

9-3 
21.9 

30.9 
81.5 
90.3 
81.8 
18.2 
95-8 

4-2 
98-7 

1-3 
99-975 

0.025 
100.00 

Lexio-i 

5.7Xio-'<> 

2.2 

5-7 
8.8 

48.9 
66.9 

49-5 

50.5 

82.9 

17. 1 

94-1 

5-9 

99-93 

0.07 

100.00 

7.2X10-^ 

2.6X10-^ 

0.30 
0.83 

1-3 
II. 6 
21.8 
II. 8 
88.2 
40.0 
60.0 
68.5 

31-5 
99-52 
0.48 

99-995 
0.005 
1. 9X10-8 

0.032 
0.089 
0. 14 

1-37 

2.95 
1.42 

98-58 
6.6 

93-4 
18.7 
71-3 
95-6 
4-4 

99-95 
0.05 
1. 8X10-7 

0.003 

0.009 

0.014 

0.14 

0.29 

0.14 
99.86 

0.72 
99.28 

2-3 

97-7 
69.0 
31-0 
99-51 
0.49 
1.8X10^ 

In  applying  these  results  to  the  interpretation  of  the  spot 
spectrum,  it  is  probably  safe  to  work  on  the  assumption  that  the 

'  The  existence  of  such  an  effect  for  iodine  has  been  experimentally  proved  by 
Sra>lhe  and  Compton  (Physical  Review,  16,  501,  1920).  Its  importance  in  the  solar 
atmosphere  was  suggested  to  the  writer,  in  conversation,  by  Dr.  Lindblad. 
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more  abundant  elements  in  the  solar  atmosphere  are  present  in 
amounts  much  greater  than  is  necessary  to  produce  strong  Hnes 
and  that,  for  the  principal  hnes  of  these  elements  (at  least)  the 
absorption  is  substantially  "saturated"  so  that  a  considerable 
change  in  the  amount  of  element  would  produce  httle  change  in 
these  Hnes,  except  in  the  strength  of  the  wings.  It  is  also  important 
to  remember  that,  according  to  modern  theory,  the  atoms  of  a 
given  element,  in  their  normal  state,  are  ready  to  absorb  certain 
fundamental  lines  (those  of  the  principal  series,  denoted  by  is-2p, 
etc.,  above)  while,  in  order  that  they  may  absorb  other  Hnes  (such 
as  those  of  the  subordinate  series)  they  must  first  have  absorbed 
energy  enough  to  shift  the  electrons  within  them  to  some  other 
definite  state,  less  stable  than  the  normal  one.  Saha,  who  has 
discussed  this  matter  in  detail,  states  that  the  relative  numbers  of 
atoms  which  are  in  condition  to  absorb  Hnes  of  these  various  groups 
probably  depend  upon  the  temperature  alone — high  temperature 
favoring  the  absorption  of  the  subordinate  lines.  It  is  obvious 
that  "high"  temperature  must  here  be  a  relative  term,  the  scale 
for  any  element  being  roughly  proportional  to  the  temperature  at 
which  ionization  becomes  large. 

The  main  features  of  the  behavior  of  the  lines  of  the  alkaH 
metals  in  spots,  as  Saha  has  shown,  may  be  accounted  for  by  the 
relative  ease  of  ionization,  sodium  being  considerably  ionized, 
potassium  still  more,  and  rubidium  completely  so,  except  in  spots. 
But  the  fact  that  Hthium,  like  rubidium,  appears  only  in  the  spots, 
cannot  be  explained  on  the  basis  of  ionization  potentials  alone,  for 
it  is  harder  to  ionize  than  sodium,  and  the  percentage  of  neutral 
atoms  should  be  greater. 

A  solution  may  be  found  in  the  probable  difference  in  the 
relative  abundance  of  the  elements.  Sodium  and  potassium  are 
among  the  most  abundant  of  terrestrial  metals,  being  present  in 
the  earth's  crust  in  nearly  equal  amount  (each  about  2  per  cent  of 
the  whole).  Lithium  is  relatively  rare  on  the  earth,  and,  if  the 
proportion  present  in  the  solar  atmosphere  is  sufficiently  small,  it 
may  well  be  that  the  number  of  neutral  atoms  which  remain  is 
insufficient  to  produce  perceptible  absorption  lines,  except  in  the 
spots,  where  the  ionization  is  less.     Among  the  far  more  numerous 
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sodium  atoms  the  number  which  escape  ionization,  though  a  smaller 
percentage  of  the  whole,  is  so  great  that  there  are  enough  of  them 
in  a  condition  to  absorb  the  subordinate  series  fairly  strongly,  and 
the  principal  series  heavily.  In  potassium  the  percentage  of  neutral 
atoms  is  much  less,  and  only  the  hnes  of  the  principal  series  appear, 
with  moderate  intensity,  but  much  strengthened  in  the  spots. 

It  remains  somewhat  puzzling,  however,  why  rubidium,  which  is 
much  easier  to  ionize  than  lithium,  should  show  nearly  the  same 
behavior  in  the  spot  spectrum.  According  to  Table  III  the  percent- 
age of  neutral  rubidium  atoms  should  be  less  than  one-tenth  as  great 
as  in  the  case  of  Hthium.  The  increase  in  this  percentage  in  spots 
is  great  enough  for  both  elements  to  account  for  the  appearance  of 
their  Hnes  there,  and  not  on  the  disk,  provided  that  we  assume  that 
the  pressure  in  the  region  where  the  lines  are  absorbed  is  o.oi 
atmospheres  or  less  (which  seems  reasonable).  But  it  is  hard  to  see 
why  the  rubidium  lines  should  appear  at  all,  unless  it  is  considerably 
more  abundant  in  the  sun  than  lithium  is,  which  does  not  at  all 
seem  to  be  the  situation  on  the  earth. 

Passing  to  the  alkahne  earths  we  find  improved  opportunities. 
While  the  ionized  atoms  of  the  alkaU  metals  give  no  recognized 
lines  in  the  visible  spectrum,  those  of  calcium  and  its  congeners 
are  unique  in  that  the  fundamental  lines  of  the  ionized  atom  lie 
within  the  region  accessible  to  astrophysics.  The  great  importance 
of  these  lines  (H  and  K  of  calcium  and  XX  4078,  4215  of  strontium) 
is  thus  explained.  They  enable  us  to  detect  the  ionization  of  these 
easily  ionized  atoms  as  soon  as  it  occurs.  The  ionized  atom  of 
calcium  is  at  once  capable  of  absorbing  the  H  and  K  lines. 

From  Table  III  it  appears  that,  under  the  pressures  which 
probably  prevail  in  the  reversing  layer,  the  greater  part  of  the 
calcium  is  in  the  singly-ionized  condition. 

H  and  K,  therefore,  are  the  Hnes  which  the  atoms  of  one  of  the 
most  abundant  constituents  of  the  solar  atmosphere  absorb  most 
powerfully,  when  in  that  state  in  which  under  solar  conditions 
they  are  most  Kkely  to  occur.  There  are  no  other  hnes  in  the  visible 
spectrum,  so  far  as  known,  for  which  these  three  maximal  conditions 
are  all  satisfied. 
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It  is  not  surprising,  therefore,  that  they  are  exceptionally 
conspicuous,  and  that  few  other  lines  play  so  important  a  part 
throughout  almost  the  whole  of  the  sequence  of  stellar  spectra. 
A  great  deal  of  the  calcium  must  be  ionized,  even  in  the  spots,  and 
this,  coupled  with  the  fact  that  the  absorption  in  the  H  and  K  Hnes 
is  probably  far  more  than  saturated,  makes  it  easy  to  understand 
why  these  hnes  are  not  perceptibly  weakened  in  the  spots.  The 
same  remark  applies,  with  even  greater  force,  to  the  corresponding 
enhanced  hnes  of  strontium  and  barium. 

-  Magnesium  should  also  be  considerably  ionized  in  the  reversing 
layer;  but  the  only  Hne  by  which  we  can  detect  the  presence  of 
ionized  magnesium  (X  4481)  is  absorbed  only  by  atoms  which  have 
undergone  two  internal  changes  subsequent  to  ionization,  corre- 
sponding to  the  shifting  of  an  electron  from  its  normal  position  to 
the  states  denoted  symbohcally  by  2p  and  3d,  and  demanding  the 
absorption  of  large  amounts  of  energy.  The  temperature  of  the 
reversing  layer,  compared  with  that  at  which  a  considerable  percent- 
age of  these  Mg+  atoms  would  lose  a  second  electron, is  undoubtedly 
low.  Hence  very  few  such  atoms  indeed  should  be  in  a  state  to 
absorb  X  4481,  and  it  is  not  surprising  that  it  is  excessively  faint  in 
the  solar  spectrum,  if  it  appears  at  all,  or  that  it  becomes  conspic- 
uous only  in  the  hotter  stars. 

If  the  earth's  atmosphere  transmitted  hght  of  short  enough 
wave-length,  we  would  probably  find  that  the  fundamental  pair  of 
enhanced  magnesium  Hnes  near  X  2800  were  rivals  of  H  and  K  in 
intensity  and  astrophysical  importance. 

The  very  strong  infra-red  hnes  of  calcium  at  XX  8498,  8542,  8662, 
belong  to  the  diffuse  series  and  represent  a  stage  of  excitation 
intermediate  between  H  and  K  and  X  4481.  King'  has  found  that 
they  cannot  be  produced  in  the  furnace,  at  temperatures  at  which 
H  and  K  appear  strongly.  It  may  safely  be  predicted  that  they  are 
weakened  in  the  spot  spectrum,  and  the  matter  will  be  investigated 
when  suitable  photographs  can  be  obtained.  The  corresponding 
group  for  strontium  is  hopelessly  far  in  the  infra-red;  but  the  leading 

*  Mt.  Wilson  Conlr.,  Xo.  150;  Astrophysical  Journal,  48,  13,  1918. 
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pair  of  the  sharp  series  of  enhanced  lines  is  accessible.     One  line  is 
concealed  by  a  blend;   the  other  is  greatly  weakened  in  spots. 

For  barium,  which  is  easier  to  ionize  a  second  time,  the  enhanced 
lines  of  the  diffuse  series  are  not  perceptibly  weakened  in  spots. 

The  behavior  of  the  Unes  due  to  the  neutral  atoms  is  also  in 
accordance  with  this  theory.  Beginning  with  zinc,  which  has  the 
highest  ionization  potential,  we  find  that  the  prominent  triplet  in 
the  blue  is  greatly  weakened  in  spots,  and  the  line  in  the  red  is  also 
weakened,  though  to  a  less  degree.  These  lines  belong  to  the  sharp 
series  of  triplets  and  the  diffuse  series  of  single  lines,  both  of  which 
are  absorbed  by  atoms  in  which  the  electron  has  been  shifted  one 
step  from  its  normal  position  (to  2p  or  2P).  Measured  by  a  scale 
appropriate  to  the  zinc  atom,  the  temperature  of  the  photosphere 
must  be  low  and  that  of  the  spots  very  low;  hence  the  weakening 
of  these  subordinate  lines  is  just  what  should  be  expected. 

It  is  of  interest  to  note  that  the  lines  of  hydrogen,  which  also 
belong  to  a  subordinate  series  and  to  an  element  for  which  the 
ionization  potential  is  high,  are  much  weakened  in  the  spot 
spectrum.^ 

The  lines  of  magnesium  are  very  little  affected  in  spots.  In 
this  case  the  effects  of  higher  excitation  and  greater  ionization  at 
the  higher  temperature  of  the  reversing  layer  appear  very  nearly 
to  balance  one  another  except  in  the  case  of  X4571,  which  is  a 
characteristic  low-temperature  line,  and  is  the  easiest  of  all  magne- 
sium lines  to  excite  in  the  laboratory.^  This  line,  as  might  be 
expected,  is  strengthened  in  the  spots,  but  only  to  a  moderate 
degree. 

For  calcium,  all  the  important  lines  of  the  neutral  atom  are 
strengthened  in  spots,  indicating  that  the  controlling  factor  is  the 
diminution  of  ionization  at  the  lower  temperature,  which  increases 
the  number  of  neutral  atoms.  Where  allowance  is  made  for  the 
general  increase  toward  the  red  of  the  degree  to  which  Hnes  are 
affected  in  spots,  it  appears  that  the  strengthening  is  greatest  for 
the  lines  absorbed  by  atoms  in  which  the  electron  is  in  the  normal 
state,  iS;    less  for  those  of  the  subordinate  series,  in  which  the 

'  Adams,  Mt.  Wilson  Conlr.,  No.  40,  p.  10;  Aslrophysical  Journal,  30,  95,  1909, 
'  Foote  and  Mohler,  Philosophical  Magazine,  37,  40,  1919. 
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electron  starts  from  the  state  2P  (for  single  lines)  or  2p  (for  triplets) ; 
and  least  of  all  for  those  of  the  Bcrgmann  or  combination  series  in 
which  it  starts  from  3D  or  3d.  According  to  Saha'  the  ratio  of  the 
number  of  atoms  which  are  in  any  one  of  these  states  to  the  number 
which  are  in  the  preceding  stage  should  increase  with  the  tempera- 
ture. Hence  the  effect  of  the  diminished  number  of  neutral  atoms 
in  the  hotter  regions  is  almost  neutralized  for  the  hnes  of  the  "outer" 
series  (3D-4F  and  3D-2P)  and  increased  for  the  fundamental 
lines  (1S-2P),  and  iS-2p.^  The  first  of  these,  X4227,  is  so  far 
to  the  violet  that  the  effect  in  spots  is  not  conspicuous,  though 
great  for  a  Une  in  this  region.  This  is  very  prominent  in  the  cooler 
stars.  The  second,  X  6573,  is  one  of  the  most  remarkable  of  all 
sun-spot  lines.  It  is  an  exact  analogue  of  X  4571  of  magnesium, 
which  likewise  shows  the  greatest  strengthening  of  any  line  of  the 
element  to  which  it  belongs. 

For  strontium,  the  ionization  is  still  greater,  and  the  amount  of 
the  element  present  in  the  solar  atmosphere  probably  much  less, 
if  we  may  judge  by  the  earth's  crust,  in  which  strontium  and  barium 
are  much  rarer  than  calcium  and  magnesium.  It  is  not  surprising, 
therefore,  that  only  the  strongest  Knes  of  the  neutral  atom  appear 
in  the  solar  spectrum,  or  that  these  should  be  strengthened  in  the 
spots,  especially  the  fundamental  line  X  4607.  X  6892,  which  is 
analogous  to  X  6573  of  calcium,  is  absent  even  in  the  spot  spectrum. 

The  probable  reason  for  this  is  that  the  temperature,  even  in 
the  spots,  is  high  on  the  scale  which  it  is  necessary  to  use  for  the 
neutral  strontium  atom,  and  that,  under  this  high  excitation,  the 
proportion  of  atoms  in  which  the  electron  undergoes  the  correspond- 
ing change  is  small. 

For  barium  the  final  stage  appears  to  have  been  reached.  The 
lines  of  the  neutral  atom  do  not  appear  at  all  either  in  the  spectrum 
of  the  sun  or  of  the  spots.  Even  the  fundamental  line  1S-2P 
(X  5535)  is  gone.  This  can  be  explained  only  on  the  assumption 
that  barium  is  completely  ionized  in  the  sun,  leaving  not  a  trace  of 
the  neutral  atoms,  for  the  element  is  abundant  enough,  as  is  shown 
by  the  strength  of  its  enhanced  lines. 

'  Proceedings  of  the  Royal  Society,  A,  99,  142,  1921. 
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From  the  qualitative  standpoint  this  explanation  is  quite 
satisfactory,  but  a  quantitative  study  brings  out  difficulties.  The 
ionization  potentials  for  sodium  and  barium,  as  determined  from 
their  spectral  series,  should  be  practically  identical.  Hence,  by 
the  theory  developed  above,  the  atoms  of  both  should  be  ionized 
to  the  same  degree.  But  the  direct  spectroscopic  evidence  indicates 
that  barium  is  ionized  to  a  much  greater  extent  than  sodium. 
The  absence  of  the  flame  lines  even  in  spots,  and  the  fact  that  the 
enhanced  lines  of  the  diffuse  series  are  not  sensibly  weakened, 
would  indicate  a  decidedly  lower  ionization  potential  both  for 
Ba  and  Ba+. 

A  similar  discrepancy,  though  less  marked,  exists  in  the  case  of 
strontium. 

As  the  theory  of  the  subject  is  still  in  an  early  stage  of  develop- 
ment, these  facts  may  be  taken  as  the  results  of  an  experiment 
performed  by  nature  upon  a  grand  scale,  which  may  be  used  in 
improving  our  theories;  but  speculation  as  to  the  exact  form  of 
this  improvement  would  at  present  be  premature. 

4.      GENERAL   COMMENTS 

The  data  detailed  above  cover  all  the  cases  in  which  elements, 
for  which  the  ionization  potentials  and  spectral  series  are  known, 
possess  lines  of  any  notable  strength  within  the  region  in  which  the 
sun-spot  spectrum  can  be  satisfactorily  investigated.  It  is  evident 
that  they  are  all  in  striking  agreement  with  Dr.  Saha's  theory  of 
ionization  and  that  they  confirm  it  in  a  very  conclusive  fashion, 
both  in  the  matters  in  regard  to  which  he  has  made  predictions, 
and  in  various  others  which  are  here  discussed  for  the  first  time. 

There  are  many  other  elements  whose  lines  show  conspicuous 
changes  in  the  spots;  but  no  data  are  at  present  available  regarding 
the  ionization  potentials.  Most  of  these  elements  have  spectra 
rich  in  lines,  for  which  the  series  relations  are  known  very  incom- 
pletely or  not  at  all. 

The  behavior  of  these  lines  in  the  spot  spectrum,'  coupled  with 
that  in  the  furnace,  arc,  and  spark,  makes  it  possible  to  arrange 
them  in  a  decidedly  definite  order. 

I  Adams,  Ml.  Wilson  Contr.,  No.  40,  pp.  6-26;  Aslrophysical  Journal,  30, 91-111, 
1Q09. 


IONIZATION  AND  THE  SUN-SPOT  SPECTRUM  141 

A  few  of  the  elements  already  discussed  are  added  for  com- 
parison. Lines  which  are  relatively  strong  at  the  lowest  tempera- 
tures (King's  Class  I)  are  called  flame  lines  for  brevity. 

Calcium. — All  lines  strong  in  sun.  Flame  hues  much  strength- 
ened in  spots.  Arc  lines  considerably  strengthened  in  spots. 
Enhanced  lines  produced  at  medium  temperature  in  furnace,^  very 
strong  in  arc,  and  not  weakened  in  spots. 

Scandium.^ — Flame  lines  very  faint  or  absent  in  sun,  greatly 
strengthened  in  spots.  Arc  lines  faint  in  sun,  much  strengthened 
in  spots.  Enhanced  lines  produced  in  furnace  at  high  temperature, 
strong  in  arc,  and  slightly  weakened  in  spots. 

Titanium^  and  Vanadium^ — These  elements  behave  in  a  very 
similar  fashion,  both  in  the  laboratory  and  in  sun-spots.  The 
furnace  lines  are  greatly  strengthened  in  spots  and  the  arc  lines 
strengthened.  Practically  all  the  arc  Hnes  may  be  obtained  in 
the  furnace.  The  enhanced  Hnes  can  be  obtained  in  the  furnace 
only  with  great  difficulty,  and  are  weakened  in  spots. 

Iron,^  manganese,^  and  chromium^. — ^These  again  are  similar 
in  their  behavior.  The  flame  Hnes  are  strengthened  in  the  spot 
spectrum,  the  arc  lines  little  affected,  and  the  enhanced  lines  much 
weakened.  Many  arc  Hnes  are  very  hard  to  produce  in  the  furnace, 
and  the  enhanced  lines  cannot  be  produced  there  at  all,  and  are 
faint  in  the  arc.  The  percentage  of  lines  which  are  strengthened 
in  the  spot  spectrum  is  greater  for  chromium  than  for  manganese 
and  still  smaller  in  the  case  of  iron. 

Cobalt  and  nickel.^ — The  number  of  lines  weakened  in  spots  is 
nearly  as  great  as  that  of  the  strengthened  lines  in  the  case  of  cobalt, 
and  much  greater  for  nickel.  The  number  of  arc  Hnes  which  cannot 
be  obtained  in  the  furnace  is  greater  for  nickel  than  for  cobalt. 

'  King,  Mt.  Wilson  Conlr.,  No.  214;  Astrophysical  Journal,  54,  28,  1921. 
'  King,  Mt.  Wilson  Contr.,  No.  76;  Astrophysical  Journal,  39,  139,  19 14. 
3  King,  Mt.  Wilson  Contr.,  No.  94;   Astrophysical  Journal,  41,  86,  1915. 

*  King,  Mt.  Wilson  Contr.,  No.  66;  Astrophysical  Journal,  37,  239,  1913. 

s  King,  Mt.  Wilson  Contr.,  No.  198;  Astrophysical  Journal,  53,  133,  1921. 

*  King,  Mt.  Wilson  Contr.,  No.  108;  Astrophysical  Journal,  42,  344,  1915. 
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A  number  of  cobalt  lines  and  one  nickel  line  described  by  Lockyer 
as  enhanced  appear  in  the  furnace,  but  King  gives  good  reason 
for  supposing  that  these  are  not  enhanced  lines  of  the  regular 
t>TDe. 

Copper  reveals  itself  in  the  sun  by  the  first  pair  of  the  principal 
series,  XX  3274.  3247,  which  are  produced  when  mere  traces  of  the 
metal  are  present.  They  are  recorded  as  of  intensity  10  by  Row- 
land, yet  no  trace  of  the  lines  of  the  subordinate  series  appears; 
although  XX  5782,  5700  are  furnace  Hnes.'  The  Hmit  of  the  princi- 
pal series,  1605  A,^  corresponds  to  an  ionization  potential  of  7.7 
volts. 

For  zinc,  as  has  already  been  noted,  the  arc  lines  are  fairly  strong 
in  the  sun,  but  greatly  weakened  in  the  spots.  Finally,  at  the  end 
of  the  series,  come  silicon,  for  which  all  the  solar  lines  are  greatly 
weakened  in  spots,  and  oxygen.  The  triplet  of  the  latter  in  the 
extreme  red,  XX  7772-7775,  is  faintly  present  in  the  arc,  stronger  in 
the  spark,  and,  though  fairly  strong  in  the  sun,  is  completely 
obliterated  in  the  spot  spectrum.^  Yet  the  series  relations  of  these 
lines,  which  belong  to  a  combination  series  2S-mp,  show  conclusively 
that  they  are  produced  by  the  neutral  atom. 

Part  of  the  effect  observed  in  the  spots,  however,  is  probably 
due  to  the  formation  of  titanium  oxide,  which  must  diminish 
considerably  the  amount  of  free  oxygen  in  the  solar  atmosphere. 

The  foregoing  hst  shows  a  definite  sequence  in  the  behavior  of 
the  elements,  ahke  in  furnace,  arc,  and  sun-spots,  which  suggests 
strongly  that  we  have  to  do  with  a  series  in  which  the  ionization 
potential  steadily  increases  (except  perhaps  in  the  case  of  copper, 
for  which  the  data  are  very  meager).  It  cannot  be  a  matter  of 
chance  that  the  fist,  from  calcium,  and,  indeed,  from  potassium 
to  zinc  in  order  of  increasing  difficulty  of  spectroscopic  excitation, 
is  a  complete  hst  of  the  intervening  elements  in  the  order  of  their 
atomic  numbers.  It  appears  highly  probable  that  in  this  region 
at  least  the  ionization  potential  increases  with  the  interval  in  the 
periodic  table  which  separates  the  element  from  the  preceding 

'  King,  Astrophysical  Journal,  21,  250,  1904. 

^  Konen,  Das  Leuchten  der  Case  (Braunschweig,  1913),  p.  146. 

3  Merrill,  Mt.  Wilson  Contr.,  No.  183,  p.  7;  Astrophysical  Journal,  51,  247,  1920. 
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noble  gas.  Whether  this  relation  holds  good  more  generally 
cannot  be  known  until  further  data  become  available,  but  it  is 
of  interest  to  note  that  silicon  and  oxygen,  which  are  evidently 
decidedly  hard  to  ionize,  fit  in  very  well,  since,  in  the  known  cases, 
the  ionization  potential  falls  steadily  for  corresponding  elements  in 
each  successive  period  of  the  periodic  table. 

The  behavior  in  the  spot  spectrum  of  most  of  the  elements  in 
this  list  is  intermediate  between  that  of  calcium  and  that  of  zinc. 
It  may  therefore  be  surmised  that  the  ionization  potentials  for 
these  metals  lie  between  six  and  nine  volts,  as  Saha  has  suggested' 
without  specifying  his  reasons. 

One  further  comment  may  be  made  on  the  foregoing.  It  is 
evident  that  the  enhanced  lines  of  an  easily  ionized  element,  such 
as  barium  or  calcium,  may  be  produced  with  a  weaker  excitation 
than  the  arc  lines  of  an  element  of  difficult  ionization,  such  as  zinc 
or  silicon;  the  intervening  elements  present  all  degrees  intermediate 
between  these  extremes.  The  mere  fact  that  an  enhanced  line 
appears  in  a  given  spectrum  is  therefore  not  a  proof  that  the 
temperature,  for  example,  is  high  on  an  absolute  scale,  but  only 
that  it  is  high  relative  to  the  scale  appropriate  for  the  element  in 
question.  It  would  probably  be  fairly  safe  to  assume  that  temper- 
atures proportional  to  the  various  ionization  potentials  produce 
similar  effects  upon  different  atoms,  but  further  knowledge  is 
necessary  before  we  can  be  sure  of  this. 

The  principles  of  the  ionization  theory  will  evidently  be  of  great 
importance  throughout  the  whole  field  of  astrophysics,  and  Dr. 
Saha^  has  made  an  application  of  the  highest  interest  to  the  question 
of  the  physical  meaning  of  the  sequence  of  stellar  spectra.  The 
writer  hopes  to  present  a  discussion  of  many  features  of  this  problem 
at  some  time  in  the  not  distant  future. 

The  possibilities  of  the  new  method  appear  to  be  very  great. 
To  utilize  it  fully,  years  of  work  will  be  required  to  study  the 
behavior  of  the  elements  mentioned  above  and  of  others,  in  the 
stars,  in  laboratory  spectra,  and  by  the  direct  measurement  of 

^Philosophical  Magazine,  40,  S22,  1920. 

*  Proceedings  of  the  Royal  Society,  A,  99,  135,  192 1. 
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ionization,  but  the  prospect  of  increase  of  our  knowledge,  both  of 
atoms  and  of  stars,  as  a  result  of  such  researches,  makes  it  urgently- 
desirable  that  they  should  be  carried  out. 

Mount  Wilson  Observatory 
August  I,  1921 

Note. — An  admirable  summary  of  the  theory  of  ionization  by  Mr.  E.  A.  Milne, 
in  the  Observatory  for  September  (44,  261,  1921),  has  appeared  since  the  completion  of 
the  foregoing  discussion.  He  points  out  the  influence  of  the  free  electrons  resulting 
from  the  dissociation  of  easily  ionized  atoms  in  diminishing  the  ionization  of  other 
atoms,  and  gives  the  correct  equation  for  second-stage  ionization.  Section  i  of  the 
present  paper  was  prepared  independently  and  carries  the  analysis  somewhat  further, 
so  that  it  appears  sufficient  to  call  attention  here  to  Mr.  Milne's  prior  publication. 
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ABSTRACT 

Variation  of  the  spectra  of  Na  and  K  with  energy  of  electronic  impact. — The  quantum 
theory,  as  developed  by  Bohr  and  Sommerfeld,  leads  to  the  conclusions:  that  all  the 
arc  lines  are  emitted  by  neutral  atoms  and  should  be  excited  at  voltages  above  the 
ionization  voltages,  5.1  for  Na  and  4.3  for  K,  and  that  the  enhanced  lines  are  emitted 
by  singly  ionized  atoms  and,  in  the  case  of  the  alkalies,  should  be  excited  when  (b)  the 
valence  electron  is  knocked  out  of  its  orbit,  after  (a)  an  electron  from  the  outer  ring 
(L-ring  for  Na,  il/-ring  for  K)  has  been  removed.  In  the  case  of  Na,  the  ionization 
(a)  requires  35  volts  if  it  is  complete,  giving  Za-radiation,  or  30  volts  if  the  electron 
goes  to  the  La  orbit;  and  since  the  displacement  (b)  requires  a  maximum  of  14  volts, 
the  enhanced  spectrum  for  Na  should  be  excited  by  two  successive  impacts  at  35 
volts  and  possibly  at  30  volts,  and  the  highest  frequency  should  correspond  to  about 
14  volts.  The  corresponding  figures  for  K  are:  23  volts  for  the  excitation  of  the 
Ma-radiation,  possibly  20  volts  for  Ma  and  the  enhanced  spectrum,  and  11  volts 
for  the  energy  corresponding  to  the  highest  frequency.  Since  these  cenclusions 
contradict  the  general  belief  that  high  potentials  are  necessary  to  excite  these  enhanced 
spectra,  a  series  of  spectrograms  was  made,  with  a  large  quartz  spectrograph,  of  the 
light  excited  by  low  voltage  electrons  in  a  special  cyHndrical  tube  in  which  the  distance 
between  the  central  tungsten  filament,  which  supplied  the  electrons,  and  the  accelerat- 
ing grid  was  so  short  and  the  vapor  pressure  used  was  so  low  (o.i  to  0.2  mm  of  Hg) 
that  practicallj'  all  the  electrons  entered  the  force-free  space  surrounding  the  grid, 
with  the  same  energy.  The  voltages  used  varied  from  3.5  to  5000  for  Na,  and  from  3.5 
to  40  for  K.  The  results  completely  verify  the  theoretical  conclusions.  Tables  and 
photographs  are  given  which  clearly  show  the  three-stage  development  in  the  spectra 
of  these  elements:  (i)  Single  pair  stage:  2.1  to  5.1  volts  (Na);  1.6  to  4.3  volts  (K). 
(2)  Arc  spectrum  stage:  5.1  to  30  volts  (Na);  4.3  to  20  volts  (K).  (3)  Enhanced 
spectrum  stage:  above  30  volts  (Na);  above  20  volts  (K).  With  a  heavy  current 
(i  ampere)  at  7  volts  in  K,  the  pair  \  4642  becomes  very  prominent,  though  it  has  the 

'  Published  by  permission  of  S.  W.  Stratton,  Director,  Bureau  of  Standards. 
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series  notation  (is—^d).  Its  presence  cannot  be  due  to  incipient  Stark  effect,  and 
accordingly  furnishes  an  exception  to  the  principle  of  selection  as  applied  by  Sommer- 
feld.  The  wave-lengths  in  I. A.  and  the  series  notations,  when  known,  are  given  for 
250  lines. 

The  quantum  theory  of  spectra  attributes  enhanced  lines  to 
ionized  atoms.  In  the  case  of  simply  ionized  helium  the  Bohr 
theory,  as  generalized  by  Sommerfeld,  not  only  gives  the  correct 
wave-lengths  of  the  observed  enhanced  lines,  but  their  fine  struc- 
ture as  well. 

In  applying  the  quantum  theory  to  heavier  atoms  certain 
simplifying  assumptions  must  be  made  in  order  to  carry  out  the 
mathematical  analysis.  Thus  Sommerfeld'  considers  the  case 
where  the  atom  has  one  electron  in  an  outer  orbit  and  where  as  an 
approximation  the  other  electrons  may  be  treated  as  though  lying 
in  a  circular  coplanar  orbit.  These  electrons,  as  far  as  their  action 
on  the  outer  orbit  is  concerned,  may  be  assumed  equivalent  to  a 
ring  of  electricity  of  equal  total  charge. 

Evaluating  the  kinetic  energy  of  the  outer  electron,  and  apply- 
ing the  integral  \pdq=nh  both  in  respect  to  azimuth  and  radius  as 
independent  variables,  in  accordance  with  the  quantum  theory, 
Sommerfeld  derives  the  following  expression  for  the  variable  term 
of  a  spectral  series,  identical  in  form  with  the  familiar  Ritz  equation : 

N{E/ey 
^""'""^  ~  [na+nr+a-a{m,a)Y  ^'^ 

where  E  is  the  excess  in  charge  of  the  core  over  that  of  the  ring, 
tia  the  azimuthal  and  «r  the  radial  quantum  numbers  characterizing 
the  outer  orbits,  and  a  and  a  constants  which  are  approximately 
proportional  to  E  and  are  functions  of  ««  but  not  of  fir. 

An  atom  of  an  alkali  metal  has  one  electron  in  its  outer  orbit 
while  that  of  an  alkali  earth  has  two,  accounting  for  the  monovalent 
and  bivalent  properties  respectively  For  the  neutral  atom  of  an 
alkali  metal  {E/ey  =  i,  and  equation  (i)  represents  the  variable 
terms  of  the  arc  spectra.  If  one  of  the  outer  electrons  of  an  atom 
of  an  alkali  earth  is  permanently  removed,  that  is,  if  the  atom 
is  simply  ionized,  equation  (i)  likewise  applies  except  that 
{E/eY  =  4  and  the  values  of  a  and  a  are  altered  in  a  definite  manner. 

'  Atombau  (2d  ed.),  p.  506. 
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Hence  if  the  enhanced  spectrum  of  magnesium  is  due  to  the  simply 
ionized  atom,  it  should  resemble  the  arc  spectrum  of  sodium. 
Such  is  the  case,  even  to  the  appearance  approximately  of  4iV 
and  (Z*  =  1.5  a  instead  of  N  and  a  in  the  spectral  formulae  represent- 
ing the  enhanced  lines.'  A  similar  relation  exists  between  the 
spectra  of  the  other  elements  of  these  two  groups.  From  the  above 
and  further  considerations  Kossel  and  Sommerfeld''  concluded 
that  in  so  far  as  enhanced  spectra  arise  in  simply  ionized  atoms 
the  enhanced  spectrum  of  any  element  should  resemble  the  arc 
spectrum  of  the  element  of  next  lower  atomic  number.  Very 
likely  higher  types  of  enhanced  spectra  may  be  produced  by  atoms 
which  have  suffered  multiple  ionization. 

Now,  as  is  well  recognized,  the  complete  arc  spectrum  of  any 
monatomic  vapor  may  be  excited  by  electronic  collision  with  a 
normal  atom  when  the  energy  of  the  impacting  electron  is  eV, 
where  V  is  the  ionization  potential.  Furthermore  for  all  mon- 
atomic vapors  not  exhibiting  metastable  modifications^  the  voltage 
V  is  related  to  the  highest  convergence  frequency  v  of  the  arc 
spectrum  by  the  quantum  condition  chp  =  eV.  The  highest  fre- 
quency in  the  arc  spectra  of  the  alkali  earths  is  16"  and  of  the 
alkali  metals  15,  corresponding  to  ionization  potentials  from  4  to 
ID  volts.  Similarly  in  the  enhanced  spectrum  of  an  alkali  earth, 
the  highest  frequency  is  i®,  and  accordingly  at  the  corresponding 
voltage  V*  the  complete  simple  enhanced  spectrum  should  be 
excited.     We  have  verified  this  experimentally  for  magnesium. -^ 

'  Sommerfeld  neglected  to  consider  the  shrinkage  of  the  ring  when  the  number 
of  electrons  in  the  ring  is  maintained  constant  while  the  charge  on  the  core  is  increased 
by  one  unit.  If  this  is  taken  into  account  we  find  for  sodium  and  potassium  a*=  1.5  a 
instead  of  a*  =2  a  given  by  Sommerfeld.  The  former  relation  is  well  satisfied  if  we 
assign  values  of  i,  2,  3,  etc.,  instead  of  1.5,  2.5,  etc.,  to  m  in  the  (ms)  terms.  Cf.  Journal 
of  the  Optical  Society  of  America  and  Review  of  Scientific  Instruments,  January,  1922. 

^  Verk.  d.  Phys.  Ges.,  21,  240,  1919. 

3  From  spectroscopic  and  other  considerations  there  appear  to  be  two  modifica- 
tions of  helium,  possibly  one  in  which  the  two  electrons  are  in  crossed  orbits  and  the 
other  in  which  the  orbits  are  coplanar.  In  polyatomic  vapors  the  ionization  potential 
may  involve  the  work  of  dissociation  in  addition  to  the  ionization  of  one  or  more  atoms. 

^  The  enhanced  spectrum  of  magnesium  is  produced  by  electronic  impact  of 
14.97  volts  corresponding  to  the  wave-number  i@  =  121,270,  in  which  case  the  impact 
occurs  with  a  simply  ionized  atom,  with  the  result  that  the  second  valence  electron 
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These  voltages  again  are  all  small,  of  the  order  of  10  to  20  volts  for 
the  elements  in  this  group  of  the  periodic  table. 

The  simple  enhanced  spectra  of  the  alkali  metals  should  resemble 
the  complicated  arc  spectra  of  the  rare  gases.  Since  only  recently 
attempts  to  correlate  the  latter  in  series'  have  been  successful  it  is 
not  surprising  that  nothing  is  known  of  series  relations  in  the 
enhanced  spectra  of  the  alkali  metals. 

It  is  possible,  however,  to  estimate  roughly  the  voltages  at 
which  the  enhanced  spectra  of  sodium  and  potassium  should  be 
excited.  In  the  case  of  sodium  we  have  the  A'-ring  with  2  electrons, 
the  L-ring  with  8  electrons,  and  the  outer  ring  with  the  valence 
electron.  There  are  two  direct  ways  in  which  the  atom  may  be 
ionized.  First,  the  valence  electron  may  be  removed  requiring 
an  amount  of  work  equivalent  to  5.1  volts ;^  then  a  second  col- 
lision of  X  volts  may  expel  an  electron  from  the  Z,-ring.  Secondly, 
an  electron  may  be  ejected  from  the  L-ring  requiring  35  volts,^ 
followed  by  a  collision  of  Y  volts  expelling  the  valence  electron. 
X  must  be  somewhat  greater  than  35,  but,  since  the  orbit  of  the 
valence  electron  is  much  larger  than  that  of  the  Z-ring,  it  is  not 
evident  that  the  repulsive  force  of  the  outer  electron  can  materially 
assist  in  the  expulsion  of  an  electron  from  the  L-ring.  Hence  to 
doubly  ionize  sodium  by  the  first  method  should  require  electronic 
impacts  of  maximum  value  La-\-8La  volts  where  8La  is  a  small 
quantity  and  5  is  a  factor.  The  total  work  of  double  ionization 
is  then  {La-\-8La-{-^)  volts.  In  the  second  method  of  ionization 
accordingly  F  =  5La  +  5  which  must  be  less  than  35  volts.  Hence 
by  the  first  method  of  excitation,  the  enhanced  spectrum  of  sodium 
should  appear  at  35(1+5)  volts  and  by  the  second  method  at  35 
volts,  and  in  both  cases  should  accompany  its  L-radiation. 


is  removed.  This  paper,  Phil.  Mag.,  42,  1002,  December,  1921,  is  of  especial  interest 
since  De  Gramont  and  Hemsalech,  C.R.,  173,  505,  1921,  have  just  published  a  report  of 
experiments  in  which  they  found  that  a  potential  gradient  of  500  volts/cm  was  required 
to  excite  the  enhanced  spectrum  of  magnesium. 

'  For  example,  neon:  Paschen,  Annalen  der  Physik,  60,  405,  1919. 

'  Tate  and  Foote,  Phil.  Mag.,  36,  64,  1918. 

3  Mohler  and  Foote,  "Soft  X-Rays  from  Arcs  in  Vapors,"  Journal  of  the  Optical 
Society  of  America,  s,  328,  1921.     For  sodium  La  =  2>S  volts. 
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Similar  considerations  for  potassium  show  that  its  enhanced 
spectrum  should  be  excited  by  direct  impact  at  about  20  volts 
and  should  accompany  its  3f -radiation.' 

It  is  possible  to  arrive  at  an  approximate  estimate  of  the  value 
of  5  in  the  foregoing  formulae.  After  expulsion  of  an  electron 
from  the  L-ring,  the  ring  shrinks,  and  provided  the  valence  electron 
does  not  fall  into  the  Z-ring — a  condition  which  would  curtail  the 
emission  of  the  enhanced  lines — it  assumes  a  new  orbit  where  the 
angular  momentum  is  unity.  This  orbit  represents  a  higher  energy 
level.  Following  Sommerfeld's  method  of  derivation  except  that 
two  coplanar  rings  of  electrons  are  assumed  and  their  shrinkage  is 
given  consideration,  we  find  for  sodium  and  potassium: 


2(r-\-x)  112 

a  x= 


Z-g  128 


(2) 


{z-sz-,y     '   (9-s,y 

where  a*  and  a  are  the  values  of  a  in  the  Ritz  formula,  equation 
(i),  for  the  enhanced  and  arc  lines  respectively,  Z  the  atomic 
number  and  s„  the  nuclear  defect  of  the  ring,  i.e.,  effect  of  the 
interaction  of  the  electrons.  To  an  approximation,  omitting 
terms  beyond  a  in  the  Ritz  formula: 

V*= — ^ —  (d) 

where  V  is  the  simple  ionization  potential  and  V*  the  voltage 
corresponding  to  the  work  required  to  remove  the  valence  electron 
from  its  new  quantized  orbit,  after  the  removal  of  an  electron  from 
the  Z,-ring.  V*  accordingly  corresponds  to  the  highest  convergence 
frequency  in  the  spark  spectrum. 

Equation  (2)  gives  a*=  1.5  a  for  sodium  and  potassium.  Com- 
puting a  from  equation  (3)  and  the  known  ionization  potentials, 
we  obtain  from  (4)  the  following: 

F*=  14  for  sodium 

F*=  II .  5  for  potassium. 

'  Mohler  and  Foote,  loc.  ciL,  observed  two  Af-limits  for  potassium  one  at  20  volts 
and  one  at  23  volts. 
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The  total  work  of  double  ionization  is  accordingly: 

Total  work  =  Z,a+F*  =  35+i4  =  49  volts  for  sodium 

=  23  +  11  =  34  volts  for  potassium. 

Hence  for  sodium 

La+5Z,a+F= 49 
bLa=   9 
5=   0.3. 

Similarly  for  potassium 

6=  0.3. 

These  values  of  5  confirm  the  estimates  made  above  from  more 
qualitative  considerations.  It  is  of  interest  to  note  that  in  sodium, 
for  example,  although  it  requires  but  14  volts  to  excite  the  enhanced 
spectrum,  this  spectrum  cannot  be  produced  at  this  voltage  since 
as  a  prerequisite  the  displacement  of  an  electron  from  the  L-ring 
is  essential,  which  necessitates  electronic  impact  of  higher  energy 
value.  This  is  in  contradistinction  to  the  phenomena  observed 
in  the  case  of  the  alkali  earths.  -  Here  the  removal  of  the  valence 
electron  at  the  simple  ionization  potential  leaves  the  atom  in  the 
fundamental  state  for  the  emission  of  enhanced  lines  (just  as  the 
normal,  unexcited  atom  is  in  the  fundamental  state  for  the  emission 
of  arc  lines)  and  further  impacts  of  even  less  energy  value  are 
sufficient  to  excite  the  "single-line"  enhanced  spectrum  i®  — 2'?p. 
However,  with  the  alkalis,  the  simple  ionization  does  not  leave 
the  atom  in  the  fundamental  state  for  the  emission  of  enhanced 
lines,  but  rather  in  the  state  for  the  emission  and  even  absorption 
of  La  and  other  X-ray  lines.  0 1.0.1  v 

In  the  X-ray  spectra  of  elements  of  higher  atomic  number  it  is 
known  that  Ka  cannot  be  produced  except  when  the  limit  Ka  is 
reached,  under  which  condition  all  A'-lines  appear  simultaneously. 
If  a  similar  condition  held  for  the  L-radiation  of  sodium,  it  would 
be  impossible  to  excite  the  enhanced  spectrum  below  the  voltage 
corresponding  to  the  limit  La  =35  volts.  However,  although  a 
single-line  X-ray  spectrum  has  never  been  observed,  it  must  be  a 
possible  phenomenon  for  elements  of  low  atomic  number  where 
the  ring  concerned  is  the  outermost  "saturated''  orbit.  Hence 
Z-a  =  35  — F  =  30  volts  might  be  produced  at  30  volts  instead  of  at 
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V'^RMBLE   F/£LO 

+ 


Za  =  35.     Such  being  the  case  the  enhanced  spectrum  could  be 

excited  by  successive  impact  at  the  voltage  corresponding  to  La, 

the  first  impact  (or  equivalent  absorption  of  radiation)  displacing 

the  electron  to  the  Lo.  orbit,  where  a  second  impact  is  more  than 

sufficient    to    doubly    ionize.     Still    further,    Mohler    and    Foote 

observed  a  new  series  of  critical 

potentials  of  lower  value  than 

La,  for  several  of  the  elements 

of  low  atomic  number,  which 

may  be  related  to  the  L-series. 

If  so,  the  enhanced  spectra  of 

sodium   might   be   excited  by 

successive  impact  in  an  arc  at 

the    voltage   corresponding   to 

this  new  limit. 

In  view  of  the  fact  that 
heretofore  all  investigators 
have  employed  and  believed 
requisite  an  exciting  field  of 
many  thousand  volts  for  the 
production  of  the  enhanced 
spectra  of  sodium  and  potas- 
sium, the  low  values  above 
estimated  necessitated  experi- 
mental verification. 

The  form  of  the  discharge 
tube  employed  is  illustrated 
by  Figure  i.  Its  novelty  con- 
sists in  the  use  of  a  grid  (helical 

coil)  mounted  extremely  close  to  a  tungsten  hot  wire  cathode  (or  in 
some  cases  an  equipotential  surface  heated  inside)  and  in  metallic 
contact  with  a  concentric  hollow  cyclinder  of  relatively  large  diame- 
ter. By  properly  regulating  the  temperature  of  the  sodium  or 
potassium  vapor,  a  vapor  pressure  may  be  maintained  for  which 
relatively  few  electronic-atomic  collisions  occur  over  the  short 
accelerating  field  between  the  cathode  and  grid,  and  the  majority 
of  electrons  falling  into  the  large  force-free  space  between  the  grid 


Fig.  I. — Discharge  tube.  The  elec- 
trons attain  the  full  velocity  of  the  im- 
pressed field. 
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and  plate  have,  at  the  instant  of  collision,  a  velocity  corresponding 
to  the  impressed  field.  The  gas  pressure  registered  by  the  gage 
was  less  than  o.ooi  mm  of  mercury  and  the  vapor  pressure  was 
of  the  order  o.i  to  0.2  mm  of  mercury. 

The  arcs  at  various  exciting  voltages  were  photographed  with 
a  large  Hilger  Type  C  quartz-spectrograph.  Plate  II  shows  the 
results  for  sodium  and  Plate  III  for  potassium.  Ordinary  Seed  30 
plates  were  used  for  all  exposures  except  the  3.5  volt  potassium  arc 
in  which  case  the  plate  was  made  red  sensitive  by  bathing  in 
dicyanin.  The  pair  X  7699-7664,  although  present  in  the  spectra 
at  the  higher  voltages,  was  not  recorded  by  the  "blue-sensitive" 
plates  used  for  the  other  spectrograms.  The  lines  on  all  the  plates 
were  carefully  measured  and  reduced  to  wave-lengths  by  the 
method  of  the  Hartmann-Cornu  interpolation  formula,  using  lines 
of  a  mercury  comparison  spectrum  and  known  arc  and  spark  lines 
as  normals. 

SODIUM 

Plate  II  shows  the  three  successive  stages  in  the  sodium  spec- 
trum. The  single-line  spectrum  consisting  of  the  pair  D^  and  Da 
is  excited  above  the  resonance  potential,  2.1  volts,  and  below  the 
ionization  potential  5.1  volts.  From  5.1  volts  to  about  30  volts 
the  arc  lines  appear  alone.  At  30  volts  numerous  spark  lines 
begin  to  appear  while  above  40  volts  the  complete  enhanced 
spectrum  is  excited.  > 

The  lower  spectrogram  was  obtained  by  connecting  a  small 
5000-volt  transformer  between  the  hot  wire  and  grid.  The  vapor 
was  too  rare  for  a  discharge  to  pass  except  when  the  cathode  was 
heated  to  give  a  copious  emission  of  electrons.  Since  the  effective 
resistance  of  the  discharge  gap  must  have  been  small  compared 
to  the  impedance  of  the  transformer,  the  actual  applied  voltage  was 
undoubtedly  much  less  than  5000  volts.  Very  few  enhanced 
lines  not  excited  at  50  volts  were  observed  in  this  source  but  their 
intensity  was  considerably  greater.  All  of  the  spectrograms  of 
sodium  were  made  with  a  very  narrow  slit  and  much  of  the  detail 
readily  apparent  on  the  negatives  is  obscured  in  the  reproduction. 
On  this  account  reference  must  be  made  to  Table  I  for  a  more 
careful  consideration  of  the  excitation  of  the  enhanced  lines,  and 
verification  of  the  foregoing  statements. 
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TABLE  I 
Spectra  of  Sodium 


Wave-Length 

Sooo 
\olts 

lOO 

\olts 

so 
\olts 

30 
Volts 

10 
Volts 

Notation  for 
Arc  Lines 

2318.0 

I  — 

I  — 

247c. ?! 

I  — 
I  — 

lS—lOPi,2 

IS-   9pi,2 

QO.  61 

I  — 

I 
I 

249^.36 

4 

2 

4 

2 

2497-3 

2506 .40 

12. 14 

I  c . ?o 

I 

I  — 
I 

3 
I  — 

I 

I  — 
I 
2 

I 

I  — 

I 

I 

IS-  8pi,3 

?i .  <;4 

I 

1 

43-80 

2 

2 

IS-  7pz,2 

86.27 

I 

I 

I  — 
5 
4 

I 
2 
I  — 

4 
3 

93-89 

2!;9';.o 

2 

3 

3 

IS—  6pi,2 

2612.18 

I 
I 

I 
I 

61 . 72 

71 .94 

5 
3 
I 

4 

I 

3 

2 

3 
3 

I 

I 
I 

3 

I 

I 

78.2 

2680.37 

2809.76 

18.5 

4 

I 

3 

IS-  5pi,2 

^0.0 

I 
I 
6 
3 
3 

I 

I 
4 
4 
2 

^9. ^6 

/    41-99 

52.80 

'59.  ^6 

2 

4 

I 

5 

5 

IS-  4pi,2 

61.  2 

I  — 

3 
I  — 

4 

I  — 

2 

I  — 
3 

70.89! 

71-39/ 

7^.0 

I 

81-33 

2 

I 

86.46 

3 
4 
3 
6 

4 

2 

3 
2 

4 
3 

I 
I 
I 
3 
3 

2894-15 

2901.39 

o';.i6 

I 

2 
2 

17.76 

19.46 

3 
3 
2 
I  — 

I 

3 
3 

2 

I  — 
I 

2 
2 

I 

I 

I 

21. 14 

23-65 

31.44 

34.42 

29-58. n 

3 
2 

3 
8 

I 

2 
I 

2 

5 

I 

I 

45 . 83 

47. SI 

I 
2 

I  — 

51-53 

'  60.10 

2 
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TABLE  I — Continued 


Wave-Length 

5  000 
Volts 

100 
Volts 

so 
\^olts 

30 
Volts 

10 
Volts 

Notation  for 
Arc  Lines 

71. 1 

I  — 

5 

I 

7 
6 

I  — 

3 

I 

4 
4   . 

'    7  >; .  20 

2 

I 

77. 1:2 

79.92 

2 
2 

I 

I 

'  2984 .44 

3007.71 

2 

I 

4 
3 

2 
2 
3 

3 

I 

I 
I 
I 
I 
I  — 

15.81 

I 
I 
I 

29. 70 

^7. 29 

50.48 

53-97 

56.34 

61.75 

64.8 

4 

7 

I  — 
2 
2 

3 

5 

I 

3 

2 

I 
2 

I  — 
I  — 

66 . 74 

74-63 

t     78.51 

4 
5 
2 
12 
2 

3 
4 
2 
8 

2 

I 
3 

I 

80.58 

'   92.91 

^104.6 

6 

I 

3 

07.6 

I  — 
2 

7 
5 

I 

I  — 
2 
5 
4 

I 

24.63 

29.57 

35.65 

38.11 

I  — 

4 

3 

2 

1 

'     46.07 

49-48 

64 . II 

I 
5 
7 

I 

3 

2 

4 

5 
I 
2 

3 

2 

I 
2 

7538 

79-19 

1  3189.94 

I    3212.42 

16. 1;.  .  . 

7 
7 
I 
2 
3 

5 

5 
I 
2 
2 

3 
3 

2 
2 

26 . 1 .  .  . 

?i;.i 

I  — 

ex.? 

I 

7 

I 

3 
8 

I 

4 
I 
2 
7 

58.36 

60 . 4 . . . 

2 

I 

74.27 

85.76 

4 

2 

3302.33 

02.93 

Q!;.  2 

3 

2 
2 

3 

I  — 

4 

3 
2 
2 

I 

3 
2 

4 
3 

10 
8 

1S-3P2 

18.2 

20 . 7 
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TABLE  I — Continued 


Wave-Length 

sooo 
Volts 

100 
Volts 

so 
Volts 

30 
Volts 

10 
Volts 

Notation  for 
Arc  Lines 

3727.0    

3 
I  — 

I 

2 

12 

2 
I  — 

I 
2 

8 

?AOO    2            

27.1 

I 
I 
5 

4 

7 

is—^d 

3462.58 

3533-08 

3 

3631-31 

2 A..  7, 

5 
I 
4 
I  — 

I 

4 

I 

3 
I  — 

I  — 

2 

I 

3711-15 

?7zls    6 

I 

3881.0 



A.12A    0 

2 

2 

4.I4I  .0 

i-,d 
i-,d 
I  — 

2p—i&d 

48.0 

2p  —  i']d 

t:6.0 

2p  —i6d 

6^.0 

2p2—i'^d 

67.8 

I  — 
I  — 
t 

I  — 
I 

2Pt-i$d 
2P2 — i4d 

77  .4. 

80 . 2 

I  — 

I  — 

2pi—i4d 

02.6 

2p2—i'^d 

410^ .5 

I 

I 

2pi  —  i-id 

4212 .4 

I 

2  — 
i,d 

I 
2 

2p2  —  12d 

It;. 4 

I  — 

I  — 

I 

2pi  —  I2d 

22.8 

2p  —lis 

?8.6 

I  — 
I  — 

2p2—iid 

41 .6 

I 

I 

I 

2pi  —  iid 

.    40 . 4 

I  — 

I  — 
2 

3 
I  — 

2p2—IOS 

(:2.4 

I  — 

I  — 

I  — 

2  pi  — 10s 

7J  .  2 

I  — 
I 

2p2—iod 

4276. ^ 

I 
I  — 

I 
I  — 

I 
I  — 

2pi  —  iod 

87.1;-  -: 

2*2—   qs 

42Q0.6 

I  — 

I 

2 

I 
I 
2 

I 
I 

I 
I 
2 
I 

I 

I 
I 
2 

I 
I 

I 

3 

4 
I 
2 

2*1—    QS 

4^21 .1 

2p2—  Qd 

24.  ^ 

2pi—  od 

41 .  ^ 

2p2^  8s 

44 .  cr 

I 

2*1—    8s 

90-14 

4393-45 

4419-94 

23-31 

94.266 

3 
4 
I  — 

I 
5 

2 

3 
I 

2  — 
4 

2 

3 

I 

2  — 
4 

2 

3 

I 

2  — 
4 

4 
6 

2— 
3 

5 

2p2-  8d 

2pi-    U 
2p2-    7^ 
2pi-    7S 

2p2-  id 

97-724 

4541-671 

4545- 218 

4664.858 

4668.597 

6 
2 
3 

7 
9 

5 
I 
2 

4 
6 

5 

I 
2 

4 
6 

5 

.  I 

2 

4 
6 

7 
2 

4 
7 
9 

2pi-  yd 
2p2—  6s 
2Pt—    6s 
2p2~  6d 
2pi—  6d 
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TABLE  I — Continued 


Wave-Length 

5000 
Volts 

100 

Volts 

so 
Volts 

30 
Volts' 

10 
Volts 

Notation  for 
Arc  Lines 

4748.016 

4751-891 

4978.608 

4982.864 

5149-090 

4 
5 
9 
10 
2 

2 
2 
6 

8 
2 

2 
2 
6 

8 
2 

2 

2 

7 
9 
2 

3 

4 

9 
10 

5 

2pz-    SS 

2pi-  5^ 
2p2~  sd 
2 pi-  sd 

2p2-    4S 

5153-645 

5682.675 

5688.222 

5889.96s 

5895-932 

3 

I 
I 

15 
10 

3 

I 

I 

10 

8 

3 

I 

I 

10 

8 

3 

I 
I 
8 
6 

6 

2 

2 

15 
10 

2pi-    45 

2p2—  4d 
2pi—  4d 

IS    -2pi 
IS    -2p2 

6154-214 

6160.725 

I 
I 

I 
I 

2p2-    SS 

2pi-  3S 

DATA  FOR  TABLE  I 


Exposure  Number 

Volts 

Milliamperes 

Time  of 
Exposure 

23 

16 

5000 

100 

SO 

30 

8-10 

4  hours 

30  min. 

50  min. 

65  min. 

125  min. 

ISO 
40-140 

65 
2000 

17 

21 

20 

The  wave-lengths  in  Table  I  are  in  international  angstrom 
units.  The  spark  lines  given  by  Schillinger/  having  been  cor- 
rected from  the  Rowland  to  the  international  scale,  are  represented 
by  six  significant  figures  while  the  values  for  the  arc  lines  from 
X  4390.14  to  X  6160.725  are  those  recently  measured  by  Datta.' 
The  remaining  values  are  given  to  four  or  five  figures  and  are  the 
means  of  several  determinations  from  the  quartz  prism  spectro- 
grams; they  are  probably  not  in  error  by  more  than  one  unit  in 
the  last  place.  Approximate  values  for  the  wave-lengths  of 
many  subordinate  series  lines  were  given  by  Zickendraht^  and 
our  numbers  are  in  fair  agreement  with  his  for  the  higher  terms. 

It  is  seen  from  this  table  that  the  critical  voltage  for  the  excita- 
tion of  the  enhanced  spectrum  of  sodium  is  about  30  volts,  in  the 
neighborhood  of  the  values  for  La  and  La. 

'  Schillinger,  Silzungsherichte  der  Kais.  Akad.  d.  Wiss.,  ii8,  605,  1909. 
'  Datta,  Proc.  Roy.  Soc.  (A),  99,  69,  1921. 
^  Annalen  der  Physik,  31,  233,  1910. 
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POTASSIUM 

Plate  III  shows  the  three  stages  in  the  development  of  the 
potassium  spectrum.  Table  II  contains  the  wave-lengths  and 
estimated  intensities  of  the  lines  at  various  exciting  voltages  from 
3.5  to  40  volts.  From  the  resonance  potential,  1.6  volts,  to  the 
ionization  potential,  4.3  volts,  the  single-line  spectrum  is  emitted, 
consisting  of  the  pair  X  7699  and  X  7664.  Above  the  ionization 
potential  the  complete  arc  spectrum  is  excited  while  in  the  neigh- 
borhood of  20  volts  (viz.,  near  Ma  and  Ma)  the  enhanced  lines  are 
prominent.  A  wider  slit  was  used  for  this  series  of  exposures  than 
for  sodium  and  the  results  are  therefore  more  favorable  for  repro- 
duction although  less  advantageous  for  precise  measurement  of 
wave-lengths.  The  values  for  the  wave-lengths  in  Table  II  are 
compiled  from  the  measurements  of  Shillinger  and  Datta.  Only 
the  stronger  spark  lines  are  listed,  as  these  serve  sufficiently  to  show 
how  the  intensity  of  the  enhanced  spectrum  rapidly  increases  when 
the  critical  voltage  is  exceeded.  A  great  many  faint  spark  lines 
were  observed  in  addition  to  those  given  by  Shillinger,  a  fact  also 
noted  by  ^IcLennan,'  but  their  w^ave-lengths  are  not  known  with 
sufficient  accuracy  to  justify  publication. 

While  the  main  issue  of  the  present  paper  concerns  the  excita- 
tion of  enhanced  spectra,  the  second  and  third  spectrograms 
of  Plate  III,  showing  the  arc  spectrum  of  potassium,  are  of  con- 
siderable interest.  Both  of  these  exposures  were  made  at  7  volts, 
the  only  difference  being  that  an  ionization  current  of  70  milli- 
amperes  was  employed  for  the  upper  spectrogram  and  1000  milli- 
amperes  for  the  lower.  In  the  latter  case  the  pair  X  4642  and 
X  4641  appears  as  one  of  the  most  prominent  lines  in  the  spectrum. 
This  pair  has  the  notation  v  =  is  —  T,d,  representing  an  interorbital 
transition  where  the  change  in  azimuthal  quantum  number  is 
according  to  Sommerfeld  two  units.^  It  accordingly  contradicts 
the  Bohr  or  Rubinowicz  principles  of  selection  as  applied  by 
Sommerfeld  to  spectra  of  the  non-hydrogenic  t>pe     While  the  line 

^  Proc.  Roy.  Soc.  (A),  100,  182,  1921. 

^  In  a  paper  by  Foote,  MoMer,  and  Meggers,  to  appear  in  the  Philosophical 
Magazine,  this  and  other  exceptions  to  the  principle  of  selection  are  considered  in  more 
detail. 
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TABLE  II 
Spectr.\  of  Potassium 


Wave-Length 

40 
Volts 

25 
Volts 

20 
Volts 

16 
Volts 

6 
Volts 

3-S 
Volts 

Notation  for 
Arc  Lines 

2992   21 

I  — 
I 

I  — 

I 

7.07.0.    8 

I 
2 

3 

I 
2  — 

3 

3062.44 

3102.03! 

02.25/---- 

3 

I 

2 

2 

fis-6p^ 
\is-6p2 

05-31 

29-39 

69.89 

87-91 

3190.42 

2 

I 
I 
2 
2 

I 
I  — 

I 
I 
I 

I  — 

^ 

3201.96 

i7.oi\ 
I7-50/""" 
20  80     .  . 

I 

4 

I 
2 

I  — 

5 

I 
2- 

5 

5 

5 



f^s-spi 
Vs-5p2 

3290-93 

I 

3312.63 

45-7 

58.33 

60  16 

2 

5 

I 

I 

6 

2 
2 
2 
5 

I 

I 
I 

5 

2 
2 
2 
4 

I  — 
2 

63-25! 

3 

I 
I 
I 
2 

64-56/-    • 

73-84 

80.97 

3385-24 

3404-57 

22    26 

I 
I 
2 

5 

I 
I  — 

I 

6 

I  — 

33-61 

40.36 

46.722! 

3447. 7oi/-- • 

I  — 

8 

8 

8 

/l5-4/>i 

\is-4p2 

3530.83 

3609.26 

18.43 

68.91 

76.01 

5 
2 

3 

I 
2 

5 

I 
2 

3 
I  — 

I 

I 

I 

3681.52 

3716.51 

21-93 

39-13 

44-62 

4 

I 
I 
1 
1  — 

3 

I 
I 

I  — 
1  — 

2 

6737 

3783-19 

3800.60 

17,99 

61.87 

3 
4 
3 
6 

4 

2 

3 
2 

5 
2 

I 
2 

I 

3 

I 

I  — 
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Wave-Length 

40 

Volts 

\-ofts 

20 
Volts 

16 
Volts 

6 
Volts 

3.S 
Volts 

Notation  for 
Arc  Lines 

73-78 

3878.31 

'3897-86 

3923-65 

42.86 

I 
I 
7 
3 
3 

I 

5 
2 
2 

3 
I  — 

I 

2 

55-27 

66.75 

72.61 

3995-08 

4001 .20 

3 

2 
2 
2 
5 

2 

1 
I 
I 
3 

1 

I 

2 

I 

12.07 

I 
I 
6 
4 
3 

25-20 

44.140.... 
47.201.... 
57-95 

7 
5 

I 

8 
6 

8 
6 

8 
6 

i^-3/'i 

'  4114.96 

34-72 

49-24 

/  4186.23 

4210. 21 

5 
5 
5 
9 
2 

4 
4 
4 
8 

I 

2 
2 
2 

4 
1 

1  — 
1 
I 
2 

22.99 

25 . 60 

5 
5 
6 

5 
7 

4 
4 
5 
4 
6 

2 
2 
2 
2 
4 

I 
1 
1 
I 
2  — 



4263.32 

4305-01 

09.08 

4388.13 

4423-72 

4466.66 

4505-39 

4608 .31 

5 
1 
2 
4 
4 

4 

2 

I 

2 
2 

I 

41.585! 

42.172/'" 

4659-58 

A74.I  .6 

2 

I 

4 

5 

4 

8 

/i5-3rf' 
\1s-3d 

I  — 
I 

2p2—lOS 
2pa—Ild 

1       4?.  i;8 

I 

I 

I 

CA.  e 

I  — 
1 
I 
2 

1 

2pi—10S 
2Pi—Ild 
2p2-    9S 

2p2—iod 
2pz-  gs 

?Q. ?I 

I 
1 
I 
I 

I 
I 
I 

I 
1 
1 
1 

86.89 

47QI .08 

4800. 16 

oz , 10 

I 

3 
I 
2 

I 

I 
2 

1 
2 
I 

1 

2 

2pi  —  iod 

28.99 

49.88 

56.03 

63.61 

5 

I  — 
I 
1  — 

2 

3 

2 

2 

3 

2 

2P2-    85 

2pz-  gd 
2p,-  8s 
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Wave-Length 

40 
Volts 

Volts 

20 
Volts 

16 
Volts 

6 
Volts 

35 
Volts 

Notation  for 
Arc  Lines 

4869.70 

4941.964.. . . 
'     43.02 

50.816... . 

56.043.... 

I 

I 
I 
2 

I 

2 
2 

2 
2 

3 

2 

3 

2 



2pi-   gd 
2p2-   IS 

3 

2 

3 

2 

3 

2 

3 

2 

2p2-  8d 
2 pi-   7S 

4965.038.... 

^  5005.34 

55.78 

84.212.. . . 
97.144.... 

2 
2 

I 

2  — 
2 

3 

3 

3 

3 

2p,-  U 

3- 
3 

3- 
3 

3- 
3 

4- 
4 

2p2-  6s 
2P2-  7d 

5099.180.. . . 
5112.204.. . . 
5323.228... . 

39.670.... 

42.974.... 

2  — 
2 

2  — 
2  — 
2 

3- 

3 

3- 

3- 

3 

3- 

3 

3- 

3- 

3 

3- 

3 

4- 

4- 

4 

4- 

4 

4- 

4- 
4 

2  pi—  6s 
2P1—  yd 
2p2-  ss 
2pi-  ss 
2p2—  6d 

5359.521.... 

2 

3 

3 

4 

4 

2pi  —6d 



7664..  04 

6 
4 

IS-    2P1 
IS-    2P2 

760Q.OI. 

DATA  FOR  TABLE  II 


Exposure  Number 

Volts 

Milliamperes 

Time  of 
Exposure 

2 

40 

25 
20 
16 

6 
3-5 

500-600 
0-300 

100-700 
0-500 
1200 

13 

10  min. 

7 

32  min. 
15  min. 
20  min. 

c 

8 

18 

15  min. 
7  hours 

26 

is  well  know^n,  its  excitation  has  been  thought  to  be  occasioned  by 
the  presence  of  the  electrostatic  field — an  incipient  Stark  effect.* 
However,  in  the  present  case,  with  the  special  form  of  discharge 
tube  employed,  the  radiation  was  observed  only  in  the  space  shielded 
from  the  applied  electrostatic  field — itself  only  7  volts.  On 
referring  to  Table  I  and  Plate  II,  it  will  be  noted  that  the  corre- 
sponding line  X  3427  appears  in  sodium.  Its  intensity  increases 
very  rapidly  as  the  ionization  current  is  increased,  independently 
of  the  voltage,  provided  this  exceeds  the  ionization   potential. 

'  Sommerfeld,  Annalen  der  Physik,  63,  249, 1921. 
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The  importance  of  this  result  has  been  pointed  out  in  the  paper 
referred  to  above,  in  which  we  suggest  that  the  explanation  may 
involve  a  reconsideration  of  the  method  whereby  single  azimuthal 
quantum  numbers  have  been  assigned  to  each  of  the  s,  p,  b,  and  d 
terms. 

The  following  table  summarizes  the  values  of  the  critical 
voltages  characterizing  the  three-stage  development  in  the  spectra 
of  sodium  and  potassium. 


Element 

\-olts 

Notation 

Spectrum 

Sodium 

2.09 
S-ii 
35-30 

1.60 
4-32 

23} 

20J 

lS—2p 
IS 

Single  pair 

Arc  lines 

Enhanced  lines  and  L- 

Potassium 

lS—2p 
IS 

radiation,    La  =  35, 

Z,a  =  30 
Single  pair 
Arc  lines 

Enhanced   lines    and 

M-radiation 

Highest  frequency  in  enhanced   spectrum:    sodium  =  14    volts;    potassium  = 
II  volts.    Total  work  of  double  ionization :  sodium  =  49  volts;  potassium  =  34  volts. 

Bureau  of  Standards 
December  i,  19  21 


THE  VACUUM-SPARK  SPECTRA  OF  THE  METALS^ 

By  EDNA  CARTER 

ABSTRACT 

Vacuum-spark  spectrograms  of  Ca,  Mg,  Cd,  Ti  and  Fc  were  obtained  ■with  compar' 
ison  arc  and  spark  spectra,  on  portrait  films,  using  for  the  most  part  a  20-cm  concave 
grating  spectrograph.  The  Fe  spectrum  was  also  photographed  with  a  dyed  film  from 
X  4000  to  X  6600  A.  The  new  spectra  show  no  striking  new  characteristics.  In  the 
case  of  Ca  and  also  of  Mg  (see  Plate  IV),  the  vacuum-spark  spectrum  is  practically 
identical  with  the  spark  spectrum  in  air;  in  the  case  of  Cd  (see  Plate  V),  the  arc  lines 
are  somewhat  more  intense;  with  Ti  this  tendency  to  strengthen  the  arc  lines  is  even 
greater,  and  the  vacuum-spark  spectrum  of  Fe  is  more  like  the  arc  spectrum  than  the 
spark.  In  general  these  spectra  resemble  the  luminescence  spectra  produced  by 
cathode-ray  bombardment  in  a  high  vacuum,  and  it  is  probable  that  the  conditions  of 
emission  are  very  similar  in  the  two  sources. 

I.      INTRODUCTION 

The  production  of  a  brilliant  spark  between  electrodes  very 
close  together  in  a  high  vacuum  was  observed  by  Rowland^  and 
also  by  Wood.^  The  nature  of  the  discharge  was  studied  by 
Loving/  He  concludes  in  regard  to  the  spectrum  produced  that 
it  is  characteristic  of  the  anode,  the  cathode  having  no  effect, 
and  that  it  is  not  analogous  to  either  the  spark  or  the  arc.  The 
spectra  which  he  obtained  were  not  sufficiently  intense  for  an 
exact  determination  of  their  character. 

Millikans  developed  independently  a  method  of  producing  this 
discharge;  and,  by  using  it  as  a  source  in  a  vacuum  spectrograph, 
succeeded  with  his  co-workers  in  extending  the  spectra  of  various 
elements  into  the  extreme  ultra-violet. 

It  was  of  interest  to  see  whether  a  careful  study  of  this  source 
would  disclose  any  peculiarities  of  metallic  spectra  in  the  usual 
photographic  region.  A  comparison  of  the  vacuum-spark  spectra 
with  the  arc  and  the  spark  spectra  of  typical  metals  was  therefore 
undertaken. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  219. 

'  Rowland,  Physical  Papers,  p.  574.  ^  Physical  Review,  5,  i,  1897. 

4  Astrophysical  Journal,  22,  285,  1905. 

^Ibid.,  52,  47,  286,  1920;  53,  150,  1921;  Physical  Review,  12,  168,  1918.  Science, 
19,  138,  1919. 
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2.      EXPERIMENTAL  METHOD 

The  vacuum  sparks  were  produced  in  a  glass  bulb  about  12  cm 
in  diameter  provided  with  a  quartz  window,  which  in  the  case  of 
the  more  easily  vaporized  metals  was  removed  to  a  distance  of 
30  cm  on  account  of  the  sputtering.  The  iron  electrodes  consisted 
of  cyHnders  about  one  cm  long  and  one  cm  in  diameter,  tapering 
to  blunt  points.  These  cylinders  were  screwed  on  the  ends  of 
aluminum  rods,  which  projected  to  the  outside  through  side  tubes 
and  were  sealed  in  with  sealing  wax.  The  iron  electrode  was 
retained  as  cathode  throughout  the  experiments,  while  anodes  of 
the  other  metals  were  made  by  wedging  a  piece  of  the  metal  into 
a  hole  in  the  end  of  the  aluminum  rod.  The  distance  between  the 
electrodes  was  about  1.5  mm  in  the  case  of  iron,  but  it  amounted 
to  3  or  4  mm  with  some  of  the  other  metals,  which  were  largely 
vaporized  during  the  exposure. 

Evacuation  was  effected  with  a  Langmuir  diffusion  pump,  the 
mercury  vapor  being  kept  away  from  the  discharge  by  a  trap 
immersed  in  solid  CO2  and  ether. 

The  discharge  was  produced  with  a  large  induction  coil  used 
with  an  electrolytic  inter  rupter .  A  current  of  from  1 5  to  20  amperes 
was  passed  through  the  primary.  To  secure  the  necessary  capacity 
across  the  secondary,  four  parallel  plate  condensers,  consisting  of 
copper  plates  about  56  by  61  cm  separated  by  5-mm  glass  plates, 
were  connected  in  series.  The  whole  was  immersed  in '  oil  to 
prevent  leakage. 

About  eight  hours  were  required  to  obtain  a  spectrogram  of 
iron,  because  of  the  tendency  of  the  discharge  to  pass  over  into  an 
ordinary  gas  discharge,  with  the  Hberation  of  gas  from  the  elec- 
trodes, and  because  it  was  necessary  to  keep  the  seaUng  wax  joints 
cool.  The  total  duration  of  the  spark  discharge  was  estimated 
at  about  thirty-five  minutes  for  iron  and  not  more  than  ten  minutes 
in  the  case  of  cadmium.  The  iron  required  a  much  higher  potential 
gradient  between  the  electrodes  for  the  production  of  the  spark 
than  the  other  metals. 

A  spectrograph  with  concave  grating  of  20-cm  radius  and  ordi- 
nary portrait  films  were  used  in  obtaining  most  of  the  spectrograms. 
The  iron  spectrum  was  photographed  in  the  region  4000-6600  A 
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by  using  an  aesculin  filter  and  films  sensitized  with  a  Wallace 
three-dye  solution.  Fairly  rich  spectra  of  iron  and  titanium 
were  obtained  also  with  a  one-meter  concave  grating  spectro- 
graph. 

The  vacuum-spark  spectra  of  magnesium  and  cadmium  with 
comparison  arc  and  spark  spectra  are  reproduced  in  Plates  IV  and  V. 

3,      DISCUSSION   OF   RESULTS 

The  vacuum-spark  spectra  of  calcium  and  magnesium  are  prac- 
tically identical  with  the  spark  spectra  in  air. 

The  cadmium  vacuum-spark  spectrum  retains  arc  lines  in 
somewhat  greater  relative  intensity  than  they  possess  in  the 
ordinary  spark.  The  fine  X3261  is  an  example.  This  fine  came 
out  also  with  marked  intensity  in  the  luminescence  spectrum  pro- 
duced by  cathode-ray  bombardment.* 

Titanium  shows  an  even  greater  tendency  to  retain  the  arc 
lines.  The  spectrum  is  plainly  an  enhanced  one,  however,  as  is 
evidenced  by  the  brightness  of  the  fines  XX  4164  and  4172,  for 
example,  the  ratios  of  whose  intensities  in  the  spark  and  the  arc, 
as  given  by  Exner  and  Haschek,  are  20: 2  and  15:1,  respectively. 

The  vacuum-spark  spectrum  of  iron,  on  the  other  hand,  seems 
to  resemble  more  closely  the  arc  spectrum.  The  low- temperature 
lines  found  in  the  arc  are  missing,  and  the  lines  which  are  stronger 
at  the  poles  and  in  the  core  of  the  arc  are  relatively  more  intense 
in  this  source.  Even  in  this  spectrum  a  close  examination  reveals 
the  presence  of  the  enhanced  lines,  such  as  XX  4508,  45i5>  5018,  and 
5316.  Ha  comes  out  very  strongly  and  sharply  in  the  photographs 
of  the  iron  spectrum  made  in  this  region. 

The  varying  tendency  exhibited  by  these  different  metals 
toward  the  production  of  enhanced  fines  suggests  a  resemblance 
of  the  vacuum-spark  spectra  to  the  luminescence  spectra  produced 
by  cathode-ray  bombardment  in  a  high  vacuum.  It  is  probable 
that  the  conditions  of  emission  are  very  similar  in  the  two  sources. 
The  difficulties  in  the  way  of  obtaining  rich  spectra  are  con- 
siderably less  in  the  case  of  the  vacuum-spark. 

Mount  Wilson  Observatory 
September  192 1 

*  Astrophysical  Journal,  44,  303,  1916;  49,  224,  1919. 
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THE  MASSES  AND  DENSITIES  OF  THE  STARS' 

By  FREDERICK  H.  SEARES 

ABSTRACT 

Mean  magniludcs  and  masses  of  visual  binaries  and  dwarf  stars  of  the  dijferenl 
spectral  types. — A  statistical  comparison  of  the  absolute  magnitudes  {Mf,)  of  105 
visual  binaries,  the  hypothetical  magnitudes  {M^  of  these  and  400  other  visual 

binaries  (computed  by  Jackson  and  Furner,  assuming  the  combined  mass,  m=Mi+M2, 
of  each  binary  to  be  2),  and  the  absolute  magnitudes  {M^)  of  1152  single  stars  (includ- 
ing some  binaries)  by  Kapteyn  and  Adams,  gives  the  mean  difference  {Mj^—M^ 
=  (jVf^— 1/^)  — o.3±o.i  for  each  type;    that  is,   Mj  =  l/j— o.3±o.i.     This  indicates 

that  the  selection  used  is  suiBciently  homogeneous,  also  that  the  variation  of  the 
mean  magnitude  of  binary  star  components  with  spectral  type  is  the  same  as  that 

of  single  stars.  The  values  of  M^  (Table  IV  and  Fig.  i)  for  dwarf  stars  of  types 
Bo,  Ao,  Fo,  Go,  Kg,  and  Ma  are  — 1.60,  +0.70,  2.40,  4.35,  5.90,  and  9.80  respectively. 
The  geometric  mean  mass  for  each  spectral  type  of  visual  binary  was  next  computed 

from  the  formula  log  Ai  =  log  2  —  0.6  (M^  — 0.3  — If^).  The  values  of  n,  slightly  cor- 
rected for  the  effect  of  selection  as  determined  by  a  study  of  the  binaries  of  known 
parallax,  give,  when  multiplied  by  4  to  reduce  to  single  stars,  a  first  approximation  to 
the  geometric  mean  masses  of  single  stars  along  the  dwarf  branch  of  Russell's  diagram, 
the  values  for  types  Bo,  Ao,  Fo,  Go,  Ko,  and  Ma,  coming  out  10,  6.0,  2.5,  i.o,  0.68, 
and  0.59,  respectively,  in  terms  of  the  sun's  mass  (Table  IV).  The  data  for  visual 
binaries  of  known  parallax  indicate  that  the  distribution  of  log  tx  is  approximately 
Gaussian  and  that  the  dispersion  in  mass  is  small,  probably  half  the  stars  of  each 
type  havdng  masses  between  0.7  and  1.5  times  the  mean  (Table  VIII). 

Mean  velocity  and  energy  of  dwarf  stars  of  dijferent  spectral  types. — The  mean 
square  space-velocity  corresponding  to  the  mean  magnitude  was  determined  from  the 
available  data  for  each  type,  and  these  values  were  multiplied  by  the  corresponding 
mean  masses.  The  mean  energy  for  each  type  so  obtained  is  practically  the  same  for 
all  types  from  Ao  to  Ma,  in  spite  of  a  10  to  i  variation  in  mass  (Table  IX).  The 
logarithm  of  the  mean  kinetic  energy  constant  is  3.27^0.036  (average  deviation  per 
type)  in  terms  of  sun's  mass  and  km/sec,  corresponding  to  3.5  X  lo^^  ergs.  The  mean 
radial  energy  is  also  approximately  constant  for  all  except  the  B-type  stars,  which 
seem  to  be  abnormal  in  this  as  in  other  respects.  \Vhatever  the  cause  may  be,  the 
distribution  of  energ}'  among  these  stars  seems  to  approximate  equipartition. 

Masses  of  stars  as  functions  of  magnitude  and  spectral  type  were  then  computed 
from  the  values  of  the  mean  velocity  for  each  magnitude  and  type,  assuming  the  mean 
energy  independent  of  magnitude  as  well  as  of  type  (Table  X).  In  Figure  2,  curves 
are  given  showing  M  as  a  function  of  type  for  various  constant  values  of  the  mass. 
To  get  more  reliable  data  for  the  giants,  the  masses  of  28  Cepheids  were  computed  from 
the  period,  magnitude,  and  surface  brightness  of  each,  using  a  formula  based  on  the 
pulsation  theory  (Table  XVI),  and  Figure  2  was  revised  to  agree  with  these  values, 
giving  Figure  3.  If  the  masses  computed  in  accordance  with  Eddington's  theory  of 
Cepheids  (Table  XIX)  are  adopted,  a  further  slight  revision  will  be  necessary.  The 
constant  mass  lines  would  be  less  irregular  if  bolometric  magnitudes  were  used  instead 
of  \nsual.  For  the  Cepheids,  the  probable  dispersion  in  mass  for  a  given  M  and  type 
is  only  about  20  per  cent.  This  result  taken  with  the  data  for  visual  binaries  indicates 
that  in  general  the  luminosity  of  a  star  is  very  closely  determined  by  its  spectral 
type  (temperature)  and  its  mass. 

Effective  temperature,  color  index,  and  surface  brightness  of  stars  of  different  spectral 
types. — The  effective  or  black-body  temperatures  of  the  giants  as  determined  from 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  226. 
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Wilsing's  spectrophotometric  measures  of  c/T  for  199  stars,  vary  from  2890°  for  Mc 
to  10,500°  for  Bo,  while  those  of  the  dwarfs  as  determined  from  Mount  Wilson  color 
indices  (provisional  values,  hitherto  unpublished,  also  given  for  the  giants)  reduced  to 
the  same  system,  vary  from  3330°  for  Ma  to  6080°  for  F5  (Table  XII).  The 
difference  between  dwarfs  and  giants  of  the  same  type  is  too  great  to  be  neglected, 
the  later-type  dwarfs  being  considerably  hotter.  The  surface  brightness 7  as  a  function 
of  temperature  may  be  computed  (i)  from  the  difference  between  visual  and  bolometric 
magnitudes  as  determined  by  Eddington   {j  =  M  —  Mg— 10  log  T+const.)  and  (2) 

from  Hertzsprung's  formula  derived  from  Planck's  radiation  law  (7  =  2.3  ic/T)°'^^ 
+const.),  both  formulae  giving  practical^  the  same  results  (Table  XI).  Combining 
these  values  with  the  temperatures  of  the  stars  of  various  types,  we  get  the  surface 
brightness  as  a  function  of  spectral  type,  the  results  varying  from  4.81  for  r=289o° 
to  —2.28  for  r=  10,500"^,  e.vpressed  in  magnitudes,  sun  =  o  (Table  XII).  As  a  check 
on  these  values,  the  surface  brightness  of  three  stars,  a  Orionis,  a  Bootis,  and  a  Scorpii, 
whose  diameters  have  been  determined  directly  by  Pease,  were  computed  and  found 
to  agree  with  the  interpolated  values  within  ='=o^'2  in  each  case  (Table  XIII). 

Diameter  and  density  of  stars  as  a  function  of  magnitude  and  spectral  type  were 
readily  computed  from  the  surface  brightness,  absolute  magnitude,  and  mass  (Table 
XIV).  For  dwarfs  the  diameter  decreases  from  6.8  to  0.54  (sun  =  i)  and  the  density 
increases  from  0.045  to  5.4  (water=i)  as  the  type  changes  from  Bo  to  Ma,  while  for 
giants  of  zero  magnitude  the  corresponding  changes  of  diameter  and  density  are  from 
3.2  to  66  and  from  about  0.3  to  10-5.  When  M  is  plotted  as  a  function  of  type  for 
various  constant  values  of  the  density  (Fig.  2),  the  equidensity  lines  are  straight 
and  nearly  parallel  and  quite  regularly  spaced,  so  that  the  equation:  log  p  =  —  1.22  5 
+0.57  .l/-|-i.ii,  where  5  is  the  type  number  beginning  with  o  for  Bo,  represents  the 
results  quite  closely  for  a  wide  range  of  density.  For  dwarfs  of  types  B  to  F,  the 
values  agree  satisfactorily  with  the  values  found  by  Shapley  for  the  densities  of 
eclipsing  variables  of  these  types.  The  giant  part  of  the  diagram,  however,  is  less 
reliable,  and  is  later  modified  in  Figure  3  to  agree  with  the  values  for  28  Cepheids 
(Table  XVI)  computed  from  their  periods  by  the  use  of  the  theoretical  formula: 
log  p  =  —  2  log  P+const.  Adoption  of  Eddington's  formula  for  Cepheids  would  lead 
to  only  a  slight  further  modification  (see  Table  XVII). 

Relation  of  the  observed  variation  of  mean  mass  and  of  M  with  spectral  type  to  the 
problem  of  stellar  evolution. — For  the  dwarf  branch,  the  decrease  in  mass  from  10  for  Bo 
to  0.6  for  ISIa  may  be  partly,  and  perhaps  wholly,  accounted  for  by  selection,  the 
earlier  and  brighter  stars  being  observed  throughout  a  larger  volume;  further,  only 
massive  stars  can  attain  high  temperatures.  The  possibility  that  mass  may  decrease 
with  loss  of  energy  by  radiation  is  also  suggested,  a  possibility  which  agrees  with  the 
theory  of  relativity  and  does  not  necessarily  conflict  with  Newtonian  mechanics. 
For  the  giants,  the  observed  change  in  M  with  spectral  type  (mass  constant)  is  diflS- 
cult  to  account  for.  Probable  changes  in  mean  atomic  weight  are  insufficient. 
Changes  in  the  opacity  are  doubtless  involved,  and  likely  also  the  source  of  energy, 
which  almost  certainly  is  not  wholly  gravitational  and  probably  not  independent  of 
the  time;  for  instance,  the  probable  degree  of  ionization  involves  an  amount  of  energy 
greater  than  seems  to  be  available  from  gravitational  forces.  The  intersection  of 
equal-mass  lines  with  the  dwarf  branch  at  large  angles  (Figs.  2,  3),  however,  does 
not  conflict  with  the  gravitational  contraction  hypothesis. 

Eddington's  radiative  equilibrium  theory  of  giants. — .\lthough  this  involves  the 
assumption  that  the  ratio  of  the  energy  flow  to  the  gravitational  acceleration  is  constant 
throughout  a  star,  whereas  the  ratio  probably  decreases  considerably  from  center 
to  outside  surface,  the  calculated  variation  of  magnitude  with  mass  for  a  given 
spectral  type  is  in  fair  agreement  with  observed  values  (Table  XXII),  but  for  a 
given  mass  the  absolute  magnitude  is  not  constant  as  required  by  theory.  For 
Cepheids,  the  theory  gives  the  formula:  log  p=  — 2  log  P—2  log  (7a)J+const.,  and 
this  combined  with  the  empirical  relation,  mass  is  proportional  to  radius,  which 
Eddington's  results  suggest  as  a  condition  for  Ccphcid  variation,  gives:  M  = 
—  5  log  P-\-j  —  s  log  (7a)5+const.,  which  agrees  with  the  observed  variation  of  M 
with  P  for  P>  2  days,  quite  closely  (Table  XVIII  and  Fig.  5).  This  shows  the 
consistency  of  Eddington's  theory  of  Cepheids  with  his  theory  of  radiative  equilibrium 
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and  tends  to  confirm  the  relation  of  mass  to  radius,  which  is  equivalent  to  the  condi- 
tion that  the  average  heat  content  per  unit  mass  is  constant.  Various  consequences 
of  this  conilition  are  given.  The  theoretical  values  of  mass  and  density  given  by 
the  pulsation  theory  are  close  to  those  indicated  l)y  Figure  3  (Table  XVII). 

Ionization  and  mean  atomic  mass  inside  stars. — Theoretical  computations  indicate 
that  the  temperature  and  pressure  at  various  points  inside  a  star  change  in  such  a  way 
as  to  keep  the  degree  of  ionization  of  the  same  order  throughout  (Table  XX) ;  hence 
the  mean  atomic  mass  is  also  about  constant.  When  we  consider  giant  stars  of 
constant  mass  but  of  increasing  temperature,  we  find  that  while  the  densities  change 
very  greatly,  the  high  degree  of  ionization  in  the  earliest  stages  is  maintained  with 
but  little  change  (Table  XXI),  so  that  the  mean  atomic  mass  should  decrease  but 
slowly  as  development  proceeds. 

Comparison  of  spectroscopic  parallaxes  of  visual  binaries  'with  the  hypothetical 
parallaxes  of  Jackson  and  Turner  shows  systematic  differences  for  their  Table  II 
(Table  III). 

Information  on  the  masses  of  stars  has  its  origin  in  what  can  be 
learned  of  the  masses  of  binary  systems,  spectroscopic  and  visual. 
Any  discussion  of  spectroscopic  binaries  from  the  standpoint  of 
mass  is  compHcated  by  lack  of  definite  information  on  the  inclina- 
tion of  orbital  planes,  while  in  the  case  of  visual  binaries  the  lack 
is  that  of  accurate  knowledge  of  stellar  distances.  Approached 
from  either  standpoint,  the  problem,  with  rare  exceptions,  must 
be  treated  by  statistical  methods  whose  application  presupposes 
an  abundance  of  data.  Any  solution  is  therefore  involved  in 
some  uncertainty,  which  is  not  lessened  by  the  fact  that  a  transfer 
of  results  thus  obtained  to  the  stars  at  large  involves  assumptions 
of  comparabihty:  we  do  not  know,  for  example,  how  the  mass  of 
an  average  binary  is  related  to  that  of  an  average  single  star  of 
the  same  type  and  luminosity,  or  even  that  the  relation  is  the  same 
for  all  classes  of  stars.  The  uncertainty,  however,  is  probably  not 
great;  at  any  rate,  we  can  proceed  only  by  making  such  assumptions. 

The  following  discussion  is  based  on  the  visual  binaries.  These 
lead  to  values  of  the  masses  of  stars  along  the  dwarf  branch  of  the 
Russell  diagram,  including  those  of  B-type  spectra.  The  average 
mass  decreases  continuously  with  advancing  spectral  type.  The 
combination  of  these  results  with  the  space  velocities  of  large  num- 
bers of  stars  recently  published  by  Adams,  Stromberg,  and  Joy 
shows  that  the  mean  kinetic  energy  of  translation  of  the  A's  and  the 
dwarfs  is  approximately  constant.  The  principle  of  equipartition 
is  then  used  to  derive  values  of  the  masses  of  stars  of  other  luminosi- 
ties. The  distribution  curves  thus  obtained  for  mass  as  a  function 
of  spectral  type  and  absolute  magnitude  are  a  first  approximation 


1 68  FREDERICK  H.  SEA  RES 

in  so  far  as  they  concern  stars  of  highest  luminosity,  but  in  the 
vicinity  of  the  dwarf  branch  they  should  be  reUable  within  a 
moderate  percentage. 

Valuable  information  on  density  has  at  various  times  been 
obtained  from  the  eclipsing  variables,  but  it  has  been  difficult  to 
correlate  these  results  with  other  stellar  characteristics,  except 
loosely,  because  here  again  the  distances,  and  hence  the  luminosities, 
of  individual  stars  are  inadequately  known.  Density,  however, 
depends  in  a  simple  way  on  mass,  total  luminosity,  and  surface 
brightness.  The  surface  brightness  can  be  computed  from  radia- 
tion formulae,  the  results  being  checked  in  part  by  their  agreement 
with  Pease's  measures  of  angular  diameters.  Hence  with  mass 
once  known  as  a  function  of  spectral  t^^De  and  absolute  magnitude, 
the  values  of  the  density  follow  as  a  matter  of  course.  The  results 
thus  found  for  mass  and  density  are  subject  to  control  and  readjust- 
ment with  the  aid  of  the  Cepheid  variables,  whose  relative  densities 
and  masses  can  be  calculated  directly  from  their  periods,  spectra, 
and  surface  brightness. 

The  lines  of  equal  mass  for  the  giant  stars  in  Russell's  diagram 
are  irregular  curves,  considerably  inclined  to  the  axis  of  zero 
absolute  magnitude.  If  therefore  a  giant  star  in  its  evolutionary 
development  follows  an  equal-mass  line,  its  luminosity  does  not 
remain  constant  during  the  giant  stage  as  has  often  been  supposed. 
The  curves  of  equal  density  are  approximately  hnear  and  parallel 
to  the  line  of  maximum  frequency  for  the  dwarfs.  The  correlation 
of  mass  with  spectral  type  along  the  dwarf  branch  can  be  explained, 
in  part  at  least,  as  a  consequence  of  selection,  although  other 
factors  may  also  enter.  The  concluding  sections  of  the  paper  dis- 
cuss the  relation  of  these  results  to  certain  phases  of  Eddington's 
theory. 

I.      THE   METHOD 

The  mean  masses  of  the  visual  binaries  of  different  spectral 
types  may  be  found  by  a  statistical  comparison  of  the  absolute 
magnitudes  corresponding  to  their  hypothetical  parallaxes  with  the 
absolute  magnitudes  of  stars  of  known  parallax.     The  relation 

/i  =  Mi+Ma  =  -T^  (l) 
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leads  at  once  to 

log  iJ.  =  k—o.6M  (2) 

where 

^  =  3  log  a  — 2  log  P+o.6m+3 

and  where  the  absolute  magnitude  is  defined  by 

M=w+5+5  logTT.  (3) 

For  a  hundred  systems  of  known  orbital  elements  Jackson  and 
Furner^  have  used  equation  (i)  to  calculate  the  hypothetical 
parallax  ttc  corresponding  to  an  assumed  mass  fx  =  2.  For  about 
450  systems  of  unknown  elements  they  have  calculated  hypothetical 
parallaxes  from  a  formula  depending  on  changes  in  position  angle 
and  distance,  the  assumption  for  the  mass  again  being  ix  =  2. 
The  absolute  magnitudes  Mc  corresponding  to  the  hypothetical 
parallaxes  for  the  two  groups  of  stars  are  given  in  Tables  I  and  II 
of  their  paper. 

For  any  system  of  known  elements,  by  (2), 

o.7,o  =  k— 0.6  Mc 

and  by  combination  with  (2)  itself, 

log  )Li=o.3o— 0.6  AM  (4) 

where  AM  =  M—Mc.     Hence  for  a  group  of  stars^ 


log  /i  =  log  /x  =  o.3o— 0.6  AMI 
AM=M-Mc  ) 


(5) 


in  which  /x  represents  the  geometrical  mean  mass. 

Equations  (4)  and  (5)  are  the  basis  of  the  present  discussion. 
Since  the  h>p>otheticaI  parallaxes  derived  from  changes  in  position 
angle  and  distance  involve  the  mean  inclination  of  the  orbit-planes, 
the  individual  values  of  ttc  thus  found  will  differ  from  those  obtained 
with  the  rigorous  relation  (i).  Equation  (4)  therefore  holds  for 
individual  stars  only  in  the  case  of  systems  of  known  elements. 
Formulae  (5),  however,  are  vaHd  for  any  representative  group  of 

'  Monthly  Notices,  81,  2,  1920. 

'  Upon  re-reading  Russell's  address,  "  Relations  between  the  Spectra  and  Other 
Characteristics  of  the  Stars,"  Publications  of  the  American  Astronomical  Society,  3,  22; 
Popular  Astronomy,  22,  275,  331,  1914, 1  find  that  in  principle  the  method  is  essentially 
one  used  by  him. 
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Stars,  whether  their  elements  are  known  or  not,  and  can  therefore 
be  appHed  to  objects  in  both  the  Hsts  of  Jackson  and  Furner. 

To  determine  the  mass  from  equations  (4)  and  (5),  the  values  of 
M,  or  at  least  of  M,  must  be  known  for  the  various  spectral  types. 
For  a  certain  number  of  systems  direct  determinations  of  distance 
are  available.  Hence,  M  is  known,  and  the  use  of  (4)  gives  at 
once  values  of  jx  for  the  individual  stars.  These  results  will  be 
affected  by  large  uncertainties,  but  the  means  for  groups  of  stars 
should  be  accurate  within  a  small  percentage.  For  most  of  the 
binaries,  however,  only  the  hypothetical  absolute  magnitude  Mc  is 
known;  no  other  approximation  for  M  is  available,  and  we  must 
proceed  indirectly.  This  we  might  do  by  using  values  of  M 
derived  from  single  stars  of  known  parallax  whose  selection  with 
respect  to  the  stars  as  a  whole  presents  the  same  characteristics  as 
those  of  the  binaries  themselves.  Similarity  of  selection  in  the 
two  lists  of  stars — binaries  and  single  stars — is,  however,  difficult 
to  attain  in  practice.  It  will  be  sufficient  if  we  can  find  a  list  of 
single  stars  whose  differences  in  selection  as  compared  with  the 
binaries  are  the  same  for  all  spectral  types. 

Let  Ms  represent  the  mean  absolute  magnitude  for  a   given 
spectral  type  of  the  single  stars  of  known  parallax,  and  let  M  be  the 
corresponding  magnitude  of  the  binaries  of  the  same  type.     We, 
may  then  write 

M  =  Ms+dM  (6) 

where  dM  indicates  the  influence  of  difference  in  selection.     If  this 
difference  is  the  same  for  all  types,  dM  will  be  constant,  and  we  shall 
then  speak  of  the  selection  as  homogeneous. 
The  second  of  (5)  then  becomes 


AM  =  Ms-Mc-\-8M  =  AMs-\-8M  (7) 

where  Mc  is  the  mean  hypothetical  absolute  magnitude  of  the 
binaries  of  the  spectrum  under  consideration.  The  value  of 
AMs  =  Ms—Mc  is  found  by  comparing  the  two  lists  of  stars  for 
which  it  is  presupposed  that  the  selection  for  different  spectral 
types  is  homogeneous,  while  the  constant  8M  is  given  by 


8M  =  AM-AMs  =  M-Mc-AMs  (8) 
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applied  to  the  systems  of  independently  determined  parallax 
referred  to  above.  M  represents  here  the  magnitude  corresponding 
to  the  measured  parallax  of  a  binary  whose  hypothetical  absolute 
magnitude  is  Ale-  In  other  words,  we  derive  8M  by  (8)  from  the 
hundred  or  more  binaries  of  measured  parallax,  calculate  AM;  for 
each  type  by  comparing  the  live  hundred  and  fifty-odd  stars  in 
the  Hsts  of  Jackson  and  Furner  with  the  homogeneously  selected 
single  stars  of  known  parallax,  form  AM  by  (7),  and,  finally,  solve 
for  n  by  means  of  the  first  of  equations  (5).  Since  the  question  of 
homogeneity  of  selection  can  be  put  to  a  direct  test,  the  only 
assumption  underlying  this  procedure  is  that  the  relation  of  mass 
to  luminosity  is  the  same  for  both  binaries  and  single  stars,  which 
may  be  accepted  as  plausible  at  least. 

.  The  values  of  Ms  and  Mc,  whose  difference  is  AMs,  are  readily 
found  by  a  graphical  process.  Plotting  the  values  of  Mc  against 
spectral  type,  we  find  for  the  binaries  a  frequency  diagram  similar 
to  that  first  given  by  Russell.  The  late-type  giants  are  not  numer- 
ous, but  the  dwarf  branch  is  well  defined.  The  points  of  maximum 
frequency  for  the  dwarfs  define  a  curve  which  joins  smoothly  with 
the  line  of  modal  values  of  the  B-  and  A-t3TDe  stars.  This  curve 
expresses  the  variation  of  Mc  with  spectral  type,  the  giants  of 
late  type  being  disregarded  altogether  for  the  present.  For  Ms  a 
similar  curve  was  found  from  the  data  in  the  list  of  spectroscopic 
parallaxes,'  supplemented  by  those  for  about  430  helium  stars  whose 
parallaxes  have  been  determined  by  Kapteyn.""  These  two  curves 
are  shown  in  the  central  part  of  Figure  i.  Their  ordinates  and 
differences  in  ordinates  are  given  in  the  second,  third,  and  fourth 
columns  of  Table  IV.  The  data  for  the  Ms  curve  could  have  been 
greatly  increased  by  including  results  from  trigonometric  paral- 
laxes. Little  would  have  been  gained  in  precision,  however,  for, 
as  it  is,  the  number  of  stars  entering  into  the  Ms  curve  is  more 
than  twice  that  for  the  Mc  curve. 

•  Adams,  Joy,  Stromberg,  and  Burwell,  Mt.  Wilson  Contr.,  No.   199;    Astro- 
physical  Journal,  53,  13,  1921. 

'  Mt.  Wilson  Contr.,  Nos.  82,  147;  Astro  physical  Journal,  40,  43,  1914;   47,  146, 
255,  1918. 
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Fig.  I. — The  curve  M^  is  the  line  of  maximum  frequency  of  M  for  the  B  stars 
of  Kapteyn  and  the  dwarfs  from  the  list  of  spectroscopic  parallaxes.  M^  is  the  similar 
curve  for  the  hypothetical  absolute  magnitudes  of  Jackson  and  Furner.  The  differ- 
ences in  the  ordinates,  corrected  for  zero  point,  are  shown  by  the  curve  below  (AM). 
The  remaining  curves  refer  to  the  discussion  in  section  16. 
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If  we  may  assume  that  the  selection  for  different  spectral  tj-pes 
is  homogeneous,  the  differences  in  the  ordinates  of  the  two  curves 
represent  the  values  AMj  as  a  function  of  spectrum.  Irregularities 
of  selection,  or  a  progressive  change  in  selection  with  type,  will 
produce  defonnations  or  a  tilt  of  the  curve  for  AAf^.  The  curve 
for  Ail/,  formed  directly  from  the  curves  for  Mc  and  M,  and 
corrected  for  bM,  is  shown  in  the  lower  part  of  Figure  i  (the  points 
are  explained  later).  Since  the  curve  is  smooth,  we  conclude  that 
there  are  no  marked  irregularities  of  selection,  or  at  least  1  that 
their  influence  has  been  minimized  in  drawing  the  curves  for 
Ms  and  Mc. 

2.      INFLUENCE  OF  SELECTION  ON  THE  STATISTICAL  COMPARISON 

To  examine  the  question  of  selection  more  closely,  consider 
the  numbers  of  binaries  and  single  stars  of  known  parallax  in 
each  interval  of  apparent  magnitude.  Excluding  the  late-type 
giants  and  a  few  scattering  stars  at  the  ends  of  the  sequence  of 
apparent  magnitudes,  we  find  the  data  in  the  first  two  divisions 
of  Table  1.  If  the  selection  for  the  two  lists  were  the  same  (not 
merely  homogeneous),  the  ratios  of  the  corresponding  numbers 
for  each  type  would  not  vary  with  the  magnitude.  Difference  in 
selection  for  the  binaries  and  single  stars  of  any  tj'pe  implies  a 
change  in  ratio  wdth  increasing  magnitude;  and,  if  the  selection  is 
homogeneous,  the  ratios  for  different  tj'pes  will  show  the  same 
change.  Absolute  values  of  the  ratios  are  of  no  significance, 
and  for  ease  of  comparison  the  ratios  for  each  type  have  been 
multiplied  by  a  constant  factor  which  reduces  that  for  median 
magnitude  6.5  to  unity.  Further,  the  numbers  for  the  G5-K5 
binaries  have  been  combined  with  the  mean  numbers  for  single 
stars  of  F0-F9  and  K0-K9  types. 

The  results  in  the  third  division  of  Table  I  indicate  a  satis- 
factory degree  of  homogeneity.  The  irregularities  affecting  the 
bright  G5-K5  stars  are  unimportant,  since  the  individual  groups 
include  only  two  or  three  stars  each.  The  only  deviations  requiring 
comment  are  those  shown  by  the  faint  G5-K5  stars  and  the  faint 
B's.  The  latter  arise  from  the  fact  that  Kapteyn's  fists  of  B  stars 
include    none    fainter    than    the    6th    magnitude.     The    binaries 
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involved  are  ten  in  number,  all  of  the  yth  magnitude  or  fainter, 
and  all  but  one  or  two  of  types  B8  or  B9.     Any  error  in  the  corre- 

TABLE  I 

Numbers  of  Stars — Influence  of  Selection 


Median  Apparent  Magnitude 

Spectrum 

2.5 

35 

4-5 

s-s 

6.5 

7-S 

8.S 

95 

Total 
No. 

Binaries— Jackson  and  Furner 

Oei;-BQ 

I 

4 
0 
0 

I 

3 

6 

I 

7 
12 

15 

3 

7 
32 
36 

4 

7 
42 
66 

9 

8 

25 

78 
24 

2 

IS 

54 
39 

0 

I 
2 

I 

33 
134 
257 

81 

Ao  -A9 

Fo  -Go(M>  +  i). 
G5-K5(M>+3). 

Total 

S05 

Single  Stars* — Kapteyn  and  Adams 

Oeq-Bo 

23 
0 
2 
0 
0 

42 

7 

14 

5 

I 

137 

II 

48 

ID 

2 

194 
II 

105 
35 

14 

30 
8 

63 

57 
26 

0 

3 
50 

54 
43 

0 
(2) 
29 
40 
62 

0 
(l) 

3 

8 

12 

426 

Ao  — A9 

43 

Fo  -F9(M>  +  i). 
Go-G9(M>+3). 
Ko-K9af>+4). 

314 
209 
160 

Total 

1,152 

Ratio — -Binaries/Single  Stars 

B                

0.1 
0.1 
0.4 

I 

0.2 
0.2 
0.3 

3 

0.2 
0.6 

03 
0.8 

1 .0 
1 .0 

I.O 

1 .0 

00 
1.6 

1-5 

2 . 2 

00 
1 

1-5 
1.8 

3-5 

A 

0.2 
0.7 
0-5 

F 

GK-K'i 

Ratio — Jackson  and  Furner/Pickering 

B 

7 
3 
3 
3 

2 

2 
2 
2 

1.0 
1.0 
1 .0 
1.0 

0.52 
0.29 
0.38 
0.80 

0.08 
0.04 

O.IO 

0.54 

0.00 
0.00 

O.OI 

0.02 

A 

F 

G^^-K^c 

Ratio — Kapteyn  and  Adams/Pickering 

B 

34 
17 
12 

3 
0.4 

13 
4 
6 

4 

1.0 
1.0 
1.0 
1 .0 
1 .0 

0.00 
0.18 
0.25 

0.33 
0.46 

0.00 
0.03 
0.05 
0.08 
0.34 

0.00 
0.02 

O.OI 

0.02 

0.  12 

A 

F 

G 

K 

*  The  "single  stars"  include  the  brighter  members  of  a  few  binaries. 


spending  AM,  must  be  small,  for  there  is  no  pronounced  irregu- 
larity in  the  curve.     The  value  of  M,  for  Kapteyn's  earlier  B's 


THE  MASSES  AND  DENSITIES  OF  THE  STARS  175 

can  scarcely  have  been  affected  by  the  Hmitation  in  apparent 
magnitude,  for  these  stars  are  all  so  luminous  that  the  limitation  is 
of  httle  consequence. 

Among  the  stars  fainter  than  m  =  'j.o  there  is  an  excess  of 
G5-K5  binaries  which  represents  a  considerable  fraction  of  the 
total  number  of  G5-K5  stars.  The  corresponding  Mc  may  be 
slightly  too  large.  But,  if  appreciable,  this  effect  must  also  be 
small,  for  as  the  stars  actually  observed  in  the  intervals  of  fainter 
apparent  magnitude  are  successively  added,  the  value  of  Mc 
increases  very  slowly.  A  direct  test  is  afforded  by  the  binaries 
of  measured  parallax  considered  in  a  later  paragraph. 

The  number  of  A  stars  in  the  spectroscopic  list  is  small,  but 
this  does  not  seriously  interfere  with  the  determination  of  the 
curve  of  modal  values  because  there  are  well-determined  points 
for  the  early  B's  and  for  the  F's.  It  does  suggest,  however,  the 
advisability  of  an  independent  test  of  the  selection  of  the  much 
larger  group  of  A's  among  the  binaries,  whose  numbers  can  be 
considerably  changed  without  greatly  affecting  the  ratios  in  the 
middle  section  of  Table  I.  To  cover  this  point  and  as  a  further 
general  test,  both  groups  of  stars  have  been  compared  with  the 
counts  of  W.  H.  Pickering.'  Using  means  of  his  values  for  the 
galactic  poles  and  the  galaxy  itself  (except  for  the  B's,  for  which  the 
galactic  counts  alone  have  been  employed),  we  find  the  ratios  in  the 
last  two  sections  of  Table  I.  There  is  here  some  progression  with 
type  due  to  the  fact  that  Pickering's  counts  include  the  late-type 
giants;  but  the  ratios  for  the  A-t^pe  binaries  are  in  general 
agreement  with  those  of  the  adjacent  classes,  which  answers  the 
question  as  to  the  selection  of  the  A's.  The  large  ratios  for  the 
bright  B's  in  the  last  section  of  the  table  show  merely  what  appears 
directly  from  the  counts,  namely,  that  Kapteyn's  lists  are  not 
complete  beyond  the  6th  magnitude.  There  seems  also  to  be  a 
defect  of  fainter  A's  in  the  spectroscopic  list,  a  conclusion  appar- 
ently confirmed  by  the  fact  that  the  points  for  these  stars  lie  above 
the  smooth  Ms  curve  shown  in  Figure  i.  It  seems  clear  that  none 
of  the  questions  raised  is  serious  and  that  we  may  accept  the 

'  Publications  of  the  Astronomical  Society  of  the  Pacific,  33,  140,  1921. 
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values  of  Aif^  found  in  the  manner  described  and  proceed  to  the 
determination  of  bM. 

?,.      ZERO   POINT   OF   THE    CURVE   FOR  MASS   AND   SPECTRUM 


It  will  be  noted  that  the  values  of  AM^  determine  the  rate  of 
change  of  mass  with  spectral  type,  while  the  constant,  bM,  deter- 
mines the  zero  point.  For  the  calculation  of  bM  only  the  spectro- 
scopic parallaxes  have  been  used,  since  these  are  based  on  a  homo- 
geneous system  and  are  sufficiently  numerous  to  afford  an  excellent 
determination.  In  forming  values  of  M-Mc  for  individual  stars 
to  be  substituted  into  (8),  two  points  must  be  borne  in  mind: 
First,  the  values  of  M  given  in  the  spectroscopic  Hst  correspond 
to  the  most  probable  values  of  the  parallaxes,  and,  because  of  the 
logarithmic  relation  connecting  absolute  magnitude  and  parallax, 
are  not  the  most  probable  magnitudes  themselves.  To  obtain 
the  latter,  a  small  constant  correction  of  +0.08  mag.  must  be 
applied  to  the  tabular  values.^  Second,  the  values  of  Mc  given 
by  Jackson  and  Furner  usually  represent  the  total  luminosity  of 
the  system.  To  make  them  comparable  with  values  of  M  in  the 
spectroscopic  list,  they  must  be  reduced  to  the  brighter  component. 

A  summary  of  the  results  for  bM  is  given  in  Table  II,  the  two 
Hsts  of  Jackson  and  Furner  being  treated  separately.  The  values 
of  AMi  required  for  equation  (8)  were  interpolated  from  the  fourth 
column  of  Table  IV.  The  adopted  result  is  51f=— 0.3,  whence 
equation  (7)  becomes 


AM=AMi— 0.3.  (9) 

It  will  be  noted  that  there  is  no  marked  progression  in  the  values 
of  bM  with  type,  which  confirms,  in  part  at  least,  the  foregoing 
conclusion  as  to  homogeneity  of  selection.  This  is  also  shown  by 
the  lower  part  of  Figure  i,  in  which  the  curve  is  that  representing 
equation  (9),  while  the  points  correspond  to  the  values  of  M—Me 
in  Table  II.  With  the  exception  of  the  constant  term,  the  curve 
depends  wholly  upon  the  statistical  comparison,  while  the  points 
are  derived  from  values  of  M  and  Mc  referring  to  the  same  star 

'  Ml.  Wilson  Conlr.,  No.  199,  p.  15;  Aslrophysical  Journal,  53,  27,  1921. 
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and  are  uninfluenced  by  any  possible  dissimilarity  in  selection. 
The  agreement  of  the  points  with  the  curve  is,  however,  within  the 
uncertainty  affecting  their  positions. 


TABLE  II 

Zero  Point  of  Curve  for  AM, 


J  AND  F,  Table  I 

J  AND  F,  Table  II 

AM^ 

&M 

No.  Stars 

Sp. 

AA/, 

&M 

Sp. 

M-M^ 

M-M^ 

Xo.  Stars 

A? 

F2 

FS 

Go.  .  .  . 

G4.  .  .  . 

K2.... 
KB.... 

-0.7 
-0.6 
—  0. 1 
0.0 
+0.4 
+0.4 
+0.5 

-0-5 
—0.2 

0.0 

+0.4 
+0.6 
+0.7 

+0.8 

—  0.2 
0.4 
0. 1 
0.4 
0.2 
0-3 

-0.3 

3 
14 
13 

18 
10 

7 
4 

A9.... 
Fs.... 
Go.... 
K3.... 

-0.8 

0.0 

+0.3 

+0.3 

-0.4 

0.0 

+  0.4 

-I-0.8 

-0.4 

0.0 

—  0.  I 

-0-5 

II 
7 
9 
9 

Mean  and  total 

—  0.29 

69 

Mean  and  total 

-0.27 

36 

A  further  detail  bearing  on  the  question  of  selection  is  the 
circumstance  that  the  constant  bM  arises  almost  wholly  from  the 
use  of  the  tabular  values  of  Mc  for  the  derivation  of  the  curve  for 
Mc-  Since  these  generally  represent  total  luminosity,  the  reduction 
to  the  brighter  component  appears  in  5M ,  and  in  the  mean  is  nearly 
equal  to  the  value  found  for  this  constant.  The  effect  upon  AM, 
of  the  obvious  differences  in  selection  shown  in  Table  I  is  therefore 
very  small.  Consequently,  the  influence  of  small  deviations 
from  homogeneity  in  selection  in  passing  from  type  to  typ^  may 
be  regarded  as  altogether  neghgible. 


4.      SYSTEMATIC   DIFFERENCES    IN   THE   HYPOTHETICAL   PARALLAXES 

Although  the  two  mean  values  of  bM  given  in  Table  II  are 
practically  identical,  this  was  not  the  case  when  the  calculation 
was  originally  made,  the  difference  then  amounting  to  several 
tenths  of  a  magnitude.  This  discordant  result  has  been  traced  to 
a  systematic  difference  between  the  parallaxes  of  the  two  Hsts  of 
Jackson  and  Furner,  the  character  of  which  may  be  seen  from  the 
comparisons  shown  in  Table  III.  For  systems  of  known  elements 
(J  and  F,  Table  I)  the  agreement  of  the  mean  hypothetical  paral- 
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laxes  with  the  spectroscopic  results  is  excellent;  the  one  large 
difference  +o!'oi4  is  only  7  per  cent  of  the  corresponding  ttc  and 
would  be  reduced  to  +©''004  by  the  rejection  of  a  single  star, 
Bu  2109. 

TABLE  III 
CoMPAiasoN  OF  Spectroscopic  and  Hypothetical  Parallaxes 


J  AND  F,  Table  I 


Mean 


No. 


J  AND  F,  Table  II 


Mean 


No. 


J  AND  F, 

Table  I — Table  II 


Mean 


No. 


<0"020 

o . 020-0 . 049 

0.050-0.099 
>  O .  LOO 


ofoi6 
0.030 
0.065 
o.  198 


+o'ooi 

— O.OOI 

—  o . 003 
+0.014 


7 
28 
22 
10 


0:015 
0.036 
0.064 
o.  209 


-0.002 
- o . 009 
-0.012 
-0.071 


16 
13 


0:015 

0.024 

0.043 


-O.OOI 

-0.007 
-0.012 


6 

12 

8 


*The  intervals  for  x,  are  <oTo2o,  0T021-0T029,  and  >oTo30. 


For  the  stars  in  the  second  list,  however,  the  agreement  for  the 
first  group  alone  is  within  the  uncertainty;  for  the  others  the 
differences  are  systematic  and  an  important  percentage  of  the 
parallaxes  themselves.  Further,  the  same  difference  is  shown  by 
a  direct  comparison  of  the  hjqDothetical  parallaxes  of  twenty-six 
stars  which  occur  in  both  the  hsts  of  Jackson  and  Furner.  The 
means,  arranged  in  three  groups,  are  in  the  last  division  of  Table  III. 
For  half  of  these  stars  no  spectroscopic  parallaxes  are  available, 
and  to  that  extent  the  second  comparison  is  independent  of  the  first. 

The  difference,  which  is  about  20  per  cent  of  the  parallax,  corre- 
sponds to  a  difference  of  0.4  mag.  in  the  two  values  of  8M  and 
fully  accounts  for  the  discordance.  For  the  final  determination 
of  8M,  the  hypothetical  parallaxes  from  the  second  list  were  reduced 
to  the  spectroscopic  system  in  accordance  with  the  indications 
of  Table  III,  in  order  that  all  the  results  may  refer  consistently 
to  this  system.  The  resulting  value  of  dM  is  that  given  in  the 
right-hand  division  of  Table  II.' 

'  I  am  greatly  indebted  to  Mr.  Adams  for  the  spectroscopic  parallaxes  of  nineteen 
binaries  in  the  first  list  of  Jackson  and  Furner  (six  stars  also  occur  in  the  second  list) 
which  have  been  obtained  since  the  reductions  described  in  the  text  were  finished. 
These  reductions  have  not  been  revised,  but  I  have  satisfied  myself  that  the  inclusion 
of  the  new  data  would  not  change  the  results  in  section  4  or  the  following  sections 
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5.      PROVISIONAL   MASSES — EFFECT   OF   SELECTION 

The  derivation  of  values  of  the  masses  now  requires  only  the 
substitution  of  AM  from  (9)  into  the  first  of  (5).  The  results  for 
log  /x  are  in  the  fifth  column  of  Table  IV.     The  first  and  last 


TABLE  IV 

Adopted  Geometrical  Mean  Mass  (0  =  i),  Spectral  Type  and  Absolute 

Magnitude 


Sp. 


Bo. 

B5. 

Ao. 

As. 

Fo. 

Fs. 

Go 

G3 

Ko 

K5 
Ma 


M. 


—  1.60 

— o.  20 

+0.70 

I -SO 


40 
32 
35 
20 
90 
10 


+9.80 


^. 


(-0.25) 
+  1 .00 
I 
2 
2 
3 
3 
4 
5 
6 


.65 
■15 
.70 
.27 

•95 
.60 
.  20 
■30 


(+8.95) 


Mr, 


(-I.3S) 
1 .  20 

0-9S 

0.65 

—0.30 

+0.0S 

0.40 

0.60 

o.  70 

0.80 

(+0.85) 


Pro- 
visional 
Log  fx 


29 

20 
OS 
87 
66 

45 
24 
12 
06 
00 
97 


CORR. 
FOR 

Selec- 
tion 


—0.04 

—  4 

—  3 

—  3 

—  2 

—  2 

—  1 
O 

+  1 

+        3 
+0.04 


Vis.  Binaries 


LogM 


I-2S 

1. 16 
1 .02 
0.84 
0.64 

0.43 
0.23 
0.12 
0.07 
0.03 
0.01 


18 

14 

10 

6 

4 
2 
I 
I 

I 
I 
I 


Single  Stars 


Log  cMj 


.01 
.92 
.78 
.60 
.40 
.19 

•  99 
.88 
•83 

•  79 
•77 


Jlc 


i 

O 

o 

S 

5 

o 

76 

68 

62 

59 


values  depend  upon  extrapolations,  and  it  is  possible  that  those 
for  B5  and  Ao  are  also  affected  by  considerable  uncertainty.  So 
far  as  the  statistical  comparison  is  concerned,  the  remaining  values 
should  be  dependable  within  5  or  10  per  cent. 

These  results  can  be  accepted,  however,  only  with  some  reserva- 
tion, for  it  is  easily  seen  that  the  visual  binaries  are  a  selected 
class  of  stars  in  the  characteristic  of  mass  itself,  and  especially 
is  this  true  of  the  more  distant  objects.  Since  motion  is  detected 
only  with  difficulty,  or  not  at  all,  in  case  the  period  is  very  long, 
equation  (i)  shows  that  the  selection  of  large  masses  is  favored  to 
an  increasing  degree  as  more  and  more  distant  stars  are  considered. 
For  a  given  value  of  a  the  factor  a^/w^  increases  rapidly  with 
increasing  distance;  the  smaller  masses  are  therefore  excluded  in 
succession  because  they  correspond  to  periods  so  long  that  motion 
has  not  been  observed.     For  large  values  of  tt  a  wide  range  in  mass 


in  any  essential  particular.  Thus  the  first  two  differences  in  the  first  division  of 
Table  III  would  be  4-o'oo2  and  —0^002  for  seventeen  and  thirty-seven  stars,  respec- 
tively. The  differences  in  the  third  division  would  not  be  changed  by  the  inclusion 
of  the  six  stars  also  occurring  in  the  second  list. 
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will  be  included,  but  since  there  is  a  practicable  lower  limit  to  a, 
only  the  most  massive  among  the  more  distant  stars  will  appear 
in  our  lists. 

Another  and  perhaps  even  more  important  form  of  selection 
arises  from  the  fact  that  only  the  most  luminous  of  the  distant 
stars  get  into  our  lists;  the  others  are  too  faint  to  be  seen.  This, 
too,  excludes  in  succession  the  smaller  masses  with  increasing 
distance,  and  is  related  to  the  correlation  of  mass  with  spectral 
t}^e  discussed  in  section  i6. 

The  influence  of  distance  on  the  selection  of  mass  seems  to  be 
shown  by  the  data  now  available.  To  test  the  matter,  consider 
the  sixty-nine  binaries  of  known  parallax^  in  the  first  list  of  Jackson 
and  Furner.  For  these,  the  individual  masses,  ju,  can  be  calculated 
by  (4).  Comparing  these  values  with  the  mean  mass  for  stars 
of  the  same  spectrum,  as  interpolated  from  Table  IV,  we  obtain  a 
series  of  residuals  A  log  ij.  =  \og  /x  — log  M-  When  grouped  according 
to  parallax,  these  lead  to  the  mean  systematic  deviations  shown  in 
Table  V.     A  progression  with  increasing  parallax,  in  the  direction 

TABLE  V 
Dependence  of  Mass  on  P.\rallax 


ofoiS 
.026 
.032 
.046 
.061 
.102 

0.270 


Mean  Sp. 

No.  Stars 

A  logM 

F2 

10 

-0.08 

F6 

10 

—  0.  12 

Gi 

10 

-0.08 

F7 

10 

+  0.03 

G3 

10 

—  0.04 

Gi 

10 

+  0.04 

G8 

9 

+  0.  12 

Curve 


—  O.  II 
-0.08 

—  0.07 
-0.03 

0.00 
+0.04 
+0. 12 


anticipated,  is  evident,  the  negative  sign  of  the  differences  associated 
with  the  more  distant  stars  indicating    that   the  corresponding 

'  The  thirty-sLx  stars  of  knoA\-n  parallax  in  the  second  list  are  not  included  because 
of  the  systematic  difference  in  the  parallaxes  of  the  two  lists.  In  the  preparation  of 
Table  II,  where  only  a  mean  result  for  all  the  stars  was  finally  used,  the  systematic 
difference  can  be  corrected  with  sufficient  precision.  Here,  however,  we  are  con- 
cerned with  individual  stars,  or  at  most  with  small  groups,  and  it  is  not  certain  that 
the  mean  correction  is  applicable.  Then,  too,  the  fact  that  the  second  list  of  Jackson 
and  Furner  is  based  on  a  statistical  formula,  renders  these  data  unsuitable  for  the 
present  discussion. 
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mean  masses  in  Table  IV  are  too  large.  The  character  of  the  pro- 
gression is  best  seen  from  the  smoothed  values  of  the  differences 
given  in  the  last  column  of  Table  V.  Considered  as  corrections, 
these  differences  are  such  as  would  reduce  the  masses  to  values 
representing  the  selection  for  7r  =  o''o6.  Even  at  this  moderate 
distance  the  smallest  masses  will  still  be  excluded;  hence  some 
further  correction,  a  constant,  is  required.  This  cannot  be  accu- 
rately specified;  but  in  general  it  may  be  said  that,  if  we  regard 
the  selection  for  the  two  nearest  groups  in  Table  V  as  approximately 
representative  of  the  visual  binaries  as  a  whole,  the  data  of  this  table 
would  indicate  that  the  mean  masses  of  the  binaries  actually 
observed  at  distances  corresponding  to  7r=o''o2  are  roughly  50 
per  cent  larger  than  those  of  a  representative  collection. 

This  result  at  once  suggests  that  the  variation  of  log  fx  with 
spectral  type  found  above  has  been  influenced  by  selection,  for  in 
general  the  mean  parallax  of  the  earlier-type  stars,  which  are  all 
highly  luminous,  is  less  than  that  of  the  late-type  dwarfs.  Forming 
the  mean  parallax  for  each  of  the  spectral  groups  in  the  first  half 
of  Table  II,  we  find  in  fact  a  progression  in  distance  as  shown  in 
Table  VI.     If  the  data  of  Table  V  may  be  accepted,  the  values  of 


TABLE  VI 

Corrections  to  Log  m 

(To  Eliminate  Selection  in  Mass) 


Sp. 

■^s 

No.  Stars 

Correction  to 

logM 

A7 

F2 

(0^133) 
0.051 
0.038 

0055 
0.069 
0.114 
0.229 

3 
14 
13 
18 

10 

7 
4 

—  0.03 

—  0.02 

FS 

Go 

-0.05 
—  O.OI 

G4 

K2 

0.00 
-Ho.  06 

K8 

-l-o.ii 

log  fj.  in  Table  IV  must  be  corrected  as  indicated  in  the  last  column 
of  Table  VI,  in  order  to  obtain  the  true  variation  of  log  ^  with 
spectral  tj-pe.  To  make  the  results  fully  representative,  the 
additional  constant  correction  referred  to  above  must  also  be 
applied.     This  seems  to  be  of  the  order  of  —0.08. 
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Unfortunately,  however,  the  results  in  Table  V  are  not  as 
reliable  as  could  be  wished.  The  individual  values  of  the  masses 
are  affected  by  large  uncertainties,  and  the  number  of  stars  in 
the  separate  groups  is  small.  Further,  the  residuals  log /i  — log /x 
depend  upon  the  ordinates  of  the  curve  for  AM  shown  in  Figure  i . 
Any  error  in  the  curve,  in  the  nature  of  a  tilt  with  respect  to  the 
axis,  must  therefore  have  introduced  a  progression  in  the  residuals 
which  only  partially  disappears  when  they  are  grouped  according 
to  parallax,  because  such  a  grouping,  in  part  at  least,  is  also  a 
grouping  with  respect  to  spectral  type.  This  uncertainty  is 
probably  not  very  serious,  for  Table  V  shows  that  the  relative 
effect  on  the  corrections  to  log  )U,  for  the  two  extremes  of  distance, 
is  the  differential  error  in  the  ordinates  of  the  AM  curve  for  F2 
and  G8.  Since  these  ordinates  are  not  widely  separated,  the 
influence  of  incorrect  slope  in  the  curve  cannot  be  great. 

6.       ADOPTED   MASSES 

On  the  basis  of  the  evidence  in  Table  VI,  the  corrections  given 
in  the  sixth  column  of  Table  IV  were  finally  adopted.  These  are 
the  smoothed  values  of  the  results  in  Table  VI,  extrapolated  to 
Bo  and  slightly  modified  in  the  case  of  type  K  because  of  the  small 
number  of  these  stars.  The  small  constant  correction  referred  to 
above  is  ignored,  because  of  its  uncertainty  and  relative  unimpor- 
tance. It  merges  with  the  uncertainty  involved  in  the  assumptions 
of  comparability  which  must  be  made  in  extending  the  results  for 
the  masses  of  the  binaries  to  the  stars  at  large. 

The  differential  correction,  affecting  the  relative  values  of  the 
masses  as  it  does,  is  of  more  interest.  The  present  determination 
is  to  be  considered  as  only  a  first  approximation;  the  results  are  at 
least  in  the  right  direction,  and  it  is  believed  that  they  do  not 
represent  an  over-correction. 

We  have,  finally,  as  adopted  values  of  the  geometrical  mean 
masses  of  the  visual  binaries,  the  data  in  the  seventh  and  eighth 
columns  of  Table  IV.  These  results  refer  mainly  to  dwarf  stars 
and  correspond  to  the  mean  absolute  magnitudes  given  in  the 
second  column  of  the  table. 
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Owing  to  the  small  number  of  Iate-t>TDe  giants  in  the  lists  of 
visual  binaries,  it  is  not  possible  to  use  the  statistical  method  for 
a  determination  of  the  masses  of  these  stars.  Some  indication 
of  their  values  is  afforded,  however,  by  the  application  of  equation 
(4)  to  such  of  these  objects  as  occur  in  the  spectroscopic  list.  For 
14  G  and  K  stars,  with  a  mean  absolute  magnitude  of  0.0, 

log  Ai  =  o.47±o.i6 

whence  ^  =  30  with  an  uncertainty  of  about  40  per  cent. 

The  use  of  the  geometrical  mean  makes  it  difi&cult  to  compare 
the  masses  thus  found  with  other  results,^  for  which  the  arith- 
metical mean  has  usually  been  employed.  For  a  Gaussian  distribu- 
tion of  the  logarithms  of  the  mass,  which  seems  to  be  that  indicated 
by  the  available  data,  the  conversion  formula  would  be* 

logM  =  logM4-2.53;'* 

where  ]x  is  the  arithmetical  mean,  and  r  the  probable  dispersion, 
i.e.,  the  median  value  of  the  differences  log/x  — log/x,  arranged  in 
order  without  regard  to  sign.  The  value  of  r  is  difficult  to  determine. 
For  the  dwarf  stars  it  is  certainly  small,  probably  not  larger  than 
0.15  (see  page  185),  whence,  approximately,  JLt  =  i.i4M- 

Applied  to  the  present  data,  this  relation  would  lead  to  arith- 
metical mean  masses  a  Little  larger  than  those  previously  found, 
but  close  comparisons  are  not  possible.  The  change  in  mass  with 
spectral  type  is  of  the  general  character  of  that  resulting  from 
other  investigations  and  is  certainly  well  established,  although  the 
variation  given  here  is  not  as  large  as  that  derived  by  Ludendorff^ 
from  a  discussion  of  spectroscopic  binaries. 

Strictly  speaking,  the  present  results  refer  only  to  the  particular 
group  and  class  of  stars  upon  which  the  conclusions  are  based. 

'Russell,  loc.  cit.;  Publications  of  the  American  Astronomical  Association,  3,  327; 
Popular  Astronomy,  25,  666,  1917.  Aitken,  The  Binary  Stars,  pp.  206  ff.,  1918.  Van 
Maanen,  Publications  of  tlie  Astronomical  Society  of  the  Pacific,  31,  231,  1919.  Luden- 
dorff,  Astronomisclie  Nachrichten,  189,  145,  1911;   211,  105,  1920. 

^  Adams,  Stromberg,  and  Joy,  Mt.  Wilson  Conlr.,  No.  210,  p.  17;  Astrophysical 
Journal,  54,  25,  1921.  Although  derived  for  use  in  another  connection  the  formula 
is  generally  applicable. 

3  Loc.  cit. 


1 84 


FREDERICK  H.  SEA  RES 


Their  applicability  to  any  other  class  of  stars  presupposes  some 
assumption.  Thus  in  passing  from  the  combined  masses  of  the 
visual  binaries  to  those  of  single  stars,  we  can  make  use  of  the 
average  mass-ratio  of  the  two  components  and  associate  the  result- 
ing average  values  for  the  central  stars  with  that  for  the  non- 
binaries  of  the  same  spectra;  but  it  is  by  no  means  certain  that  the 
stars  so  associated  are  strictly  comparable.  For  the  further  dis- 
cussion we  make  this  assumption.  Presumably  the  uncertainty 
is  not  large,  for  we  thus  arrive  at  a  mean  mass  for  the  solar-type 
stars  which  is  the  same  as  that  of  the  sun  itself.  To  give  this  con- 
clusion force  it  must  be  added  that  the  average  deviation  of  the 
mass  of  a  dwarf  star  from  the  mean  mass  for  the  tj'pe  in  question  is 
small  (see  next  section). 

There  is  some  evidence  that  the  mass-ratio  varies  with  the  type.* 
Adopting,  however,  the  mean  value  0.75  for  the  ratio  of  secondary 
to  principal  component,  we  find  for  the  stars  at  large  the  geo- 
metrical mean  masses  (JV)  in  the  last  two  columns  of  Table  IV. 

7.      DISPERSION   IN   MASS 

The  residuals  in  log  ju  for  the  sixty-nine  stars  discussed  above 
throw  some  Hght  on  the  dispersion  in  mass.  Freeing  the  individual 
residuals  from  the  influence  of  selection  in  mass,  we  find  the  fre- 
quencies shown  in  Table  VII.     In  spite  of  the  small  numbers  of 

TABLE  VII 

Distribution  of  A  Log  h 


No.  Residuals 

Total 

Interval  of  A  Log  fi 

+ 

- 

Obsd. 

Theor. 

0 . 00-0 .09 

8 

10 

6 

5 

5 
0 

I 
0 

I 

4 

8. 

7 

7 

5 

I 

I 

0 

0 

12 
18 

13 

12 
10 

I 
2 
0 

I 

17 

0   10— 0. 19 

IS 

0   20-0. 29 

12 

0  '?o-o.  ^0 

10 

0  AO—O  A.Q 

6 

0   t;o— 0   KQ 

4 

0  60—0  69 

3 

0  70— 0  70    

I 

0  80—0  89    

0 

Sums 

36 

33 

69 

68 

'  Aitken,  The  Binary  Stars,  pp.  206,  216,  1918. 
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stars,  it  is  seen  from  the  second  and  third  columns  that  the  frequency- 
curve  is  approximately  symmetrical.  Further,  the  last  two 
columns  show  that,  within  the  uncertainty  of  the  data,  the  values 
of  log  IX  follow  a  Gaussian  distribution. 

The  probable  dispersion  (dwarfs  Fo  to  M)  is 


r(A  log  /x)  = 


■O  .22. 


(lo) 


This,  however,  is  not  a  true  measure  of  the  dispersion  in  log  /x, 
for  the  result  has  been  derived  with  the  aid  of  equation  (4)  and 
includes,  therefore,  the  influence  of  errors  in  M  and  M^.  Those 
in  Mc  arise  from  the  factor  a^/P^  and  are  relatively  small.  Bearing 
on  the  accuracy  of  M  are  the  data  in  Contribution  No.  199,  p.  15, 
from  which  for  the  spectral  types  and  luminosities  involved, 
r{M)  =  =^0.^6  mag.  By  (4),  the  contribution  to  the  calculated 
dispersion  in  log  fx  arising  from  errors  in  M  is  therefore  =^0.22, 
which  is  the  same  as  the  calculated  value  of  r(A  log  fx)  itself.  Since 
the  dispersion  in  the  masses  presumably  is  not  zero,  the  adopted 
value  of  r{M)  is  probably  too  large.  This  unfortunately  makes  it 
impossible  to  gain  any  definite  information  as  to  the  dispersion, 
and  we  can  only  indicate,  as  in  the  second  column  of  Table  VIII, 

TABLE  VIII 
Probable  Dispersion  in  Mass 


r{M) 

Probable  Dispersion 
in  Log  n 

Limits  for  Prob.  =  J 

=^0.35 
0.30 
0.25 
0.20 

±0.15 

±0.07 

013 

0.16 

0.18 

±0.20 

O.Ssn-l.lSix 
0.74  -1-35 
0.69  -I. 45 
0.66  -I. 51 
0.63  -1.58 

the  probable  values  corresponding  to  various  assumed  values  of 
r{M).  The  last  column  of  the  table  gives  the  Hmits  within  which 
it  is  an  even  chance  that  the  mass  of  any  visual  binary  will  be 
found.  Thus,  if  we  assume  that  the  true  probable  error  of  the 
spectroscopic  absolute  magnitude  is  =1=0.25,  the  masses  of  one-half 
of  the  stars  should  be  between  0.7  and  1.5  times  the  mean  mass. 
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Apparently  the  range  in  the  masses  of  the  dwarf  stars  from 
Fo  on  must  be  small.  Further  evidence  is  given  on  page  214. 
These  results  are  in  general  agreement  with  the  earHer  findings  of 
Russell  and  Eddington.^ 

8.       EQUIP ARTITION   OF    ENERGY 

A  possible  analogy  between  the  dynamical  behavior  of  the 
stars  and  that  of  the  molecules  of  a  gas  has  frequently  been  men- 
tioned.^ Applicabihty  of  the  kinetic  theory  would  imply  an 
equipartition  of  the  energy  of  translation  such  that 

lJLiVl  =  fX^Vl=     .    .    .     =Hn'Vl  (11) 

where  the  individual  values  in  vl,  include  all  the  velocities  associated 
with  a  definite  class  of  masses  ju„.  In  a  gas  this  final  state  is 
brought  about  very  quickly;  in  a  collection  of  stars  the  period  of 
relaxation,  if  the  term  has  any  meaning  at  all,  obviously  must  be 
enormously  long. 

As  a  matter  of  fact,  the  theory  for  a  collection  of  stars  is  much 
simpler  than  that  of  a  gas,  because  the  occurrence  of  collisions 
and  close  encounters  is  so  rare  that  they  may  be  neglected.^  The 
effective  agency  for  the  transfer  of  energy  is  therefore  only  that 
arising  from  the  attraction  of  the  great  mass  of  stars  as  a  whole 
upon  the  individual  members  of  the  group.  But  this  simplification 
of  the  theory  and  the  consequent  restriction  of  the  mechanism  for 
the  redistribution  of  energy  so  enormously  lengthens  the  interval 
required  for  the  attainment  of  statistical  equilibrium  that  Edding- 

^  Monthly  Notices,  77,  30,  1916;  604,  191 7.  Russell,  in  this  connection,  makes 
the  important  suggestion  that  the  real  dispersion  in  mass  may  be  largely  concealed 
in  a  discussion  based  upon  spectroscopic  data.  This  would  be  the  case  if  the  spectral 
characteristics  used  for  the  determination  of  a  star's  absolute  magnitude  are  functions 
of  its  surface  brightness  (temperature)  and  density  alone.  For  Russell's  discussion 
of  this  interesting  point  see  the  following  note  on  page  238. 

^  See  for  example  Poincare,  Hypotheses  Cosmogoniques,  p.  257,  191 1;  Halm, 
Monthly  Notices,  71,  634,  191 1;  Eddington,  Stellar  Movements,  pp.  159^  247,  1914; 
Jeans,  Problems  of  Cosmogony  and  Stellar  Dynamics,  pp.  224  ff.,  1919. 

^  Jeans,  op.  cit.,  p.  229. 
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ton'  rejects  altogether  the  analogy  with  a  gas  and  proceeds  on  the 
principle  that  the  motions  of  the  stars  do  not  mutually  interfere. 

As  far  as  the  present  state  of  the  universe  is  concerned,  Jeans' 
concurs  in  this  opinion,  but  points  out  that  the  conditions  of  an 
earlier  stage  in  its  history  may  have  been  entirely  different.  Fol- 
lowing his  conjecture  that  the  system  has  evolved  from  a  rotating 
nebula  of  dimensions  much  less  than  those  of  its  present  configura- 
tion, he  shows  that  the  earlier  stages  of  development  would  be 
favorable  to  a  rapid  redistribution  of  energy,  and  that  the  system 
may  have  proceeded  far  on  the  way  toward  equipartition  before  its 
gradual  expansion  reduced  the  rate  of  transfer  to  its  present  negli- 
gible amount.  The  fact  that  readjustments  are  now  inappreciable 
does  not  therefore  demonstrate  the  absence  of  equipartition,  which 
must  be  put  to  an  observational  test. 

Although  a  certain  t^pe  of  systematic  motion  is  not  incompatible 
with  a  steady  state,  the  phenomenon  of  star-streaming  shows 
that  equipartition  has  not  been  completely  attained.  Within 
the  individual  streams,  however,  there  may  be  an  approach  to  this 
state,  just  as  in  the  case  of  two  intermingling  streams  of  gas. 
Further,  if  the  stream  motion  is  small  as  compared  with  the  peculiar 
velocities  of  the  stars,  it  will  have  little  influence  on  the  statistical 
averages  in  (11).  For  a  decade  or  more  some  correlation  of  mass 
with  velocity  of  the  type  hereby  implied  has  been  suspected, 
for  it  has  been  known  that  in  general  the  most  massive  stars  are 
the  most  luminous,  and  the  most  luminous  stars  have  on  the  average 
the  smallest  velocities.^  Now,  however,  we  are  in  possession  of 
data  which  admit  of  a  more  definite  test. 

For  the  B  and  A  stars,  whose  extreme  range  in  luminosity  is 
small,  we  have  the  determinations  of  mean  radial  velocity  by 

'  Eddington,  loc.  cil.,  p-.  254.  See  also  Astronomische  Nackrichten,  Juhildums- 
nummer,  p.  9,  1921. 

^  Op.  cil.,  p.  237. 

3  Campbell,  Stellar  Motions,  p.  207,  1913.  Kapteyn,  Mt.  Wilson  Conlr.,  No.  45; 
Astro  physical  Journal,  31,  258,  1910.  Russell,  Observatory,  37,  174,  1914.  Kapteyn 
and  Adams,  Ml.  Wilson  Comni.,  No.-  i;  Proc.  Nal.  Acad,  of  Science,  i,  14,  1915. 
Adams  and  Stromberg,  Mt.  Wilson  Contr.,  No.  131;  Astrophysical  Journal,  45, 
293,  1917- 
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Campbell.^  For  the  remaining  t3q3es,  within  which  the  differences 
in  luminosity  are  much  greater,  we  have  the  recent  Mount  Wilson 
results,^  giving  both  radial  and  space  velocities  for  each  of  these 
types  as  a  function  of  absolute  magnitude.  Since  the  values  of 
the  masses  in  the  last  column  of  Table  IV  are  probably  representa- 
tive of  the  stars  at  large,  they  may  be  combined  with  the  mean 
velocities  of  the  different  types,  in  conformity  with-  (ii),  to  deter- 
mine the  degree  to  which  the  condition  of  equipartition  is  satisfied. 

The  values  of  the  velocities  have  not  been  corrected  for  stream 
motion  and  thus  subject  the  hypothesis  of  equipartition  to  a  severe 
test.  The  Mount  Wilson  results  for  radial  and  space  velocities 
include  the  A'-term.  For  the  late-type  dwarfs,  this  is  small,  and 
negligible  for  the  present  discussion.  Campbell,  on  the  other 
hand,  has  freed  his  results  from  this  term,  which  for  the  B  stars  is 
two-thirds  of  the  mean  radial  velocity  itself.  If  one  prefers  to 
regard  the  K-term  as  a  real  velocity,  and  not  merely  a  systematic 
correction,  its  contribution  to  the  energy  can  be  found  as  indicated 
below. 

It  has  been  shown  that  the  distribution  of  the  space  velocities 
for  types  F  to  M  is  not  in  accordance  with  Maxwell's  law,^  but 
agrees  well  with  the  assumption  that  the  logarithms  of  the  velocities 
follow  a  Gaussian  distribution.  Nevertheless,  Campbell's  theorem 
to  the  effect  that  the  arithmetical  mean  space  velocity  equals  twice 
the  mean  radial  velocity,  holds  for  the  giants  with  close  approxi- 
mation.""  We  assume  that  a  similar  state  of  affairs  exists  for  the 
B  and  A  stars,  and  thus  obtain  for  these  types  the  arithmetical 
means  of  their  space  velocities.  The  square  of  the  arithmetical 
mean  space  velocity  could  have  been  used  directly  for  a  test  of 
equipartition;  but  to  evaluate  the  influence  of  the  K-term,  con- 
sidered as  a  velocity,  it  is  simpler  to  use  the  mean-square  space 
velocity. 

^  Lick  Observatory  Bulletins,  6,  loi,  191 1;  7>  19,  191 2. 

=  Adams,  Stromberg,  and  Joy,  Mt.  Wilson  Conlr.,  No.  210;  Astro  physical  Journal, 
54,  9,  192 1.  These  results  are  vital  for  the  remainder  of  the  discussion.  Without 
them  it  could  not  have  been  undertaken. 

3  Kapteyn  and  Adams,  Mt.  Wilson  Comm.,  No.  i;  Proc.  Nat.  Acad,  of  Sciences,  1, 
14,  1915.     Adams,  Stromberg,  and  Joy,  op.  cit.,  p.  15. 
*  Ibid.,  p.  13. 
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For  a  Gaussian  distribution  of  the  logarithms  of  the  space 
velocities,  the  relation  of  the  mean  square  velocity  to  the  arith- 
metical and  geometrical  means  is  expressed  by' 


log  v'=2  log  ^+^^rM^=2  log  2S+0.148 
logzr^=2  log  ^+^,  j^j^^  - 2  log  ^,+0. 296 


(12) 


where  //  is  the  modulus  of  the  distribution  function.  It  is  assumed 
that  the  value  of  h  for  types  F  to  M  given  in  Contribution  No,  210 
applies  also  to  the  B  and  A  stars. 

The  mean  radial  velocities  taken  from  Campbell's  papers^  are 

B3,  6.2;  B8.5,  6.7;  Ao,  10.3;  A2,  11.4;  A5,  12.6. 

The  corresponding  mean  square  velocities  were  obtained  by 
doubling  the  radial  velocities,  as  indicated  above,  and  substituting 
the  results  into  the  first  of  (12).  For  the  later  types  the  values  of 
log  v^  were  derived  from  the  data  for  v  given  in  Contribution  No.  210. 
These  were  plotted — v  against  corresponding  M — thus  giving  four 
curves,  which  refer  to  the  approximate  mean  types  F5,  G5,  K3, 
and  Ma+.  The  mean  absolute  magnitudes  of  the  dwarf  stars  of 
these  t}^es  were  then  interpolated  from  Table  IV  and  used  as  argu- 
ments to  read  from  the  curves  values  of  v  corresponding  to  the 
average  dwarf  of  each  of  the  four  types.  Graphical  interpolation 
and  an  extrapolation  to  Fo,  followed  by  substitution  into  the 
second  of  (12),  gave  finally  the  required  values  of  log  v^  for  every 

'  The  second  equation  is  found  by  applying  the  mean  value  theorem  to  the 
frequency  function 

_,  ,     h  Mod.  —h',,  ,       \ 

F{v)= — 7=^e      (log  D— log  vy 

Vir 

The  first  results  from  the  combination  of  the  second  with 

I 


log  »=log  v-\- 


^¥  Mod. 
which  is  given  by  Adams,  Stromberg,  and  Joy,  op.  cil.,  p.  17. 

'Lick  Observatory  Bulletins,  6,  127,  191 1;  7,  28,  191 2. 
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half-interval  of  spectral  t}^e  from  Fo  to  Ma.  These  mean-square 
velocities  are  not  affected  by  any  smoothing  from  type  to  type, 
since  the  interpolation  card  was  drawn  through  the  points  derived 
from  the  four  curves  giving  v  the  function  of  M. 

The  results,  including  those  for  log  Ji>v'',  are  in  the  first  six 
columns  of  Table  IX.     With  the  exceptions  of  the  B   stars,  the 

TABLE  IX 
The  Energy  Constant 


Sp. 


B3.. 
B8.= 

Ao.^ 
A2.. 
A5.. 
Fo.. 

F5.- 
Go. 

Gs- 
Ko. 

K5. 
Ma. 


M 


—  o 

+0 

o 

I 

I 

2 


3-3 
4-4 
5-2 
5-9 
71 
9.8 


Log  cAt 


0.95 

0.81 

0.78 

0.70 

0.60 

o 

o 

9 

9 

9 

9 

9-77 


40 

19 

99 

,88 

83 

.79 


Log  v 


Means,  average  deviations 


Log  cAti" 


34 

(3- 

40 

(3. 

78 

3- 

.87 

3- 

95 

3- 

.11 

3- 

•36 

3- 

.62 

3- 

.78 

3- 

.80 

3- 

•74 

3 

.78 

3- 

29) 

21) 
56 

57 
55 
51 
55 
61 
66 
63 
53 
55 


3-57 


Residual 


(  +  0.28) 
(+  .36) 
+  .01 
.00 
+  .02 
+  .06 
+    .02 

-  .04 

-  .OQ 

-  .06 
+  .04 
+  0.02 


=0.036 


Log  6' 


•74 
.62 


I 

I 

2.00 

2. 10 

2. 19 

2.36 

2.56 

2.76 

2.84 

2.84 

2  .92 

3.06 


Log  cAl-9» 


(2.69) 

(2.43) 
2.78 
2.80 


2.79 
2.  76 
2.75 

2-75 

2.  72 
2.67 
2  .  71 
2.83 


2.76 


Residual 


(+0.07) 

(+    -33) 

—  .02 

-  .04 

-  03 
.00 

+  .01 

+  .01 

+  -04 

+  -09 

+    -05 

—  0.07 


=0.036 


values  of  the  energy  show  close  accordance.  For  a  range  of  10  to  i 
in  the  masses  the  average  deviation  in  cKv''  is  9  per  cent,  and,  by  a 
moderate  amount  of  smoothing,  is  easily  reduced  to  3  per  cent. 
The  large  divergence  for  the  B  stars  seems  to  be  real.  It  cannot 
be  supposed  that  the  adopted  values  for  their  masses  are  in  error 
by  50  per  cent,  nor  does  it  seem  permissible  to  assume  that  the 
velocities  could  by  any  chance  be  increased  by  the  2  or  3  km 
necessary  to  bring  the  energy  up  to  the  mean  for  the  other  t^rpes. 
It  is  more  hkely  that  the  velocities  are  already  too  large,  because 
of  undetected  spectroscopic  binaries  among  the  stars  combined  in 
the  means. 

The  inclusion  of  the  A'-term  as  a  velocity  removes  only  a  small 
part  of  the  divergence.  Thus,  for  any  radial  direction,  the  resultant 
mean-square  velocity  r^  would  be 


r'  =  v^-\-K'  —  2vK  cos  a  =  v^-\-K^ 
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where  a  is  the  inclination  of  the  space  velocities  to  the  given  line  of 
sight.  Extending  this  to  all  radial  directions,  we  have  for  the 
entire  group  of  B3  stars, 

r^=  (14. 8)^+(4. 7)^  =  241.1;  log  c>tz;^  =  3.33, 

an  increase  of  only  0.04  in  the  logarithm  of  the  energy. 

The  foregoing  results  depend  upon  the  assumptions  that  the 
mean  space  velocities  of  the  B  and  A  stars  may  be  found  by  doubling 
the  mean  radial  velocities,  and  that  the  modulus  h  appUes  equally 
to  all  t}^es.  We  may  avoid  these  assumptions  by  restricting 
the  test  to  the  mobility  in  the  Hne  of  sight.  For  this  comparison 
the  A'-term  has  been  included  throughout.  The  mean  radial 
velocities  from  Campbell's  data  thus  become' 

B3,  7-45;  B8.5,  6.50;  Ao,  10. i;  A2,  11. 3;  A5,  12.5  km/sec. 

For  the  remaining  types  Contribution  No.  210  was  again  used, 
the  values  being  read  from  curves  for  radial  velocity  ^  as  a  function 
of  absolute  magnitude  as  in  the  case  of  v.  The  values  of  log  Ji>d^ 
(eighth  column,  Table  IX)  show  about  the  same  degree  of  accordance 
as  those  of  log  Ji>v^,  the  average  deviations,  without  smoothing, 
again  being  9  per  cent.  The  inclusion  of  the  A'-term  as  a  part  of 
the  radial  velocity  has  brought  the  B3  stars  into  agreement  with 
the  mean  for  types  A  to  Ma,  and  only  the  B8-B9  stars  are  now 
divergent.^  But  this  improved  agreement  is  not  to  be  taken  very 
seriously,  and  perhaps  the  most  satisfactory  point  of  view  is  that 
since  the  B  stars  are  pecuhar  in  many  particulars,  the  abnormality 
shown  by  Table  IX  should  not  be  looked  upon  as  surprising, 

'  Ibid.,  6,  108.  The  means  for  the  B  stars  are  those  found  by  correcting  Camp- 
bell's values  Vi  by  4.7  (B0-B5)  and  4.1  (B8-B9).  For  the  A  stars  the  mean  of  V2, 
Lick  Observatory  Bulletin,  7,  20,  has  been  used  without  correction. 

^  Freundlich,  Physikalische  Zeitschrift,  20,  561,  1919,  has  attempted  to  show  that 
the  iiT-term  may  be  identified  with  the  displacement  of  spectral  lines  toward  the  red 
required  by  the  theory  of  relativity.  This  displacement  may  be  involved,  but  results 
given  later  in  this  paper  indicate  that  other  factors  must  also  play  a  part.  See  foot- 
note p.  212. 
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especially  when  it  is  remembered  that  they  form  a  local  aggregation^ 
and  that  their  masses  are  among  the  largest  known. 

There  are  suggestions  of  systematic  divergencies  in  both  sets 
of  residuals,  but  by  forming  the  means  of  the  two  series  of  values 
of  the  energy  constant,  these  disappear,  and  the  average  deviation 
is  reduced  to  5  per  cent. 

Were  the  condition  of  equipartition  exactly  satisfied,  we  should 
have 

For  a  Gaussian  distribution  of  the  radial  velocities 

6'=   e 

2 

where  9'  is  the  square  of  the  arithmetical  mean  radial  velocity 
used  in  Table  IX.  For  unit  mass,  log  i^^  =  3.57 ;  and  since  log  ir/2  = 
0.20,  log  ^^  =  2.96.  The  mean-square  velocities  therefore  appear 
to  have  a  ratio  of  4  to  i  instead  of  3  to  i.  It  is  known,  however, 
that  the  radial  velocities  do  not  follow  a  Gaussian  distribution 
closely. 

Approaching  the  matter  from  another  direction,  we  have  for 
a  random  distribution  in  direction,  irrespective  of  the  form  of  the 
frequency  function  of  the  magnitudes  of  the  velocities, 

V=2d. 

Substituting  into  the  first  of  equations  (12),  we  find  the  condition 

log  v'  =  \og  6^-{-o .  y  ^ 

where  0^  denotes  the  square  of  the  arithmetical  mean.  The  differ- 
ence in  the  two  members  of  this  equation  is  0.06  in  the  logarithm, 
or  II  per  cent,  a  much  better  agreement  than  before.  The  remain- 
ing difference  is  doubtless  to  be  attributed  to  the  fact  that  the 
velocity  distribution  is  not  random;  stream  motion  produces  a 
preferential  drift  parallel  to  the  galactic  plane. 

■  This  result  follows  directly  from  an  analysis  of  star  counts.  Scares,  Publications 
of  the  Astronomical  Society  of  the  Pacific,  30,  114,  115,  1918.  Shapley  in  recent  papers 
has  accumulated  much  additional  evidence:  Mt.  Wilson  Contr.,  Nos.  157,  161;  Astro- 
physical  Journal,  49,  311,  1918,  and  50,  107,  1919;  Mt.  Wilson  Communications, 
Nos.  54,  64;  Proceedings  of  the  National  Academy  of  Sciences,  4,  224,  1918;  5,  434, 1919. 
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In  spite  of  the  known  departures  from  Maxwell's  law,  there  is, 
with  the  exception  of  the  B  stars,  a  surprisingly  close  approach  to 
a  state  of  equipartition.  That  the  deviations  are  no  larger  is 
remarkable,'  and  suggests  that  for  the  stars  considered  (dwarfs) 
there  is  Httle  difference  between  the  different  spectral  types  in  the 
average  contribution  of  stream  motion  to  the  total  energy  of 
translation.  Since  the  unit  of  mass — that  of  the  sun — is  1.9  X 10" 
grams,  and  since  the  velocities  are  expressed  in  kilometers  per 
second,  the  mean  kinetic  energy  of  translation  is  of  the  order  of 
3.5X10''^  ergs. 

9.      DERIVATION    OF    MASS   FROM   THE   ENERGY-CONSTANT 

The  constancy  of  the  energy  is  apparently  such  as  to  justify 
an  attempt  to  evaluate  the  masses  of  stars  having  luminosities 
and  velocities  different  from  those  appearing  in  Table  IX.  Thus 
by  reading  from  the  curves  referred  to  above  the  values  of  v  and  6 
corresponding  to  different  values  of  M  and  combining  them  with 
the  energ}'-constant,  more  or  less  hypothetical  values  of  the  corre- 
sponding masses  can  be  obtained. 

This  procedure  assumes  that  equipartition  holds  for  the  stars 
of  high  luminosity  as  well  as  the  dwarfs,  for  which  alone  a  direct 
test  has  been  possible.  The  behavior  of  the  B  stars  suggests 
caution  in  an  extension  of  the  principle  to  other  giants;'  but  since 
the  translatory  energy  of  the  B's  is  of  the  same  order  as  that  found 
for  the  dwarfs,  it  is  perhaps  not  too  much  to  expect  that  the  use  of 
the  energy  constant  will  lead  to  masses  for  later-type  giants  which 
will  also  be  of  the  right  order  of  magnitude. 

The  results  obtained  in  this  manner  are  given  in  Table  X.  The 
values  of  log  cJH=  are  the  means  of  the  two  values  found  with  the 
aid  of  V  and  d  from  the  two  energy  constants,  log  Jiv''  and  log  Ji:d\ 
To  indicate  the  agreement  between  the  masses  derived  with  the  aid 
of  the  two  velocities,  the  differences  log  c/ij,  — log  Ji>e  are  also  given 
in  the  table.  In  general  these  are  reasonably  small,  although 
for  the  group  of  Ma  stars  the  extreme  values  correspond  to  a  two-to- 
one  ratio  in  the  masses.     The  data  of  Table  X  express,  with  more 

'  In  this  connection  see  Jeans,  Problems  of  Cosmogony,  p.  238,  1919. 
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detail  and  precision,  the  correlation  between  mass  and  luminosity 
found  by  van  Maanen.' 

TABLE  X 
Mass  and  Luminosity 


M 

Fs 

Gs 

K3 

Ma  + 

log  'K 

Di£F. 

\og-K 

Diflf. 

log  Ji> 

DifE. 

log  Ji. 

Diff. 

—  -J 

0.74 
.62 

•51 
•38 
.28 

•17 
0.06 
9.96 
9.88 
9.81 

-0.08 
+    .02 
+    .08 
+    .10 
+    ^14 

+     •!! 
+     .06 

—  .02 

—  .  II 

—  0.21 

0.98 
.64 
•41 
•23 

0.08 

—  0.36 

—  .02 

—  2 

0.78 

•74 
.68 
.62 

•51 
•30 

O.OI 

9^77 

—  0.02 

—  .02 

—  .02 
+    .02 

.00 

—  .02 

—  0.04 

—  I 

O 

+  1 

2 

0.72 

•45 
.28 

•17 
.07 

O.OI 

994 
9.89 
9.84 
9.81 

—  0.  10 
+    .08 

+    .14 
+     .12 
+     .08 
+     .04 

—  .02 

-  .04 

-  .06 
-0.08 

+  .16 
+  .24 
+    ^30 

3 

4 

c 

6 

7 

8 

lO 

9.68 

+0.14 

The  general  relation  of  these  results  to  spectral  t>pe  and  absolute 
magnitude  is  best  seen  by  means  of  the  diagram  in  Figure  2. 
This  was  prepared  by  plotting  the  data  in  Table  X  and  reading 
from  the  resulting  curves  the  values  of  M  coresponding  to 
integral  values  of  the  mass  c/i.  These  values  of  M  were  then 
plotted  in  the  diagram  of  Figure  2,  along  with  similar  points  on  the 
dwarf  branch,  whose  co-ordinates  were  derived  from  the  second 
and  last  columns  of  Table  IV.  Through  these  points  were  drawn 
the  full-Une  curves  of  the  figure,  which  thus  represent  lines  of 
equal  mass. 

The  curves  are  highly  irregular,  the  maximum  near  Go  followed 
by  the  minimum  at  K0-K5  being  particularly  noteworthy.  Much 
of  this  disappears,  however,  when  the  ordinary  visual  absolute 
magnitude  is  replaced  by  the  bolometric  magnitude,  which  measures 
the  total  radiation  and  is  therefore  the  quantity  of  physical  signifi- 
cance. The  reductions  to  bolometric  magnitude  (see  following 
section)  of  interest  here  are 

Go, -0.09;  G5, -0.30;  Kg, -0.73;  K5, -1.30;  Ma, -1. 60  mag. 
'  Publications  of  the  Astronomical  Society  of  the  Pacific,  31,  231,  1919. 
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The  application  of  these  corrections  would  practically  remove 
the  minima  from  the  curves  for  all  but  the  largest  masses,  and  these 
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Fig.  2. — Distribution  of  mass  (full-line)  and  mean  density  (broken  curves) 
derived  from  the  principle  of  equipartition.  The  full-line  cur\-e  running  downward 
to  the  right  is  the  line  of  the  maximum  frequency  of  the  dwarfs. 
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are  relatively  uncertain  because  they  depend  more  or  less  upon 
extrapolations  of  the  data  in  Table  X. 

To  explain  the  derivation  of  the  lines  of  equal  density,  which 
are  also  shown  in  Figure  2,  it  is  necessary  to  consider  the  question 
of  surface  brightness. 

10.      SURFACE   BRIGHTNESS     ' 

To  derive  values  of  surface  brightness  we  may  start  from 

Stefan's  law 

E  =  aT^  (13) 

where  E  represents  the  total  energy  radiated  per  unit  area  of  the 
surface  of  a  star  whose  effective  temperature  is  T.  Let  /  be  the 
integrated  visual  intensity,  referred  to  the  same  unit  of  surface, 
and  write  J  =  aE,  whence 

2.5  log  £=2.5  log/-2.5  log  a 

and,  by  substitution  into  (13), 

2.5  log  /— 2.5  log  a=2.$  log  <r+io  log  T. 

Further,  let  Alg  and  7  represent  the  total  energy  and  surface  bright- 
ness, respectively,  expressed  in  magnitudes.  The  former  is  the 
bolometric  absolute  magnitude,  while  AT  =  —  2.5  log  (/  X  Area)  is  the 
ordinary  visual  absolute  magnitude.  Since  a  is  also  the  ratio  of 
the  visual  energy  to  total  energy  received  from  the  entire  surface 

of  the  star, 

—  2.5  log  a  =  M—MB 
and 

j  =  M—Mb—io  log  r+const.  (14) 

where  the  constant  involves  log  cr  and  an  additional  constant 
depending  on  the  zero  point  chosen  for  Mb-  Eddington'  has  calcu- 
lated values  of  the  difference  between  the  visual  and  bolometric 
absolute  magnitudes  M  —  Mb  for  a  range  of  temperatures  including 
the  normal  classes  of  spectra.  Through  these  values,  which  are 
based  upon  Nutting's  measures  of  visual  sensibility  for  the  normal 
eye,  7,  by  (14),  becomes  a  simple  function  of  T. 

"  Monthly  Notices,  77,  605,  191 7.  Nutting's  measures  of  visual  sensibility,  which 
are  the  basis  of  Eddington's  calculation,  are  practically  identical  with  the  A.I.E. 
visibility-curve. 
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Results  found  by  this  equation  may  be  checked  by  an  equivalent 
formula  derived  by  Hertzsprung  in  1906.  Starting  from  Planck's 
law  and  the  visibility  measurements  of  Langley,  Abney,  and  others, 
he  found' 


iz7  =  +2.3 


0.93 


+ const. 


(15) 


in  which  c  is  the  second  constant  in  Planck's  formula,  for  which 
the  value  adopted  is  14300.  Both  (14)  and  (15)  involve  quadra- 
tures, and,  starting  as  they  do  from  entirely  different  observational 
data,  independently  discussed,  provide  an  excellent  numerical  con- 
trol.    How  close  the  agreement  is  may  be  seen  from  Table  XI. 

TABLE  XI 

Surface  Brightness  and  Temperatxjre 


2540 
3000 
3600 
4500 
6000 
7500 
9000 
10500 
12000 


M-Mq 

J 

m 

+  2-59 

+  1.71 
+0.9S 
+0.35 

+6.32 

+4.72 
+3-17 
+  1.60 

+6.32 
+4.68 
+3.16 
+  1.58 

0.00 

0.00 

0.00 

+0.02 
+0. 12 

-0.95 
—  1 .64 

-093 
—  1 .62 

+0.31 
+0-53 

—  2.12 
-2.48 

—  2.09 
-2.45 

:i-m 


+ 
+ 
+ 


0.00 

4 
I 
2 
o 
2 
2 

3 
0.03 


The  values  of  M  —  Mb  have  been  taken  directly  from  Eddington's 
table.  The  maximum  difference  between  the  results  from  the  two 
formulae  is  only  0.04  mag.,  which  is  ample. 

To  connect  these  results  with  spectral  type,  Wilsing's  spectral- 
photometric  measures  of  the  reciprocal  temperature,  c/T,  of  199 
stars^  were  plotted  against  their  respective  types.  The  ordinates 
{c/T)  of  the  curve  thus  obtained  are  in  the  second  column  of 
Table  XII.  The  corresponding  effective  temperature,  T,  and  the 
surface  brightness,  7,  calculated  by  the  foregoing  formulae  and 
expressed  in  magnitudes  (0=o.oo),  are  in  the  third  and  fourth 
columns,  respectively. 

'  Zeitschrijt  fiir  ii'issensckaftliche  Photographic,  4,  43,  1906. 
'  Potsdam  Publikationen,  No.  74,  1919. 
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With  few  exceptions,  the  stars  in  Wilsing's  list  are  all  giants 
whose  mean  absolute  magnitudes,  with  sufficient  approximation, 
may  be  assumed  to  be  zero.  To  extend  the  results  to  other  lumi- 
nosities, use  was  made  of  the  Mount  Wilson  color  indices,^  whose 
values  are  in  the  fifth  and  last  columns  of  Table  XII,  those  for  the 


TABLE  XII 
Spectrum,  Effective  Temperature,  and  Surface  Brightness 


Sp. 


Giants,  M  =0 


c/T 


MW 
CI 


Dwarfs 


c/T 


M 


MW 
CI 


Bo. 

B5. 

Ao. 

A5. 
Fo. 

F5. 
Go. 

Gs- 
Ko. 

K5. 
Ma 
Mb 
Mc 


1.36 
1-43 
1-55 
1.76 

2  .04 

2-35 
2.70 
3.10 
3-7° 
4-37 
465 
4.82 
4-94 


10500 
1 0000 
9230 
8110 
7000 
6080 

5300 
4610 
3860 
3270 
3080 
2960 
2890 


—  2 
2 
I 
I 
o 

—  o 

+0 

I 

2 

3 

4 

4 

+4 


28 

14 
89 

45 
88 
26 
44 
24 
41 
71 
25 
58 
81 


-0.32 
— o.  17 
0.00 
+0.19 
0.38 
0.62 
0,86 

I-I5 
1.48 
1.84 
1.88 
+  1.88 


2-35 
2.48 
2.60 
2-93 

3-47 
4-30 


6080 
5770 
5500 
4880 
4120 
3330 


—  0.26 
0.00 

+0.25 
0.90 
1 .96 

+3-58 


4-4 
5-2 
5-9 
7-1 
+9-8 


+0.62 
0.72 
0.83 
0.99 
1.26 

+1.76 


dwarfs  corresponding  to  the  mean  absolute  magnitudes  in  the 
column  immediately  preceding.  The  color  indices  were  reduced 
to  Schwarzschild's  absolute  system,^  whose  relation  to  effective 
temperature  is  known.  This  gave  the  relation  between  the  Mount 
Wilson  values  and  the  temperature  for  both  giants  and  dwarfs. 
Owing  to  various  necessary  assumptions  the  temperatures  thus 
found  for  the  giant  stars  differ  sHghtly  from  the  adopted  values 
given  in  the  first  half  of  Table  XII,  and  this  systematic  difference 
was  made  the  basis  for  reducing  the  calculated  temperatures  for 
the  dwarfs  to  the  adopted  system  of  Wilsing.     The  results,  in 

'  These  results,  which  have  not  hitherto  been  published,  are  still  to  be  regarded 
as  provisional.  They  take  account  of  the  important  difference  in  color  between 
giants  and  dwarfs,  which  cannot  be  disregarded  in  any  discussion  of  the  surface 
brightness  of  late-type  stars.  See  Ml.  Wilson  Comm.,  No.  59;  Proc.  Nat.  Acad,  of 
Sciences,  5,  232,  1919. 

^  GoUingen  Aktinomelrie,  B,  29,  191 2. 
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the  sixth  column  of  Table  XII,  were  then  used  to  compute  the 
corresponding  values  of  7  as  before.* 

The  difference  in  surface  brightness  between  giants  and  dwarfs  is 
large,  and  cannot  be  neglected.  Unfortunately,  the  change  in  j 
with  absolute  magnitude  is  not  well  determined,  for  this  must  be 
inferred  from  the  behavior  of  the  color  indices,  and  the  data  avail- 
able at  present  do  not  extend  to  stars  of  the  highest  luminosity. 
This  means  that  extrapolation  will  be  necessary,  and,  in  view  of  the 
consequent  uncertainty,  a  simple  linear  relation  of  surface  bright- 
ness to  absolute  magnitude  has  been  used  in  the  calculation  of  j 
for  all  values  of  AI  not  appearing  directly  in  Table  XII. 

The  reliabihty  of  the  foregoing  results  depends  upon  the  possi- 
bility of  representing  the  energy  distribution  in  the  spectra  of  stars 
of  different  t}-pes  by  means  of  the  black-body  radiation  formula. 
It  should  be  noted  that  it  is  not  at  all  a  question  of  agreement 
of  the  effective  temperature,  calculated  from  the  radiation  formula, 
with  the  true  mean  temperature  of  the  radiating  layers  in  the 
star's  atmosphere.  In  general  these  will  not  agree.  The  stars 
are  not  perfect  radiators ;  further,  general  and  selective  absorption 
deforms  the  energy-curve  to  such  an  extent  that  effective  tempera- 
ture caimot  be  an  accurate  measure  of  true  temperature;  but  in 
the  visible  region  the  resultant  curve  seems  to  agree'  approximately 
with  a  black-body  curve,  although  not  with  the  curve  corresponding 
to  the  true  mean  temperature.  That  being  the  case,  the  surface 
brightness  is  immediately  calculable  by  the  foregoing  formulae, 
provided  the  effective  temperature  corresponding  to  the  deformed 
curve  is  employed  for  the  computation;  and  it  is  of  course  just 
this  temperature  which  is  given  by  Wilsing's  observations. 

'  The  values  oij  in  Table  XII  may  be  compared  with  Opik,  Astrophysical  Journal, 
44,  296,  1916;  Russell,  Publications  of  the  Astronomical  Society  of  tlie  Pacific,  32,  307, 
1920.  Related  questions  are  discussed  by  Wilsing,  Potsdam  Publikalionen,  Xo.  76, 
1920;  Astronomische  Nachrichlen.  214,  185,  1921. 

'  See,  for  example,  Wilsing,  Potsdam  Publikationen,  No.  74,  pp.  17,  18.  The  mean 
systematic  dex-iations  of  the  observ^ed  values  of  the  energy  at  different  points  in  the 
visual  spectrum  from  Planck's  formula  are  small.  Further,  Alilne,  Monthly  Notices, 
81,  378,  1921,  finds  that  the  theoretical  spectrum  for  non-selective  absorption  is 
practically  identical  with  that  corresponding  to  black-body  radiation,  the  principal 
difference  being  a  bodily  displacement  of  the  energy-curve,  corresponding  to  a  reduc- 
tion of  3  per  cent  in  the  constant  of  Wien's  displacement  law. 
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The  possibility  of  systematic  error  in  the  values  of  the  temper- 
ature is  more  serious.  Those  for  the  B  stars  given  in  Table  XII 
are  almost  certainly  too  small.  The  early-t^pe  stars  in  Wilsing's 
hst  are  not  numerous,  and  the  dispersion  in  the  values  of  c/T  is 
large.  In  fact,  the  data  would  be  almost  equally  well  represented 
by  assigning  a  temperature  of  12,000°  to  Bo,  which  would  change 
j  from  —2.28  to  —2.67.  The  value  for  B5  would  also  be  sHghtly 
changed,  but  that  for  Ao  can  scarcely  be  modified  without  violence 
to  the  data.^ 

It  will  be  noted  that  T  for  a  Go  giant  is  nearly  500°  lower  than 
that  for  a  dwarf  of  the  same  spectrum.  Some  question  as  to  the 
reliabiUty  of  Wilsing's  measures  has  been  felt  because  of  the  low 
value  found  for  Go  stars  as  compared  with  the  probable  temper- 
ature of  the  sun.  But  the  objects  observed  by  him  are  giants; 
with  proper  allowance  for  the  sun's  absolute  magnitude  (4.85), 
the  corresponding  temperature  from  Wilsing's  data  would  be  about 
5820°,  which  is  not  far  from  the  values  usually  assigned,  and 
indeed,  agrees  well  with  that  derived  by  Abbot^  from  the  solar 
constant  (5860°). 

A  partial  control  of  the  values  of  j  in  Table  XII  is  afforded  by 
Pease's  recent  measures  of  the  angular  diameters  of  stars  with  the 
interferometer.  In  this  connection,  and  for  later  use,  it  is  con- 
venient to  insert  at  this  point  the  following  formulae,  all  easily 
derived,  expressing  relations  between  the  various  physical  constants 
of  a  star:  angular  diameter  (d),  hnear  diameter  (D),  mass  (cK), 
density  (p),  apparent  (m)  and  absolute  (M)  magnitude,  and  surface 

brightness  (j). 

\og  d  =  o. 2  (j—m)  — 2.061  (16) 

log  Z)  =  o.2  (/— w)~log  TT— 0.030  (17) 

log  Z>  =  0.2  (j  —  i/) +0.970  (18) 

/)=  107.4  (//x  (19) 

y=5  log  J+w-fio.30  (20) 

log  p  =  log  cAt-3  log  i?-|-o.i4  (21) 

log  p  =  log  oMD-fo.6  (M— j)  — 2.77  (22) 

'See  also  Rosenberg,  Abhandlungen  der  Raised.  Leop.-Karol.  deutschen  Akademie 
der  Naturforscher,  150,  No.  2,  1914. 
^Op.  cit.,  p.  114. 
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These  formulae  give  d  in  seconds  of  arc,  D  and  Ji>  in  terms  of 
the  solar  diameter  and  mass,  and  J  in  magnitudes,  the  value  for 
the  sun  being  o;  the  unit  for  p  is  the  density  of  water.  The 
numerical  constants  depend  upon  the  following  data  for  the  sun: 
D  =  86s,ooo  miles,  c?=i92o",  distance  from  earth  92,930,000  miles, 
m=  —26.72,  M=  +4.85.  Equations  (16)  and  (17)  are  the  equiva- 
lent of  formulae  already  given  by  Russell.' 

Proceeding  now  to  a  comparison  with  the  results  of  Pease's 
measures,  we  have  the  data  in  Table  XIII.     The  "observed" 

TABLE  XIII 
Comparison  with  Measured  Angular  Diameters* 


Sp. 
m. 


X 

M 

d  (Pease) 

Obs.  j,  equation  (20) . 
Cal.;,  Table  XII.  ... 

OC 

Obs.  D,  equation  (19). 
Cal.  D,  equation  (18). 
Approx.  cA  (Fig.  3) .  . 
Approx.  log  p  (Fig.  3) 


,  Ononis 


Ma 

+0.9 
0^020 
-2.6 
0^047 
+4.6 

+4-4 

+0.  2 

252 

235 

8 

-6.2 


a  Bootis 


Ko 

+0. 2 
o''ogs 
+0.1 

0"02  2 
+  2.2 

+  2.4 
—  O.  2 

25 
27 

3 
-3-8 


a  Scorpii 


Map 

+  1.2 

0*0085 

-4.2 

of  040 

+4.5 

+4-5 

0.0 

506 

S13 

IS 

-6.6 


*  Michelson  and  Pease,  Ml.  Wilson  Conlr.,  No.  203;  Astrophysical  Journal, 
S3,  24g,  1921.  Vea.se,  Publications  Astronomical  Society  of  the  Pacific,  33,  171, 
204,  1921.  The  parallax  of  a  Scorpii  assumes  it  to  be  a  member  of  the  Scorpius 
group.     The  other  two  paralla.xes  are  weighted  mean  values. 

values  of  j  derived  from  the  angular  diameter  by  (20)  are  in  the 
sixth  line  of  the  table.  Immediately  below  are  the  calculated 
results  interpolated  from  Table  XII.  It  seems  unlikely  that  the 
mean  systematic  difference  for  O— C  will  exceed  one- or  two-tenths 
of  a  magnitude.  The  effect  of  darkening  at  the  limb  has  not  been 
taken  into  account,  either  in  the  measures  of  d  or  in  the  calculation 
of  j.  Nor  has  the  question  of  a  possible  differential  effect  from 
this  source  upon  the  observed  and  calculated  values  of  7  been  con- 
sidered, for  it  is  evident  that  this  cannot  be  large. 

It  is  of  interest,  further,  to  compare  the  values  for  the  linear 
diameters  calculated  from  the  measured  angular  diameter  by  (19) 
with  those  derived  from  (17)  or  (18)  with  the  aid  of  the  adopted 

'  Publications  of  the  Astronomical  Society  of  the  Pacific,  33,  307,  1920. 
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values  of  J.  The  results  are  in  the  third  and  fourth  lines  from  the 
bottom  of  table.  On  the  whole,  Pease's  measures  afford  an  excellent 
confirmation  of  the  surface  brightness  found  for  late-t^pe  stars  of 
high  luminosity,  and  at  present  there  seems  to  be  no  observational 
e^•idence  which  would  justify  a  modification  of  the  values  adopted.^ 

II.      DISTRIBUTION   OF   DENSITY 

The  densities  are  now  easily  calculated  by  equation  (22)  with 
the  aid  of  values  of  7  from  Table  XII.  The  results  for  stars  on  the 
dwarf  branch,  including  the  B's,  are  in  the  fourth  column  of  Table 
XIV,  which  also  gives  values  for  the  mean  linear  diameters  D  found 
by  (18). 

TABLE  XIV 

Luminosity,  Mass,  Me.\x  Density,  ant)  Diameter 

(Units  for  (A  and  D  are  values  for  sun;  for  p,  that  of  water) 


Dwarf  Branch 


M 


Ji. 


D 


Giants,  M  =o 
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D 


Giants,  cK.  =  io 
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Bo. 
Bs. 
Ao. 
As. 
Fo. 
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Go. 
G5. 
Ko 
Ks 
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—  1.60 
— o.  20 
+0.70 
+1.50 
+2.40 
+3-35 
+4-35 
+5 -2° 
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+  7-20 

+9.80 


04s 
20 

36 
40 
40 

39 

68 

2 

i 

4 

4 


.8 
.8 
.8 

.4 

.0 

.8 

.26 

.96 

.89 

.83 

-54 


0.26 

0.16 

0.071 

0.02s 

0.0078 

0.002s 

0.00087 

0.00018 

0.000026 

0.0000096 


-1.2 
-1.8 


0.08 

0.03 

0.008 
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0004 
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00002 

OOOOI 
OOOOI 

000002 


0.0000006 


6 

8 

la 

30 

3a 

52 

83 
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For  the  determination  of  the  equal-density  lines  (dotted)  shown 
in  Figure  2,  values  of  M  were  read  from  each  mass  Une  in  the 
diagram  for  every  half-interval  of  spectrum.  The  use  of  (22)  then 
gave  the  values  of  log  p  corresponding  to  each  of  these  points  in  the 
sequence  of  spectral  type.  Plots  of  these  results — log  p  against 
spectrum — then  led  to  a  series  of  curves,  one  for  each  integral 
value  of  the  mass  (also  one  for  cM=  =  i.5),  from  which  were  read 
spectral  types  corresponding  to  integral  values  of  log  p.     The 

'  Mr.  Pease  has  kindly  placed  at  my  disposal  pro\'isional  results  for  three  other 
stars.  The  observed  and  theoretical  values  of  j  and  d,  or  D,  are  here  also  in  excellent 
agreement,  although  the  accidental  de\'iations  are  larger  than  those  shown  in  Table 
XIII. 
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corresponding  points  were  marked  on  the  diagram  and  connected 
by  the  dotted  Hnes  shown  in  the  figure. 

Within  the  limits  considered,  and  with  the  exception  of  that  for 
log  p=— I,  the  curves  of  equal  density  are  sensibly  linear;  the 
regularity  of  their  spacing  is  remarkable.  Including  the  line  for 
log  p  =  —  I  from  A5  onward  through  the  later  t>pes,  the  mean 
density  corresponding  to  any  given  spectrum  and  absolute  magni- 
tude is  represented  by  the  formula 

log  p=  — 1.22  5+0.57  If+i.  Ill  , 

(5  =  o  for  Bo,  I  for  Ao,  etc.)    j  ^^^^ 

with  a  probable  error  of  about  15  per  cent,  over  a  range  in  p  extend- 
ing from  0.1  to  o.oooooi. 

The  question  now  arises  as  to  what  means  can  be  found  for 
testing  the  vahdity  of  these  results.  Some  control  is  obviously 
necessary,  for  with  the  exception  of  the  masses  and  densities  along 
the  dwarf  branch,  the  whole  scheme  of  mass  and  density  distribu- 
tion depends  upon  the  assumed  applicability  of  the  principle  of 
equipartition.  In  this  connection,  the  eclipsing  variables,  many 
of  which  are  known  to  be  of  exceptionally  low  density,  immediately 
suggest  themselves  as  suitable  for  a  test.  The  weak  point,  however, 
is  that  we  do  not  know  their  absolute  magnitudes,  except  in  a 
very  few  cases.  Any  attempt  to  use  hypothetical  absolute  magni- 
tudes fails,  because  it  involves  an  assumption  for  the  mass,  and 
this,  as  shown  by  (22),  is  equivalent  to  a  direct  assumption  for 
the  density. 

Some  general  indications,  however,  can  be  obtained.  With 
slight  revisions  of  spectral  classification,  Shapley's  data^  for  the 
densities  of  eclipsing  variables  give  the  following  mean  values: 


Sp. 

p 

No.  Stars 

B6 

0.12 

IS 

Ao-1- 

0.  20 

48 

F(d\varfs) 

0-35 

9 

For  these  groups  of  B  and  A  stars  the  values  of  log  p  are  —0.9  and 
—  0.7,  respectively.  From  Figure  2  the  corresponding  values  of  M 
are  seen  to  be   —0.6  and   +0.2.      These  are  of  the  order  to  be 

'  Conlribuiions  from  Princeton  University  Observatory,  Xo.  3,  p.  124,  1915. 
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expected,  and  are  obviously  possible  values.  The  value  p  =  o.35 
for  the  F-type  dwarfs  agrees  closely  with  that  found  here  for  F5, 
namely,  0.39.  For  the  dwarfs  the  dispersion  in  absolute  magnitude 
is  so  small  that  lack  of  knowledge  of  the  luminosities  gives  rise  to 
no  appreciable  error. 

These  results  are  all  satisfactory,  as  far  as  they  go,  but  they 
do  not  reach  that  part  of  the  diagram  which  is  involved  in  the 
greatest  doubt,  namely  the  region  of  very  high  luminosity  and 
exceptionally  low  density.  On  the  other  hand,  if  the  validity  of 
the  mass  and  density  distribution  can  once  be  established,  the 
densities  of  the  eclipsing  variables  should  give  a  rehable  determi- 
nation of  their  distances.  Fortunately,  the  uncertainty  can  be 
removed  to  a  large  extent  with  the  aid  of  the  Cepheid  variables. 

12.      REVISION    OF   MASSES    AND   DENSITIES    BY   MEANS    OF 

CEPHEID    VARIABLES 

There  are  still  difficulties  connected  with  the  pulsation  hypothe- 
sis as  a  means  of  explaining  Cepheid  variation,  although  there 
seems  little  doubt  that,  in  some  form  or  other,  it  must  be  used  to 
account  for  the  changes  in  brightness  of  these  stars.  That  being 
the  case,  the  mean  density  must  vary  inversely  as  the  square  of 
the  period.     Hence' 

log  p=  —  2  log  P+ const.  (24) 

Further,  the  period-luminosity  relation^ 

M=f{P)  (25) 

'  The  exact  form  of  the  relation  of  density  to  period  as  applied  to  Cepheids  is 
possibly  open  to  some  question.  Emden,  Gaskugdn,  p.  451,  1907,  finds  for  ellipsoidal 
oscillations  of  a  polytropic  gas  sphere 

P  oc  (j»  p)  ~  ^ 

where  m  is  the  order  of  the  harmonic  oscillation;  the  important  vibration  corresponds 
to  m=2.  Eddington,  Monthly  Notices,  79,  2,  1918;  177,  1919,  discusses  pulsations 
which  are  symmetrical  about  the  star's  center  and  finds  a  result  equivalent  to  (24), 
with  the  exception  that  the  constant  is  replaced  by  a  slowly  varying  function  of  the 
specific  heats  and  the  ratio  of  radiation-pressure  to  gravitation,  the  latter  increasing 
with  the  mass.     For  a  first  approximation  we  may  adopt  (24). 

'  Shapley,  Mt.  Wilson  Contr.,  No.  151;  Astrophysical  Journal,  48,  89,  1918. 
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determines  the  absolute  magnitude.  With  M  and  the  spectral 
tjpe  as  arguments,  log  p  and  cX=  can  be  interpolated  from  the 
mass-density  diagram.     Then, 

a)  The  interpolated  values  of  log  p  may  be  compared  with 
those  calculated  by  (24),  the  constant  being  adjusted  to  give  the 
best  representation  of  the  densities  of  the  entire  group  of  stars. 
Since  the  range  in  p  as  determined  by  (24)  is  from  about  o.i  to 
o.ooooi.  the  control  on  the  densities  should  be  effective. 

h)  Having  determined  the  constant  in  (24),  we  may  write  (22) 
in  the  form 

log  t/1.  =  —  2  log  P — o .  6  {M  —j) + const.  C 26) 

which  expresses  the  mass  of  a  Cepheid  variable  as  a  function  of  its 
period  and  surface  brightness,  for,  by  (25),  M  is  a  function  of  the 
period  alone.  The  values  of  J^  interpolated  from  the  diagram  may 
be  compared  with  those  calculated  by  (26).  This  checks  the 
distribution  of  mass. 

c)  Finally,  with  spectral  type  and  log  p  calculated  from  (24), 
we  may  interpolate  M  from  the  diagram.  The  absolute  magnitudes 
thus  found  may  then  be  compared  with  the  period-luminosity 
relation  (25).  This  is  not  an  independent  test,  but  exhibits  the 
results  of  {a)  in  a  different  form. 

Because  of  the  enormous  range  in  the  density,  the  application 
of  these  tests  will  mean  little  except  in  the  case  of  stars  of  accu- 
rately determined  spectra.  This  makes  trouble  at  once,  for  the 
type  of  a  Cepheid,  in  so  far  as  determined  from  the  hydrogen  lines 
at  least,  varies  with  its  brightness,  as  was  first  clearly  shown  by 
Pease's'  observations  of  RS  Bootis.  Isolated  determinations  of 
spectrum  based  on  the  appearance  of  these  lines  are  therefore 
unsuitable  for  the  comparisons.  Adams  and  Joy,^  on  the  other 
hand,  have  shown  that  many  spectral  characteristics  change  little 
or  not  at  all  as  the  Hght  of  the  star  varies;  their  "estimated" 
spectral  classes  are  practically  independent  of  phase. 

'  Publications  of  the  Astronomical  Society  of  the  Pacific,  26,  256,  1914. 

*  Mt.  Wilson  Comm.,  No.  53;  Proceedings  of  the  National  Academy  of  Sciences,  4, 
129,  1918. 
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The  list  of  spectroscopic  parallaxes'  includes  twenty-nine 
Cepheids  for  which  estimated  types  are  available.  One  of  these, 
RY  Bootis,  although  usually  classed  as  a  Cepheid,  does  not  show 
Cepheid  spectral  characteristics  and  has  an  absolute  magnitude 
at  variance  with  that  derived  from  the  period-luminosity  relation. 
Further,  three  cluster-type  Cepheids,  SU  Aurigae  (8.7),  SU  Draconis 
(9.2),  and  SW  Draconis  (lo.o),  and  the  long-period  Cepheid 
V  Vulpeculae  (8.6)  are  so  faint  that  the  types  assigned  are  less 
certain  than  the  others.  The  classification  of  faint  stars,  observed 
with  low  dispersion,  is  likely  to  be  influenced  to  some  extent  by 
the  hydrogen  lines.  The  case  of  V  Vulpeculae,  moreover,  is 
peculiar.  The  light-curve  is  irregular;  and  the  period-luminosity 
relation  leads  to  a  value  of  M  which  not  only  differs  widely  from 
that  derived  from  the  spectrum,  but  falls  outside  the  limits  of  the 
mass-density  diagram.  These  five  stars  were  therefore  excluded," 
leaving  a  total  of  twenty-four. 

These  data  are  supplemented  by  Shapley's^  results  for  twenty 
Cepheids,  based  on  systematic  observations  of  spectral  characteris- 
tics that  do  vary  with  the  changes  in  light.  The  median  value  of  the 
type,  which  was  used  for  the  discussion,  is  about  0.3  of  a  spectral 
interval  earlier  than  the  estimated  spectrum. 

This  difference  will  lead  to  different  values  of  the  constants 
in  the  foregoing  formulae,  unless  the  value  of  M  and  the  spectral 
type  are  referred  to  the  same  phase.  Thus,  the  estimated  type 
agrees  with  the  hydrogen-line  type  at,  or  very  near,  the  time  of 
minimum  brightness  (estimated  minus  hydrogen-line  type  at 
minimum  =— 0.1  spectral  interval).  Hence  for  the  comparisons, 
the  minimum,  and  not  the  median  M  (the  period-luminosity  relation 
gives  the  latter),  should  be  associated  with  the  estimated  spectra. 
The  simplest  procedure,  however,  is  to  use  the  median  M  and 
subtract  0.3   of  an  interval   from   the  estimated  spectra  before 

•  Ml  Wilson  Contr.,  No.  199;   Astrophysical  Journal,  53,  13,  1921. 

^  It  was  not  noted  until  after  the  comparisons  had  been  finished  that,  on  the 
criterion  of  brightness,  W  Serpentis  (9.0)  should  also  have  been  excluded. 

i  Mt.  Wilson  Contr.,  No.  124;  Astrophysical  Journal,  44,  273,  1916.  In  general 
the  means  of  the  limiting  values  of  the  type  as  given  by  Shapley  have  been  adopted. 
Deviations  from  this  rule  occur  in  a  few  cases  where  the  distribution  of  the  observa- 
tions is  such  that  the  mean  does  not  correspond  to  median  brightness  of  the  variable. 
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making  interpolations  from  the  diagram.  Sixteen  stars  are  com- 
mon to  the  two  lists,  but  owing  to  the  different  methods  of  classi- 
fication used,  the  duplicate  observations  have  been  treated  as 
separate  stars. 

The  results  of  the  application  of  tests  (a),   (b),  and   (c)   are 
summarized  in  Table  XV,  which  gives  the  range  in  log  p,  log  <Jis, 

TABLE  XV 

Representation  of  Masses  and  Densities 
Equations  (24)  to  (26)  and  FictrRE  2 


Range 

Average  Difference 

Test 

Est.  Sp. 

H.L.  Sp. 

(a)  log  p 

{b)  logcAt 

(c)  M 

-I.I    to  —4.8 

0.46  to       I  .28 
-0.3    to  -4.7 

±0.15 

015 
±0.30 

±0.18 

0.16 

±0.32 

and  M  over  which  the  comparisons  were  made,  and  the  average 
differences  resulting  therefrom.  Thus,  on  the  basis  of  estimated 
spectra,  formula  (24)  represents  the  density  distribution  in  Figure  2 
over  a  range  in  log  p  from  —  i.i  to  —4.8,  with  an  average  difference 
of  =*=  o.  1 5 .  Similarly,  the  values  of  M  interpolated  from  the  diagram 
in  the  interval  —0.3  to  —4.7  agree  with  those  from  the  period- 
luminosity  relation  within  =^0.30  mag.  We  conclude  at  once 
that  the  masses  and  densities  derived  with  the  aid  of  the  principle 
of  equipartition  are  of  the  right  order  of  magnitude,  at  least  as  far 
as  type  G3,  which  is  the  latest  occurring  among  the  Cepheids  used. 

A  classification  of  the  differences  in  log  p  and  log  Ji>  according 
to  M,  which  is  also  more  or  less  a  classification  according  to  spec- 
trum, revealed,  however,  the  presence  of  systematic  divergences. 
These  run  from  about  —0.18  (at  if  =—0.7,  A8)  to  +0.18  (at 
M=  —  3.8,  F8)  in  the  logarithms  of  both  quantities.  The  algebraic 
signs  mean  that  the  range  of  mass  in  Figure  2,  for  a  given  interval 
in  M,  is  too  small,  that  the  masses  of  the  most  luminous  Cepheids 
are  larger,  and  those  of  less  luminous  stars  smaller,  than  the  values 
given  by  the  diagram.  The  density  lines,  on  the  other  hand,  are 
too  closely  spaced. 

These  differences  were  made  the  basis  of  a  readjustment  of  the 
lines  of  mass  and  density.     The  percentage  divergence  in  p  and  Ji> 
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is  the  same,  as  it  must  be  by  (22),  but  since  the  scale  for  cAt  is  much 
larger  than  that  for  p  (in  passing  from  one  curve  to  the  next  the 
mass  changes  by  one  unit  while  p  changes  tenfold) ,  the  adjustments 
were  made  in  the  mass-curves,  the  densities  being  computed  by 
(22)  as  before.  The  masses  and  densities  along  the  dwarf  branch, 
of  course,  remain  unchanged. 

The  result  of  several  trials  is  the  diagram  shown  in  Figure  3. 
A  repetition  of  tests  (a),  (6),  and  (c)  gave  the  differences  shown  in 
the  last  six  columns  of  Table  XVI,  the  first  column  under  each  of 
the  headings  log  p,  log  Ji>,  and  M  referring  to  estimated  spectra,  the 
second  to  those  based  on  the  hydrogen  Hnes.  The  average  differ- 
ences have  been  reduced  to  about  two-thirds  their  original  values, 
while  the  run  in  the  differences  has  disappeared.  Thus  for  four 
groups  of  eleven  stars  each,  the  mean  systematic  values  are: 


M... 
Sp... 

log  p. 
log  Ji 


—  I.O 

-2.1 

-2.7 

Fo 

F6 

F7 

— O.OI 

-0.03 

-\-O.Q2 

—  0.02 

—  O.OI 

—  0.04 

-3-6 
F8 

-{-0.03 
0.00 


The  comparison  of  the  interpolated  values  of  M  with  the  period- 
luminosity  relation  is  shown  graphically  in  Figure  4. 

In  this  connection  it  will  be  noted  that  values  of  M  interpolated 
from  the  diagram  with  log  p  and  the  type  as  arguments  are  sensitive 
to  uncertainties  in  the  spectra.  The  relations  are  such  that  the 
average  difference  ±0.2  in  AI  (Table  XVI)  corresponds  to  o.i  of  a 
spectral  interval  (see  equation  [23]).  The  normal  uncertainty  of 
classification  therefore  accounts  for  nearly  all  the  deviation  shown 
by  individual  stars  in  Figure  4. 

The  principal  change  in  the  diagram  has  been  the  depression 
of  the  mass-curves  near  Go  and  the  change  in  their  curvature  in 
the  region  of  the  early  t>^es.  Since  the  data  for  the  Cepheids  do 
not  extend  beyond  G3,  the  lines  through  types  G  to  M  have  been 
left  much  as  in  the  original  diagram.  As  will  be  seen  later,  there  is 
some  evidence  favoring  the  reaUty  of  the  minimum  near  Ko. 
If  the  reductions  to  bolometric  magnitude  given  on  page  194  be 
applied,    the   variation   of   mass   with    spectrum   becomes   fairly 
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regular,  the  course  of  the  topmost  line  (gM=  =  lo)  being  indicated  by 
the  dotted  curve  in  Figure  3. 
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Fig.  3. — Distribution  of  mass  and  mean  density,  revised  with  the  aid  of  Cepheid 
variables.  The  dotted  curve  at  the  top  indicates  the  reduction  to  bolometric  absolute 
magnitude  for  late-type  stars  of  mass  10. 
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The  curves  of  equal  density  are  little  changed.  They  still 
remain  sensibly  linear,  but  are  no  longer  so  closely  parallel. 
Formula  (23)  has  not  wholly  lost  its  applicability,  for  it  still 
expresses  approximately  the  relation  of  density  to  spectrum  and 
absolute  magnitude,  though  less  accurately  than  before. 

It  will  be  noted  that  the  densities  along  the  dwarf  branch  are 
consistent  with  the  values  demanded  by  the  density-distribution 
defined  by  the  lines  log  p  =  o,  —  i,  —2,  etc.     In  other  words,  if  we 
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Fig.  4. — Absolute  magnitudes  of  Cepheids  interpolated  from  Fig.  3  with  spectral 
type  and  log  p  from  equation  (24)  as  arguments.  Circles,  "estimated"  spectra  by 
.\dams;  points,  hydrogen-line  spectra  by  Shapley.  The  curve  is  Shapley's  period- 
luminosity  relation. 

interpolate,  say,  for  the  value  log  p=— 0.4  (^=0.4)  along  the 
line  cAt  =  6,  we  find  the  point  where  it  belongs,  namely,  on  the 
dwarf  branch.  This  detail  is  of  some  importance  because  it  shows 
that  the  constants  in  the  formulae  for  log  p  and  log  cJH=  have  been 
correctly  determined.  The  spacing  of  the  Hnes  is  fixed  by  the 
periods  of  the  variables;  their  position  as  a  group,  by  the  condition 
that  they  must  be  consistent  with  the  densities  adopted  for  the 
dwarfs,  whose  values  are  independent  of  any  assumption  as  to 
equipartition. 

Presumably  the  diagram  in  Figure  3  is  to  be  preferred  to  that 
in  Figure  2.  Certainly  that  is  the  case  when  Cepheid  variables 
are  concerned;    and  it  seems  Hkely  that  this  holds  also  for  the 
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stars  at  large.  The  mass  lines  in  Figure  2  pass  through  the  points 
defined  by  the  energy-constant  and  the  velocities;  no  allowance  for 
observational  uncertainty  by  smoothing  between  the  types  was 
attempted;  and  with  the  exception  of  the  terminal  points  on  the 
dwarf  branch  everything  preceding  F5  is  an  extrapolation.  On  the 
other  hand,  an  assumption  of  comparability  is  here  involved,  and 
it  is  perhaps  worth  remarking  that  if  we  reject  the  original  diagram, 
we  may  thereby  exclude  relations  between  mass,  density,  lumi- 
nosity, temperature,  etc.,  which  differentiate  stars  of  constant 
Hght  from  Cepheid  variables. 

In  view  of  the  tentative  character  of  the  results,  a  detailed 
tabulation  of  the  mass  and  density  relations  is  unnecessary; 
Figure  3  will  answer  all  practical  purposes  to  which  the  results 
can  be  adapted.  The  data  for  the  dwarf  branch  given  in  the  first 
part  of  Table  XIV,  which  are  the  most  reUable,  have  already  been 
referred  to.  To  these  have  been  added,  by  way  of  numerical 
illustration,  results  for  the  giants  of  zero  absolute  magnitude  and 
for  those  whose  masses  are  equal  to  10.' 

As  a  further  illustration,  the  masses  and  densities  corresponding 
to  the  spectra  and  absolute  magnitudes  of  the  individual  stars 
measured  by  Pease  with  the  interferometer  have  been  given  in  the 
last  lines  of  Table  XIII.  As  a  source  of  error,  the  values  of  M 
for  these  stars  are  probably  as  serious  in  respect  to  mass  and  density 
as  the  uncertainties  of  Figure  3  itself.  Equation  (22)  shows  that 
an  error  of  0.5  in  M  means  an  uncertainty  factor  of  2  in  the  density, 
whereas  it  seems  unh'kely  that  values  from  the  diagram  should  be 
in  error  by  so  large  an  amount.  In  the  case  of  an  individual  star, 
dispersion  may  of  course  enter,   since  the  diagram  gives  mean 

^  Since  the  displacement  of  spectral  lines  required  by  relativity  is  proportional 
to  cK/R  (22  =  radius  of  star)  the  results  in  Table  XIV  have  a  direct  bearing  on  this 
question.  The  values  of  cK/R  do  not  run  parallel  to  those  of  the  K-term.  Hence 
this  term  cannot  be  wholly  identified  with  the  relativity  displacement,  although  the 
latter  may  of  course  be  involved.  As  an  illustration,  the  X'-term  for  the  B  stars  is 
about  four  times  that  for  the  A's.  The  ratio  of  the  displacements  on  the  other  hand 
would  be  about  1.3.  The  most  extreme  deviation,  however,  is  found  by  comparing 
the  B's  with  the  giant  M  stars.  Their  K-terras  are  of  the  same  order  of  magnitude, 
whereas  the  red-displacement  of  the  lines  in  M  stars  should  be  of  the  order  of  o.oi 
that  of  the  B's.     See  footnote  No.  2,  p.  iqi. 
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values;    but  the  probability  of  the  occurrence  of  large  deviations 
from  the  mean  is  small. 

13.      ON   DISPERSION   IN   THE  MASSES  OF  CEPHEIDS 

From  Shapley's  work  it  appears  that,  for  the  variables  in 
globular  clusters  at  least,  the  deviations  in  M  from  the  values 
determined  by  the  period-luminosity  relation  are  of  the  same  order 
as  the  observational  errors  in  the  apparent  magnitudes,'  which 
of  course  must  be  used  for  any  comparison.  Practically,  therefore, 
M  is  uniquely  determined  by  P.  Hence,  by  (26),  the  dispersion 
in  the  mass  is  related  to  that  arising  from  such  differences  in  j 
as  may  be  associated  with  the  same  value  of  P,  and  it  is  an  observa- 
tional fact  that  the  latter  are  small. 

Direct  evidence  is  also  afforded  by  the  comparison  of  the  values 
of  0K5  for  the  Cepheids  calculated  by  (26)  with  those  interpolated 
from  Figure  3.  The  average  difference  in  log  Ji>  is  ±0.10,  corre- 
sponding to  about  25  per  cent  in  JH=.  But  what  part  of  this  may 
be  attributed  to  uncertainty  in  the  spectrum  ? 

With  proper  allowance  for  the  systematic  difference  of  0.3 
between  the  hydrogen  line  and  estimated  spectra,  the  internal 
agreement  is  such  as  to  indicate  an  average  uncertainty  of  0.05 
of  an  interval.  Assume  an  adopted  value  of  the  type  to  be  too 
late  by  this  amount.     From  (26) 

Mod.  —rr  =  +0 . 6  dj.  (27) 

For  the  region  Fo-Go,  J  increases  about  0.07  for  the  assumed 
increase  in  the  spectrum.  Hence,  the  calculated  cK,  will  be  10 
per  cent  too  large.  On  the  other  hand,  we  find  from  Figure  3, 
for  F5,  If  =  —  2.5,  as  an  average,  that  the  same  error  in  the  spectrum 
leads  to  an  interpolated  oMs  about  3  per  cent  too  small.  The 
resulting  errors  are  in  opposite  directions;  whence,  in  the  difference, 
the  uncertainty  becomes  13  per  cent. 

This  average  percentage  error,  combined  with  the  dispersion 
and  the  errors  of  interpolation,  must  equal  the  average  deviation 

'Ml.  Wilson  Contr.,  No.  151,  p.  26;   Astrophysical  Journal,  48,  114,  1918. 
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of  25  per  cent  from  the  mean  masses  of  the  diagram.  Neglecting 
the  interpolation  errors,  whose  inclusion  would  make  the  dispersion 
still  smaller,  we  find  the  probable  dispersion  r{<Ji>)  =  19  per  cent. 
As  far  as  the  evidence  goes,  we  should  therefore  expect  one-half 
the  Cepheids  to  have  masses  lying  between  0.8  and  1.2  times  the 
mean  mass.  Since  the  Cepheids  are  a  very  special  class  of  objects, 
it  would  be  too  much  to  assume  that  this  result  holds  for  all  classes 
of  stars  (see  Section  7). 

14.      MASSES   AND   DENSITIES    OF   CEPHEID   VARIABLES 

The  calculated  values  of  the  masses  and  densities  used  for  the 
comparisons  with  the  diagram  of  Figure  3  have  been  collected 
in  the  sixth  and  seventh  columns  of  Table  XVI,  while  their 
deviations  from  the  adopted  distribution  are  in  the  following 
columns.     The  formulae  used  are: 

log  p= —2  log  P— 1 .90  (29) 

log  cAt,=  — 2  log  P  — 0.6  (M— y)+o.87  (30) 

in  which  the  constants  are  the  means  for  the  two  sets  of  data, 
the  individual  values  differing  by  only  0.02.  In  case  the  spectral 
type  is  the  median  value  derived  from  the  hydrogen  hnes,  the 
median  value  of  M,  given  directly  by  the  period  luminosity  rela- 
tion, is  to  be  used.  For  estimated  spectra,  the  minimum  M  is 
required,  although  it  is  simpler  to  subtract  0.3  from  the  estimated 
spectrum  and  use  the  median  M. 

The  values  of  both  density  and  mass  depend  upon  the  assumed 
constancy  of  the  numerical  term  in  (29),  but  this  assumption 
apparently  leads  to  results  of  the  right  order,  although  for  stars 
of  short  period  the  percentage  deviation  may  be  considerable. 

For  individual  stars  the  calculated  values  are  probably  to  be 
preferred  to  those  interpolated  from  Figure  3.  This  follows  not 
merely  because  of  the  dispersion  in  mass,  but  also  because  the 
differences  for  stars  having  determinations  based  on  both  estimated 
and  hydrogen-line  spectra  are  almost  always  of  the  same  sign. 
This  indicates  real  deviations  from  the  mean  distribution,  in  addi- 
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tion  to  those  arising  from  the  unavoidable  errors  of  spectral  classi- 
fication. In  such  cases  the  values  from  (29)  and  (30)  are  likely  to 
be  nearer  the  truth  than  those  derived  from  the  diagram. 

The  results  in  Table  XVI,  both  calculated  and  interpolated, 
may  be  compared  with  the  masses  and  densities  derived  by  Edding- 
ton'  for  certain  Cepheids  on  the  basis  of  his  theory  of  radiative 
equilibrium.     The  agreement  shown  by  Table  XVII  is  remarkable 

TABLE  XVII 

Comparison  with  Eddington's  Results  for  Cepheid  Vari.\bles 


Stak 


Mass 


Edding- 
ton 


Eq.  (30) 


Fig.  3 


Mean  Density 


Eddington 


Eq.  (29) 


Fig.  3 
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. 00046 
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.00041 

•00033 

.00025 
.00027 
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.00072 
.00160 
.00110 
.0015 
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) . 000044 
.00012 
.00018 
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.00024 
.00025 
. 00038 
.00044 
. 00063 
.00083 
. 0009 I 
.0013 
■0033 
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.00013 
.00025 
.00028 
.00038 
.00021 
.00045 
.00071 
.0013 
.0010 
.0011 
.0045 
0.033 


when  it  is  considered  that  the  two  methods  approach  the  problem 
from  entirely  different  directions.  There  are  a  few  cases  of  serious 
discordance,  and  some  systematic  divergence,  but  nothing  so  large 
as  might  have  been  expected.  The  agreement  with  (29)  has  been 
commented  upon  by  Eddington  himself. 

The  geometrical  mean  mass  of  the  twenty-four  Cepheids  in 
Table  XVI  is  6.2.  which  happens  to  agree  almost  exactly  with  that 
derived  from  the  principle  of  equipartition.  This  can  scarcely 
be  more  than  accidental,  however,  for  the  velocities  of  only  fifteen 
of  these  stars  are  available. 


Monthly  Notices,  79,  5,  19 18. 
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15,      AVERAGE   HEAT   CONTENT   AND   CEPHEID   VARIATION 

On  the  basis  of  the  theory  of  radiative  equihbrium  Eddington^ 
finds  for  the  central  temperature  of  a  star 

Tc^:  p^<Ji>~'^m  (31) 

where  p  is  the  mean  density,  j8  the  ratio  of  radiation  pressure  to 
gas  pressure,  and  m  the  atomic  weight  which  is  here  assumed  to 
be  constant.     The  formula  may  also  be  written 

^c"^^  (32) 

R  being  the  radius.  R  =  D/2  is  given  by  (18)  or  an  equivalent 
expression;  /3  is  a  function  of  J^,  and  Ji=  in  turn  appears  in  his 
formulae  as  a  function  of  the  luminosity  alone,  which  can  be  obtained 
from  (25).  Tc  can  therefore  be  calculated  for  any  star.  For 
thirteen  Cepheids  with  periods  ranging  from  2  to  17  days  Edding- 
ton^  finds  that  T^/jS  is  sensibly  constant.  There  are  accidental 
deviations,  but  no  progressive  change.  Moreover,  for  two  theo- 
retical stars  with  periods  of  4.5  and  30.8  days  the  values  of  Tc/^ 
are  practically  identical.  This  suggests  as  a  possible  condition  for 
Cepheid  variation 

^  =  const.,  or  pJi?  =  const.  (33) 

K 

Since  So^/R  is  proportional  to  the  total  heat-content  of  a  star,' 
the  physical  significance  of  {:i,^)  is  that  the  average  heat-content 
per  unit  mass  is  a  constant,  or,  in  another  form,  that  the  gravi- 
tational potential  at  the  surface  of  the  star  is  constant  for  the 
Cepheids.  Shapley^  has  discussed  this  condition  from  the  stand- 
point of  the  relation  of  period  to  absolute  magnitude  and  finds 
agreement  with  the  observed  period-luminosity  relation  (25). 
We  may  proceed  somewhat  differently  by  combining  (24)  and  (26) 
in  accordance  with  {2)3).  This  gives  the  theoretical  period- 
luminosity  relation 

M  =  -  5  log  P+y+  const.  (34) 

'  Monthly  Notices,  77,  601,  1917.  ^  Ibid.,  79,  5,  1918;  181,  1919. 

3  Jeans,  Problems  in  Cosmogony,  p.  191,   1919. 

*  ML  Wilson  Conir.,  No.  190,  p.  7;  Aslrophysical  Journal,  52,  79,  1920. 
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A  comparison  of  the  values  of  M  from  (34)  for  the  twenty-eight 
stars  in  Table  XVI  with  those  from  the  observed  relation,  (25) 
above,  gives  results  which  are  shown  graphically  in  Figure  5. 
The  agreement  is  not  good,  the  divergence  amounting  to  about  a 
magnitude  between  log P  =  0.25  and  1.5,  with  even  larger  differ- 
ences for  the  cluster-type  Cepheids,  which  are  not  shown  in  the 
diagram. 
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Fig.  5. — Absolute  magnitudes  of  Cepheids  based  on  the  assumption  of  constant 
average  heat  content.     The  points  are  values  for  individual  stars  from  equation  (34). 
The  circles,  from  equation  (36),  show  the  agreement  with  Shapley's  period-luminosity 
relation  when  the  term  involving  the  specific  heats  in  Eddington's  expression  for  the" 
density  is  included.  * 

It  will  be  noted  that  {-^-^  is  an  empirical  result  which  follows 
from  an  application  to  Cepheids  of  the  period-luminosity  relation 
(25)  and  the  general  theory  of  radiative  equilibrium,  but  its 
derivation  does  not  in  any  way  involve  the  theory  of  Cepheid 
variation  itself.  If  valid,  it  ought,  however,  in  combination  with 
the  latter  theory,  to  lead  back  to  relation  (25).  But  the  compari- 
son, as  made,  does  not  give  complete  agreement.  Since  the 
theory  of  Cepheids  has  entered  only  through  (24),  the  difficulty 
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presumably  lies  with  that  equation,  which  has  been  assumed  to  be 
applicable.  If  instead  we  use  the  corresponding  relation  derived  by 
Eddington'  himself,  the  difficulty  disappears.  For  (24)  we  must 
substitute 

log  p=  —  2  log  P  —  2  log  (70)^+ const.  (35) 

where  (7a)*  is  a  function  of  /3  and  of  the  ratio  of  the  specific  heats, 
and  changes  slowly  with  the  mass.  With  this  emendation,  (34) 
becomes 

M=-s  log  P+i-5  log  (7a)'+const.  (36) 

The  factor  depending  on  the  specific  heats  enters  to  the  fifth  power 
and  thus  becomes  important.  Its  neglect  in  (34)  causes  the 
divergence  shown  by  Figure  5. 

The  necessary  corrections  are  easily  calculated,  however,  with 
the  aid  of  Table  V  of  Eddington's  paper.  The  values  of  i  —  /3 
required  for  the  interpolation  of  (7a)*  are  given  in  M.N.,  77,  602, 
191 7,  under  the  heading  ''Molecular  Weight  2,"  with  the  mass  as 
argument.  For  Jio  we  may  use  the  values  in  Table  XVI,  or  more 
consistently  with  the  present  procedure,  we  may  calculate  cK  from 

log  cK== —0.2  (M—j)  + const.  (37) 

which  follows  at  once  from  (18)  and  the  condition  Ji>^R  given  by 
(TfS)-  The  latter  method  was  adopted,  the  constant  in  (37)  being 
determined  so  that  the  mean  Ji,  from  (37)  agrees  with  that  from 
the  diagram  in  Figure  3.  We  are  interested  only  in  the  variation 
of  (7a)  %  which  is  practically  the  same  for  all  possible  values  of  the 
ratio  of  specific  heats.  F  =  i|^  was  used,  however,  since  Edding- 
ton's results  show  that  this  agrees  well  with  the  data  of  observation. 
With  the  constant  in  (36)  equal  to  1.48,  the  values  of  —5  log  (7a)* 
are  as  shown  in  the  third  column  of  Table  XVIII.  The  sums  of 
the  remaining  terms  on  the  right  of  (36)  are  given  in  the  second 
column  under  the  heading  Mg.  These  are  the  co-ordinates  of  the 
dotted  curve  in  Figure  5  and  were  read  directly  from  a  large-scale 
diagram.  The  calculated  values  of  M  from  (36)  (fourth  column) 
when  compared  with  those  from  (25)  give  the  residuals  in  the  last 

'  Monthly  Notices,  77,  15,  1918. 
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column  of  the  table.  For  values  of  P  between  3  and  30  days  the 
agreement  is  very  close.  For  P<2  days  there  is  still  a  large 
divergence,  but  that  is  to  be  expected.  For  all  but  the  cluster- 
t}pe  Cepheids,  therefore,  the  theoretical  relation  (36)  is  practically 
the  equivalent  of  the  observed  period-luminosity  relation  (25). 

TABLE  XVIII 
Theoretical  and  Observed  Period-Lxjminosity  Relation 


Mo 

-5  log  (7o)i 

M 

o-c 

Log  P 

(36) 

(2S) 

0.25 
0.50 

0-75 
1 .00 

1-25 
I-50 

-0.45 
-1.30 
-2.25 
-3-34 
-4-43 
-5-54 

-0.45 
—  0.29 
-0.08 
+0.15 

+0.45 
-1-0.68 

—  0.90 
-1-59 
-2.33 
-319 
-398 
-4.86 

-1.08 
-1.58 
—  2.26 

-3-iS 
-40s 

-4-95 

-0.18 

-(-O.OI 

+0.07 
+0.04 
—  0.07 
—0.09 

Shapley's  discussion  referred  to  above  starts  with  the  assump- 
tion of  constant  heat-content  and  leads  to  a  theoretical  relation 
which  agrees  well  with  (25),  but  does  not  involve  Eddington's 
theory  of  Cepheids  because  his  comparison  is  based  on  equation 
(24)  instead  of  (35).  The  close  agreement  found  by  Shapley  is 
due  partly  to  the  fact  that  his  final  formula  neglects  2.5  log  (7a)* 
instead  of  5log(7a)^  which  by  itself  would  lead  to  a  divergence 
from  (25)  equal  to  one-half  that  shown  in  Figure  5,  and  partly 
to  his  readjustment  of  the  mean  atomic  weight. 

The  matter  is  of  interest  from  two  or  three  points  of  view: 
First,  because  it  shows  the  consistency  of  Eddington's  theory  of 
Cepheid  variation  with  the  general  theory  of  radiative  equilibrium, 
in  that  it  is  necessary  to  include  the  term  depending  on  the  specific 
heats^  in  order  to  work  back  to  the  observed  period-luminosity 
relation  which  was  one  of  the  premises;  and  second,  because  it 
exhibits  the  empirical  result  i^;^)  in  another  form  and  possibly 
gives  w^eight  to  the  suggestion  that  constant  average  heat-content 
may  be  a  determining  circumstance  in  Cepheid  variation. 

The  fact  that  the  term  which  has  been  under  discussion  enters 
to  so  high  a  power  subjects  Eddington's  theory  of  Cepheid  varia- 
tion to  a  severe  test.     Something  of  the  sort  is  also  true  of  the 


2  20  FREDERICK  H.  SEARES 

empirical  condition  {t^^).  Assume  for  a  moment  that  the  relation 
cJH=  oc  i?  is  not  exact,  and  suppose  that  all  the  variations  which  occur 
are  thrown  into  the  mass.  The  maximum  systematic  deviation 
in  log  cAt,  by  (i8),  (22),  and  (37),  will  then  be  equal  to  0.4  of  that 
shown  by  the  differences  in  the  last  column  of  Table  XVIII, 
which  is  well  within  the  uncertainty  of  the  comparison. 

This  close  agreement  justifies  the  mention  of  other  relations 
which  follow  at  once  from  the  assumption  of  constant  average 
heat-content,  combined  with  the  following  equations  of  radiative 
equihbrium  :^ 

r.cxcAtw  \  (38) 

where  T^  and  Tc  are  the  effective  and  central  temperatures,  respec- 
tively, g  the  acceleration  due  to  gravity,  and  i— /?  the  ratio  of 
radiation  pressure  to  gravitational  attraction.  Assuming  Jis^R 
we  find  then 

r,<x/3;   r,ccr,cAt=ia:^i/3ocr,p-JJ  ^^^^ 

where  Cj,  C2,  and  c^  are  constants.     Further,  with  the  aid  of  (35) 

Ji.oz(yayP;   TeO:  Tc{ya)m  cc  ^(yaY^Pi.  (40) 

The  relation  Tg  °=  cJH='/3  is  of  special  interest.  Since  (3  diminishes 
faster  than  Ji>*  increases,  Tg  must  decrease  with  increasing  cM=. 
The  change  for  the  range  in  cK  shown  above  corresponds  to  an 
increase  of  about  one  spectral  interval,  which  agrees  well  with  the 
observed  range  in  spectral  tj^e.  At  the  same  time  M  decreases 
from  —1.2  to  —5.1. 

The  formulae  of  radiative  equihbrium  admit  of  no  dispersion 
in  the  case  of  individual  stars.  This  is  also  true  of  the  relations 
(39)  and  (40)  for  the  Cepheids.  In  the  case  of  the  masses  and 
densities,  we  have  already  found  reasons  for  beheving  that  this  is 
not  strictly  in  accordance  with  the  facts.  Although  the  dispersion 
is  small,  it  is  in  part  undoubtedly  real,  for  at  present  the  theory 
necessarily  neglects  the  modifications  of  gravitational  acceleration 

•  Eddington,  Monthly  Notices,  79,  180,  1919. 
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produced  by  the  rotation  of  the  stars  on  their  axes,  which  must 
influence  the  relation  of  radiation  to  other  stellar  characteristics. 


1 6.      RELATION   TO   RUSSELL's    FREQUENCY   DIAGRAM^ — REMARKS   ON 
THE  DISTRIBUTION  OF  MASS  AND  DENSITY 

The  justification  for  the  discussion  of  Eddington's  theory  of 
Cepheids  in  this  place  is  the  light  thrown  upon  the  distribution  of 
mass  and  density.  Equations  (35)  and  (37),  for  example,  afford 
a  basis  for  a  further  revision  of  the  mass-  and  density-curves; 
but  an  additional  approximation  seems  scarcely  justified  at  present. 
Table  X\TI  shows  already  a  surprisingly  good  agreement  between 
his  results  and  those  in  Figure  3.  Further  modification  would 
afifect  mainly  the  stars  of  masses  10  or  larger,  and  these  are  not 
numerous.  Moreover,  Eddington  himself  has  repeatedly  empha- 
sized the  fact  that  his  theory  is  but  a  first  approximation,  in  that 
certain  simphfying  assumptions  had  to  be  introduced  in  order  to 
make  a  beginning.  Figure  3  is  therefore  allowed  to  stand  as  it  is 
for  the  present,  although  the  data  in  Table  XIX  are  added  to  show, 

TABLE  XIX 
Mass,  Absolxtte  Magnitude,  and  Spectrtjm,  Eddington's  Theory  of  Cepheids 


M, 

M 

Sp. 

Jl= 

M 

Sp. 

2 

-0.9 
-1.4 
-1.9 
-2.5 
-30 

Fi.o 
F4.0 
F5.2 
F6.5 
F7.5 

10 

-3-4 
-3-6 
-4.0 
-4.6 

-s-i 

F8.0 

3 

4 

12 

F8.4 
F9.0 

F9-3 
F9.6 

i:; 

6 

20 

8 

2s 

The  values  of  the  masses  are  adjusted  to  give  a  mean  value  equal  to  that  derived  from  Figure  3. 

in  a  general  way,  what  would  result,  for  the  Cepheids  at  least,  from 
rigorous  application  of  the  theory.  The  values  of  M  and  the 
spectrum  may  be  regarded  as  co-ordinates  for  the  location  of  corre- 
sponding values  of  cK.  in  a  diagram  similar  to  Figure  3. 

It  is.  of  course,  not  to  be  supposed  that  the  stars  are  uniformly 
distributed  along  the  mass-curves  of  Figure  3.  In  general  they 
cluster  about  certain  lines  of  maximum  frequency  which,  with  one 
exception,  bear  little  relation  to  the  lines  of  equal  mass.  The  most 
conspicuous  of  the  frequency  lines  is  that  defined  by  the  dwarfs, 
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which  continues  through  the  A's  and  joins  smoothly  with  the  line 
of  maximum  frequency  of  the  B  stars.  Along  this  line  we  have 
found  a  regular  decrease  in  the  average  mass  with  increasing 
spectral  t^pe  and  absolute  magnitude. 

The  number  of  A  stars  of  very  high  luminosity  seems  to  be 
relatively  small. ^  If  this  is  really  the  case,  there  must  be  a  region 
of  low  frequency  in  the  diagram  between  the  most  luminous  B's 
and  the  very  bright  giants  of  the  later  types.  Beyond  Fo  the 
giants  fall  into  two  groups,  the  Cepheids  and  pseudo-Cepheids, 
and  a  large  group  of  G,  K.  and  M  stars  whose  absolute  magnitudes 
lie  mainly  between  M=— 0.5  and  +2.5.  The  Cepheids  and 
pseudo-Cepheids  attain  very  high  luminosities  and  show  a  rather 
definite  correlation  line  running  approximately  from  M=  —0.4,  F4, 
to  M=  —4,  G8,  which  in  general  cuts  the  mass  lines  obKquely.  For 
the  Cepheids  alone,  its  course  is  determined  by  the  intersections 
of  the  mass  lines  of  Figure  3  with  those  defined  by  equation  (37), 
which,  empirically  at  least,  is  a  condition  of  Cepheid  variabihty. 

The  frequency  line  for  the  second  and  more  numerous  group  of 
giants  seems,  on  the  other  hand,  to  be  definitely  related  to  the 
distribution  of  mass.  It  has  a  clearly  marked  minimum  at  Ko 
and  coincides  approximately^  with  the  mass  line  cK)  =  2  as  shown  in 
Figure  3.  The  chief  difference  is  a  steeper  descent  from  Go  to  Ko 
and  an  even  more  pronounced  minimum  than  is  shown  by  the  mass 
line.  The  coincidence  is  probably  significant,  for  Eddington^ 
finds  on  theoretical  grounds  that,  among  the  giants,  masses  of  this 
order  of  magnitude  may  be  expected  to  have  the  highest  frequency. 

'  The  frequency  diagram  of  Russell  for  the  helium  stars  of  Kapteyn  and  the  stars 
in  the  list  of  spectroscopic  parallaxes  is  illustrated  in  Annual  Report,  Mt.  Wilson 
Observ'atory,  Year  Book  Carnegie  Institution  of  Washington,  1921. 

2  The  position  of  this  correlation  line  and  of  the  line  of  maximum  frequency  for 
the  G,  K,  and  M  giants  is  shown  in  Fig.  i.  This  figure  also  shows  the  course  of  the 
equal-mass  Hne  oM,  =  2.  The  correlation  of  spectral  type  with  absolute  magnitude  for 
the  most  luminous  stars  of  our  own  immediate  system  is  essentially  chat  found  by 
Shapley  for  the  brightest  stars  in  globular  clusters;  and  it  now  appears  from  results 
not  yet  pubUshed  that  in  some  of  the  galactic  clouds  a  similar  correlation  with  apparent 
magnitude  is  to  be  found.  It  should  be  possible  in  such  cases  to  estimate  roughly  the 
distances  of  the  clouds.  Provisional  results  indicate  values  of  the  order  of  20,000  to 
50,000  light  years.     See  Annual  Report,  loc.  cit. 

i  Report  of  th$  British  Association  for  Ike  Advancement  of  Science,  1920,  p.  43. 
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These  circumstances  seem  to  afford  justification  for  the  peculiar 
course  of  the  mass  lines  for  the  late-type  giants,  which  otherwise 
must  depend  solely  upon  the  applicabihty  of  the  principle  of  equi- 
partition. 

The  minimum  itself,  or  what  remains  of  it  after  the  reduction 
of  the  \isual  absolute  magnitudes  to  bolometric  values  in  the  manner 
indicated  above,  must  not  be  taken  too  seriously,  however,  for 
the  residual  irregularity  in  the  mass  Unes  is  Httle  in  excess  of  the 
small  systematic  uncertainties  affecting  the  absolute  magnitudes  of 
the  different  spectral  types.' 

In  this  connection  the  result  of  page  183  for  the  masses  of  fourteen 
giant  visual  binaries  may  be  recalled.  Divided  by  1.75  to  reduce 
to  the  central  component,  the  mean  mass  becomes  1.7=*=  0.9.  For 
the  same  stars  we  find  by  interpolation  from  Figure  3 ,  with  spectral 
t\pe  and  absolute  magnitude  as  arguments,  the  mean  value 
tA(D  =  2.7=^0.2  The  agreement  is  not  good,  but  falls  within  the 
limits  of  uncertainty  incident  upon  the  small  number  of  stars 
available  for  the  comparison. 

The  decrease  in  mass  along  the  dwarf  branch  from  c/i  =  10  at  Bo 
to  cJHd  =  0.6  at  Ma  raises  a  question  of  much  interest,  especially  when 
it  is  recalled  that  the  dispersion  in  mass  is  certainly  small.^  Prac- 
tically, large  masses  are  not  to  be  found  in  our  lists  of  dwarf  stars. 
And  yet  the  large-mass  early-type  stars  are  numerous.  Why, 
therefore,  do  we  not  find  more  large  masses  among  the  dwarfs  ? 

Several  possibilities  must  be  considered.  Thus  we  might  assume 
that  the  stars  now  on  the  dwarf  branch  (including  the  B's,  as 
usual)  began  their  development  at  much  the  same  time,  and  that 
those  of  largest  mass  have  only  partially  run  their  course  and  are 
now  ill  the  B  stage.  The  assumption  would  seem  less  arbitrary 
could  we  suppose  that  all  the  stars  began  their  evolutionary  careers 
at  the  same  time;  but  this  apparently  is  not  the  case,  for  numerous 
objects  with  only  moderate  masses  of  2  or  3  are  still  in  an  early 
stage  of  development.  The  most  serious  objection  to  this  explana- 
tion, however,  is  that  it  takes  no  account  of  a  peculiar  kind  of 
selection. 

'Stromberg,  Mt.  Wilson  Contr.,  No.  220;  Astrophysical  Journal,  55,  11,  1922. 
'Russell  has  also  discussed  this  correlation.,  Observatory,  37,  173,  1914- 
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Let  us  therefore  make  the  contrary  assumption  and  suppose 
that  stellar  development  has  continued  so  long  that  all  possible 
masses  really  occur  among  the  dwarfs  of  late  type.  Among  these, 
the  large  masses,  say  of  the  order  of  lo,  will  be  of  very  low  frequency 
as  compared  with  the  modal  value  for  all  types  together.  Kapteyn 
and  van  Rhijn  place  the  maximum  of  the  frequency-curve  of 
absolute  magnitudes  at  M  =  +7.7.  The  modal  value  of  the  mass 
therefore  should  be  about  0.7,  and  since  the  dispersion  is  small, 
the  large  masses  must  be  very  infrequent. 

Consider  now  only  the  stars  in  our  lists  of  data.  The  dwarfs 
among  these  will  all  be  included  in  a  restricted  region  of  space 
near  the  sun.  The  small  masses  will  greatly  predominate  and  the 
mean  mass  will  be  low.  The  giants,  on  the  other  hand,  will  be 
scattered  through  a  large  volume  of  space,  and  their  average  mass 
will  be  large,  because  only  stars  of  large  mass  can  attain  high 
luminosity.  The  B's  among  them  will  form  the  collection  at  the 
upper  end  of  the  dwarf  branch  whose  mean  mass  we  have  found  to 
be  10.  The  total  number  of  these  in  our  catalogues  will  be  con- 
siderable, because  they  represent  those  present  in  a  large  volume, 
whereas  the  large  masses  among  the  dwarfs  will  be  absolutely  as  well 
as  relatively  infrequent,  because  we  can  see  only  those  which  are 
near  us. 

The  stars  of  intermediate  luminosity  fill  in  the  gap,  and  we 
must  therefore  expect  to  find  a  correlation  of  mass  with  absolute 
magnitude  and  spectral  t>pe  very  similar  to  that  actually  observed. 
The  average  mass  decreases  with  advancing  t>^e;  at  the  same 
time  the  number  of  stars  of  large  mass  in  our  catalogues  decreases 
rapidly  and  the  smaller  masses  appear  in  succession  and  in  increas- 
ing numbers  because  they  can  attain  the  temperatures  correspond- 
ing to  the  later  spectral  types. 

One  other  possibility  should  also  be  borne  in  mind,  namely,  a 
decrease  in  mass  through  loss  of  energy  by  radiation.  From  the 
standpoint  of  relativity'  any  change  dE  in  the  total  energy  of  a 
system  implies  a  corresponding  change  of  dE/c^  in  the  inertial 
mass,  where  c  is  the  velocity  of  light.     A  similar  conclusion  follows 

'  Einstein,  Annalen  der  Physlk,  18,  639,  1905. 
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also  on  the  basis  of  the  Newtonian  mechanics'  from  the  phenomenon 
of  radiation  pressure,  for,  unless  we  attribute  mass  to  radiation, 
there  are  certain  cases,  at  least,  in  which  neither  the  energy  nor 
the  motion  of  the  center  of  gravity  will  be  conserved.  Since  the 
principles  of  mechanics  are  inductions,  we  cannot  be  sure  that  they 
apply  to  physical  phenomena  with  the  degree  of  precision  implied 
by  assuming  that  mass  actually  changes  with  changes  in  the 
energy.  But  considerations  of  consistency  are  sufficient  to  give 
the  matter  importance,  and  it  derives  added  interest  from  the  fact 
that  a  decrease  in  mass  has  been  invoked  as  a  means  of  accounting 
for  the  enormous  unknown  supply  of  energy  which  is  now  generally 
recognized  as  an  essential  feature  of  stellar  phenomena.  The  sug- 
gestion that  the  packing  of  electrons  and  the  nuclei  of  hydrogen 
atoms  to  form  nuclei  of  heavier  elements,  with  an  accompanying 
loss  in  mass  which  reappears  in  the  form  of  great  quantities  of 
radiant  energy,  attaches  itself  naturally  to  the  relation  between 
mass  and  energy  that  harmonizes  with  fundamental  mechanical 
principles,  whether  of  Einstein  or  of  Newton. 

Of  these  three  factors  which  may  affect  the  correlation  of  mass 
and  spectral  type,  selection  certainly  enters  in  the  manner  indicated, 
but  its  quantitative  evaluation  is  at  present  impossible.  This 
leaves  the  operation  of  the  other  two  factors  entirely  speculative. 
If,  however,  there  is  any  appreciable  change  in  the  mass  of  the 
stars  during  their  development,  they  will  not  follow  the  mass  lines 
of  Figure  3,  but  cut  across  them  obliquely;  and  this  leads  to  a 
peculiarity  of  these  lines  that  immediately  attracts  attention. 

The  equal-mass  lines  do  not  meet  the  dwarf  branch  tangentially, 
as  one  might  expect  on  the  basis  of  a  simple  gravitational  con- 
traction wdth  its  accompanying  changes  of  temperature,  but  inter- 
sect the  frequency  line  at  large  angles.  A  comparison  of  Figures  2 
and  3  shows  that  in  this  particular  there  is  a  large  element  of  uncer- 
tainty; and  yet  the  evidence  seems  to  exclude  the  possibility  of 
tangential  intersections,  unless  we  are  prepared  to  abandon  the 
principle  of  equipartition  at  the  point  where  it  seems  to  be  best 
justified,  namely,  in  the  vicinity  of  the  dwarf  branch. 

'  Ibid.,  20,  627,  1906.  This  result  seems  also  to  have  been  pointed  out  by 
others — Planck,  for  one,  I  believe — although  I  have  been  unable  to  locate  the 
source. 


226  FREDERICK  H.  SEA  RES 

The  space-velocities  of  stars  of  any  given  type,  say  F5,  show 
a  definite  correlation  with  absolute  magnitude,  the  mean  velocity 
increasing  continuously  as  the  brightness  decreases.  If  equiparti- 
tion  holds  for  the  stars  of  a  given  type  which  are  near  the  frequency 
line  of  the  dwarfs,  as  it  does  in  the  mean  for  the  stars  of  different 
types  scattered  along  the  frequency  Hne,  there  must  be  a  continuous 
decrease  in  mass  downward  along  the  vertical  lines  of  Figure  3. 
The  data  of  Table  X  give  a  numerical  expression  to  this  relation- 
ship of  mass  to  luminosity,  which,  quantitatively,  should  be  most 
exact  for  values  of  M  near  the  frequency  line  of  the  dwarfs.  Now 
on  this  line,  for  spectral  type  F5,  as  an  illustration,  we  find  a 
mean  mass  of  1.5.  Above  this  point  in  the  diagram,  that  is,  for 
more  luminous  stars,  the  masses  are  larger;  below  they  are  smaller. 
If  the  decrease  in  mass  downward  is  really  continuous,  it  follows 
at  once,  since  the  mass  also  decreases  continuously  along  the  dwarf 
frequency  Hne,  that  curves  connecting  equal  masses  cannot  meet 
the  frequency  Hne  tangentially,  but  must  intersect  it  at  a  consider- 
able angle.  In  fact  Figure  2  shows  that  the  strict  appHcation  of 
the  principle  of  equipartition  leads  to  angles  in  excess  of  90°, 
counting  as  0°  the  tangential  junction  required  by  gravitational 
contraction.  The  evolutionary  path  of  any  given  star,  however, 
when  once  it  has  joined  the  dwarf  branch,  must  lie  in  the  general 
direction  of  the  frequency  line. 

The  explanation  of  the  contradiction  lies  in  the  peculiar  selection 
which  determines  the  decrease  in  mass  along  the  dwarf  branch. 
Consider  for  example  two  dwarf  stars  of  T^^pe  F5,  one  a  large 
mass  which  in  its  development  has  followed  the  dwarf  branch 
downward  from  some  earlier  type,  the  other  a  star  of  mass  so  small 
that  it  has  been  unable  to  attain  the  high  temperatures  of  the 
very  early  types  and  joins  the  dwarf  branch  at  Type  F5.  The 
star  of  large  mass  will  be  the  brighter  of  the  two.  Hence  the  path 
of  the  small  star  must  intersect  the  line  of  maximum  frequency  at 
some  point  a  little  in  advance  of  F5  in  order  that  it  may  swing 
into  position  below  the  larger  star.  The  path  of  the  larger  star, 
on  the  other  hand,  will  lie  above  the  frequency  line.  Similar 
reasoning  applies  to  stars  of  intermediate  mass  and  it  is  evident 
that  the  entire  group  of  F5  dwarfs  will  show  a  correlation  of  mass 
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with  absolute  magnitude  similar  to  that  found  from  the  principle 
of  equipartition.  In  their  further  evolution  these  stars  will  move 
as  a  group  along  paths  approximately  parallel  to  the  line  of  maxi- 
mum frequency.  But  these  paths  do  not  and  cannot  coincide  with 
the  equal  mass  lines  of  Figure  3,  for  when  the  group  in  question  is 
at  F5,  there  is  at  Go  another  group,  whose  luminosities  show  a  similar 
correlation  with  mass,  but  whose  masses,  because  of  selection,  are 
systematically  smaller  than  those  at  F5.  If  the  points  in  the  dia- 
gram corresponding  to  equal  masses  in  these  two  simultaneously 
observed  groups  be  connected,  the  lines  of  equal  mass  will  cut  the 
frequency  line  at  high  angles  as  shown  in  Figure  3.  Hence  there 
is  no  conflict  between  the  mass-distribution  shown  by  this  diagram 
and  the  gravitational  theory  of  stellar  development.  The  only 
point  is  that  in  the  vicinity  of  the  dwarf  branch  the  stars  do  not 
follow  the  equal  mass  Knes. 

17.      IONIZATION  AND   MEAN   ATOMIC   WEIGHT 

The  final  equations  of  Eddington's  theory'  are 

i  =  ^(i-/3)  (41) 

1-/3  =  0.0026  cA(=^i3^w»^  (42) 

where  c  and  G  are  constants.  These  formulae  refer  to  the  giant 
stage  and  assume  that  the  mean  atomic  weight  is  independent 
of  the  temperature.  Variations  in  m  during  the  star's  development 
would  affect  the  relation  between  luminosity  and  spectral  tj^De. 
The  absolute  value  of  m  fixes  the  relation  between  mass  and 
radiation-pressure  jS,  and  hence  determines  the  values  of  the  mass 
which  are  most  likely  to  occur. 

It  is  unnecessary  to  repeat  here  Eddington's  arguments  in  favor 
of  a  small  value  of  tn.  In  general  these  seem  to  be  only  strength- 
ened by  the  results  of  recent  investigations  of  ionization  phenomena. 
Eggert,^  for  example,  has  considered  the  behavior  of  the  iron  atom 
when  subjected  to  pressures  and  temperatures  comparable  with 
those  at  the  center  of  a  typical  giant  star  and  finds  that  16  of  the 

^  Astro  physical  Journal,  48,  208,  210,  1918. 
^  Physikalisclte  Zeitschrift,  20,  570,  1919. 
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26  electrons  would  be  stripped  from  the  atom,  thus  reducing  the 
mean  "atomic"  weight  to  3.3. 

It  is  easy  to  extend  this  result  to  other  parts  of  the  star.  Using 
the  reaction  isobar  of  Nernst  and  basing  the  calculation  of  the 
energy  of  dissociation  on  the  dynamical  relations  of  the  Bohr  atom, 
Eggert  finds  as  the  condition  for  the  removal  of  8  electrons  from 
99  per  cent  of  the  atoms' 

,      2.68+o.4logP=~'^'°+logr,-  (43) 

in  which  the  pressure  P  is  measured  in  atmospheres.  For  the 
separation  of  16  electrons  the  corresponding  condition  is  approxi- 
mately the  same  as  (43)  except  for  the  appearance  of  an  additional 
factor  of  10  in  the  first  term  on  the  right. 

Equation  (43)  and  its  alternate  may  be  used  to  calculate  the 
values  of  Ti  corresponding  to  the  pressures  at  different  points 
along  the  radius.  The  comparison  of  the  ionization  temperatures 
thus  found  with  the  corresponding  stellar  temperatures  should 
then  give  some  indication  as  to  the  variation  in  ionization  through- 
out the  star. 

The  total  pressure  P  is  given  by  the  ordinary  gas  equation, 
divided  by  jS,  the  factor  arising  from  radiation-pressure. 

T  and  p  may  be  found  from  Emden's'  formulae,  or  we  may  use 
the  values  given  by  Eddington^  for  his  t}^ical  star  {Ji>  =  i.s, 
pm  =  0.002),  taking  care  to  modify  those  for  T,  which  contain  the 
factor  m,  to  make  them  conform  with  the  degree  of  ionization 
expressed  by  (43)  and  its  alternate.     Since  T  contains  both  w 

'  Professor  Paul  Epstein  of  the  California  Institute  of  Technolog}^  calls  my 
attention  to  an  error  in  Eggert's  expression  for  K  {op.  cit.,  p.  573).  A  factor  8*  has 
been  omitted.  It  has  little  efifect,  however,  on  equation  (43),  the  absolute  term  being 
increased  from  2.32  to  2.68. 

'  Gaskugeln,  p.  97,  1907.  Eddington  has  called  attention  to  the  misprint  in  the 
formula  for  0^.     The  last  factor  in  the  denominator  should  be  squared. 

3  Aslrophysical  Jonrnal,  48,  213,  1918.  Unless  I  am  in  error,  Eddington's  values 
for  the  temperature  have  been  computed  with  w;  =  2,  whereas  the  text  seems  to  imply 
that  2.8  has  been  used.     If  so,  the  tabular  values  should  be  increased  by  40  per  cent. 
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and  13  as  factors,  the  total  pressure  P  depends  upon  neither  the 
value  of  the  radiation-pressure  nor  the  degree  of  ionization.  T, 
however,  depends  upon  both,  and,  moreover,  /3  also  depends  upon 
m  (see  equation  [42]). 

For  the  removal  of  8  and  16  electrons,  respectively,  the  values  of 
;«  become  6.2  and  t,.;^.  Corresponding  to  these,  for  Jio  =  i.^, 
j3  =  0.496  and  0.766.  With  these  data  we  find  the  values  of  P 
and  T  given  in  the  second,  third,  and  fifth  columns  of  Table  XX 

TABLE  XX 

loNiz.^TioN  AND  Stell.^r  Temper.\tures,  Iron  IN  Eddington's  Typic.a.l  Star 


Log  P 

—8  Electrons  m  =6.2 

—  16  Electrons  m=3.3 

Percent- 
age OF 
Mass 
Outside 

r 

(Atm) 

T 

Ti 

T 

Ti 

0 

I 

2 

3 

4 

5 

6 

7 
7 
6 

5 
4 

3 

I 

40 

13 
47 
63 
69 

59 
98 

8.7Xio'5 

7-4 

S-o 

31 
1.8 
0.96 
0-39 

8.0X105 
6.7 
4-9 
3-4 

2-5 

1.8 

1 .2 

7.1X10^ 
6.1 

4-1 

2-5 

1-5 

0.79 

0.32 

2.6Xio« 
2.4 
2.0 
1.6 

1-3 
I .  I 
0.8 

100 
88 
48 
18 

S 

0.7 

0.005 

Radius  of  star  =  6.9,  -K^i.s,  p^  =  o.oo2. 


for  various  points  along  the  radius.  The  unit  for  r  is  such  that  the 
distance  from  the  center  to  the  surface  is  6.9.  Substituting 
the  values  of  P  into  Eggert's  formula,  we  find  the  ionization 
temperatures  given  in  the  fourth  and  sixth  columns  of  the  table. 
These  temperatures,  required  for  the  removal  of  8  and  16  electrons, 
respectively,  may  be  compared  wdth  the  corresponding  stellar 
temperatures.  The  latter,  which  change  little  with  the  assumed 
change  in  m,  are  approximately  ten  times  the  temperature  required 
to  separate  8  electrons  from  the  nucleus,  and  of  the  same  order  as 
the  ionization  temperatures  corresponding  to  the  removal  of  16 
electrons.  The  decrease  in  pressure  toward  the  surface  compen- 
sates for  the  fall  in  temperature  to  such  an  extent  that  the  ioniza- 
tion should  be  nearly  constant  throughout  the  star.  It  is  only 
within  a  thin  shell  near  the  surface,  which  contains  an  insignificant 
fraction  of  the  mass  (see  last  column,  Table  XX),  that  m  can  rise 
much  above  the  value  ^.^. 
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Eggert's  formula  is  an  extrapolation  and  involves  assumptions 
which  cannot  at  present  be  directly  controlled;  but  its  general 
indications  are  in  close  agreement  with  Eddington's  conclusions. 
Even  admitting  the  various  underlpng  assumptions,  the  result 
appUes  only  to  a  star  consisting  wholly  of  iron;  but  one  can  scarcely 
doubt  that  the  mean  values  of  m  for  all  the  elements  actually 
present  must  be  small  and  nearly  constant  for  all  points  within  the 
star  except  those  close  to  the  surface. 

It  seems  worth  while  also  to  consider  the  relation  of  ionization 
to  stellar  temperature  in  giant  stars  of  constant  mass  but  diltering 
spectral  t}"pes,  in  order  to  gain  some  idea  of  the  permanence  of 
this  relation  as  a  star  contracts  under  the  action  of  gravitation. 

Consider  stars  of  Eddington's  critical  mass  cK>  =  2,  which,  as  we 
have  seen,  are  those  occurring  most  frequently  among  the  late- 
t}'pe  giants.  It  will  be  sufficient  to  calculate  the  central  tem- 
peratures and  pressures,  and  in  view  of  the  preceding  results  it  is 
clear  that  we  may  use  m  =  ^.^.  The  corresponding  value  of  /3  is 
0.70.  Using  Emden's  formula  as  before  (remembering  that  for 
the  t}-pe  of  equilibrium  considered  p^  =  54.25  p;„),  we  find  the 
results  for  Tc  and  Pc  given  in  Table  XXI.     The  values  of  M  and 


TABLE  XXI 
Cextr.\l  Temper.\tures  .axd  Pressures,  .^nt)  Ioxiz.\tiox  Temper.\tures  for  Iron 

{■J<c  =  2,   7)1  =  3-3) 


Sp. 

M 

Logp„ 

Logr^ 

Log  P. 
(Atm) 

Tc 

Ti 

Ma 

0.0 

+0.7 
+  1.1 
+0.8 
+0.7 
+  2.0 

-51 
-4.1 

-31 
-2.7 

—  2.2 

—  1 .0 

6. 10 

6.43 
6.77 
6.90 
7.07 
7-47 

4-3 
5-6 
7.0 

7-5 
8.2 

9.8 

1.3X10^ 
2.7 

5-9 
7-9 

II. 7 

29.5 

1.2X10^ 

K5 

1.5 

Ko 

2.1 

G5 

2.6 

Go 

3-  ? 

F? 

7.0 

log  Pm  in  the  second  and  third  columns  were  read  from  the  diagram 
of  Figure  3.  The  ionization  temperatures  for  the  removal  of 
16  electrons  are  in  the  last  column  of  the  table. 

These  data  represent  the  sequence  of  changes  from  an  early 
stage  of  development,  on  the  basis  of  Russell's  theory,  through  to 
the  dwarf  stage,  where  the  density  is  so  large  that  Boyle's  law  is  no 
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longer  accurately  obeyed.  The  increases  in  Tc,  p  and  Pc  are 
approximately  20,  10,000,  and  300,000  fold,  respectively.  In 
spite  of  these  extraordinary  changes,  the  ionization  temperatures 
remain  of  the  same  general  order  as  those  at  the  center  of  the  star 
throughout  its  development.  Initially,  the  two  temperatures  are 
sensibly  equal,  and  the  gain  in  Tc  over  Ti  is  so  slight  that  any 
further  decrease  in  m  must  be  small.  The  complete  removal  of 
the  third  sheath  of  electrons,  for  example,  would  give  m=2.2. 

Even  for  stars  of  the  lowest  density,  such  as  Antares  or  Betel- 
geuse,  conditions  are  very  similar  to  those  illustrated  by  the  first 
line  of  Table  XXI.  Low  density  means  relatively  low  central 
temperature  and  pressure,  but  this  factor  is  compensated  by  the 
large  masses  which  characterize  the  very  luminous  giants,  so 
that  the  relation  of  ionization  to  stellar  temperatures  is  much  the 
same  as  for  the  objects  already  examined. 

It  may  be  remarked  incidentally  that  the  values  of  Tc  in 
Table  XXI  throw  some  Hght  upon  the  behavior  of  the  effective 
radiating  layers  in  stars  of  dififerent  types.  The  increase  in  Tc 
is  approximately  ten  times  that  in  the  effective  temperature. 
But  for  the  type  of  equilibrium  in  question  the  temperature  gradient 
is  independent  of  the  density,  that  is,  the  temperature  increase  for 
homologous  points  along  the  radius  should  be  constant.  The 
explanation  must  be  that  the  thickness  of  the  radiating  layer  in  an 
Ma  giant,  because  of  the  enormous  difference  in  density,  is  very 
much  greater  than  that  for  an  F5  dwarf.  As  development  pro; 
gresses,  radiation  from  the  deeper  and  hotter  strata  is  absorbed 
as  a  result  of  increasing  density,  and,  in  consequence,  the  increase 
in  effective  temperature  is  less  rapid  than  would  otherwise  be  the 
case. 

On  the  basis  of  the  preceding  evidence  we  must  expect  a  high 
degree  of  ionization  at  the  earliest  stages  of  stellar  development 
with  which  we  are  famihar,  and  comparatively  little  decrease  in 
the  value  of  m  as  the  development  proceeds.  The  Bohr  atom 
affords  the  only  foundation  we  have  for  estimates  such  as  have 
been  made,  and  it  is  not  certain  that  the  results  are  of  the  right 
order  of  magnitude.  One  consequence  of  their  acceptance,  how- 
ever, should  not  be  overlooked,  and  that  is  the  total  amount  of 
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energy  required  for  ionization.  For  the  removal  of  8  electrons 
this  equals  1.8X10^  calories  per  gram  atom/  corresponding  to 
an  ionizing  potential  of  about  800  volts.  The  mass  of  Edding- 
ton's  tj'pical  star  is  approximately  2.9X10^^  grams.  The  removal 
of  8  electrons  from  all  the  atoms  in  this  mass  would  therefore 

require 

-.-      2. 9X10^^X1. 8Xio7X4.2Xio7      ^^      ,  ,     - 

t/<,  =  ^ -^ =  4X1046  ergs,  (45) 

while  for  the  removal  of  the  second  sheath  of  8  electrons  a  quantity 
of  the  order  of  ten  times  this  amount,  or 

i/(,  =  4Xio'»7  ergs  (46) 

would  be  necessary. 

Now  the  total  energy  generated  by  gravitational  contraction 
of  the  star  from  a  state  of  infinite  diffusion  is^ 

3(t-i)  GJt' 

where  7  is  the  ratio  of  specific  heats,  G  the  gravitational  constant, 
6.66Xio~^  cmVgrams  sec.^,  and  R  the  radius,  7X10"  cm;  7  lies 
between  the  limits  4/3  and  5/3,  whence  the  fractional  coefficient  on 
the  right  has  the  limiting  values  3/2  and  6/7.  At  a  maximum, 
therefore,  which  also  corresponds  to  Eddington's  model, 

10-7X9X10^6 
^  =  |-| 7X10"       =1-3X1048  ergs.  (48) 

Of  this  total  the  etherial  energy  alone,^  namely, 

(1-/3)12  =  0.23412  =  3.0X1047  ergs,  (49) 

'  Eggert;  loc.  cit. 

'  Emden,  Gaskugeln,  p.  125,  1907. 

3  Eddington,  Monthly  Notices,  79,  23,  1918.  Anderson,  with  whom  I  have  had 
much  stimulating  discussion  during  the  preparation  of  this  paper,  calls  my  attention 
to  the  fact  that  ionization  cannot  be  produced  by  the  collision  of  electrons  with  atoms 
without  violating  the  Nernst  formula  of  equihbrium,  which  is  well  estabhshed  on 
thermodynamical  grounds.  This  equation  depends  upon  the  pressure,  whereas  the 
hypothesis  of  ionization  by  collisions  alone  leads  to  a  condition  for  equilibrium  which 
is  independent  of  pressure.  If  the  effective  energy  is  assumed  to  be  partly  radiant 
and  partly  kinetic,  the  pressure  would  enter,  but  not  in  the  manner  required  by 
Xernst's  equation.  Since  the  internal  kinetic  energy  of  the  atoms  is  not  available,  the 
radiant  energy  alone  can  be  operative  (as  in  the  case  of  the  photoelectric  effect,  for 
example).     See  also  Milne,  Observatory,  44,  269,  1921. 
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seems  to  be  available  for  ionization.  This  is  of  the  same  order  as 
Uo,  the  energy  of  dissociation  given  in  (46).  Admitting,  therefore, 
the  validity  of  Bohr's  theory  and  the  apphcabihty  of  the  Nernst 
formula  of  equihbrium,  the  insufficiency  of  the  gravitational 
theory  presents  itself  in  a  new  form.  As  an  alternative,  the 
question  is  perhaps  raised  as  to  whether  the  giant  stars,  even  in 
their  very  earliest  stages  of  development,  are  ever  in  a  state  other 
than  one  of  high  dissociation. 

The  calculation  of  the  stellar  temperatures  in  Tables  XX  and 
XXI  neglects  altogether  the  depletion  of  the  available  supply  of 
energy  by  ionization.  Were  gravitation  the  only  source,  we  could 
expect  neither  the  temperatures  nor  the  degree  of  ionization 
indicated  by  the  discussion;  but,  instead,  an  equihbrium  state 
which  would  be  estabUshed  for  something  less  than  the  extremes 
of  temperature  and  ionization  shown  by  the  tables. 

18.      COMPARISONS   WITH   EDDINGTON'S   FORMULAE 

The  assumption  concerning  m  which  underlies  equations  (41) 
and  (42)  has  been  discussed  in  the  preceding  section.  These 
formulae  also  assume  that  the  outflow  of  energy  across  any  surface 
of  unit  area  is  proportional  to  the  gravitational  acceleration  at 
that  point  (H<^g),  and  that  the  mass  coefficient  of  absorption,  k,  is 
a  constant.  The  energy  assumption  can  also  be  stated  in  the 
form  that  the  outflow  throughout  the  star  per  unit  of  mass  is 
constant.  The  source  of  the  energy  is  not  specified;  it  may  be 
derived  from  gravitational  contraction  or  any  other  source  capable 
of  providing  an  adequate  supply.  Assuming  further  that  the 
transfer  of  energy  is  by  radiation  and  not  by  convection,  the  condi- 
tions for  equilibrium  are  found  to  be  the  same  as  those  for  adiabatic 
equihbrium  with  a  ratio  of  specific  heats  equal  to  4/3.  It  then 
follows  through  (41)  and  (42)  that  the  bolometric  magnitude  of  a 
star  remains  constant  so  long  as  it  behaves  as  a  perfect  gas.^ 

A  giant  star  in  its  development,  however,  presumably  follows 
closely  one  of  the  equal-mass  lines  in  the  upper  part  of  Figure  i ,  for 

'  As  Jeans  points  out,  Monthly  Notices,  79,  319,  1919,  this  general  result  follows 
at  once,  by  simple  considerations,  from  the  assumption  H/g  =  const.  The  nature  of 
the  dependence  of  radiation  on  mass  and  other  characteristics  is,  however,  another 
matter,  less  easily  disposed  of. 
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the  selection  which  enters  along  the  dwarf  branch  has  comparatively 
Httle  influence  on  the  average  mass  of  the  giants  which  come  under 
observation.  Observations  indicate,  therefore,  that  the  absolute 
magnitude  is  not  independent  of  the  stage  of  development.  The 
change  is  even  larger  than  shown  in  Figure  3,  for,  as  already  stated, 
the  visual  absolute  magnitudes  must  be  corrected  by  the  quantities 
given  on  page  194  to  make  them  comparable  with  the  bolometric 
magnitudes  calculated  by  (41). 

The  question  now  arises  as  to  the  particulars  in  which  the  under- 
lying assumptions  must  be  modified  in  order  to  effect  a  closer 
agreement  with  observations.  Such  consideration  as  can  be  given 
here  may  be  prefaced  by  the  remark  that  Jeans, "^  starting  from 
the  assumptions  of  radiative  conduction,  gravitational  contraction, 
and  constant  k  and  m,  finds  that  the  radiation  of  a  star  will  remain 
constant  as  long  as  Boyle's  law  is  obeyed.  This  is  also  the  case 
if  the  star  has  sources  of  energy  other  than  gravitational  contraction, 
provided  the  rate  of  generation  per  unit  mass  is  independent  of  the 
time.  This  is  Eddington's  result  without  his  assumption  that 
H°^g;  but  the  functional  dependence  of  radiation  upon  the  mass 
cannot  be  specified.  Jeans  also  finds  that  H/g  will  be  constant 
throughout  the  mass  of  gas  only  when  the  mass  is  so  large  that 
radiation-pressure  predominates  and  /3  may  be  put  equal  to  zero. 
For  the  ordinary  run  of  stellar  masses,  however,  H/g  will  not 
be  constant  within  the  star,  but  for  a  given  point  will  be  independent 
of  the  time,  provided  the  only  source  of  energy  is  gravitational. 

Eddington^  himself  points  out  that  H/g  cannot  be  rigorously 
constant  within  the  star,  for,  assuming  gravitational  contraction 
through  a  series  of  homologous  states  and  a  temperature-  and 
pressure-distribution  corresponding  to  adiabatic  equilibrium  with 
7=4/3,  the  outflow  of  energy  per  unit  mass  would  increase  about 
70  per  cent  from  the  surface  to  the  center. 

In  view  of  a  probable  variation  of  H/g  of  the  order  indicated, 
the  original  assumption  gives  close  agreement  with  observations. 
The  matter  can  be  tested  by  comparing  the  calculated  values  of  M 
corresponding  to  different  values  of  Ji=  with  that  shown  by  Figure  3 

'  Loc.  cil. 

2  Monthly  Notices,  77,  599,  191 7. 
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for  stars  of  the  same  spectral  type.  By  proceeding  in  this  manner 
we  avoid  disturbances  arising  from  variations  in  k  and  m,  since 
for  stars  of  the  same  type  these  quantities  should  be  less  subject 
to  change. 

The  results  are  shown  in  Table  XXII.     This  table  gives  the 
deviations  of  the  observed  values  of  M  (Fig.  3)  from  those  calculated 


TABLE  XXII 

Observed  .\nd  Calculated  (Eddington)  Variation  of  Absolute  Magnitude 

WITH  Mass 


C.AL. 

M 

0-C 

Ji. 

Cal. 
M 

0-C 

c/t 

Fo 

Go 

Ko 

Ma 

Fo 

Go 

Ko 

Ma 

1-5 

2 

3 

4 

5 

-0-3 
-0.9 

-1-7 
—  2.2 
-2.6 

+i:4 

+0.7 

+  1-5 
+0.9 

+O.S 
+0.1 
—0. 1 

+0.7 

+0.3 

0.0 

0.0 

0.0 

+0.3 

+0.2 
0.0 
0.0 
0.0 

6 

7 

8 

9 

10 

-2.9 
-3-1 
-3-3 
-3-5 
-3-7 

+0.3 

—  O.I 

-0.5 
-0.7 

—  1 .0 

ro  tOMD  00    On 

6  6  6  6  6 

1  1  1  1  1 

—  O.I 

—  O.I 

—0.2 

-0.3 

-0-3 

0.0 
0.0 
0.0 
0.0 
0.0 

by  Eddington,  which  are  in  the  second  column  of  the  table.  Zero 
point  corrections  have  been  applied  to  the  latter  to  make  the  mean 
O  — C  for  each  type  equal  to  zero.  There  is  a  large  progressive 
change  for  the  F  stars,  but  the  agreement  improves  with  advancing 
type  and,  with  the  exception  of  one  difference,  is  practically  perfect 
for  the  K  and  M  stars.  From  this  comparison  it  is  clear  that  the 
error  in  the  assumption  H/g  =  const,  is  not  very  serious  when 
we  consider  stars  of  a  specified  t>pe. 

The  lack  of  parallelism  of  the  equal-mass  lines  with  the  axis 
Af  =0  is  difficult  to  account  for  because  the  assumption  of  constancy 
for  both  k  and  m  enters  here,  as  well  as  that  concerning  the  flow 
of  energy.  In  general  the  luminosity  for  any  given  mass  decreases 
with  increasing  temperature.  For  mass  4,  as  an  illustration,  the 
bolometric  absolute  magnitude  increases  from  —3.1  at  Ma  to  +0.3 
at  Fo.  This  is  in  the  direction  corresponding  to  decreasing  values 
of  m,  and  one  might  expect  much  of  the  change  to  be  accounted 
for  by  increasing  ionization.  The  evidence  of  section  17,  however, 
is  against  any  considerable  variation  in  m.  Even  in  the  earliest 
visible  stages  of  development  we  should  not  anticipate  a   value 
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much  in  excess  of  3.3,  and  unless  there  is  a  large  amount  of  nuclear 
disintegration,  which  seems  improbable,  the  value  of  m  cannot 
fall  below  2.  It  is  easily  shown  that  a  decrease  from  41/2  to  2 
would  cause  an  increase  in  M  of  about  one  magnitude,  which  is  only 
a  third  of  the  amount  required.  The  admission  of  much  larger 
initial  values  of  m  is  insufficient  to  bridge  the  gap,  for  (42)  shows 
that  I— /3,  and  hence  the  luminosity,  are  not  much  affected  as  m 
is  increased. 

The  behavior  of  k  is  obscure.  Although  the  conditions  within 
the  star  which  determine  the  degree  of  absorption  must  be  analogous 
to  those  governing  the  absorption  of  X-rays,  it  should  be  borne 
in  mind  that  the  effective  value  of  k  is  that  corresponding  to  the 
outermost  layers  of  the  star  where  the  temperature  is  very  much 
lower  than  in  the  interior.  Even  near  the  surface  the  opacity  is 
large,  but  we  have  no  data  as  to  its  variations  that  are  certainly 
applicable. 

This  leaves  the  larger  part  of  the  increase  in  the  absolute 
magnitude  unaccounted  for,  and  it  is  not  clear  as  to  how  the  dis- 
crepancy is  to  be  explained.  If  the  contraction  is  homologous 
and  the  energy  gravitational,  or  gravitational  plus  a  source  inde- 
pendent of  the  time,  we  should  not  expect  variations  in  outflow 
with  advancing  development  other  than  those  caused  by  changes  in 
k  and  in  m. 

As  an  explanation,  changes  in  m  that  would  be  sufficient  seem 
to  be  excluded;  those  of  k  are  in  doubt.  There  remain,  however, 
the  assumptions  underlying  the  outflow  of  energy.  The  source 
of  energy  almost  certainly  is  not  wholly  gravitational,  and  if  not, 
with  almost  equal  certainty,  is  not  independent  of  the  time.  The 
outstanding  questions  therefore  lead  directly  into  the  realm  of 
atomic  physics,  and  it  seems  more  than  ever  hkely  that  the  problem 
of  the  stars  will  find  its  solution  in  the  solution  of  the  problem  of 
the  atom. 

In  conclusion,  attention  may  be  directed  to  the  relation  of  mass 
to  luminosity  along  the  dwarf  branch.  Here  Boyle's  law  is  in 
general  no  longer  obeyed.  It  will  be  noted,  however,  that  the 
density  increases  slowly  until  the  late  t}pes  are  reached,  which 
suggests  that  the  departure  from  the  conditions  of  a  perfect  gas 
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may  affect  the  behavior  of  stars  of  different  spectral  types  much 
aUke,  so  that  a  formula  giving  the  relation  of  luminosity  to  mass 
for  the  giants,  with  the  exception  of  a  constant,  would  also  hold 
approximately  for  the  dwarfs. 

The  matter  is  easily  tested  by  calculating  Ji,  from  (41)  for  the 
values  of  L  corresponding  to  the  absolute  magnitudes  given  in  the 
second  column  of  Table  IV.  Choosing  the  constant  factor  so  that 
the  mean  of  the  values  thus  calculated  agrees  with  the  observed 
mean  mass,   we   have   the   results   in   Table  XXIII.     With    the 

TABLE  XXIII 
Values  of  Mass  on  Dwarf  Branch 


Sp. 

Obs. 

Cal. 

Sp. 

Obs. 

Cal. 

•Bo 

10 

8.3 
6.0 
4.0 

2-5 

1-5 

18 

IO-5 
6.6 

41 

2-5 

1-5 

Go 

1 .0 

0.76 

0.68 

0.62 

0.59 

I.O 

Bs 

G5 

0.76 

Ao 

Ko 

0.62 

As 

Fo 

K5 

Ma 

0.48 
0.26 

Fs 

exception  of  a  spectral  interval  at  either  end  of  the  series,  where 
the  deviations  from  the  average  density  are  large,  the  agreement 
is  good. 
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in  the  preceding  discussion. 
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ON  THE  CALCULATION  OF  MASSES  FROM 
SPECTROSCOPIC  PARALLAXES' 

By  henry  NORRIS  RUSSELL^ 

ABSTRACT 

Calculation  of  masses  of  stars  from  spectroscopic  parallaxes. — It  appears  probable 
that  the  line  intensities  upon  which  spectroscopic  parallaxes  are  based  are  functions  of 
the  temperature  and  density  of  the  star's  atmosphere.  If  this  were  exactly  true,  all  stars 
of  the  same  surface  brightness  and  density  would  have  the  same  spectroscopic  absolute 
magnitude,  and  the  masses,  computed  from  the  spectroscopic  paralla.ves,  would  come  out 
the  same  for  all  the  stars  of  such  a  group  (whatever  the  dispersion  among  their  actual 
masses)  and  equal  to  the  geometrical  mean  of  the  latter.  To  obtain  a  reliable  measure 
of  the  dispersion  in  mass  among  binary  stars,  parallaxes  must  be  determined  in  some 
other  way. 

Spectroscopic  and  dynamical  parallaxes. — It  follows  that  the  spectroscopic  paral- 
laxes and  the  dynamical  parallaxes  (derived  on  the  assumption  that  the  mass  of  a  binary 
system  is  equal  to  the  mean  value  for  stars  of  its  spectral  type  and  absolute  magnitude) 
are  systematically  equivalent  to  one  another,  and  really  rest  on  the  same  physical  relation- 
ships and  assumptions. 

Dispersion  of  mass  among  visual  binaries  (dwarf  stars). — By  an  indirect  method, 
depending  on  Stromberg's  comparisons  of  spectroscopic  and  trigonometric  parallaxes, 
Seares's  conclusion  that  the  dispersion  is  small  is  confirmed.  The  probable  error  of 
dispersion  of  log  Ji,  appears  to  be  less  than  ±0.2,  but  cannot  be  exactly  determined. 

The  very  small  values  obtained  by  Scares  in  the  preceding  paper^ 
for  the  dispersion  in  mass  among  dwarf  stars  suggest  the  following 
explanation. 

It  appears  very  probable,  from  physical  considerations,  that  the 
spectral  type  of  a  star  is  determined  by  the  temperature  T  of  its 
outer  atmosphere,  while  the  characteristics  associated  with  the 
absolute  magnitude  depend  also,  and  mainly,  upon  the  density 
of  the  atmosphere,  p.  If  Ms  is  the  absolute  magnitude,  determined 
spectroscopically,  we  may  then  write 

Ms  =  F{T,p').  (i) 

It  is  also  probable  that  the  surface  brightness  /  depends  almost 
entirely  on  the  temperature,  and  that  the  density  of  the  atmosphere 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  227. 
'  Research  Associate  of  the  Mount  Wilson  Observatory. 
i  Mt.  Wilson  Contr.,  No.  226. 
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above  the  visible  surface  is  a  function  of  the  mean  density  p 
(though  not  necessarily  proportional  to  it).     We  have  then 

Ms=f(j,p)-  (2) 

It  may  be  that  Ms  depends  to  some  degree  on  other  variables, 
but  it  is  probable  that  their  influence  is  slight.  The  form  of  the 
function/  cannot  be  predicted  by  theory,  but  can  be  found  empiri- 
cally when  sufficient  data  regarding  stellar  masses  and  densities  are 
available. 

Assuming  the  relation  for  the  moment  to  be  exact,  and  intro- 
ducing it  into  equation  (22)  of  Seares's  paper,  we  have 

logo^(=s  =  logp+o.6J-o.6yO^  p)  +  2-77-  (3) 

Hence  c/t^  the  mass  corresponding  to  the  spectroscopic  parallax  is 
itself  a  function  of  p  and/  alone.  Like  (22)  this  is  a  general  result, 
holding  good  no  matter  how  the  mass  is  calculated,  so  long  as  the 
formula  involves  the  absolute  magnitude  and  our  assumptions 
about  the  latter  are  correct. 

Stated  in  words,  this  signifies:  //  the  spectroscopic  absolute 
magnitude  of  a  star  depends  only  on  its  surface  brightness  and  density, 
the  masses  computed  from  the  spectroscopic  parallaxes  will  be  identical 
for  all  stars  which  have  the  same  density  and  surface  brightness,  no 
matter  how  different  their  actual  masses  may  be. 

In  still  other  words,  the  spectroscopic  parallax  (on  our  assump- 
tions) will  be  correct  only  in  the  case  of  stars  having  a  certain 
average  value  of  the  mass.  For  larger  or  smaller  masses  there  will 
be  a  systematic  error  in  the  absolute  magnitudes,  making  the 
former  too  faint  and  the  latter  too  bright,  which  will  alter  the 
spectroscopic  parallax  to  just  such  a  degree  as  to  conceal  entirely 
the  real  differences  in  mass. 

If  the  spectroscopic  calibration  curves  are  adjusted  so  as  to  give 
a  correct  value  for  the  mean  absolute  magnitude  of  the  stars,  the 
"spectroscopic  mass"  will  be  the  geometrical  mean  of  the  individual 
masses,  since,  if  j  and  p  are  constant,  M  varies  proportionally 
to  log  cK=. 

To  determine  the  dispersion  in  mass  among  visual  binaries,  it  is 
therefore  necessary  to  have  recourse  in  some  way  to  parallaxes 
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other  than  spectroscopic.  One  way  of  doing  this  is  through 
Stromberg's^  discussion  of  the  errors  of  the  spectroscopic  paral- 
laxes— which  he  has  determined  by  comparison  of  individual 
spectroscopic  and  trigonometric  parallaxes,  allowing  for  the  errors 
of  the  latter.  Let  the  probable  error  thus  found  for  log  tt  be  ±  r. 
Three  sources  contributory  to  this  error  may  be  distinguished: 
(i)  the  error  just  discussed,  arising  from  differences  between  the 
masses  of  individual  stars  of  the  same  surface  brightness  and 
density;  (2)  the  error  arising  from  other  physical  causes,  on  account 
of  which  the  functional  relation  (2)  is  not  exactly  true;  and  (3) 
errors  of  observation.  If  we  call  the  amounts  of  these,  expressed 
as  probable  errors  of  log  r,  respectively,  r^^  fp,  and  r^  we  will  have 

r"=r;„+r}+r;. 

If,  on  the  other  hand,  we  compute  individual  masses  as  Scares 
has  done,  the  error  r^  will  be  without  influence  on  these  masses, 
while  Tp  and  r^  will  affect  log  cAt=  by  0.6  of  their  amounts,  and  there 
will  be  an  additional  source  of  error,  due  to  the  imperfections  of  the 
orbits  and  also  to  errors  in  the  assumed  ratio  of  the  masses  of  the 
components,  which  we  may  call  =•=  re.  If  then  /  is  the  probable  error 
of  distribution,  which  Scares  calls  r(A  log  fx),  we  have 

•'-«+^;+r?=r  =(0.36)= 
o.s6{r}.-]rr;)+r,  =  r'''=  (0.22)^ 

f^„  =  2.78;7— 0.004. 

This  would  indicate  that  the  actual  dispersion  in  logcK>  (which 
corresponds  to  the  probable  error  ±0.6  r«)  is  very  small — being 
substantially  equal  to  the  spurious  dispersion  which  arises  from 
errors  in  the  orbital  elements  of  the  binaries. 

The  observed  values  of  r  and  r'  are,  however,  subject  to  some 
uncertainty,  and  it  is  possible  that  some  other  concealed  correlation 
may  still  be  making  the  agreement  appear  better  than  it  should. 

It  is  obvious,  however,  that  a  better  way  of  determining  the 
dispersion  in  mass  among  visual  binaries  of  the  same  spectral  type 
will  be  a  direct  comparison  of  ''hypothetical"  or  dynamical  paral- 

'  Mi.  Wilson  Conir.,  No.  199,  p.  15;  Aslrophysical  Journal,  53. 13, 1921. 
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laxes,  computed  with  a  mean  value  of  the  mass,  with  trigonometric 
parallaxes.  In  this  case  there  seems  to  be  no  reason  to  fear  a  cor- 
relation of  the  sort  discussed  above. 

It  may  be  noticed  that  the  dynamical  parallax  of  a  binary, 
calculated  on  the  assumption  that  the  principal  star  has  the  mass 
cKs,  derived  from  spectroscopic  parallaxes  of  stars  of  similar  kind, 
and  the  spectroscopic  parallax  itself,  must  agree  exactly  in  every 
case  (barring  the  effects  of  errors  of  observation  and  the  small 
uncertainty  arising  in  the  estimate  of  the  ratio  of  the  mass  of  the 
system  to  that  of  the  brighter  component),  so  that  it  may  fairly 
be  said  that  spectroscopic  and  dynamical  parallaxes  are  systemati- 
cally equivalent  to  one  another,  so  long  as  the  mass  used  in  com- 
puting the  dynamical  parallaxes  is  taken  as  a  function  of  both 
absolute  magnitude  and  spectral  type.  The  two  then  rest  essen- 
tially on  the  same  physical  assumptions — though  this  is  far  from 
obvious  at  first  sight.  If  this  conclusion  is  correct,  spectroscopic 
parallaxes  are  unfitted  by  their  very  nature  to  give  us  information 
about  the  differences  in  mass  between  systems  which  have  similar 
spectra  (with  regard  to  the  "absolute  magnitude  lines"  as  well 
as  other  characteristics). 

When  a  direct  determination  of  the  dispersion  in  mass  among 
visual  binaries  has  been  made — for  example,  from  the  trigonometric 
parallaxes — it  will  be  possible  to  obtain  a  valuable  control  upon 
the  theory  which  atttributes  the  spectroscopic  phenomena  in 
question  to  differences  in  density. 

Mount  Wilson  Observatory 
February  16,  1922 


ON  THE  UPPER  LIMIT  OF  DISTANCE  TO  WHICH  THE 
ARRANGEMENT  OF  STARS  IN  SPACE  CAN  AT 
PRESENT  BE  DETERMINED  WITH  SOME  CONFI- 
DENCE^ 

By  J.  C.  KAPTEYN^  and  P.  J.  VAN  RHIJN 
ABSTRACT 

If  both  4>(M)  and  jVm,  the  luminosity-cun-e  and  the  total  numbers  of  stars  for 
each  apparent  magnitude,  were  completely  known,  the  star-densit}^  could  be  found  for 
any  distance  from  the  sun.  The  paper  deals  with  the  question:  \\'Tiat  can  be  reached 
now  that  our  knowledge  of  these  quantities  is  limited  ? 

The  conclusion  is  that  the  incompleteness  of  our  knowledge  of  (l>{M)  is  of  little 
importance,  but  that  the  contrar}^  is  true  for  Nm-  Even  if  we  assume  the  law  of  the 
densities,  formula  (2),  to  hold  for  all  values  of  m,  the  constants  cannot  be  determined 
with  the  accuracy  needed  for  the  derivation  of  the  densities  at  considerable  distances. 
The  limits  of  distance  for  which  the  density  can  be  determined  within  25  or  40  per 
cent  of  its  amount  were  finally  found  on  the  supposition  that  the  values  of  N'm  are 
known  to  m  =  14  and  tn  =  20,  respectively,  and  are  given  in  Table  XII.  With  the  limit 
m=i7,  visual,  for  which  we  may  expect  complete  values  of  Nm  in  the  near  future, 
the  densities  should  become  pretty  rehable  for  the  whole  of  the  domain  within  which 
the  density  exceeds  o.i  of  that  near  the  sun. 

The  conclusions  of  the  present  paper  must  be  considered 
only  provisional,  mainly  for  the  two  following  reasons:  (a)  The 
extinction  of  light  in  space  has  been  assumed  to  be  inappreciable; 
(b)  No  use  has  been  made  of  a  recent  substantial  improvement  in 
the  average  parallaxes  of  the  more  distant  stars. 

A  more  definitive  solution  now  being  made  at  the  Laboratory 
of  Groningen  will  duly  take  into  account  these  two  points.  The 
progress  of  such  a  solution  being  necessarily  very  slow,  the  present 
provisional  treatment  was  undertaken  mainly  for  the  purpose  of 
finding  the  most  promising  fines  for  conducting  the  further  treat- 
ment of  the  sidereal  problem. 

The  points  which  will  be  successively  discussed  are  as  follows: 

I.  If  for  any  determined  part  of  the  sky  we  know  completely 
(a)  the  luminosity-curve  y  =  (l)(M)  and  (b)  iV^  =  the  total  number 
of  stars  of  magnitude  m  —  1/2  to  w+1/2  per  ten  thousand  square 
degrees,  then  we  can  find  the  star-density  A(p)  at  any  distance  p. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  229. 
'  Research  Associate  of  the  Mount  Wilson  Observatory. 
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The  solution  is  contained  in  Mount  Wilson  Contribution,  No.  188, 
formula  (13).  The  difficulty  of  the  problem  lies  exclusively  in 
the  required  completeness. 

II.  Half  of  the  difficulty  may  be  safely  ignored,  for  it  can  be 
shown  that  at  present  and  for  a  long,  long  while  to  come  we  may 
certainly  adopt  the  form 

as  representing  the  luminosity-curve  completely,  that  is,  for  all 
values  of  M  from  —  00   to  +  00  . 

We  will  here  adopt  the  values  of  the  constants  p,  q,  r,  given  in 
Contribution  No.  188,  modified  in  accordance  with  the  changes  in 
definitions  to  be  explained  presently. 

III.  There  thus  remains  only  the  difficulty  due  to  our  incom- 
plete knowledge  of  7V„.  We  will  show  what  Umitation  is  thereby 
introduced  in  the  solution  mentioned  in  I,  and  we  will  further 
try  to  show  how  the  Limits  can  be  extended  by  future  countings 
of  the  fainter  magnitudes. 

In  this  inquiry,  proceeding  from  the  simple  to  the  more  difficult, 
we  will  consider  three  cases : 

a)  We  wall  assume  that  the  formula 

h 

holds  not  only  for  the  magnitudes  for  which  we  have  the  necessary 
data  but  also  for  all  fainter  magnitudes. 

b)  We  will  drop  the  latter  supposition,  that  is,  in  accordance 
with  the  results  found  thus  far,  we  will  adopt  the  error-curve 
(2)  for  the  actually  observed  N^,  but  will  assume  nothing  about 
the  fainter  magnitudes  which  have  as  yet  not  been  investigated. 

c)  We  will  consider  the  most  general  case,  namely,  that  the 
actually  observed  values  of  Nm  themselves  are  not  distributed  in 
an  error-curve. 

IV.  Having  thus  found  the  limits  within  which  a  fairly  reliable 
determination  of  the  arrangement  of  stars  in  space  can  be  made, 
we  will  introduce  what  we  think  must  be  considered  a  plausible 
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supposition,  by  which  these  hmits,  at  least  for  the  lower  galactic 
latitudes,  can  be  somewhat  farther  extended. 

Before  entering  on  a  discussion  of  these  points  it  will  be  neces- 
sary to  premise  the  following  remarks: 

a)  Cluster  observations  by  Shapley  have  fairly  well  proved  the 
absence  of  any  selective  extinction  of  light  in  space,  at  least  for 
distances  like  those  considered  in  the  present  discussion.  It  does 
not  follow  that  there  is  no  appreciable  general  extinction  of  light, 
and  the  matter  will  be  carefully  considered  in  our  definitive  solution. 
Still,  in  view  of  Shapley's  observations,  we  feel  less  hesitation  in 
making  the  assumption  of  no  appreciable  extinction  the  basis  of 
this  provisional  solution. 

h)  Up  to  the  present,  the  luminosity-curve  has  expressed 
the  number  of  stars  of  each  magnitude  contained  in  a  specified 
volume  of  space  in  the  neighborhood  of  the  sun.  It  would  certainly 
have  been  much  more  natural  and  convenient  had  it  been  given  the 
form  of  a  true  frequency-curve,  that  is,  one  showing  the  fraction 
of  all  existing  stars  belonging  to  each  absolute  magnitude.  This,  of 
course,  is  not  rigorously  possible  as  long  as  our  observations  do 
not  embrace  all  the  stars,  even  the  very  faintest  in  existence.  But 
since  the  luminosity-curve  has  been  derived  (in  Contribution 
No.  1 88)  over  a  range  of  more  than  twenty  magnitudes  and  since 
its  coincidence  with  a  normal  error-curve  throughout  this  entire 
interval,  which  extends  far  beyond  the  maximum,  is  truly  astonish- 
ing, it  would  seem  very  desirable  to  introduce  the  assumption  that 
the  best-fitting  error-curve  represents  the  luminosity-curve  over 
its  whole  extent.  In  this  way  it  becomes  possible  to  define  the 
luminosity  function  as  a  true  frequency-curve. 

Henceforth  we  will  assume,  therefore,  that  the  luminosity- 
curve,  over  its  whole  extent,  is  perfectly  representable  by  equation 
(i),  which  differs  from  formula  (ii)  in  Contribution  No.  i88,  only 
in  being  divided  by  the  factor  A  =0.0451,  the  number  of  stars  per 
cubic  parsec  in  the  neighborhood  of  the  sun.  If  later  on  it  should 
appear  that  this  assumption  deviates  sensibly  from  the  truth, 
the  final  results  will  still  be  unaffected.  The  ordinates  of  the  curve 
will  have  only  to  be  multipHed  by  a  certain  factor,  while  the 
densities  will  be  divided  by  that  same  factor. 
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c)  The  parsec  is  again  taken  as  a  unit  of  distance,  and  in 
accordance  with  this  definition  the  absolute  magnitude  of  a  star 
will  equal  its  apparent  magnitude  as  seen  from  a  distance  of  one 
parsec. 

TABLE  la 

LUiirXOSITY-CURVE 

(Equation  [5]) 
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d)  Finally,  the  star-density  A(p)  now  means  the  total  number 
of  stars  from  the  brightest  to  the  faintest  in  one  cubic  parsec. 

Under  these  stipulations  we  have  in  (i),  in  accordance  with 
Contribution  No.  188, 


^  =  0.2818,  Mo  =  2.693 

^=—2.413^        ^  =  -1-0.4278        r=— 0.07944 

log ^(iW)  = —1 .049+0. 1858  If —0.03450  M^ 

M  =  m-\-  5  log  X  =  w  —  5  log  p. 


(3) 
(4) 
(S) 
(6) 


The  numerical  values  of  (5),  that  is,  of  the  luminosity-curve 
according  to  the  present  definitions,  have  been  tabulated  in  Table  la. 

For  convenience  we  give  in  Table  III  the  values  of  the  con- 
stants of  Contribution  No.  188,  p.  13,  changed  to  agree  with  our 
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modified  definitions,  that  is,  with  (4)  instead  of  with  the  values 
previously  given  for  p,  g,  r. 

The  values  in  Table  III  lead  to  the  formulae  in  Table  IV.    These 
have  been  tabulated  in  Table  16. 

With  these  details  premised  we  will  now  discuss  the  several 
points  separately. 

TABLE  III 


Parameter 

Galactic  Latitude 

0° 

30° 

60° 

90° 

4o''-9o° 

h 

k 

I 

-8.929 

+  5-705 
-1.366 

—  8.292 
+  5.481 
-1.508 

—  12.320 
+   9.320 

—  2.441 

-17.418 
+  14.092 
-   3-542 

—  10.984 
+   8.120 

—  2. 171 

Gal.  Lat. 

0° log-l(p)=-3 

30° 

60° 


90" 

o         o 

40  -90  , 


TABLE  IV 

Density  and  Distance 

=  -3.878+2.478  log p 

1-0.593  (logp) 

=  -3.602  +  2.381 

-0.655 

=  -S-35i+4-048 

—  1 . 060 

=  -7-565+6.120 

-1.538 

=  -4.770+3.526 

-0-Q43 

POINT   I 


As  already  mentioned,  the  solution  of  the  problem  involved  in 
this  case  is  contained  in  formula  (13)  of  Contribution  No.  188.^ 
Modified  in  accordance  with  w^hat  precedes,  this  formula  becomes : 


J ^00 


iV„  =  3.046      p^A (p)(^(w- 5  log p)Jp. 


(7) 


From  this  equation  it  is  at  once  clear  that  given  Nm  and  0(M)  for  all 
values  of  m  and  M,  we  can  find  A(p),  and  this  constitutes  in  reality 
the  solution  of  our  problem.  The  derivation  involves  the  solution 
of  the  integral  equation  (7).  For  the  case  in  which  <i>{M)  has  really 
the  form  (i)  and  Nm  the  form  (2),  Schwarzschild  has  given  an 
elegant  solution,  which,  quoted  already  in  Contribution  No.  188, 

'  For  this  formula,  in  a  slightly  different  form,  see  Astronomical  Journal,  24,  27 
(No.  566),  1904. 
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but  modified  in  accordance  with  our  present  definitions,  is  contained 
in  the  following  formulae: 

^  (p)  =  gA+*  log  p+/(log  p)' 


(8) 


r—c 

k=sq-R- 


h  =  a  —  p 

3^    3 
M    Mod 


=  6.9078. 


•2.5203 


(9) 


Admitting  that  (8),  which  for  brevity  we  will  call  the  Schwarz- 
schild  formula,  holds  for  all  distances  from  p  =  o  to  p  =  00  ,  it  is,  of 
course,  easy  to  determine  all  such  quantities  as  those  which  follow 
(the  area  is  always  assumed  to  be  10,000  square  degrees) : 

iV^OT  =  total  number  of  stars  of  appt.  mag.  m 
(^m)o  =  the  same  within  the  distance  p 

N  =  total  number  of  stars  of  all  magnitudes  together 
Np  =  the  same  within  the  distance  p 
M= median  =  distance  within  which  He  one-half  of  all  the  stars 

Z=NJN. 


We  find  the  formulae: 


iV, 


^0^96967^  c,(^^^)  ^12^432  c,(^^^j 


ixG 


(iV„)S  =  TFiV„ 


VwJ- 


G(logp-0) 


y  71  /  _  CO 
2/3G^=  —R—iorm 

yG^  =  h-{-p-{-qm-\-rm^ 


'dz 


(10) 

(11) 

(12) 

(13) 
(14) 
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^,^x^^_m:    (2=6.9078).      (x5) 

As  a  check  on  the  computations  of  h,  k,  I,  N  we  have,  expressed 
in  terms  of  a,  b,  c, 

(16) 


(17) 

(18) 

(19) 


Introducing  the  constants  of  Table  III  into  (12),  (13),  and  (14), 
we  obtain 


N  =  — — e^- 

V-c 

b' 

k+^^ 

/-                  \ 

^=6.0078) 

N,  =  ZN 

-l<^o% 

o-logAf) 

Gal.  lat.  =  0°  Gal.  lat.=4o°  to  90" 

G=i.833  G=2.o39 

/3=  1.560+0. 1 182W  /3  =  1.550+0. 0956^1^ 


(20) 


with  the  aid  of  which  equation  (12)  gives  at  once  an  insight  into 
the  distribution  in  distance  of  the  stars  of  each  magnitude  m.  The 
results  have  been  summarized  for  galactic  latitudes  0°  and  for 
40°  to  90°  in  Table  II.     For  the  medians  we  find 

Gal.  lat.  0°  M= 39,000  parsecs"!  .     . 

0,0.  )  (21) 

40  to  90  2,900  parsecs  J 

Since  the  Schwarzschild  formula  does  not  hold  for  the  smaller 
distances,  results  for  these  have  been  omitted  from  the  table. 

But  the  supposition  that  we  know  ^(M)  and  N^  completely, 
that  is,  for  all  values  of  M  and  m,  is  far  from  being  justified.  In 
the  present  state  of  science  this  incompleteness  of  our  knowledge  is 
very  serious  in  the  case  of  iV^,  but  of  httle  account  in  the  case  of 
0(M).  The  latter  part  of  this  statement  constitutes  the  second 
point. 
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POINT   II 

The  practical  sufficiency  of  our  knowledge  of  the  luminosity- 
curve  is  due  to  the  fact,  already  alluded  to,  that  it  has  now  been 
found  .for  so  large  a  range  of  magnitudes,  viz.,  from  the  very 
brightest  down  to  about  absolute  magnitude  M=-\-g. 

According  to  (6)  a  star  of  apparent  magnitude  w  will  be  of 
absolute  magnitude  +9,  when  its  distance  is  such  that 

logP  =  — . 
If,  therefore,  we  write  the  equation  (7)  in  the  form 

'  m 


'  "  ^   p^A fp)0(w- 5  log  p)Jp+ 

Jlog 


3-046        Jlogp=-00 

■'logp  =  +  oc 


r 


I,  m  — 9 

logp  =  — ^ 


p^A (p)</)(w- 5  log  p)<fp     (22) 


the  difficulty  introduced  by  incomplete  knowledge  of  the  luminosity- 
curve  lies  exclusively  in  the  first  integral,  for  the  second  includes 
only  stars  brighter  than  M=  +9,  for  which  4>{M)  is  known.  The 
difficulty  cannot,  therefore,  be  very  serious  because  the  first  integral 
involves  only  stars  relatively  near  the  sun.  In  fact,  as  will  be 
explained  below,  the  values  of  A(p)  within  the  limits  of  the  first 
integral  may  be  considered  as  completely  known  and  its  divergence 
from  (8),  though  considerable,  still  unimportant  for  the  present 
question,  by  a  method  w^holly  independent  of  (7)  for  all  apparent 
magnitudes  to  ^  =  23  (corresponding  to  the  Hmit  2.8  for  log  p). 
It  will  undoubtedly  be  a  long  time  before  we  can  expect  useful  data 
for  Nm  beyond  m  =  2^. 

This  being  so,  it  is  easy  to  show  that  there  is  an  overwhelming 
probabihty  that  the  first  integral  in  (22)  is  entirely  negUgible,  at 
least  to  the  limit  ^  =  23.  We  first  determine  the  value  of  this 
integral,  denoted  by  F„„  on  the  supposition  that  for  M>-\-g, 
(t>{M)  is  still  represented  by  (i).  It  is  evident  that  V^  represents 
the  number  of  stars  of  apparent  magnitude  m,  absolutely  fainter 
than  M  =-\-g. 
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We  easily  find 


e~^dz 


00 


P- 


gr—^(b  —  q)—cm 

Vc—r 


(23) 
(24) 


The  constants  p,  q,  r  are  given  by  (4) ;  a,  b,  c  in  Contribution 
No.  188,  p.  13. 

Table  V,  computed  by  the  aid  of  (23),  shows  that,  if  the 
luminosity-curve  (i)  were  correct  over  its  whole  length,  the  stars 
fainter  than  absolute  magnitude  +9  would  not  contribute  to  the 
total  number  N23  in  the  Milky  Way  more  than  i  star  in  16,000, 
or  to  those  in  galactic  latitudes  40°  to  90°  more  than  i  star  in  300, 
For  N22,  N21,  etc.,  the  contribution  is  much  smaller  still. 

TABLE  V 
Values  of  V^/N^ 


m 

Gal.  Lat.  o° 

Gal.  Lat.  4o°-9o° 

18 

0 . 00000050 
.00000143 
. 00000392 
.0000104 
.0000262 
. 0000634 
.000148 

.00143 
0.0095 

0.0000113 
.0000414 
.000139 

.00043 
0012 1 

19 

20 

21 

22 

23 

24 

.0032 
.0076 

■0635 
.267 

27 

^0 

Therefore,  even  if  beyond  if  =+9,  the  error-curve  (i)  should 
begin  to  fail  very  seriously  to  represent  the  true  frequencies  of  the 
absolute  magnitudes,  it  will  still  lead  to  values  of  Nm  which  will 
be  practically  correct  to  magnitude  23  and  probably  to  even  much 
fainter  stars. 

Suppose  for  instance  that  the  frequencies,  which  up  to  M=  -(-9 
are  represented  with  such  astonishing  closeness  by  the  error-curve 
(i),  should,  beyond  this  magnitude,  suddenly  become  tenfold  the 
frequencies  furnished  by  (i);  even  then  the  representation  would 
be  quite  satisfactory  for  all  values  of  iV^;„  to  ^  =  23.     Of  course  the 
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overwhelming  probability  is  that  matters  are  really  much  more 
favorable.  For  we  must  surely  expect  that  even  if  the  true  curve 
begins  to  diverge  from  (i),  it  will  not  suddenly  show  tenfold 
values.  We  should  rather  expect  a  deviation  which  for  M=  -\-io  is 
still  small  and  only  gradually  increases,  perhaps  to  very  consider- 
able amounts,  as  we  approach  fainter  and  fainter  stars.  If  so,  the 
divergence  in  the  representation  of  Nm  will  undoubtedly  be  still 
much  smaller.^ 

The  conclusion  from  what  precedes  can  only  be :  as  long  as  obser- 
vations do  not  extend  beyond  m  =  2^,  formula  (7),  in  which 
0(M)  is  given  by  (i),  must  be  considered  as  valid.  Should  they 
ever  reach  stars  fainter  than  m  =  2^,  a  direct  extension  of  the 
luminosity-curve  beyond  M=  -\-g  may  seem  desirable.  It  is  easy 
to  see  how  this  could  be  accomplished.  We  should  require,  how- 
ever, more  extensive  data  on  the  very  faint  stars  having  very 
considerable  proper  motions. 

POINT   III 

It  now  remains  to  be  seen  what  result  for  A(p)  can  be  deduced 
from  formula  (7)  with  the  aid  of  our  incomplete  data  for  the  values  of 
Nm-     First  consider  the  case: 

a)  We  assume  the  form  (2)  to  hold  for  all  magnitudes  from  the 
very  brightest  down  to  w  =  °o  ,  referring  for  less  hypothetical  con- 
siderations to  lllh  and  IIIc.  The  problem  evidently  is:  given, 
4>{M)  and  iV„  by  the  formulae  (i)  and  (2)  for  all  values  of  M  and  m; 
required,  A  (p)  for  all  values  of  p. 

The  solution  has  been  given  above  in  equations  (8)  and  (9). 
Although  theoretically  this  solution  leaves  nothing  to  be  desired, 
we  find  in  most  cases  that,  for  moderately  large  values  of  p,  it 
becomes  practically  illusory.  The  reason  for  this  of  course  is 
that  existing  data  do  not  furnish  the  values  of  the  constants  h,  k,  I, 
with  sufficient  precision. 

'  Perhaps  this  will  not  be  granted,  for  of  course  it  is  not  impossible,  mathematically, 
that  after  J/ =  +9,  the  frequencies  instead  of  continuing  to  decrease,  may  begin  to 
increase  at  such  a  tremendous  rate  that  the  preceding  conclusion  would  no  longer  hold. 
Even  this  possibility  must  probably  be  denied.  If  after  M  =  +g  the  frequencies 
should  increase  at  such  a  rate,  the  number  of  very  faintly  luminous  stars  near  the 
sun,  that  is,  apparently  faint  stars  with  verj'  large  proper  motion  would,  I  think. 
exceed  what  is  reconcilable  with  the  observations. 
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An  example,  which  has  a  considerable  interest  of  its  own,  will 
help  to  show  the  difficulty  in  its  true  hght.  As  such,  we  will  try 
to  derive  the  arrangement  in  space  of  the  stars  in  the  star-cloud 
between  /3  and  7  Cygni.  We  choose  this  example  because  we 
happen  to  possess  data  for  part  of  this  region  down  to  photo- 
graphic magnitude  18.5  (==  visual  magnitude  17.33).  The  part  in 
question  is  that  covered  by  Selected  Area  (syst.  plan)  No.  64. 
The  low  limit  of  magnitude  is  reached  by  using  unpubhshed  results 
of  the  Mount  Wilson  photometric  survey  together  with  those  in 
the  Harvard  Durchmusterung.^  Simple  countings  gave  the  num- 
bers in  Tables  VI  and  VII. 


TABLE  VI 
Harvard  Durchmusterung 


Har\'.  Photographic  Mag. 

N'   FOR 

m 
4o'X4o' 

COMP.  BY 
(25) 

o-c 

Limits 

Mean 

8  .  00  to         8 

9 .  00  to        9 

10.00  to      10 

T  T     00  to          I  I 

99 

99 

99 

00 

8 

9 
10 

II 
12 

13 

14 

5 
5 
5 
5 
5 
5 

I 

7 
21 

42 

143 

227 

591 

2 

7 

19 

49 

119 

269 

570 

—  I 
0 

+  2 

-  7 
+24 
—42 

T  2     00  to          I  2 

on    

13.00  to      13 
14.00  to  +14 

00 

00 

+21 

Total           

1032 

TABLE  VII 
Mount  Wilson  Photometric  Survey 


12 
13 
14 
15 
16 

17 


M.W.  Photographic  Mag. 


Limits 


•  5  to  13.5 

•  5  to  I4-5' 
■5  to  15.5. 
.5  to  16.5. 
.5  to  17.5. 
.5  to  18.5. 


Total 


Mean 


13.0 
14.0 
150 
16.0 
17.0 
18.0 


N'     FOR 

m 
15'Xis' 


20J 
435 
975 

200| 
363! 
677I 


1403 


X'  Reduced  to 
m 

4o'X4o' 


146 

309 

693 

1426 

2584 
4817 


'  Harvard  Annals  loi. 
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These  tables  do  not  contain  even  approximately  all  the  stars 
in  the  two  catalogues.  The  faintest  stars  measured  on  the  Harvard 
plates  are  15.75  (phot.),  those  on  the  Mount  Wilson  plates  18.86 
(phot.).  Stars  fainter  than  14.99  3-^d  18.50,  respectively,  were 
excluded  because  we  cannot  be  sure  thq,t  the  catalogues  are  abso- 
lutely complete  below  these  limits. 

We  have  first  of  all  to  reduce  the  magnitudes  to  the  same  scale 
and  to  the  same  area.  The  latter  reduction  has  already  been  made 
in  the  last  column  of  Table  VII.  To  find  the  scale  difference  the 
observed  numbers  N'm  in  Table  VI  were  represented  by  an  equation 
of  the  form  of  (2).     The  result  may  be  written 

log  N'm  =  2 . 074+0 . 37o(w- 12 . 5) -o . oi45(wt- 12 . 5)^         (25) 

The  values  computed  by  means  of  this  formula  are  in  the  fourth 
column  of  Table  VI;  the  fifth  shows  the  residuals  O— C,  whose 
changes  of  sign  are  all  that  can  be  desired.  With  the  aid  of  (25) 
the  Harvard  magnitudes  were  calculated  for  which  the  numbers 
N'„  become  equal  to  the  first  three  values  of  N'm  in  Table  VII,  viz., 
146,  309,  693.  The  results  are  12.75,  i3-68,  and  14.78,  whence  we 
conclude:  - 

Mt.  W.-Harv. 

Harv.  mag.  i2.75  =  Mt.  W.  mag.  13.0  +0^25 

Harv.  mag.  i3.68  =  Mt.  W.  mag.  14.0  +0.32 

Harv.  mag.  14.  78  =  Mt.  W.  mag.  15.0  +0.22 

There  is  no  indication  in  the  differences  Mt.W.  — Harv.  of  change 
with  the  magnitude,  and  we  adopt 

mag.  Mt.  W.— mag.  Harv.  =  Const.  =  +0"? 26.  (26) 

By  means  of  (26)  the  values  in  Table  VII  can  now  be  reduced 
to  the  scale  of  Table  VI. 

A  further  reduction  from  the  photographic  to  the  visual  scale 
is  necessary  because  the  luminosity-curve  defined  by  (i)  and  (4) 
gives  the  frequencies  for  the  visual  magnitudes.  For  this  we 
have  used  the  corrections  given  in  Groningen  Publications,  No.  27, 
p.  42.  The  first  five  columns  of  Table  VIII  show  the  complete 
reduction. 
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The  fifth  and  sixth  columns  give  the  observational  data  fully 
reduced  for  the  present  discussion.  The  numbers  in  the  cloud 
were  first  compared  with  the  corresponding  numbers  for  the  average 
Milky  Way.  It  turned  out  at  once  that  these  numbers  are  all 
but  perfectly  proportional,  the  cloud  having  about  2.39  times  the 
number  for  the  average  Milky  Way.  This  is  shown  by  the  seventh 
column  of  the  table  which  gives  the  carefully  interpolated  values 
for  the  Milky  Way  according  to  Groningen  Puhlication,  No.  27, 
reduced  to  an  area  of  4o'X4o'  and  multiplied  by  2.39.  The 
agreement  with  the  observed  cloud  numbers  in  the  sixth  column  is 
as  good  as  can  be  expected.  The  numbers  in  the  Milky  Way  in 
Groningen  Puhlication,  No.  27,  do  not  extend  beyond  magnitude  16. 
For  these  very  faint  magnitudes  the  table  gives  in  parentheses  the 
values  furnished  by 

log  N'm=  — 4.516+0.7242^?  — O.OI4IW^  (27) 

which  best  fits  the  numbers  of  Groningen  Puhlication,  No.  27, 
reduced  to  40^X40'  and  multipHed  by  2.39, 

On  the  assumption  made  in  this  paragraph,  that  the  formula 
holds  for  all  magnitudes,  we  conclude  that  at  all  distances  the 
star-densities  in  the  cloud  are  2.39  times  the  corresponding  densities 
in  the  average  Milky  Way. 

Meanwhile  we  can  represent  the  observed  numbers  quite  as 
well  by  a  formula  somewhat  dift'erent  from  (27);  for  instance,  by 

log  N'm=  — 3.951+0.6334W— o.oIo6w^  (28) 

The  representation  by  this  formula  is  also  shown  in  Table  VIII. 

By  means  of  the  constants  in  (27)  and  (28)  and  those  of  the 
luminosity-curve  (5),  we  can  at  once  pass  from  the  distribution  of 
the  values  A''^  to  that  of  the  densities  by  means  of  formulae  (8) 
and  (9).     We  thus  obtain 

Solution  (27)  Solution  (28) 

// -8.060  -3.488 

k +5-719  +2.678  (29) 

I —1-375  -0.882 

The  two  solutions  represent  rather  widely  different  arrange- 
ments in  space.     The  best  way   of   showing   the   difference   in 
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compact  form  will  perhaps  be  to  compute  for  both,  by  formulae  (16) 

and  (17), 

iY  =  total  number  of  stars  for  a  field  of  4o'X4o',  and 

M  =  median  distance  below  which  lie  just  half  of  all  the  stars. 

Introducing  the  values  (29),  we  find, 

Solution  (27)  Solution  (28) 

M 39,000  parsecs  272,000  parsecsl  /     v 

iV^ 579,000  stars  3,700,000  stars  J 

Identical  data  thus  lead  to  two  solutions  for  the  arrangement  in 
space  of  the  stars  in  the  cloud.  In  the  second,  judging  by  the 
median  values,  the  star-distances  are  7  times  those  of  the  first 
solution.     The  total  numbers^  are  as  i  to  6.5. 

Evidently,  therefore,  the  data  at  present  available  do  not  lead 
to  a  reliable  determination  of  the  real  structure  of  the  cloud.  The 
reason  clearly  hes  in  the  fact  that  the  data  of  Table  VIII  are  insuflS- 
cient  for  a  good  determination  of  the  constants  for  Nm  in  equation 
(2),  and  it  is  readily  understood  that  it  is  mainly  the  uncertainty 
in  the  position  of  the  maximum  to  which  the  failure  of  the  solution 
is  due. 

In  the  notation  of  (2),  this  maximum  Hes  at  the  magnitude 

'  (31) 


Wo  = 

2C 

whence  for 

Solution  (27) 
Solution  (28) 

^0=25.68 

Wo=29.88 

(32) 

7^0=29.00; 

a  difference  of  over  4  magnitudes ! 

We  are  thus  led  to  consider  the  question  as  to  how  far  the 
observed  data  must  be  extended  in  order  to  obtain  a  determination 
of  A(p)  which  will  satisfy  moderate  demands  at  least. 

To  answer  this  it  will  be  necessary  to  determine :  {a)  how  the 
precision  of  m^,  (prob.  err.  p^)  depends  on  the  precision  of  the 

'  Since  the  total  number  of  stars  resulting  from  the  two  solutions  differs  enor- 
mously, it  might  seem  worth  trying  to  decide  between  them  by  measuring  the  total 
light  of  the  cloud.  To  test  the  feasibility  of  such  a  plan  I  compared  the  values  of  the 
total  light  and  found  that  the  amounts  involved  in  (27)  and  (28)  are  as  i.ooo  to  1.025. 
Practically,  therefore,  the  idea  is  worthless,  at  least  with  the  photometric  means  at 
present  available. 
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counts  Nm,'  (b)  how  the  precision  of  the  median  M  depends  on  the 
precision  of  tUo. 

As  for  (a) :  Consider  first  the  somewhat  easier  question :  What 
will  be  the  accuracy  of  Wo  obtained  from  observed  values  of  N„ 
for  three,  favorably  chosen,  equidistant  magnitudes 

m,-(T;        m,;        w,+a-?  (33) 

For  brevity  call  this  the  simplified  problem.  Since  a  rough  esti- 
mate is  all  that  is  wanted,  assume  that  the  probable  error  of  log  N„ 
for  these  three  magnitudes  is  constant  and  equal  to  r.  When  this 
simpUfied  problem  has  been  solved  it  will  be  easy  to  estimate 
roughly  the  accuracy  obtainable  by  the  use  of  all  values  of  N^. 

In  the  Appendix  is  derived  the  formula  which  shows  the  relation 
between  the  probable  errors  pm^  and  r,  namely, 

^1^2  ,  /^ r— —  (34) 

The  value  of  r  is  readily  determined  by  means  of  the  deviations  of 
the  observed  log  N^  from  a  close-fitting  curve.  In  the  case  of  the 
star-cloud  the  number  of  observed  stars  brighter  than  12  is  rather 
small.  This  being  the  case,  consider  only  the  Mount  Wilson 
observations  in  Table  VIII,  w^hich  show  a  better  agreement  inter  se 
than  the  Harvard  values.  For  the  best-fitting  curve  I  used  a 
third  solution,  intermediate  between  (27)  and  (28),  for  which  the 
constants  are : 

a  =—10.019  A  =—6.038 

6  =  +  i-57o  ^  =  4-4.289        (area  =  40' X  40')         (35) 

c=— 0.0294  /=  — 1.165 

Wo=26.73  Median  M= 63,800  parsecs 

The  value  found  for  the  probable  error  is  r=  =t=  0.008.  Experi- 
ence gained  in  other  cases  indicates  that  this  value  is  accidentally 
low  and  that  a  better  one  would  be 

r=  ±0.012.  (36) 

For  the  fundamental  magnitudes  we  choose  the  values  (see 
Table  VIII) 

12.18,        14- 52,        16.86,  (37) 
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then  for  the  computation  of  p,„,  by  (34) 

^1  =  14.52  0-=     2.34    "\ 

^0=26.73  c=— 0.0294/ 

which  lead  to 

P;„,=  ±2.6mag.  (39) 

Starting  from  solution  (27)  instead  of  (35),  we  find  nearly  the 
same  result. 

As  for  {h) :  We  learn  how  the  accuracy  of  the  median  M  depends 
on  that  of  nto  by  comparing  the  values  of  Mo  and  M  in  the  three 
solutions   (27),   (28),   (35).     Adding  a  fourth  solution,  we  have 


altogether 

mo 

logM 

25.68 

4.592 

1.05 

0.213 

26.73 

1.05 

4.805 

0.203 

27.78 

2. 10 

5.008 

0.426 

29.88 

5-434 

(40) 


Evidently  log  M  changes  very  nearly  proportionally  to  Mo.     In 
fact 

]ogM=— 0.544+0.2  Wo.  (41) 

Therefore 

PiogM=o.2  p,„„;  (42) 

consequently,  adopting  the  values  (39), 

PiogAf==^o-52o  (simplified  problem) .  (43 ) 

It  is  now  easy  to  see  what  can  be  gained  by  future  extension  of  the 
counts  to  fainter  magnitudes. 

Table  IX  shows  how  the  probable  errors  of  both  Mo  and  log  M 
change  with  increase  in  the  Hmiting  magnitude.  In  accordance 
with  what  precedes,  we  adopted  =t=  2.6  as  the  probable  error  of  Wo  in 
the  case  of  the  hmiting  magnitude  17.5,  i.e.,  for  limiting  A7';„  =  i7.o. 
The  remaining  probable  errors  were  then  computed  by  formulae 
(34)  and  (42).     The  results  are  summarized  in  Table  IX. 


ARIL4NGEMENT  OF  STARS  IN  SPACE 


261 


Hence,  if  we  were  able  to  photograph  the  stars  to  magnitude 
20.5  (visual  scale),  the  probable  error  of  log  M  in  the  simplitied 
problem  would  be  diminished  to  0.176,  which,  roughly  speaking, 
is  equivalent  to  a  probable  error  of  about  42  per  cent  in  the  numeri- 
cal value  of  M.  I  believe  the  error  would  be  further  lowered  to 
less  than  30  per  cent,  if  the  calculation  of  Wo  were  based  on  all  the 
available  data  for  Nm  instead  of  merely  on  those  for  the  three 
fundamental  magnitudes  used  for  the  simplitied  problem. 

From  an  absolute  point  of  view  this  precision  may  not  seem  to 
be  very  satisfactory.  Still  if  it  can  be  reached — and  at  present 
this  is  hardly  subject  to  doubt — -an  enormous  step  in  advance 
will  have  been  made,  for  it  means  that  the  median  parallax  will 
have  been  determined  with  a  probable  error  of  about  =to''ooooi. 

TABLE  IX 
Prob.\ble  Error  of  nio  and  log  M  (Simplified  Problem) 


Limiting 
Magnitude 

Fund.  Mags. 

nh 

<T 

Wo 

Sol.  (35) 

"m 

"logAf 

17    s 

12.0     14.5      I7-0 
12.0     15.0     18.0 
12.0     15.5      19.0 
12.0     16.0     20.0 
12.0     16.5     21.0 
12.0     17.0     22.0 

14-5 
15-0 
15-5 
16.0 

16. 5 
17.0 

2-5' 

30 

3-5 
4.0 

4-5 
5-oJ 

. 

26.73 

' 

'2.60 

1-73 
1. 21 
0.88 
0.66 
.0-51 

0.520 
•346 
.242 
.176 
.132 

0. 102 

18. s 

10.  c 

20    :; 

21.  :; 

22  .  ^ 

Moreover,  the  accuracy  can  be  greatly  increased  by  taking  several 
fields  instead  of  but  one. 

The  preceding  considerations  on  the  structure  of  one  small 
region  may  of  course  be  applied  without  change  to  the  investigation 
of  larger  parts  of  the  sky,  for  instance,  to  the  Selected  Areas  for 
different  zones  of  galactic  latitude.  The  only  difference  is  that 
we  will  obtain  a  much  greater  accuracy. 

From  the  data  of  Groningen  Publication,  No.  27,  Table  V,  we 
have  found  the  values  of  nio  for  different  galactic  latitudes  (/?) 
entered  in  the  second  column  of  Table  X.  The  other  quantities 
in  the  table  were  obtained  in  the  manner  already  explained. 

In  this  table  the  probable  errors  are  given,  in  the  simplified 
problem,  as  they  would  be  found  for  a  single  region  containing  the 
same  number  of  stars  as  that  in  the  case  treated  above.     In  con- 
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formity  with  (39),  pmo  for  j8  =  o  and  Km.  mag.  17.5  was  put  at  =t  2.6. 
For  the  rest  the  computation  was  made  with  the  aid  of  (34)  and  (42). 

As  was  to  be  expected,  the  values  of  Wo  run  somewhat  irregularly. 
We  therefore  adopted  the  smoothed  values  of  the  third  column, 
which,  with  the  exception  of  that  for  j8  =  20°,  represent  the  observa- 
tions practically  as  well  as  those  of  the  second  column. 

By  using  for  each  region  all  the  material  instead  of  the  three 
values  of  iV"^  of  the  simphfied  problem,  the  probable  error  will 
be  diminished.  If  further  for  each  galactic  latitude  we  take  the 
greater  part  or  all  of  the  Selected  Areas,  the  probable  error  will 
again  be  much  reduced.     Finally,  a  further  important  reduction 

TABLE  X 
Probable  Error  in  Simplified  Problem  for  a  Region  15'Xis' 


nto 

Adopted 

c 

Lim.  Mag.  17.5 

Lim.  Mag.  20.5 

p 

''mo 

"logM 

"logM 

0° 

20 

40 

60 

80 

26.7 
27.2 
23.1 
19. 1 
18.2 

26.7 
25.6 
22.9 
19.9 
17.9 

-  0.0294 

-  .0297 

-  0333 

-  .0407 

-  0.0486 

±2.6 
2.4 
1.6 
0.85 

=^0.45 

±0.52 
.48 
•32 
•17 

±0.09 

±0.88 
•79 
•  SI 
.24 

±0.11 

±0.176 
.158 
.102 
.048 

±0.032 

can  be  made  by  taking  into  account  the  very  extensive  data  for  the 
brighter  stars.  In  order  to  see  more  clearly  what  can  be  gained, 
some  estimate  must  be  made  as  to  the  effect  of  all  these  reducing 
causes.  The  matter  certainly  deserves  careful  study.  We  have  not 
yet  made  such  a  study,  but  estimate  provisionally  that  it  should 
be  easy  to  reduce  the  probable  errors  of  Table  X  to  one-third.^ 

For  clearness  we  may  express  roughly  the  accuracy  correspond- 
ing to  this  assumption  in  percentages  of  the  whole.  The  results 
for  the  median  M  are  thus  found  to  be  as  given  in  Table  XL 

Granting  the  suppositions  made  in  Ilia,  and  that  we  are  in 
possession  of  data  for  Nm  to  magnitude  20.5,  we  conclude  that 
we  can  obtain  what  may  be  considered  a  good  insight  into  the 

I  The  comparison  of  the  values  nio  in  the  second  column  of  Table  X  with  the 
smoothed  values  in  the  third  leads  at  once  to  a  precision  of  about  this  amount,  not- 
withstanding the  fact  that  the  da.ta.  oi  Groningen  Publication, 'No.  27,  extend  but  little 
beyond  magnitude  14.5  visual. 
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distribution  of  the  stars  in  all  galactic  latitudes.  With  data  to 
17.5  alone  (Mount  Wilson  Survey)  this  can  be  said  only  for  the 
regions  of  high  galactic  latitude.  Below  latitude  40°  the  solution 
becomes  rapidly  less  reliable. 

Remark. — Meanwhile  we  need  an  extension  of  star-counts  for 
regions  near  the  galactic  pole  quite  as  much  and  probably  more 
than  for  the  lower  latitudes,  for  just  these  observations  of  Nm 
in  the  higher  latitudes  will  lead  to  a  judgment  on  the  general 
validity  or  non-validity  of  the  analytical  form  (2).  This  follows 
because  of  the  lower  value  of  nto  (Table  X).     Suppose  for  instance 

TABLE  XI 

Probable  Error  of  Medi.\x  M  in  Percentage 
OF  Its  Amount 


Cn  1     Tat 

Limiting  Magnitude 

17-5 

20.  s 

0° 

20 

41 

25 

13 

7 

13 
12 

40 

8 

60 

4 
I    c 

80 

that  we  obtain  counts  to  apparent  magnitude  20.5.  In  high  lati- 
tudes the  curve  for  N^  will  then  become  known  considerably 
beyond  the  maximum,  that  is,  for  a  very  considerable  fraction  of  the 
whole,  and  a  fraction  very  much  greater  than  that  covered  in  the 
lower  latitudes.  In  case  formula  (2)  is  confirmed  for  this  large 
part  of  the  curve  in  the  region  of  the  galactic  pole,  we  will  use 
the  same  analytical  form  with  much  greater  confidence  for  the 
lower  latitudes  also. 

lllb.  We  know  by  observation  that  as  far  as  magnitude  14  the 
values  of  N^  are  well  represented  by  (2) ;  for  the  stars  fainter  than 
14  we  know  nothing  of  the  sort.^  What  results  will  it  be  possible 
to  obtain  from  this  knowledge  ? 

Schwarzschild's  solution,  which  is  based  on  the  supposition  that 
all  values  of  Nm  fall  on  the  curve  (2),  led  to  formula  (8)  which,  but 
for  the  observation  errors,  would  yield  a  knowledge  of  A(p)  for  all 

'We  take  the  limit  ;«=i4  because  it  represents  what  at  present  is  really  well 
known.     The  reasoning,  of  course,  holds  for  any  other  limit. 


264  J-  C.  KAPTEYN  AND  P.  J.  VAN  RHIJN 

distances.  This  solution  is  not  now  generally  applicable  and  we 
must  look  for  another.  Such  a  solution,  based  on  quite  different 
principles,  which  I  will  call  solution  K,  has  already  been  given  in 
Groningen  Publication,  No.  1 1 ,  and  has  also  been  applied  in  Contribu- 
tion No.  188.  It  has  there  been  carried  through  for  galactic 
latitude  40°  to  90°,  and  shows  the  very  gratifying  fact,  which 
we  had  no  right  to  expect  beforehand,  that,  but  for  small  distances 
(where  Schwarzschild's  solution  is  confessedly  wrong)  it  agrees 
wonderfully  well  with  the  Schwarzschild  solution.  With  the  excep- 
tion referred  to,  therefore,  solution  (7)  represents  all  the  data,  those 
of  Contribution  No.  88  as  well  as  the  values  of  Nm  in  a  way  that 
leaves  hardly  anything  to  be  desired. 

Therefore,  notwithstanding  what  has  just  been  said,  the 
Schwarzschild  solution  (8)  must  still  be  considered  the  most 
plausible  to  be  obtained  with  the  aid  of  the  data  at  present  avail- 
able. This  must  be  owing  to  the  fact  that  further  values  of  Nm, 
particularly  those  for  the  most  influential  magnitudes  15,  16 
.  .  .  .  ,  do  not  deviate  very  much  from  the  curve  (2).  Still 
this  does  not  prove  that  formula  (8)  gives  even  an  approximate 
solution  for  A(p)  at  very  great  distances.  We  see,  for  instance,  from 
Table  II,  that  according  to  (8)  there  are,  in  high  galactic  latitudes, 
hardly  any  stars  beyond  log  p  =4.2.  As  a  consequence  thereof, 
suppose  that  between  log  p  =4.0  and  log  p  =4.2,  the  density  is 
a  hundred  fold  the  value  given  by  (8);  the  total  numbers  of 
stars  iVi4  will  be  changed  by  about  i  per  cent  only.  For  the 
brighter  magnitudes  the  change  would  be  still  smaller.  Evi- 
dently, therefore,  nothing  can  be  concluded  from  our  data  about 
the  densities  at  such  great  distances.  They  may  or  may  not 
agree  with  formula  (8);  we  have  no  means  of  judging.  The 
matter  would  be  different  if  we  had  good  counts  (Nm)  for  very 
miuch  fainter  stars.  The  question  thus  presents  itself:  To  what 
distance  can  the  densities  computed  by  (8)  be  accepted  with  some 
confidence  ?  Or  to  be  more  precise:  To  what  distance  can  we  trust 
the  values  of  A(p),  found  by  (8),  to  be  correct  within  25  and  40 
per  cent,  respectively,  of  their  values  ? 

In  considering  this  question  we  will  assume  that  what  was  found 
in  Contribution  No.  188  for  galactic  latitudes  40°  to  90°  will  also  be 
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found  for  other  galactic  latitudes,  viz.,  complete  agreement  of 
solution  A'  with  solution  (8).  It  seems  to  me  very  probable  that 
such  will  turn  out  to  be  the  case.  As  solution  K  is  independent  of 
the  values  of  iV„,  for  m>i4  we  may  thus  accept  formula  (8)  for 
log  p^2.8'  (excepting  of  course  the  small  distances). 

The  question  under  consideration  comes  to  this:  How  much 
can  we  change  the  densities  (8)  for  log  p>2.8,  without  spoiling 
the  representation  of  the  values  of  iV„,  to  m  =  i4?  Suppose  that, 
for  galactic  latitudes  40°  to  90°,  we  multiply  the  densities  for 

log  p  =  2 . 8  to  3 .  o  by  Fi, 
logp  =  3.o  to  3.2  by  F2,  etc. 

Then  the  numbers  in  Table  II  (second  part)  for  log  p  =  2.8  to  3.0 
vnll  all  be  multiphed  by  Fi]  those  of  the  following  line  by  F3,  etc. 
The  total  number  iYg  (see  Table  II)  will  thus  be  changed  to 

Ns{o .  9190+0 .  0569F1+0 .  0188F2+0 .  0044F3+0 .  0008^4+0 .  coolie's)  (44) 

and,  in  order  that  the  iVg  may  still  be  represented,  the  sum  must  still 
equal  N's',  or  better,  the  expression  in  parentheses  must  equal  i.oo. 
We  also  find  similar  expressions  for  magnitudes  9,  10,  ...  .  14. 

The  question  thus  becomes:  What  is  the  smallest  distance  for 
which  we  can  take  for  any  one  of  the  factors  F,  a  value  as  high  as 
1.25  or  as  low  as  0.75  (or,  respectively,  1.40  and  0.60)  without  mak- 
ing it  impossible  to  determine  the  remaining  factors  in  such  a  way 
that  the  seven  equations  of  condition  are  still  bearably  well  satisfied. 
For  "bearably  well  satisfied"  we  have  used  the  condition  that  the 
range  in  the  residuals  should  not  exceed  10  per  cent. 

Suppose,  therefore,  having  assumed  the  constant  F  for  distance 
i?  to  be  1.25,  that  we  solve  our  equations  of  condition  and  obtain 
indeed  a  "bearable"  set  of  residuals.  Will  this  prove  that  for  dis- 
tance R  a  density  deviating  25  per  cent  from  (8)  is  admissible  ?  By 
no  means.  For  as  a  rule  the  values  found  for  the  other  constants 
will  be  impossible  or  inadmissible  because  they  lead  to  negative 
values  of  A(p)  or  to  values  running  too  wildly  for  the  regularly 
increasing  distances. 

'  In  Contribution  No.  188  this  is  the  limit  to  which  solution  K  extends. 
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In  order  to  obtain  an  acceptable  solution  we  must  evidently 
introduce  the  condition  that  the  values  of  F  shall  run  smoothly  for 
regularly  increasing  distances.  This  condition  is  pretty  vague 
and  introduces  a  certain  degree  of  arbitrariness,  but  I  think  that 
there  is  really  no  serious  objection  to  it.  Moderate  differences  in 
the  form  of  the  curve  will  probably  change  the  results  little  as  long 
as  we  leave  two  or  three  constants  indeterminate,  to  be  found  in  a 
way  best  satisfying  the  conditions  of  the  problem. 

Before  stating  the  form  adopted  for  the  factors  F,  consider  the 
general  course  they  must  follow.  From  the  value  i  .00  for  log  p  =  2.8 
they  must  either  increase  or  decrease.  Consider  only  the  first 
case,  because  by  satisfying  this  we  more  than  satisfy  the  other. 
The  initial  increase  cannot  indefinitely  continue  because  if  all  the 
factors  are  greater  than  i.oo,  the  total  numbers  A'^^  will  all  be 
increased.  The  values  of  Nm  cannot  well  be  represented,  therefore, 
unless  values  of  F>i.oo  are  compensated  by  later  factors <  i. 00. 
The  factors  must  therefore  pass  through  a  maximum,  after  which 
decrease  sets  in  and  they  soon  become  i.oo.  We  assume  that 
there  is  but  one  maximum.  Consider  now  the  various  curves  rep- 
resenting various  hypotheses  for  the  factors  F.  Take  more  curves 
for  which  the  value  of  the  maximum  is  respectively  Fmax  =  i-2S, 
F^ax=T--3'^,  F^ax=i.35^  ....  and  let  R,  R„  R^,  ....  he  the 
values  of  the  distance  for  which  7^=  1.25. 

Then  we  think  that  generally 

it  <C  ivi  <[  Xtj    •    .    .    . 

That  is,  the  factor  F=  1.25  will  be  reached  sooner  by  that  curve  for 
which  F=  1.25  is  a  maximum.^ 

Since  we  wish  to  find  the  smallest  distance  at  which  F  can  become 
equal  to  1.25,  we  consider  only  the  latter  case,  that  is,  find  the 
minimum  distance,  R,  at  which  F  can  reach  1.25  as  a  maximal  value, 
without  being  led  to  an  "unbearable"  representation  of  N^- 

This  being  premised,  we  now  give  the  mathematical  form 
adopted  for  F: 

'  We  have  not  tried  to  find  the  demonstration.  We  have  been  content  to  verify 
its  truth  further  on  by  means  of  the  data  in  Table  X. 
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(45) 


A.  For  the  case,  maximum  factor  =  i .  25 
Before  the  maximum,  F  =  0.96+0.  29  e~'''^' 
After  the  maximum,  /''=  i .  25  e~^'^ 

B.  For  the  case,  maximum  factor  =1.40 
Before  the  maximum,  F  =  o.  96+0.44  g~'''^ 
After  the  maximum,  F=i.  40  e~'''-^' 


(46) 


in  both  of  which 

.T=logp-logi?.  (47) 

There  remain,  therefore,  the  three  constants  R,  h,  p,  to  be 
determined  in  such  a  way  that  R  corresponds  to  the  smallest  distance 
for  which  the  values  of  Nm  can  be  represented  with  residuals  not 
exceeding  10  per  cent.  This  form  for  the  factors  F  gives  perfect 
smoothness  throughout.  It  is  that  which  a  priori  seems  most 
plausible.  Beyond  the  maximum,  A(/!))  is  evidently  again  repre- 
sented by  a  form  like  (8),  which  represented  the  densities  for  the 
smaller  distances  with  such  perfection. 

It  does  not,  however,  start  at  log  p  =  2.8  with  the  initial  value 
1. 00,  as  premised.  The  reason  is  that  the  small  discontinuity  thus 
introduced  at  log  p  =  2.8  is  of  no  real  importance,  while  the  repre- 
sentation of  Nm  is  appreciably  better. 

Substituting  the  expressions  for  F  into  (44)  and  equating  the 
result  to  the  successive  values  of  Nm  we  obtained  a  number  of  equa- 
tions of  condition. 

In  solving  them  we  generally  began  by  assuming  two  values  for 
R,  for  each  of  which  these  equations  were  solved  for  h  and  p  in 
such  a  way  that  practically  the  best  possible  representation  of 
iV,„(to  w  =  i4)  was  obtained.  The  range  of  the  residuals  was  then 
found  for  both  cases.  The  value  of  R  for  which  the  range  is  10 
per  cent  could  then  usually  be  found  by  interpolation.  If  not,  the 
computation  was  repeated  for  a  third  value  of  R.  In  this  way 
were  found  all  the  values  entered  in  Table  XII. 

In  all  cases,  with  the  exception  of  the  third  for  m  =  i4,  the 
range  of  the  residuals  in  Nm  is  nearly  10  per  cent.  In  the  excep- 
tional case  it  is  only  6.5  per  cent.     In  fact,  in  this  case,  the  knowl- 
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edge  of  N,n  to  m  =  14  takes  us  little  beyond  what  was  reached 
by  solution  K. 

From  Table  XII  we  may  be  pretty  sure,  now  that  we  know 
Nm  with  some  precision  to  w  =  14,  that  in  the  Milky  Way  there  will 
be  in  the  densities  as  computed  by  (8),  no  error  of  25  per  cent 
up  to  log  p  =  3.i  and  no  error  of  40  per  cent  up  to  log  p=3.2.  As 
soon  as  we  have  rehable  knowledge  of  N,„  to  771  —  20  these  limits 
will  rise  to  log  p  =  3.8  and  4.0,  respectively.  We  further  learn 
from  the  table  that  by  extending  our  knowledge  of  A^^  from  w=  14 

TABLE  XII 
Limits  of  Reliability  of  A(p)  by  (8) 


G.iL.  Lat. 

iV„j  KXOWN  TO  >»  =  I4 

Gal.  Lat. 

N^  Kno-svn  to  m  =  20 

^max 

logiJ 

h 

P 

Pmax. 

\ogR 

h 

P 

0° 

1.25 
1.40 

1-25 

1.40 

3-1 

3-2 

2.9 
2.9 

7.0 
6.0 

1.66 
2.70 
2.20 
3-0 

0° 

1-25 
1 .40 

1-25 

1.40 

3-8 
4.0 

3-4 

4.0 

3-7 
4.0 
4.0 

1.66 

0 

0 

40  to  90 ...  . 
40  to  90.  .  .  . 

3-6 

40  to  go .  .  . 
40  to  90 . . . 

2.05 
3-73 

to  m=  20  we  will  extend  the  limits  to  which  we  can  rehably  determine 
the  structure  of  the  system : 


In  the  Milky  Way 
In  Gal.  Lat.  40°  to  90° 


5.6  fold  (log  =  o.75) 
3.5  fold  (Iog  =  o.55) 


(48) 


In  the  case  of  the  Mount  Wilson  Survey,  which  will  yield  N„ 
to  w  =  17,  the  gain  will  be  about  half  this  amount. 

IIIc.  If  finally,  having  extended  the  counts  Nm  to  some  higher 
magnitude,  we  find  that  the  values  of  N„t  no  longer  fit  an  error- 
curve  like  (2),  then  evidently  formula  (8)  will  no  longer  hold  for 
the  densities.  In  this  case  we  must  fall  back  on  formula  (7). 
We  will  thus  find  different  values  for  the  densities  A(p).  We  may 
certainly  expect,  however,  that,  as  long  as  these  values  do  not 
deviate  very  widely  indeed  from  the  densities  furnished  by  such 
a  formula  as  (8) ,  our  considerations  on  the  hmits  of  rehabihty  will 
still  practically  hold.  For  the  present,  therefore,  we  may  safely 
rest  content  with  the  results  just  obtained. 
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POINT   IV.      EXTENSION   OF   THE    LIMITS   OF   TABLE   XII 

There  is,  we  think,  reason  to  assume  that  the  limits  shown  in 
Table  XII  give  rather  too  unfavorable  an  impression  of  the  real 
rehabihty.  The  reason  is  that  the  deviation,  having  once  reached 
25  (or  40)  per  cent,  will  grow  no  further,  or  at  least  not  much  further 
before  it  begins  to  diminish.  This  it  will  continue  to  do  until  it 
becomes  zero  and  begins  to  increase  again  and,  possibly,  go  on 
increasing  indefinitely  (on  the  other  side).  That  is  to  say,  beyond 
the  hmits  assigned  in  Table  XII  the  deviation  from  (8)  for  a  certain 
time  will  still  be  mostly  very  moderate  or  small.  Still  much  more 
important  than  this  is  a  fact  which  will  appear  in  a  further  pubHca- 
tion,  by  one  of  us,  in  which  a  formula  is  derived  theoretically  which 
in  the  last  analysis  is  an  expression  of  the  differential  quotient 
dA{p)/dp  as  a  function  of  p  and  A(p).  The  integration  of  this  dif- 
ferential equation,  if  the  equation  could  be  accepted  as  definitely 
proved,  would  give  A(p)as  a  function  of  p  for  all  distances.  As  it  is, 
the  equation  is  verified  by  observation  as  far  as  observation  can 
fairly  be  relied  on. 

We  thus  have  not  only  rehable  values  of  A(p)  up  to  the  limits  of 
Table  XII,  but  also  to  these  same  limits,  reliable  values  of  dA(p)/dp. 
This  proves  that  we  have  a  right  to  extend  the  use  of  the  formula 
which  yielded  A(p)  considerably  beyond  the  limits  of  Table  XII. 

There  is  a  third  consideration  which  will  enable  us  to  extend 
the  limits  of  Table  XII  with  some  probabiHty  of  reliable  results. 
In  the  pubhcation  just  alluded  to  it  will  be  shown  that  the  equi- 
density  surfaces  are  at  least  approximately  similar  ellipsoids.  If 
we  suppose  that  this  form  holds  somewhat  beyond  the  limits  for 
which  we  have  fair  certainty,  then  the  limits  of  Table  XII  will 
again  be  extended,  at  least  for  the  lower  galactic  latitudes. 

The  three  considerations  (of  which  the  second  is  the  most 
important)  together  make  us  beheve,  that  as  soon  as  we  have  good 
data  for  N'm  down  to  magnitude  17,  which  will  be  very  shortly,  we 
shall  be  able  to  find  fairly  rehable  values  of  the  A(p)  for  the  entire 
region  near  the  center  for  which  A(p)  exceeds  one  hundredth  of 
density  near  sun,  that  is,  for  the  whole  of  the  space  represented  in 
Fig.  2,  Conirihution  No.  188. 
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CONCLUDING   REMARK 

The  conclusions  arrived  at  in  this  paper  may  perhaps  best  be 
seen  in  their  true  bearing  by  comparing  the  Hmits  within  which  we 
can  find  fairly  rehable  results  for  the  structure  of  the  stellar  system 
by  using  different  sets  of  data.  Of  course  Table  XIII  claims  no  other 
merit  than  that  of  furnishing  the  means  of  a  rough  insight  into 
what  can  be  obtained  at  present  or  in  the  very  near  future. 

TABLE  XIII 

Limits  in  Parsecs  Within  Which  the  Structure  of  the  Stellar 

System  Can  Be  Found 


Method 


I. 

2. 

3- 
4. 
5- 

6. 

7- 
8. 


Direct  parallax  determination 

Parallactic  motion,  now  well  known,  to  m=io 

The  same,  to  ?«  =  13 

Parallactic  motion,  stars  to  w=  10  and  ix  =  o"oi 
The   same   together   mth   .Y^  (the   latter   to 

14) 


m- 


The  same,  N^^  to  w  =  1 7 

Extension  according  to  Point  IV,  N^  to  w  =  14 , 
The  same,  A'^  to  w  =  1 7 , 


Galactic  Latitude 


320 

(830) 

400 

1600 
(4000) 

3000 
(8000) 


40-00 


240 

(610) 

320 

800 
(1600) 

1000 
1700 


0--00" 


50 

300 

(720) 

360 

1200 

(2800) 

2000 

A  =  Ao/ioo 


NOTES  TO  TABLE  XIII 

The  limits  in  parentheses  have  not  yet  been  reached  but  may  be  attained  in  two 
or  three  years. 

1.  The  magnificent  results  lately  obtained  in  direct  parallax  determinations  by 
means  of  long-focus  instruments  show  probable  errors  of  the  order  of  o''oi.  Even  if 
there  were  demonstrably  no  systematic  errors  left,  a  probable  error  of  o'oi  would 
imply  that  we  cannot  derive  from  them  the  structure  of  the  system  beyond  the  limit 
of  the  table.  Since  the  absence  of  systematic  error  cannot  be  claimed,  the  limit  of 
the  table  is  probably  rather  high. 

2.  4.  The  table  gives  simply  the  mean  distances  corresponding  to  the  mean  paral- 
laxes in  Groningen  Publication,  No.  29,  and  in  a  paper  not  yet  published. 

3.  Simple  repetition  of  the  parallax  plates  obtained  at  the  Mount  Wilson  Observa- 
tory some  five  or  more  years  after  their  first  exposure,  would  give  excellent  values  for 
the  parallactic  motion  of  the  stars  of  magnitude  13.  Similar  repetition  of  the  parallax 
work  done  in  America  on  Boss  stars  by  other  observatories  \vith  long-focus  instruments 
would  also  contribute  to  an  important  degree. 

5,  6.  From  Table  XII  of  the  present  paper. 

7,  8.  According  to  Point  IV  of  present  paper.  In  the  last  column  of  No.  8, 
A  =  Ao/ioo  means  that  for  all  latitudes  the  densities  are  fairly  reliable  for  the  whole 
of  the  space  where  the  density  is  greater  than  o.oi  of  that  near  the  sun  (compare 
Fig.  2,  Contribution  No.  188). 
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All  the  results  will  be  greatly  strengthened  as  soon  as  we  know 
Nm  to  m  =  20.  At  the  same  time  this  will  enable  us  to  make  good 
estimates  for  still  greater  distances. 

APPENDIX 

POINT   Iim.      ON   THE    SIMPLIFIED   PROBLEM 

Given,  r  =  probable  error  of  each  of  the  quantities  log  Ni,  log  N2, 
log  A^3,  required,  pw.  =  probable  error  of  the  constant  nio. 
By  formulae  (31)  and  (2)  of  the  text 

log  Nf„  =  iJiO'  — 2 iJ,moCm-\-ncm^         ((j.  =  mod.).  (a) 

Hence 

log  Ni=iJLa—2fxmoc{ini—(T)-\-nc(mi  —  ay  ^ 

log  X 2  =  na  —  2nmoCmi-\-ficml  r  (b) 

log  Nj  =  fxa  —  2iJLmoc{mi-\-a)-\-ixc{mi-\-(Ty  J 

from  which  for  nio 

(g+i>  ., 


in  which 


logiVj-log.V^ 


Consequently 

_       <r 


Leiden,  Holland 
August  192 1 


(e) 


in  which  the  probable  error  pn  must  be  found  from  (d).     Since  we 
assume 

Probable  errors  of  iVi,  N2,  and  N^  each  =  r,  (/) 

we  obtain  as  in  the  text 


„1  /  ^  


A/ 


CO:\IPARISOX  STARS  FOR  NOVA  PERSEI,  Xo.  2 

A  CORRECTION 

Father  Hagen  has  called  my  attention  to  an  error  in  the  identi- 
fication of  one  of  the  comparison  stars  for  Nova  Persei,  No.  2, 
whose  magnitudes  are  given  in  Mt.  Wilson  Contr.,  No.  192;  Astro- 
physical  Journal,  52,  183,  1920.  The  star  in  question  is  No.  57  of 
his  sequence.  An  imcertainty  in  the  position  and  brightness  was 
noted  during  the  measurement  of  the  photographs,  but  was  over- 
looked when  the  !MS  was  prepared  several  months  later. 

The  confusion  arose  from  the  fact  that  the  declination  co- 
ordinates of  stars  57  and  62  (4-12! 6  and  +11  (5,  respectively)  are 
interchanged  in  the  Chart  and  Catalogue  of  Father  Hagen.  The 
star  actually  obser\*ed  here  is  close  to  the  catalogue  position  of 
No.  57,  but  is  much  fainter  than  that  object.  Neither  No.  57  nor 
62  has  been  measured  on  the  ]\Iount  Wilson  photographs;  No.  57, 
in  fact,  is  just  outside  the  limit  of  distance  from  the  center  of  the 
plate  usually  adopted.  The  visual  magnitudes  on  the  ]Mount 
Wilson  scale  are  readily  found,  however,  by  reducing  Father 
Hagen's  values  to  that  system.     The  results  are 

No.  57  i2¥7;  No.  62  12^8 

F.  H.  Seares 
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THE  QUANTUM  THEORY  OF  BAND  SPECTRA  AND  ITS 

APPLICATION  TO  THE  DETERMINATION 

OF  TEMPERATURE 

By  RAYMOND  T.  BIRGE 
ABSTRACT 

Structure  and  theory  of  spectrum  bands. — (i)  A  summary  of  recent  work  by  Fortrat, 
Heurlinger,  Kratzer,  and  others  is  given.  It  is  now  known  that  bands  in  the  visible 
have  the  same  structure  as  infra-red  bands,  each  starting  from  a  line  of  zero  intensity 
and  increasing  in  intensity  symmetrically  in  both  directions  to  maxima,  the  separation 
of  the  lines  in  one  branch  meanwhile  decreasing  until  it  becomes  zero  and  then  negative, 
the  branch  reaching  a  head.  It  is  shown  that  Kemble's  formula,  m^^.^^  =  o.6ggT/Avo, 
for  the  number  of  the  line  of  maximum  intensitj^,  nij^^^^^,  as  a  function   of  absolute 

temperature  and  limiting  separation  of  successive  lines  for  m  =  -\-i,  a  formula  based 
on  the  statistical  distribution  of  angular  velocity  given  by  the  quantum  theory,  may 
be  e.xpected  to  give  fairly  accurate  values  of  T  though  it  neglects  some  factors. 
(2)  Evidence  is  presented  to  show  that  Kemblc^s  formula  holds  not  only  for  infra-red 
bands  but  also  for  the  CN  band  X  3883. 

Cyanogen  hand  X  3883. — (i)  Position  of  maximum  intensity  as  function  of  temper- 
ature. From  a  study  of  spectrograms  made  by  Strutt  and  Fowler  and  by  King, 
'"max  ^^  found  to  vary  from  9=^2  for  light  from  a  discharge  tube  containing  active 
nitrogen  at  about  ioo°C,  to  23=^2  for  light  from  a  furnace  at  2500°  to  27oo°C,  while  the 
values  corresponding  to  these  temperatures  as  computed  from  Kemble's  formula  are 
8.4,  22.9,  and  23.7  respectively.  This  agreement  justifies  us  in  using  the  formula 
to  determine  the  approximate  temperature  in  the  case  of  arcs,  the  sun,  and  similar 
sources  which  emit  or  absorb  these  bands.  (2)  The  intensity  distribution  in  the 
A  scries  from  a  ij-ampere  arc  is  symmetrical  and  corresponds  to  the  empirical  formula 

log/  =  i.5  log  m—C2m^'^-\-con?>t.  (3)  The  relative  intensity  of  the  A,  B,  C,  a>id  D  scries 
seems  to  be  independent  of  the  temperature. 

Spectroscopic  dtterminulion  of  temperature,  using  CN  bands. — From  the  position 
of  maximum  intensity  on  spectrograms  made  by  the  author,  the  temperature  of  a 
ij-ampere  arc  was  computed  to  be  4500°C='=300,  while  from  King's  spectrograms 
the  temperature  of  a  4-amperc  arc  comes  out  390o°C  =<=  300.  Bj-  comparing  solar  spectro- 
grams taken  by  St.  John  with  the  arc  spectrograms  the  temperature  of  the  reversing 
layer  of  the  sun  comes  out  40oo°C±5oo. 
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INTRODUCTION 

King'  has  recently  obtained  spectrograms  of  the  X  3883  CN 
band-  in  the  electric  furnace,  at  temperatures  of  2300°  C,  2500° C, 
and  2700°  C.  It  seemed  to  the  .author  that  these  spectrograms 
furnished  valuable  material  for  the  quantitative  testing  of  a 
number  of  points  in  connection  with  the  quantum  theory  of  band 
spectra,  and  Dr.  King  has  kindly  loaned  for  this  purpose  all  his 
original  plates.  He  furnished  also  an  absorption  spectrogram  of 
the  X  3883  band,  taken  in  the  furnace  with  the  plug  at  about  3500°  C. 
All  of  these  plates  were  taken  in  the  third  order  of  the  30-foot 
plane  grating  of  the  Pasadena  laboratory,  and  have  a  dispersion 
of  1.73  mm  per  A.  The  autl^pr  is  indebted  also  to  Dr.  St.  John,  of 
the  Mount  Wilson  Observatory,  for  a  solar  spectrogram  of  this 
band,  having  a  dispersion  of  1.76  mm  per  A.  I  have,  in  addition,  a 
series  of  spectrograms  of  the  X  3883  band,  as  emitted  by  the  carbon 
arc,  taken  in  the  third  order  of  the  21-foot  concave  grating  of  the 
University  of  Wisconsin  (dispersion  1. 13  mm  per  A).  Enlarge- 
ments, of  varying  intensity,  were  made  of  all  of  these  plates,  on  a 
uniform  scale  of  1.05  cm  per  A  (the  scale  of  King's  published  enlarge- 
ment). These  and  numerous  direct  contact  prints  have  furnished 
the  chief  material  for  a  study  of  the  intensity  relations  in  this 
band.  Additional  quantitative  wave-length  measurements  were 
made  from  the  original  negatives,  using  the  eight-inch  Gaertner 
comparator  for  which  the  author  is  indebted  to  the  Riimford 
Committee  of  the  American  Academy  of  Sciences.  Two  pre- 
liminary reports  on  this  work  have  been  made  to  the  American 
Physical  Society.;'  The  present  paper  is  concerned  mainly  with 
the  results  submitted  in  the  later  report. 

The  recent  important  development  of  the  quantum  theory  of 
band  spectra,  as  applied  particularly  to  diatomic  molecules,  was 
initiated  independently  by  HeurHnger-*  and  by  Lenz.^     Further 

'  Aslrophysical  Journal,  53,  161,  1921. 

^  Theoretical  considerations  indicate  that  this  band  is  due  to  nitrogen,  but  its 
origin  is  still  a  matter  of  dispute  (see  Barratt,  Proceedings  Royal  Society  [A],  98,  40, 
1920,  and  Hoist  and  Oosterhuis,  A'.  Akad.  Amsterdam,  Proc,  23,  5,  727-728,  1921). 

3  Berkeley,  August,  1921  (Abstract,  Physical  Review,  18,  319,  1921)  and  Toronto, 
December,  192 1. 

'*  Physikalische  Zeitschrift,  20,  18S,  igig. 

5  Verhandltingen  der  deutschen  physikalischen  Gcscllschaft,  21,  632,  1919. 
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developments,  of  use  in  the  present  investigation,  have  been  made 
by  Heurlinger'  and  by  Kratzer.^  In  the  case  of  ordinary  bands, 
such  as  the  X  3883  band,  the  empirical  formulation  of  the  experi- 
mental material  is  due  chiefly  to  Heurlinger,-'  who  elaborated  an 
idea  first  suggested  by  Fortrat.^     The  results  are  briefly  as  follows. 

There  is  no  essential  difterence  in  the  structure  of  near  infra-red 
bands,  such  as  the  halogen  acid  bands  investigated  by  Imes^  and 
by  Colby  and  Meyer,^  and  many  ordinary  bands  in  the  visible 
and  ultra-violet,  such  as  the  X  3883  CN  ba,nd,  investigated  in  great 
detail  by  Uhler  and  Patterson,^  Birge.''  Heurlinger,''  Bachem,'" 
and  many  previous  workers.  Each  true  "band"  consists  of  one 
"series"  having  two  similar  branches.  The  common  origin  of 
these  two  branches  is  a  line  of  zero  intensity,  and  is  labeled  m  =  o. 
From  this  point  the  positive  branch  (Heurlinger's  "P"  branch) 
runs  toward  the  longer  wave-lengths  and  successive  lines  are 
designated  m=+i,  -f2,  etc.  The  negative  branch  (Heurlinger's 
"7?"  branch)  runs  in  the  opposite  direction  and  the  lines  are 
designated  w=— i,  —2,  etc.  Successive  lines  are  not  equally 
spaced  but  crowd  closer  together  in  one  direction,  until  the  series 
presently  reaches  a  turning-point,  where  the  separation  of  successive 
lines  has  become  zero,  and  "then  turns  back  on  itself.  This  turning 
point  is  what  has  always  been  known  as  the  "head"  of  a  band. 
Either  the  positive  or  the  negative  branch  may  thus  invert.  In 
the  former  case,  illustrated  by  the  X  3883  CN  band,  the  band  is  said 
to  be  degraded  toward  the  violet,  while  in  the  latter  case,  illus- 
trated by  the  halogen  acid  infra-red  bands,  the  band  is  said  to  be 
degraded  toward  the  red. 

The  two  types  of  bands,  ultra-violet  and  infra-red,  do  not 
appear  similar  in  structure,  due  mainly  to  the  fact  that  the  infra- 
red bands  have  not  been  followed  to  the  "head"  because  of  the 
rapid  decrease  in  intensity  of  the  hnes.     But  this  in  turn  is  due 

■  Zeitschrift  fiir  Physik,  i,  82,  1920. 

'Ibid.,  3,  289,  1920.  ^  Asiropkysical  Journal,  50,  251,  1919- 

3  Dissertation,  Lund,  1918.  ^  Ibid,  S3,  300,  192 1. 

■•  Thesis,  Paris,  1914.  t  Ibid.,  42,  434,  1915. 

^  Ibid.,  46,  85,  1917;  Physical  Review,  11,  136,  1918.  . 

9  Dissertation,  Lund,  1918.  "  Zeitschrift  fiir  Physik,  3,  372,  1920. 
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merely  to  the  low  temperature  of  the  absorbing  molecules,  in  the 
experimental  conditions  employed.  Theoretically,  each  Hne  of  a 
band  series  corresponds  to  a  different  change  of  molecular  rotation. 
The  entire  series  corresponds  to  the  same  change  of  atomic  vibra- 
tory motion  for  the  near  infra-red  bands,  or  to  a  simultaneous 
change  in  atomic  vibratory  and  electronic  rotatory  motion,  in  the 
case  of  visible  and  ultra-violet  bands.  The  exact  relation  between 
the  labeling  of  the  lines  (value  of  m)  and  the  number  of  quantum 
units  of  angular  momentum  was  in  doubt  until  the  work  of  Kratzer 
{loc.  cit.).  His  conclusions,  which  seem  to  the  author  to  be  entirely 
valid,  are  that  the  missing  hne  (w  =  o)  indicates,  in  emission,  the 
transition  from  one  to  zero  units  of  angular  momentum  (i->o). 
In  absorption  it  indicates  the  reverse  transition  0^1.  The  posi- 
tive branch  always  indicates,  in  emission,  an  increase  in  momentum, 
while  the  negative  indicates  a  decrease.  The  relations  are  reversed 
in  the  case  of  absorption.  The  value  of  w,  for  any  hne,  thus 
indicates  in  the  case  of  absorption,  the  initial  number  of  units  of 
angular  momentum  possessed  by  the  molecule,  while  in  the  case  of 
emission  it  indicates  the  final  number.  Thus  in  emission  m  =  -\-6o 
indicates  the  transition  59->6o,  m=  —  59  indicates  the  transition 
60^59. 

In  the  case  of  all  visible  and  ultra-violet  bands,  it  has  been 
customary  to  consider  a  series  as  starting  at  the  point  for  which 
/lv  =  o,  where  a  strong  head  generally  appears,  and  the  lines  are 
numbered  from  this  point.  The  numbers  thus  obtained  will  be 
indicated,  in  the  present  article,  by  m\  and  in  the  case  of  the 
X  3883  band,  the  actual  numbers  for  the  A  series  are  those  used 
by  Uhler  and  Patterson  {loc.  cit.).  The  idea  that  a  series  has  two 
branches,  centering  at  a  point  other  than  the  "head"  of  the  band, 
is  due  to  Fortrat  {loc.  cit.)  who  found  that  the  hnes  showing  irregu- 
larities of  position  (the  "perturbations")  could  thus  be  arranged 
in  pairs  at  ^m.  Heurlinger  found  that  by  taking  for  this  new 
origin  the  point  of  minimum  intensity,  similar  perturbations 
occurred  for  the  lines'   -\-m  and   —{m—i).     The  reason  for  this 

'  Heurlinger  in  his  dissertation  had  not  yet  theoretically  interpreted  the  two 
branches.  He  seems  to  have  adopted  the  policy  of  calling  the  branch  which  returned 
on  itself  the  negative  branch,  and  gave  the  lines  of  this  branch  negative  values  of  m. 
This  is  theoretically  correct  for  all  bands  degraded  to  the  red,  but  is  incorrect  for  all 
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discrepancy  of  one  unit  does  not  seem  to  have  been  explained, 
but  the  explanation  follows  immediately  from  Kratzer's  hypothesis 
and  is  an  important  verification  of  the  truth  of  this  hypothesis. 
Thus  the  lines  +60  and  —59  show  the  same  perturbation,  and 
as  previously  noted  these  two  lines  indicate  transitions  between  the 
same  two  rotational  energy  states  (59  and  60)  but  in  opposite 
directions.  There  is  evidently  an  irregularity  in  this  transition 
which  affects  the  emitted  and  absorbed  frequency.  The  experi- 
mental material  at  hand  has  furnished  new  data  on  the  quantitative 
relations,  in  the  case  of  perturbations,  but  this  matter  is  reserved 
for  a  separate  article.  Suffice  it  to  say  here  that  Bachem's  results 
{loc.  cit.)  for  the  perturbations,  from  magnetic  effects,  are  inde- 
pendently confirmed  by  King's  furnace  plates,  while  the  similarity 
of  corresponding  perturbations  is  even  greater  than  has  been 
supposed. 

Heurlinger  found  that  by  taking  the  origin  of  a  band  series  at 
the  point  of  minimum  intensity,  the  two  "branches"  of  the  series 
show  quahtatively  a  similar  intensity-curve.  Each  branch  begins 
at  zero  intensity,  rises  to  a  maximum,  and  then  decreases.  Heur- 
linger also  called  attention  to  the  fact  that  the  intensity  distribution 
in  at  least  one  branch  changed  with  physical  conditions  and  could 
be  interpreted  as  a  change  due  to  temperature.  In  the  case  of 
near  infra-red  bands,  each  branch  changes  \vith  temperature, 
the  point  of  maximum  intensity  moving  toward  the  higher  w's,  as 
the  temperature  increases.  The  main  purpose  of  the  present 
investigation  has  been  to  make  a  quantitative  study  of  this  matter 
for  the  X  3883  band. 

The  theoretical  material  on  this  point  is  as  follows.  The 
intensity^  of  an  absorption  line  (in  band  spectra)  depends  on  three 
factors,  i.e., 

I={Em'-E,n)BZ'am  (i) 


bands  degraded  to  the  \-iolet.  In  agreement  with  most  other  investigators  such  as 
Bachem  {loc.  cit.)  the  author  in  his  August,  1921,  report  used  the  original  Heurlinger 
nomenclature  for  the  X  3883  band.  But  in  the  present  paper  the  theoretically  correct 
nomenclature  is  used,  thus  reversing  the  sign  of  w,  and  the  designation  of  the  two 
branches.  In  the  old  nomenclature,  the  rule  for  equal  perturbations  reads  -f;w  and 
-{m+i). 

'  Heurlinger,  Zeilschrififiir  Physik,  i,  82,  1920. 
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where  the  transition  is  from  m  to  m'  units  of  angular  momentum. 
The  first  factor  (energy  change)  is  proportional  to  the  emitted 
frequency  and  changes  by  only  6  per  cent  during  the  course  of  the 
longest  (A)  series  of  the  X  3883  band.  The  second  factor  gives 
the  probability  of  a  transition  from  m  to  m\  under  the  influence 
of  absorbed  radiation  of  the  proper  frequency.  Little  is  known 
concerning  this  factor  except  that,  from  experimental  data,  it 
changes  rather  slowly  in  value  with  m,  if  m  is  not  too  small.  It  is 
also  probable  that 

■'-^m  +  i       J^m  —  i- 

The  third  factor,  a^,  gives  the  number  of  molecules,  at  any 
instant,  possessing  m  units  of  angular  momentum.  A  statistical 
distribution  of  angular  momentum  is  to  be  expected,  on  either 
classical  or  quantum  theory,  and  such  a  distribution  was  computed 
first  by  Kemble,'  who  applied  it  to  the  4.7  m  CO  infra-red  band,  on 
the  assumption  that  the  intensity  depended  on  this  one  factor 
alone.  Kemble,  as  a  matter  of  fact,  worked  out  the  distribution 
of  angular  velocity,  and  accordingly  the  results  hold  for  angular 
momentum  only  in  case  /  =  constant,  where  /  refers  to  the  initial 
moment  of  inertia,  in  the  case  of  absorption.  This  does  not 
exclude  a  possible  change  in  the  moment  of  inertia  (from  /  to  /') 
during  the  transition,  due  presumably  to  the  change  in  vibra- 
tion and  electronic  configuration.  What  is  required  is  that  / 
and  /'  be  independent  of  the  amount  of  molecular  rotational 
energy.  If  J  =  J'  the  lines  of  a  series  would  have  constant  fre- 
quency difference.  If  J  =  constant,  "and  /'  =  another  constant, 
then  Deslandres'  paraboHc  law  should  be  true.'  But  Deslandres' 
formula  is  probably  not  accurately  true  for  any  known  band,'' 
including  infra-red  bands,  and  this  indicates  that  /  (and  pre- 
sumably /')  both  vary  slowly  with  m.  No  attempt  has  yet  been 
made  to  interpret  the  variation  quantitatively  in  terms  of  /  and  /'. 

Thus  Kemble's  formula  is  not  a  true  expression  for  a^,  but 
probably  approximates  it  very  closely.     The  value  of  w  correspond- 

'  Physical  Review  (2),  8,  689,  1916. 

'  See  Sommerf eld's  Atombau  (second  edition),  pp.  550-566,  for  a  summary  of 
the  work  underlying  these  conclusions. 

5  Birge,  Physical  Review  (2),  13,  360,  1919. 
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ing  to  the  line  of  maximum  intensity  is  given,  in  Kemble's  formula, 
by  __ 

m„,..  =  ^-^VkJT.  (2) 

where  //  =  Planck's  constant  (6.55X10"'^  erg-sec),  ^  =  gas  constant 
per  molecule  (1.372X10" '^erg/degree)  and  r  =  absolute  tempera- 
ture. If  /  is  constant,  its  value  can  be  accurately  obtained  from 
the  limiting  separation  of  successive  lines  (Av)  for  m  =  -\-i,  in  which 
case 

Hence  it  is  possible  to  compute  the  temperature  of  the  absorbing 
molecules,  from  the  value  of  m  for  the  line  of  maximum  intensity, 
in  either  branch  of  a  band  series.  Heurlinger  (dissertation,  p.  65) 
obtained  this  result,  but  considered  that  from  experimental  evidence 
only  qualitative  values  of  temperature  were  to  be  expected,  in  the 
case  of  ordinary  band  spectra.  It  will,  however,  be  shown  in  this 
article  that  from  recent  experimental  evidence  the  various  approxi- 
mations made  must  have  relatively  Kttle  effect,  so  that  a  close 
estimate  of  temperature  is  possible.  Since  in  the  case  of  discon- 
tinuous emission  and  absorption  by  vapors,  no  other  method  of 
quantitative  temperature  determination  is  as  yet  known,  any 
results,  even  if  approximate,  should  be  of  value  in  both  terrestrial 
and  astronomical  work. 

A  formula  similar  to  (i)  applies  to  the  case  of  emission,  but  the 
explanation  of  the  expected  value  of  the  various  factors  is  more 
involved.     It  therefore  seems  simpler  to  use  the  fact  of  the  known 

'  In  Sommerfeld's  Atombau  (p.  555,  2d  edition)  J'  denotes  the  true  moment  of 
inertia  (i.e.,  that  corresponding  to  the  initial  state  in  the  case  of  absorption,  or  to  the 
final  state  in  the  case  of  emission).  Sommerfeld's  equations  then  indicate  that  /'  is 
to  be  obtamed  from  the  limiting  ^v  for  m  =  o.  But,  as  used  by  Sommerfeld,  in  refers 
to  the  initial  amount  of  angular  momentum,  in  the  case  of  emission,  and  as  Kratzer 
has  shown,  the  line  m  =  o  is  then  not  the  missing  line,  but  the  first  line  of  the  positive 
branch.  Hence  the  true  moment  of  inertia  (designated  /  in  this  article)  is  to  be 
obtained  directly  from  the  value  of  Iv  corresponding  to  the  first  line  to  the  red  of  the 
missing  line  (designated  here  as  w=  +  i)  while  the  value  of  ^v  corresponding  to  the 
missing  line  itself  gives  /',  the  moment  of  inertia  of  the  molecule  in  an  "energized" 
condition.  Kratzer  himself  used  an  analytic  method  for  obtaining  the  correct  value 
of  Aj/,  for  the  halogen  acids,  but  an  equally  accurate  value  can  be  obtained  readily 
from  a  simple  graph  of  Aj/  and  m,  using  the  value  of  Aj/  corresponding  to  /«  =  -l-i. 
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similarity  of  absorption  and  emission  spectra,  and  to  express  all 
results,  for  either  emission  or  absorption,  in  terms  of  the  absorption 
formula. 

EXPERIMENTAL  DATA  AXD  RESULTS 

The  X  3883  CN  band  consists  actually  of  live  overlapping  bands, 
each  formed  by  one  complete  series.  The  positive  branches  of 
each  of  the  five  series  (called  the  A,  B,  C,  D.  and  E  series)  return 
on  themselves,  and  thus  cause  the  five  heads  of  this  band.  Each 
series  is  a  doublet  series,  with  variable  doublet  separation  (Aw), 
but  corresponding  terms  {^m)  in  the  two  branches  have  the 
same  value  of  Aw,  another  criterion  for  the  division  into  branches. 
The  value  of  Aw  is  zero  for  m  =  o.  From  here  A«  increases  to  about 
0.037  A  at  w=  —  28  (the  first  resolvable  doublet)  and  to  a  maxi- 
mum of  about  0.075  A  ^t  m=— 75.  It  then  diminishes  toward 
zero,  the  last  resolvable  doublet  being  m=  —126.  It  is  probable 
that  the  entire  An:m  curve  is  symmetrical  with  respect  to  7^  =  75, 
and  can  be  considered  as  practically  linear  in  the  region  of  the 
unresolved  doublets.  This  latter  assumption  was  checked  by 
the  measured  width  of  the  unresolved  doublets,  after  correcting 
for  variation  due  to  intensity. 

Because  of  the  blending  of  lines  of  the  various  series,  the  strong 
A  series  presents  the  best  material  for  study.  It  has,  however, 
been  possible  to  secure  enough  data  on  the  other  series  to  indicate 
quite  definitely  that  the  results  herein  presented  for  the  A  series 
apply  to  each  of  the  other  series.  The  A  series  has  its  origin 
(w  =  o)  at  X  3875.198.  this  being  the  theoretical  position  of  the 
missing  line  (w'=  —28)  of  the  Ai  "singlet"  series.'  The  positive 
branch  proceeds  toward  the  X  3883  head  as  a  series  of  apparently 
single  (Ai)  fines,  but  returns  as  a  series  of  doublets  (A2).  Actually, 
as  noted,  the  Ai  fines  are  increasing  in  width  and  from  analogy 
with  the  negative  branch,  the  first  resolvable  doublet  should  be 
just  at  the  X  3883  head  (w=-|-28).  It  is  this  apparent  discrep- 
ancy in  the  two  portions  of  the  positive  branch  which  so  long 

'  If,  beginning  at  the  X  3883  head,  the  lines  of  the  .1,  series  are  labeled  by  negative 
values  of  m',  while  the  adjoining  .\2  doublet  to  the  red  is  given  by  an  equal  positive 
value,  then  m  =  m'+2S,  always.  The  missing  Bi  line  is  w'=  —  29.  Hence  the  trans- 
formation for  the  B  series  is  m  =  m' +2g,  while  for  the  C  series  it  is  m  =  m'+s°- 
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hindered  a  true  realization  of  the  facts.  The  details  concerning 
this  and  other  matters  connected  with  the  frequency  relations  in 
the  X  3883  band  are  reserved  for  a  separate  paper. 

A  quantitative  curve  of  the  intensity  distribution  of  the  nega- 
tive branch  of  the  A  series  (consisting  entirely  of  A,  lines)  has 
been  obtained  from  the  series  of  exposures  (all  on  the  same  plate) 
taken  with  a  13  ampere  170  volt  carbon  arc  at  the  University  of 
Wisconsin.  The  usable  exposures  vary  from  40  minutes  to  15 
seconds  in  length.  The  results  were  obtained  by  finding  lines  of 
equal  photographic  blackening,  assuming  the  "Reciprocity  Law" 
(//  =  constant,  for  equal  blackening).  This  law  is  known  to  be  only 
approximate,  and  in  even  the  modified  Schwarzschild  formula 
IT^  =  constant,  it  appears  that  p  can  have  a  considerable  range  of 
values,  depending  on  many  different  circumstances.'  However, 
under  the  conditions  employed  by  the  author,  it  is  believed  that 
the  error  over  the  entire  intensity-curve  will  be  less  than  possibly 
50  per  cent,  while  for  the  restricted  portion  of  the  curve  which  is  of 
chief  value,  the  error  should  be  quite  neghgible. 

It  was  found  that  by  using  on  the  prints  only  lines  of  rather  low 
intensity,  the  error  of  a  single  comparison  was  about  10  per  cent, 
and  this  could  be  greatly  reduced  by  averaging  many  independent 
comparisons.  The  prints  were  cut  up,  and  the  lines  to  be  com- 
pared brought  into  actual  contact.  One  of  the  inherent  difficulties 
is  due  to  the  fact  that  resolved  doublets  have  frequently  to  be  com- 
pared with  unresolved  doublets.  This  was  partly  overcome  by 
making  prints  on  medium  contrast  (Azo)  paper,  so  that  none  of  the 
doublets  were  resolved.  On  maximum  contrast  Azo  (used  for 
both  prints  and  enlargements)  the  definition  is  equal  to  that  on 
the  original  negatives,  while  with  proper  exposure,  the  intensity 
variations  are  far  more  evident  to  the  eye. 

In  this  work  it  is  essential  that  there  be  used  only  lines  quite 
free  from  all  other  lines.  While  it  is  frequently  evident  that 
lines  are  "blends,"  it  is  not  so  evident  in  many  other  cases,  and 
certain  knowledge  on   this  point  results  only  from  a   complete 

'  See  Odencrants,  Zeitsckrifl  fiir  •wissenschaftliche  Photographic,  16,  iii,  125,  189, 
1916,  for  complete  review  of  work  to  date,  and  Helmick,  Physical  Review,  17,  135, 
1921,  for  the  latest  results. 
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analysis  of  all  of  the  series  of  the  band,  i.e.,  a  computation  of  the 
"theoretical"  position  of  every  line  of  every  series.  The  author, 
as  a  result  of  his  work  on  this  band  {loc.  cit.)  has  such  data  for  all 
of  the  stronger  series,  and  the  only  series  or  portions  of  series  still 
not  analyzed  are  of  such  low  intensity  that  they  can  scarcely 
produce  any  appreciable  error.  This  data,  most  of  which  is  still 
unpublished,  has  been  of  invaluable  aid  in  this  entire  investigation. 
A  very  few  theoretically  ''free"  hnes  show  irregular  intensity,  but 
in  most  cases  this  is  evidently  due  to  the  effect  of  extraneous 
lines  (line  spectrum  of  carbon  ?)  of  which  there  are  quite  a  number 
scattered  throughout  the  band. 

The  variation  of  intensity  throughout  the  observed  A  series 
lines  is  about  seven  hundred  fold.  The  Kemble  formula  does  not 
fit  the  intensity-curve  obtained.  Thus  if  the  theoretical  and 
experimental  curves  are  made  to  coincide  at  the  point  of  maximum 
intensity  (m=— 30.4)  the  experimental  value  at  the  last  known 
line  at  w=— 137  (4.5  times  30.4)  is  5.5  times  too  large,  and  this 
evidently  exceeds  the  possible  experimental  errors.  As  far  as 
the  chance  experimental  errors  of  the  blackening  comparisons  are 
concerned,  it  is  beheved  that  the  curve  is  accurate  to  about  10 
per  cent,  except  for  very  small  values  of  m  (0-5)  where  the  error 
may  be  much  greater.  Other  possible  sources  of  error  are  (i) 
change  of  sensitiveness  with  wave-length  of  the  plate,  (2)  uneven 
illumination  of  the  printing  paper,  (3)  uneven  development  of  the 
plate  or  paper.  It  is  thought  that  none  of  these  causes  separately 
would  produce  errors  much  in  excess  of  10  per  cent.  It  is  there- 
fore beheved  that  the  foregoing  discrepancy  is  due  to  the  various 
approximations  inherent  in  the  use  of  the  Kemble  formula  for  the 
chstribution  of  intensity,  i.e.,  the  neglect  of  the  first  two  factors 
in  equation  (i),  and  the  assumption  of  constant  /. 

It  is  convenient  to  have  a  purely  empirical  equation  for  the 
experimental  curve,  and  such  an  expression  is  found  to  be 

/  =  CiW^e-^"«l  (3) 

The  corresponding  Kemble  formula  is 

I  =  cone-'''"'  (4) 
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Equation  (3)  fits  the  experimental  curve  to  within  about  10  per 
cent  from  w  =  5  to  137,  taking  Wmax.  =  30.4. 

The  only  previous  quantitative  work  on  the  distribution  of 
intensity  in  this  band  is  that  of  Haferkamp/  where,  however,  only 
the  region  X  3883  to  X  3865  was  studied.  The  quantitative  portion 
of  this  work  was  based  purely  on  the  equahty  of  the  three  lines 
of  certain  AjA.,  triplets.  At  these  points  {m  =1$  and  35,  accord- 
ing to  Haferkamp)  the  A,  and  A^  series  are  taken  to  be  of  equal 
intensity.  Actually,  however,  since  the  Ai  line  is  an  unresolved 
doublet,  the  A^  term  is  twice  as  strong  as  the  Aj.  In  addition 
Haferkamp  finds  an  irregularity  at  w=— 4.  This  results  from 
his  misinterpretation  of  the  A2  perturbation  at  that  point.  The 
lines  comprising  the  perturbations  are,  I  believe,  regular  as  regards 
intensity,  and  irregular  only  as  regards  position.  The  net  result 
is  that  Haferkamp's  intensity-curves  are  more  or  less  irregular, 
and  are  not  symmetrical  for  the  two  branches,  a  fact  which  has 
caused  a  real  difficulty  in  the  application  of  theory.^ 

Now  while  it  is  not  possible  to  obtain  directly  a  complete 
intensity-curve  for  the  positive  branch  of  the  A  series,  enough 
intensity  comparisons  of  the  lines  of  the  two  branches  can  be  made 
to  make  possible  the  conclusion  that  within  the  rather  narrow 
limits  of  experimental  error  the  distribution  of  intensity  in  the  two 
branches  is  probably  exactly  the  same.  This  result  seems  to  the 
author  of  considerable  importance,  for  it  shows  that  these  CN 
bands  are  entirely  similar  to  the  infra-red  bands  in  intensity  dis- 
tribution, and  thus  furnishes  a  foundation  for  the  use  of  the  quan- 
tum theory  of  band  spectra  in  the  quantitative  determination  of 
temperature.  But  while  the  two  branches  seem  to  have  intensity- 
curves  of  the  same  shape,  the  actual  intensity  of  the  positive 
branch  averages  some  10  to  20  per  cent  greater  than  that  of  the 
negative.  The  difference  appears  to  be  independent  of  the  wave- 
length separation  of  the  two  lines  compared  (amounting  to  3 
to  85  A),  and  so  can  scarcely  be  due  to  a  possible  change  with  wave- 
length of  the  sensitiveness  of  the  photographic  plate. 

^  Zeilschrift  fur  unssenschaftliche  Pliotographie,  9,  19,  1910. 

^  See  Eucken,  Jahrbiich  d.  Radioaktivital  und  Eleklroiiik,  16,  397,  1920. 
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Equation  (i)  indicates  why  the  distribution  of  intensity  in  the 
two  branches  should  be  at  least  very  closely  the  same.  For  in 
the  case  of  absorption  each  pair  of  corresponding  lines  (='=w),  have 
the  same  am  term;  theory  indicates  that  the  middle  factor  should 
have  the  same  value  for  the  hnes  of  a  pair  (i.e.,  the  transitions 
in->m—i  and  w->w  +  i  are  equally  probable  for  absorption); 
and  the  first  factor  differs  at  the  most  by  2  per  cent  (85  A)  for  the 
two  lines  of  a  pair. 

While  the  experimental  results  thus  indicate  that  Kemble's 
formula  is  only  approximate,  as  applied  to  the  complete  intensity 
distribution  in  the  X  3883  band,  it  seems  to  the  author  probable 
from  theoretical  considerations  that  equation  (2)  giving  the  Wmax 
should  be  more  nearly  correct.  Let  us  first  see  if  this  equation 
checks  in  the  case  of  infra-red  bands.  E.  v.  Bahr,'  using  the 
classical  theory,  showed  that  between  17°  and  1430°  C.  the  fre- 
quency separation  of  the  maxima  of  the  two  branches  was  directly 
proportional  to  VT,  as  predicted.  On  quantum  theory  it  is  not 
the  frequency  separation,  but  the^  separation  in  terms  of  number  of 
lines  that  should  vary  with  V  T,  i.e.,  mma.x'^kl''T.  If  the  Hnes 
were  equally  spaced,  as  they  are  approximately,  the  two  viewpoints 
would  coincide.  In  the  work  quoted  the  results  to  be  expected  by 
the  two  theories  differ  by  less  than  the  experimental  error,  so 
that  the  quantum  theory  is  equally  well  substantiated. 

The  best  infra-red  data  is  that  by  Colby  and  Meyer  (loc.  cit.) 
for  the  fundamental  HCl  band,  at  room  temperature,  and  at  a 
temperature  described  as  "the  tube  was  heated  to  a  glow  which 
could  just  be  seen  in  a  darkened  room."  I  take  this  to  be  about 
500°  C.  It  is  convenient  to  express  formula  (2)  in  terms  of  the 
hmiting  Aj' for  w  =  H-i.     (A^^o  =  ^A^r^-^.)     One  thus  obtains 

r=i.43i  A;'ow4ax  (S)> 

where  Ai'o  is  expressed  in  frequency  units.  Using  the  accurate 
value  of  Ai'o  (21.30)  computed  by  Kratzer^  {loc.  cit.),  for  T=t,oo° 
absolute   Wn,ax  =  3-i3.   for   773°,  Wmax  =  5-03-     Colby  and  Meyer's 

"  Verhandlungen  der  deutschen  physikalischen  Gesellschaft,  15,  731,  1913. 
=  This  value  is  from  Imes's  data.     Colby  and  Meyer's  data  yield  the  same  value, 
from  the  Av.m  graph. 
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curves  {op.  c'U.,  p.  301)  indicate  that  these  values  are  correct,  as 
nearly  as  can  be  ascertained. 

Let  us  turn  again  to  the  X  3883  band.  The  outstanding  feature 
of  King's  furnace  spectrograms  is  the  redistribution  of  intensity 
in  each  branch  of  the  various  series,  as  compared  to  the  arc  expo- 
sures.' Due  presumably  to  the  lower  temperature  of  the  furnace, 
the  Wmax  has  a  smaller  value,  and  starting  at  ni  =  o  each  branch 
increases  very  rapidly  in  intensity.  There  is  a  correspondingly 
rapid  falling  off  of  intensity  for  the  larger  values  of  m.  Thus 
in  my  13  ampere  arc  the  lines  w=4  and  83  are  approximately 
equal,  while  in  the  2700°  furnace  the  equahty  is  between  w  =  4  and 
52.  In  the  13  ampere  arc  ^  =  52  is  4.5  times  as  strong  as  ^  =  83. 
But  again  theory  is  verified  by  the  fact  that  the  redistribution  of 
energy  is  the  same  for  each  branch.  Thus  self-reversal  starts  in 
the  2700°  furnace  at  w  =  6i  and  i^,  in  each  branch;  and  in  the 
2500°  spectra  at  51  and  3,  in  each  branch,  as  nearly  as  can  be 
judged.  A  direct  comparison  of  m=^i,  ±2,  and  ±3  seems  to 
indicate  a  small  difference  in  absolute  intensity  of  the  two  branches, 
but  probably  not  as  great  as  that  in  the  case  of  the  arc  spectra. 
The  =1=61  and  =±=51  equalities  would  indicate  no  difference,  but 
this  criterion  is  not  a  very  sensitive  one. 

The  experimental  difficulties  in  determining  intensities  are  mucTi 
greater,  in  the  case  of  the  furnace  spectra,  due  to  the  self-reversal 
of  the  stronger  lines.  It  has,  however,  been  possible  to  obtain  Wmax 
directly  by  measurements  of  the  width  {a)  of  the  self-reversed 
portion  of  the  lines,  since  this  width  varies  rapidly  with  intensity. 
King's  furnace  plates  contain  an  arc  comparison  (arc  of  about 
4  amperes.  170  volts).  The  width  (e)  of  the  emission  line  was 
subtracted  from  a.  This  eliminates  the  variation  in  a  due  to 
changing  doublet  separation.  (In  the  region  used  the  doublets 
are  still  unresolved.)  The  {a-e)  computed  was  then  corrected  for 
the  variation  in  e  due  to  intensity,  the  amount  of  this  correction 
being  determined  by  a  separate  study  of  the  width  of  single  arc 
emission  lines.  The  resulting  corrected  values  of  {a-e)  gave  a 
fairly  smooth  symmetrical  curve,  with  a  detinite  maximum.  In 
the  case  of  arc  spectra,  a  direct  determination  (method  i)  of  Wmas 

'  See  King,  op.  cit.,  Plate  XX. 
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is  possible,  as  well  as  an  indirect  method  (method  2)  from  pairs  of 
lines  of  observed  equal  intensity,  using  formula  (3).  The  direct 
comparison  is  of  course  virtually  the  comparison  of  pairs  of  lines 
of  equal  intensity,  but  close  to  Wmax  so  that  the  arithmetic  mean 
may  be  used. 

One  of  the  first  facts  noted  in  this  investigation  was  that  King's 
4  ampere  arc  did  not  show  the  same  intensity  distribution  as 
my  13  ampere  arc.  Thus  consider  the  AiA^  "triplet"  m'  =  T,T, 
(the  first  to  the  red  of  the  second  head).  In  the  4  ampere  arc  all 
three  lines  are  of  practically  equal  intensity,  as  shown  on  King's 
published  enlargement.  In  the  13  ampere  arc  the  Ai  line  is  decid- 
edly weaker  than  the  two  A2  lines.  As  far  as  can  be  ascertained, 
equation  (3)  applies  equally  well  to  the  4  ampere  arc.  Nothing 
can  be  said  as  to  the  furnace  spectra,  since  the  data  are  too  frag- 
mentary. Likewise  no  quantative  results  seem  possible,  for  the 
2300°  C.  furnace  plate,  due  to  the  weakness  of  the  lines. 

The  experimental  values  of  Wmax  are  as  follows:^ 


Method  I 

Method  2 

13  amp.  arc,  Wmax 

— 

30=tl 

30.4 

4  amp.  arc,  Wmax 

= 

28±I 

28.2 

2700°  furnace  Wmax 

= 

23±2 

2500°  furnace  Wmax 

= 

23±2 

Further  material  on  this  band  is  furnished  by  its  appear- 
ance in  active  nitrogen.^  Although  the  published  photograph  is 
one  with  rather  small  dispersion,  I  estimate  Wmax  at  9=1=2.  The 
A  series  at  this  point  is  however  contaminated  by  the  B  series,  and 
a  more  accurate  value  is  obtainable  from  the  X4216  band,  since 
here  the  A  series  is  not  thus  contaminated.  It  has,  moreover, 
practically  the  same  At'o  and  therefore  its  w^ax  should  be  the 
same.  The  result  is  8=1=1^.  The  peculiar  appearance  of  these 
bands,  in  active  nitrogen,  is  in  fact  due  solely  to  the  radical  redis- 
tribution of  intensity  in  each  branch  of  the  various  series.     Thus 

'  Since  unconscious  bias  can  easily  enter  into  such  determinations,  it  seems  only 
fair  to  state  that  all  of  the  quantitative  results  here  presented  were  obtained  before 
their  quantitative  theoretical  significance  was  fully  realized,  and  no  change  of  any 
kind  in  the  data  has  since  been  made.  The  value  of  22  given  for  the  furnace  spectra  in 
the  August  report  was  a  preliminary  one,  based  on  a  few  uncorrected  (a-e)  readings. 

^  Strutt  and  Fowler,  Proceedings  Royal  Society  (A),  86,  1911.  Plate  opposite 
p.  117. 
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in  the  neighborhood  of  m=o,  the  usual  appearance  of  the  band, 
under  low  dispersion,  is  due  almost  solely  to  the  A^  lines,  the  Ai 
lines  being  very  faint.  But  in  active  nitrogen,  the  A2  series  is 
practically  missing,  due  to  the  rapid  decrease  in  intensity  for  higher 
values  of  m.  These  photographs  also  indicate  most  beautifully 
the  similar  redistribution  in  the  other  series  of  the  CN  bands. 
The  relative  intensity  of  the  A,  B,  C,  and  D  series,  in  active  nitro- 
gen and  in  King's  furnace  plates,  seems  to  be  changed  but  little, 
if  at  all. 

The  value  of  Ai/q  for  the  A  series  of  the  X  3883  band^  is  3.704. 
Putting  this  value  in  equation  (5)  we  have 

^T5-30Wmax.  (6) 

From 

Wmax  =  8±li     r=7o°C.±i5o°. 

Strutt  considers  the  temperature  in  active  nitrogen  about  100°  C. 
E.  P.  Lewis  thinks  this  estimate  too  high.  The  temperature  must 
be  above  room  temperature  but  probably  very  little  above.  Using 
the  reverse  process  for  the  furnace  spectrograms,  we  have 

T=  2700°  C.  gives  Wmax=  23 .  7 

r=  2500°  C.  gives  WTnax=  22  .  Q 

The  experimental  values  were  23=^=2  in  each  case.  It  therefor 
seems  to  the  author  that  there  is  fairly  conclusive  evidence  to  the 
effect  that  over  a  considerable  range  of  temperature,  formula  (2)  is 
capable  of  giving  quantitative  results.  This  formula  admittedly 
involves  a  number  of  real  approximations,  but  the  errors  thus 
introduced  seem  to  be  smaller  than  the  necessary  experimental 
errors  involved  in  determining  Wmax- 

It  further  seems  that  formula  (2)  should  yield  at  least  very 
approximate  results  in  the  case  of  higher  unknown  temperatures, 
in  the  case  both  of  absorption  and  of  emission  spectra.  It  will 
be  noted  that  in  the  previous  data,  the  HCl  band  is  in  absorption, 
the  active  nitrogen  in  emission,  and  the  furnace  spectra  mostly 
self-reversed  and  so  a  combination  of  emission  and  absorption.  In 
postulating   a   similar    intensity    distribution    for    emission    and 

'  Heurlinj,'er"s  value  of  g  {  =  Sv  for  w  =  o)  is  3.84.  The  value  of  Av  for  »!  =  +  i  is 
obtained  from  fi-2C2  =  3.84— 2X0.068. 
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absorption  spectra  at  the  same  temperature,  all  that  is  assumed  is 
that  two  Hnes  of  equal  intensity  in  absorption  will  be  of  equal 
intensity  in  emission,  and  that  the  hne  having  the  greatest  absorp- 
tion coefRcient  will  also  show  the  greatest  emitted  intensity. 
The  actual  photometric  curve  of  an  absorption  spectrum  will  of 
course  depend  on  the  depth  and  density  of  the  absorbing  layer. 
The  same  statement  is  true,  to  a  lesser  degree,  for  emission,  as  is 
indicated  by  the  phenomena  of  self-reversal. 

King's  absorption  plate  of  the  X  3883  band  yields  information 
on  this  subject.  The  plate  was  taken  with  the  plug  at  3500°  C, 
and  Dr.  King  estimates  the  effective  temperature  of  the  vapor  as 
in  the  neighborhood  of  3000°  C.  An  accurate  comparison  of  this 
plate  with  the  furnace  spectrograms  is  difficult,  due  as  usual  to  the 
self-reversal  in  the  latter,  but  the  results  are  as  follows.  The 
absorption  intensity  relations  are  definitely  difterent  from  those  of 
the  2500°  C.  furnace  plate,  and  as  nearly  as  can  be  ascertained,  the 
same  as  those  of  the  2700°  C.  plate.  The  difference,  if  any,  is 
such  as  to  indicate  a  higher  temperature.  I,  therefore,  estimate 
its  temperature  as  2700-2900°  C.  From  the  known  plug  tempera- 
ture, this  value  cannot  be  very  greatly  in  error. 

Formula  (2)  can  now  be  applied  in  two  cases  to  the  determina- 
tion of  unknown  temperatures,  (i)  the  CN  vapors  of  the  electric 
arc,  (2)  the  CN  vapors  in  the  sun's  reversing  layer. 

From  the  data  for  Wmax  already  given  (m.ethod  i),  we  have 
for  the  13  ampere  arc  r  =  45oo°  €±300°,  and  for  the  4  ampere  arc 
r  =  3900°  0=1=300°.  It  is  known  that  the  hottest  portion  of  the 
arc  crater  is  about  4000°  C,  but  it  seems  very  probable  that  the 
vapors  are  still  hotter,  since  it  is  the  impact  of  the  electrons  and 
ions  of  these  vapors  which  causes  the  crater  temperature.^  The 
author  is  aware  that  there  is  considerable  uncertainty  as  to  just 
what  is  meant  by  "temperature"  in  a  case  like  this,  where  there  is 
no  thermal  equilibrium.  The  same  problem  enters  into  many 
questions  concerning  solar  and  stellar  temperature.  The  term 
"eft'ective  temperature"  is  therefore  used,  leaving  open  the  ques- 
tion of  its  relation  to  temperature,  as  measured  by  more  ordinary 
methods. 

'  See  Marx,  Handbuch  der  Radiologic,  4,  378-390,  for  summary  of  work  on  this 
subject. 
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In  the  case  of  the  solar  spectrum  of  the  X  3883  band,  it  is  impos- 
sible to  obtain  directly  the  value  of  Wmax-  The  only  available 
criterion  is  a  comparison  of  relative  intensities  of  adjacent  hnes 
in  the  solar  and  in  the  arc  spectrograms.  The  best  Hnes  for  this 
purpose  are  the  "triplet"  groups  in  the  neighborhood  of  m  =  o. 
For  the  Ai  lines  quickly  rise  in  intensity,  going  in  each  direction 
from  this  point,  and  presently  equal  in  intensity  the  adjacent 
A^  lines.  The  point  where  this  equality  occurs  varies  with  the 
temperature.  The  available  data  are  even  more  fragmentary  than 
is  indicated  in  Rowland's  table,'  for  a  detailed  comparison  of  intensi- 
ties, using  enlargements  of  St.  John's  solar  plate,  indicates  that 
many  CX  lines  marked  as  free  by  Rowland  are  actually  blends.^ 
The  only  really  available  triplet  groups  seem  to  be  those  for  which 
w'  =  i6,  18,  19,  and  26.  Of  these  m'=ig  (X  3879.851,  X  3879.796, 
and  X  3879.716,  on  Rowland's  scale)  furnishes  the  most  sensitive 
criterion.  For  this  group,  the  furnace  spectra  and  King's  absorp- 
tion plate  show  Ai  much  stronger  than  the  two  A2  lines.  King's 
4  ampere  arc  shows  the  three  lines  equal.  In  my  13  ampere  arc 
Ai  is  slightly  weaker  than  A2.  In  the  sun  the  three  lines  seem 
equal.  If  there  is  any  difference,  Ai  is  the  stronger.  Hence 
the  solar  temperature  is  in  the  neighborhood  of  the  effective  temper- 
ature of  the  4  ampere  arc  (4000°  C).  A  study  has  been  made 
also  of  a  large  number  of  "free"  solar  CX  lines,  and  the  results  are 
in  at  least  qualitative  agreement  with  this  conclusion.  A  quantita- 
tive study  does  not  seem  possible. 

Grebe  and  Bachem's  micro-photometric  curves^  yield  similar 
results.^  It  should  be  noted,  in  this  connection,  that  the  curves  on 
page  419  are  mislabeled.  The  actual  Ai  lines  marked  by  dots  in 
both  arc  and  sun  are  ^'  =  25,  23,  and  18,  and  not  26,  24,  and  19  as 
the  printed  wave-lengths  indicate.  In  these  curves  the  red  is  to  the 
right,  except  in  the  solar  X  3879.716  curve.     The  scale  is  2  cm  =  i  A. 

'  AslrophysicalJournal,  i,  29,  1895. 

^  My  first  estimate  of  solar  temperature  (4700°  C.)  was  partly  due  to  the  accidental 
use  of  such  lines. 

i  Zeitschrift  fiir  Physik,  2,  419,  1920. 

^  Grebe  and  Bachem's  X  3873.504  curves  seem  to  furnish  the  best  material  for 
this  test.  But  this  triplet  group  {m'  =  $i)  is  not  usable  in  the  sun,  and  the  pubhshed 
"solar"  curve  has  seemingly  no  relation  to  the  actual  solar  spectrum  at  this  point. 
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The  results  show  that  Grebe  and  Bachem's  arc  is  about  the  same 
temperature  as  my  13  ampere  arc,  while  their  solar  curves  indicate 
a  lower  temperature  than  their  arc,  but  possibly  not  as  low  as  that 
of  the  4  ampere  arc.  This  temperature  of  about  4000°  C,  accord- 
ing to  Dr.  St.  John,'  is  lower  than  anticipated,  but  I  feel  that  it  is 
probably  correct  to  about  500°  C. 

The  only  other  method  for  such  determinations  is  that  of  Saha^ 
but  this  method  requires  a  knowledge  of  the  pressure,  so  that  the 
temperature  determinations  may  be  in  error  by  large  amounts. 
It  would  seem  as  though  the  present  method,  with  increasing 
theoretical  knowledge,  should  be  capable  of  fairly  accurate  quanti- 
tative results.  Meanwhile  many  possible  investigations  immedi- 
ately suggest  themselves,  such  as  a  determination  of  the  relative 
temperature  in  sun-spots  and  in  other  portions  of  the  solar  atmos- 
phere, and  the  variation  of  effective  arc  temperatures  with  varying 
physical  conditions.  In  this  connection  it  is  to  be  remembered 
that  in  addition  to  the  CN  bands,  others  such  as  the  X  5165  Swan 
band^  are  already  known  to  exhibit  similar  variations  with  tempera- 
ture, and  may  therefore  be  used  in  such  work. 

Physical  Laboratory 

University  of  California 

January  1922 

'  Personal  communication. 

^  Zeilschriftfiir  Physik,  6,  40,  1921,  and  contained  references. 
3  See  King  Qoc.  cit.);    Konen,  Das  LeuchLen  der  Gase  und  Dampfc,  p.  317;    and 
Heurlinger,  Dissertation,  pp.  46-55. 


THE  ARC  SPECTRA  OF  GALLIUM  AND  INDIUM 
By  H.  S.  UHLER  and  J.  W.  TANCH 

ABSTRACT 

Arc  speclra  of  gallium  and  indium,  ^4311  to  \2170. — To  identify  the  lines, 
spectrograms  obtained  with  the  pure  elements  and  with  various  compounds  and 
mixtures  were  compared;  these  were  made  with  a  short  focus  concave  grating  spectro- 
graph and  with  a  large  quartz  prism  spectrograph.  For  the  accurate  determination  of 
the  wavc-lengt/is,  spectrograms  were  made  with  a  21-foot  concave  grating,  special 
precautions  being  taken  to  minimize  pole  effects,  to  avoid  mechanical  displacements 
and  to  obtain  the  lines  sharp  and  separated  from  close  lines  of  other  elements.  The 
wave-lengths  for  air,  accurate  in  most  cases  to  a  few  thousandths  of  an  angstrom,  and 
the  vacuum  wave-numbers  are  given  for  23  gallium  lines  and  for  34  indium  lines. 
All  the  gallium  lines  and  28  of  the  indium  lines  were  found  to  belong  to  the  two  sub- 
ordinate series,  for  each  of  which  from  5  to  8  terms  were  identified.  Preliminary 
values  of  the  constants  of  the  Ritz-Paschcn  formula  for  these  series  were  calculated  for 
both  elements,  but  the  agreement  between  observed  and  calculated  wave-numbers 
is  not  satisfactory.  The  ]\Iogendorff-Hicks  formula  was  tested  for  gallium  with  even 
worse  results.  Four  indium  lines,  previously  supposed  to  be  single,  were  resolved  into 
from  three  to  six  components  each. 

Absorption  spectrum  of  i>idium  in  a  furnace. — Specially  designed  furnaces  were 
used  but  only  XX  4511  and  4102  were  obtained. 

INTRODUCTION 

The  present  paper  largely  fulfils  the  promise  made  in  the  fol- 
lowing quotation:  "As  soon  as  possible  the  wave-lengths  of  the 
galhum  Hnes  will  be  accurately  determined  by  means  of  a  21 -foot 
grating  so  that  the  constants  of  the  series  formula  may  be  cal- 
culated independently  of  the  analogous  data  of  aluminium,  thallium, 
indium,  etc."^ 

The  necessity  for  the  investigation  is  sufficiently  stated  by 
H.  Kayser^  in  the  sentence:  "Alles  in  Allem  ist  das  Spectrum  des 
Ga  noch  so  gut  wie  unbekannt."  The  data  for  indium  given  in 
the  fifth  and  sixth  volumes  of  the  same  classic  show  that  spectro- 
scopic work  on  this  element  is  also  highly  desirable. 

The  bibhography  of  the  subject  may  be  dispensed  with  by 
merely  referring  to  Kayser's  Handhiich  and  to  a  more  recent  paper 
by  F.  Paschen  and  K.  Meissner.^ 

'  Philip  E.  Browning  and  Horace  S.  Uhler,  American  Journal  of  Science,  41,  351, 
1916;  see  also,  ibid.,  42,  389,  1916. 

'  Handhuch  der  Spectroscopic,  5,  461,  1910. 

3  Annalen  der  Physik,  43,  1223,  1914. 
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The  experimental  work  was  begun  before  the  year  1916  and  it 
was  closed  in  August  1919,  but  the  attempted  calculations  and 
preparation  for  publication  were  inordinately  delayed,  first  by 
the  war  and  later  by  the  temporary  incapacity  of  the  senior  author. 

The  investigation  involved  two  problems,  the  first  of  which 
consisted  in  vaporizing  carefully  purified  metals  in  the  arc  in  order 
to  identify  all  of  the  lines  radiated  respectively  by  gallium  and  by 
indium,  and  to  obtain  the  approximate  wave-lengths  of  these 
lines.  The  second  problem  involved  a  more  detailed  study  of  the 
discrete  Hnes  and  the  more  accurate  determination  of  the  wave- 
lengths of  all  the  Hnes,  except  the  very  faintest  ones. 

APPARATUS,    MATERIAL,    AND   METHOD 

For  the  identification  of  the  Hnes  most  of  the  spectrograms 
were  obtained  with  two  instruments:  (a)  a  grating  spectrograph^ 
of  one  meter  radius  of  curvature  designed  by  the  senior  author, 
and  (b)  a  large  quartz  prism  spectrograph  of  the  Littrow  type 
made  by  A.  Hilger  and  owned  by  the  American  Brass  Company 
in  Waterbury,  Connecticut.  Most  of  the  films  used  in  the  grating 
apparatus  were  made  either  by  the  Wratten  &  Wainwright  Com- 
pany or  to  special  order — through  the  courtesy  of  Dr.  C.  E.  K. 
Mees — by  the  Eastman  Company.  The  plates  employed  in  the 
prism  spectrograph  were  Wratten  and  Wainwright  backed,  red- 
sensitive  plates  and  also  special  Schumann  plates  made  and 
presented  by  Dr.  I.  C.  Gardner.  Unfortunately  the  plates  last 
mentioned  did  not  bring  out  any  more  Hnes  in  the  ultra-violet 
than  were  recorded  on  the  Wratten  plates.  Since  the  Schumann 
plates  were  of  excellent  quaHty,  the  negative  result  obtained  with 
them  indicated  that  the  Hnes  of  high  order  were  not  radiated  with 
observable  intensity  under  the  experimental  conditions  of  the  arcs. 
The  metals  were  prepared  and  purified  by  the  senior  author,  and 
they  were  vaporized  upon  positive  electrodes  either  of  Acheson 
graphite  or  of  copper.  This  part  of  the  work  should  be  thoroughly 
reHable,  as  a  large  number  of  spectrograms  were  also  taken  with 
the  materials  which  Browning  obtained  while  studying  the  chemical 
separation  of  galHum  and  indium. 

'  American  Journal  of  Science,  41,  353,  1916. 
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For  the  more  accurate  determination  of  the  character  and 
wave-lengths  of  the  stronger  lines  the  large  grating  spectrograph 
of  the  Sloane  Laboratory  was  used.  The  grating  was  ruled  by 
J.  A.  Anderson;  it  has  a  radius  of  curvature  of  about  640  cm 
(21  ft.)  with  590  lines  per  mm  (15,000  per  inch).  The  mounting 
is  according  to  Rowland's  plan  and  it  is  characterized  by  great 
rigidity.  The  foundation  upon  which  the  whole  apparatus  rests 
is  of  solid  masonry  and  it  is  situated  in  the  sub-basement  of  the 
building.  The  grating-room  was  specially  designed  to  maintain 
constant  temperature,  a  condition  that  is  admirably  fulfilled. 
The  spectral  Hnes  between  X4511  and  X  2932  were  obtained  by 
using  both  the  second  and  the  third  orders,  while  the  range  between 
X  2932  and  X  2300  was  obtained  only  in  the  second  order.  The 
linear  dispersions  in  the  second  and  third  orders  are  about  1.32  A 
per  mm  and  0.87  A  per  mm,  respectively.  The  grating  was  very 
carefully  tested  to  ascertain  whether  it  would  admit  of  the  use  of 
the  "method  of  coincidences."  This  test  was  necessary  because 
the  ultra-violet  lines  of  the  third  order  were  determined  by  inter- 
polation between  the  standard  iron  lines  of  the  second  order.  It 
was  found  that  the  grating  fulfilled  the  requirements  well  within 
the  limits  of  experimental  error.  This  result  was  not  unexpected, 
since  it  is  in  full  accord  with  the  investigation  of  Miss  J.  T.  Howell.^ 

In  several  cases  (e.g.,  Ga  X  2874)  the  lines  under  investigation 
sensibly  coincided  with  iron  lines  and  hence  necessitated  the  use 
of  a  semaphore.  The  base  upon  which  this  screen  was  mounted 
was  screwed  to  the  rigid  foundation  of  the  spectrograph,  very 
close  to  the  incidence  side  of  the  camera.  In  order  to  avoid  dis- 
placing the  plate  during  exposure,  the  semaphore  was.  raised 
or  lowered  by  means  of  cords  passing  through  the  partition  between 
the  arc-room  and  the  grating-room. 

The  plates  used  with  the  large  grating  were  Cramer  Isochromatic 
Instantaneous  and  Seed  26  and  30.  Jewell's  simple  hydrochinone 
developer  was  invariably  used  with  these  plates. 

In  order  to  minimize  the  pole  effect  of  the  iron  arc  and  to  com- 
ply with  the  then  recognized  regulations  for  international  standards, 
a  modified  form  of  the  Pfund  arc  was  employed.^     This  arc  had  a 

'  Astro  physical  Journal,  39,  230,  1914. 
»  Ibid.,  42,  231,  1915,  and  46,  150,  191 7. 
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length  between  8  mm  and  1 2  mm  with  a  direct  current  of  5  amperes 
or  less  fed  by  no  volt  mains.  Under  these  conditions  it  burned 
steadily  as  long  as  desired  without  restriking.  A  length  of  about 
1.25  mm  at  the  central  portion  of  the  arc  was  used  as  the  source  of 
illumination  of  the  sHt,  the  Hght  from  the  remaining  portions 
being  screened  off  by  a  metal  diaphragm  which  was  perforated  by  a 
rectangular  hole  1.25  mm  high  and  much  wider  horizontally.  This 
diaphragm  was  placed  about  7  mm  from  the  flame  and  it  was  rigidly 
attached  to  the  base  of  the  lamp.  The  upper,  or  negative,  electrode 
was  a  rod  of  common  carbon,  while  the  positive  electrode  consisted 
of  pure  electrolytic  iron  kindly  supphed  by  the  United  States 
Bureau  of  Standards.  All  the  other  specimens  of  iron  tested  con- 
tained manganese  as  an  impurity,  several  of  the  Hnes  of  which  nearly 
coincided  with  certain  gallium  and  indium  lines. 

The  secondary  interferometer  standards  published  by  the 
Bureau  of  Standards^  were  used  for  the  region  between  X  4528  and 
^3233,  while  for  wave-lengths  shorter  than  X  3233  the  earlier 
data  given  by  Fabry  and  Buisson  were  employed. 

The  original  source  of  the  gallium  and  indium  was  a  leady 
residue  which  contained  these  metals  as  impurities  to  the  amount 
of  about  0.5  per  cent  and  2.0  per  cent,  respectively.  This  material 
was  usually  shaved  into  small  fragments  with  an  ice-plane  and 
then  tamped  into  a  deep  hole  that  had  been  drilled  in  the  axis  of  a 
rod  of  Acheson  graphite.  When  the  lines  radiated  from  the 
positive  electrode  thus  formed  were  too  widely  reversed,  the  leady 
residue  was  diluted  by  stirring  little  pieces  of  it  in  ordinary  lique- 
fied lead.  After  the  mixture  or  solution  became  homogeneous  it 
was  poured  into  cored  carbon  or  graphite  rods.  In  cases  where 
the  hnes  under  investigation  were  obscured  by  lead  lines,  indium 
hydroxide  or  indium  oxide,  containing  galHum  as  an  impurity, 
was  used  in  the  cores.  In  other  cases,  lead  oxide,  reduced  from 
lead  nitrate  which  had  been  obtained  as  a  by-product  in  the 
chemical  work,  was  used  to  advantage.  The  upper  electrode  was 
invariably  a  rod  of  common  carbon. 

The  exposure  time  was  usually  5  min.  or  10  min.,  but  sometimes 
an  hour  or  more.     In  some  cases,  half  the  exposure  to  the  iron  arc 

'  Bulletin  No.  2J4,  1916. 
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was  given,  then  the  full  exposure  to  the  material  in  question,  and, 
finally,  the  second  half  of  the  iron  exposure.  Check,  plates  were 
always  taken  with  the  iron  lines  impressed  simultaneously  with 
the  lines  of  the  rare  elements. 


RESULTS 

Gallium.  Experimental. — The  numerical  data  are  collected 
in  Table  I.  The  numbers  in  the  first  column  are  merely  for 
reference.  The  series  notation  in  the  second  column  should  be 
obvious.  The  third  column  contains  the  wave-lengths  in  air 
given  by  Exner  and  Haschek.  The  next  column  presents  the 
new  wave-lengths  in  air  obtained  by  the  present  authors.  The 
reduction  from  the  fourth  column  (15°  C.)  to  the  fifth  (vacuo)  was 
based  on  the  formula  given  on  page  722  of  Bulletin  No.  j2/  of  the 
United  States  Bureau  of  Standards. 

TABLE  I 


No. 


I 

2 

3 
4 
5 
6 

7 
8 

9 
10 

II 
12 

13 
14 
15 
16 

17 
18 

19 
20 
21 
22 
23 


Series 

s. 

{2) 

s. 

{2) 

D,' 

'3) 

D. 

'3) 

D. 

'3) 

s. 

'3) 

s. 

'3) 

Dx' 

^4) 

Dx 

[4) 

D3 

U) 

s, 

'4) 

S3 

(4) 

d; 

(.s) 

D. 

t5) 

s, 

(5) 

D3 

(5) 

xD; 

(6) 

s. 

^S) 

s. 

(6) 

D, 

'6) 

.d; 

7) 

s. 

(6) 

D. 

i7) 

X  in  Air 

E.  and  H.  U.  and  T. 

4172.06  4172.048 

4033-03  4032.975 

2944.18  2944.175 

2943 . 66  2943 . 639 

2874.24  2874.240 

2719.66  2719.664 

2659.84  2659.873 

2500.714 

2500.18  2500.187 

2450.10  2450.078 

2418.699 

2371.325 

2338.596 

2338.293 

2297.869 

2294. 202 

2259.227 

2255.034 

2236. 103 

2218.039 

2211.753 

2195.665 

2171.9 


Wave-Number 
»'»=Xo  'Xio* 


23962 

24788 

33955 
33961 
34781 
36758 
37584 
39976 

39984 
40802 

41331 
42157 
42747 
42752 
43505 
43574 
44249 
44331 
44706 

45075 
45198 

45529 
46027 


31 
61 

47 
66 

63 
39 
62 

53 
96 
67 
96 

63 

57 
47 
12 

69 
16 
27 
68 
40 

83 
98 


Afo 


826.30 
826.16 


826. 23 
826.14 


825.67 
827. 12 


826.15 
826.24 


823.30 
828^ 


Int. 


10 
10 
6 
6 
6 
3 
3 
3 
7 
6 
2 
2 
I 
2 


The  differences  Apo  are  printed  in  the  same  horizontal  line  as 
the  other  data  for  the  less  refrangible  of  the  two  components 
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involved.     This  scheme  avoids  overlapping  of  braces  and  con- 
fusion where  the  subordinate  series  get  out  of  step. 

As  is  often  the  case,  the  column  of  intensities  means  but  little 
more  than  is  contained  in  the  following  verbal  statements.  The 
less  refrangible  component  of  each  doublet  is  somewhat  stronger 
than  the  more  refrangible  one.  The  satellites  are  very  much  weaker 
than  either  of  the  main  components  of  the  same  doublet.  In  any 
one  series  the  intensities  of  the  hnes  decrease  very  rapidly  as  the 
order  (w)  of  the  line  increases.  When  approximately  pure  gallium 
is  burned  in  air  all  of  the  lines  are  widely  reversed.  For  all  the 
strong  lines  the  reversal  was  suppressed  when  the  metal  was  caused 
to  radiate  as  a  minute  impurity  in  some  mixture.  The  wave- 
lengths obtained  with  the  very  fine  unreversed  hnes  agreed,  within 
the  limits  of  experimental  error,  with  the  wave-lengths  observed 
by  setting  upon  the  axis  of  the  widely  reversed  lines. 

The  lines  numbered  i  and  5  received  special  attention  because 
of  their  closeness  respectively  to  the  iron  Hnes  at  X  4172.128  and 
X  2874.176.  Lines  i  to  5  inclusive  were  measured  on  third-order 
plates,  while  all  of  the  lines  were  determined  in  the  second  order. 
When  a  line  was  measured  in  both  orders,  the  difference  between 
the  results  for  each  individual  line  was  never  greater  than  0.004  A, 
and  usually  less.  Each  line  was  always  measured  four  times  in 
one  direction,  then  the  plate  was  reversed  and  the  Hne  measured 
four  times  in  the  other  direction. 

Theoretical. — In   attempting   to   represent   the   series   Hnes   of 

gallium  by  an  empirical  equation  we  began  by  using  the  Ritz 

formula  in  the  following  form 

N  .. 

because  it  has  been  so  advantageously  employed  by  Paschen  and 
others.  In  terms  of  the  frequences  Vm,  v„,  Vr  of  any  three  lines  of 
the  same  single  series  the  above  formula  easily  leads  to  the  condition 


\  N  In  In 

+  (r-  H>m+  im-r)v„-\-  {n-m)vr  =  o,     (2) 

from  which  A  may  be  determined  by  the  method  of  "trial  and 
error."     An  inspection  of  formula  (2)  shows  that  A  is  not  at  all 
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dependent  upon  the  numerical  value  given  to  m,  say.  This  follows 
from  the  fact  that  w,  w,  and  r  enter  equation  (2)  only  as  binomial 
differences.  For  this  reason,  and  quite  regardless  of  the  theoretical 
considerations  of  Bohr,  Sommerfeld,  and  others,  we  have  chosen 
to  define  w  for  the  first  fine  of  a  given  series  as  the  smallest  positive 
multiple  of  1/2  that  will  make  a  numerically  less  than  1/2.  When 
A  has  been  determined  from  relation  (2),  formula  (i)  only  gives 
the  value  of  m-\-a  as  a  sum,  but  not  of  m  and  a  separately.  These 
remarks  account  for  the  numbers  in  the  parentheses  of  the  column 
headed  ''Series"  in  Table  I. 

Using  R.  T.  Birge's  latest  value  N  =  109677.7,  Dr.  E.  Klein  and 
the  senior  author  obtained  the  following  data  from  the  wave- 
numbers  of  the  first  three  fines  of  each  single  series  of  galfium. 
For  the  satellites  of  the  first  subordinate  series  w  =  3,  ^'  =  47491.90, 
«'= —0.2126354,  ^'= +4.366673X10"'^,  and  Xqo  =2105.622.  For 
the  most  refrangible  components  of  this  series  m  =  ;^,  A  =48320.76, 
a= —0.2138487,  6= +4.434379X10"^,  and  Xqo  =2069.504.  For 
thecompanion  of  the  satellite  of  the  same  series  w  =  3,  A  =47489.91, 
«= —0.2076978,  6= +4.067868X10"^,  and  Xoo  =2105.710.  For 
the  least  refrangible  components  of  the  second  subordinate  series 
m  =  2,  ^=47553.53,  a  =  +0.2138570,  &=-2.445o62XIO-^  and 
Xoo  =2102.893.  Finally,  for  the  most  refrangible  components  of 
the  second  subordinate  series  m  =  2,  A  =48378.55,  a  =  +0.2141350, 
6= -2.454515X10"'',  and  Xoo  =2067.032.  These  results  are  unsat- 
isfactory, for  the  convergence  wave-numbers  of  the  least  refrangible 
components  of  the  two  subordinate  series  differ  by  61.63  or  2.73  ^. 
The  most  refrangible  components  failed  to  converge  to  the  same 
place  by  about  the  same  amount,  namely  57.79  or  2.47  ^.  Formula 
(i)  was  considered  disproportionately  complicated  to  apply  the 
method  of  least  squares  to  all  of  the  lines  of  a  single  series.  How- 
ever, this  method  was  appUed  to  the  Mogendorff-Hicks  formula 

_,  N 

"*"  im-ha-\-b/my  ^^^ 

The  equation  analogous  to  relation  (2),  as  derived  from  equation 
(3),  shows  that  the  value  of  A  depends  upon  the  number  assigned 
to  m.  By  actual  trial  it  was  found  that  the  convergence  wave- 
numbers  for  the  subordinate  series  did  not  agree  even  as  well  as 
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when  formula  (i)  was  employed.  For  the  least  refrangible  com- 
ponents of  the  second  subordinate  series,  the  values  of  the  constants 
in  equation  (3)  were  found,  by  the  method  of  least  squares,  to  be: 
^=47^55.879,  a  =  1.2183276,  6=  —0.06226206,  and X 00  =  2102.789. 
m  was  chosen  equal  to  unity  for  the  first  line.  For  the  wave- 
numbers  the  differences  "observed"  minus  "calculated"  were 
-I-0.041,  —0.552,  4-0.824,  4-1.063,  and  -^1.375  or,  in  terms  of  the 
angstrom,  —0.007,  +0.041,  —0.051,  —0.056,  and  4-0.069,  respec- 
tively. These  numbers  are  written  in  the  order  of  decreasing 
wave-length  of  the  lines.  The  conclusion  reached  by  us  is  that 
the  number  of  lines  is  too  small  and  the  perturbations  of  the  lines 
with  respect  to  a  non-inflectional  curve  are  too  large  to  justify 
pursuing  the  series  constants  further. 

No  attempt  was  made  to  determine  the  wave-lengths  of  the  red 
and  green  lines  of  the  principal  series  of  gallium  for  the  following 
reasons.  These  lines  appeared  only  on  the  spectrograms  taken 
with  the  meter  grating  and  with  the  large  quartz  spectrograph 
when  nearly  pure  metallic  gallium  was  used.  They  were  not 
recorded  with  the  oxide  (which  forms  very  promptly  in  the  arc  in 
air)  or  with  the  leady  residue,  or  with  any  of  the  compounds  or 
mixtures  which  contained  galHum  as  an  impurity.  Whenever 
obtained,  these  Hnes  were  extremely  broad  and  unsymmetrical. 
Consequently  it  was  not  feasible  to  make  exposures  with  such  valu- 
able material  with  the  large  grating  as  mounted.  Moreover,  the 
investigation  of  the  red  region  was  in  full  sway  at  the  Bureau  of 
Standards,  where  all  of  the  conditions  are  most  favorable  for 
obtaining  the  wave-lengths  in  question.  The  only  earher,  fairly 
accurate,  measurements  of  the  principal  series  doublets  seem  to  be 
those  of  Exner  and  Haschek  which  are  quoted  by  Paschen  and 
Meissner.^ 

Indium.  Experimental. — Most  of  the  investigations  of  the 
radiations  of  indium  have  been  confined  to  the  spark  spectrum, 
with  which  we  are  not  directly  concerned  in  the  present  paper. 
The  lines  of  the  principal  series  have  been  very  carefully  deter- 
mined by  Paschen  and  Meissner.^  The  results  of  our  study  of 
the   arc   spectrum   in   air   are   given  in   Table   II,    the   notation 

'  Annalen  der  Physik,  43,  1223,  1914.  -  Ibid. 
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being  the  same  as  in  the  preceding  table  for  gallium.  Lines  i 
to  22  inclusive  were  obtained  with  the  large  grating,  while  the 
remaining  ones  were  recorded  only  with  quartz  spectrographs. 
Line  number  10  was  close  to  the  iron  lines  at   X  2753.668  and 


TABLE  II 


Xo. 


I . 

2. 

3- 
4- 
5- 
6. 

7- 
8. 

9- 
10. 
II. 
12. 

^3- 
14- 
15- 
16. 

17- 
18. 
19. 
20. 
21 . 
22. 

23- 
24- 
25- 

26. 
27. 
28. 
29. 
30- 

31- 
32. 
33- 

34- 


Series 


S.  (2.5) 
S. (2.5) 
d;  (3) 
D.  (3) 
D.  (3) 


Sx(3.5) 


5.(3.5) 
DU4) 
D.  (4) 

S.  (4-5) 

Da  (4) 

Dx  (5) 
D.  (5) 
Sx(5-5) 
S2  (4-5) 
Sx(6.5) 
D.  (5) 

s.  (5.5) 


S.  (6.5) 

5.(7.5) 
D.  (8) 

5.(8.5) 
D.  (9) 

5.  (9.5) 
D.  do) 

S.  (10.5) 
D.  Cii) 
D,  (12) 


X  in  Air 


E.  and  H.       U.  and  T. 


4511.38  4511.310 

4101.80  4101.764 
3258.54  3258.565 

3256.08  3256.089 
3039.34  3039.356 
2957.02  2957.0124 
2932.64  2932.633 

2836.90  2836. 91 I6 
2775.36  2775.3553 
2753.89  2753.889 

2713.91  2713.932 
2710.28  2710.264 

2601.81  2601.756 

2560.15  2560.157 

2522.854 

2521.32  2521.371 

2468.12  2468.012 

2460.16  2460.079 

2399.189 

2389.543 

2340.27  2340.191 

2306.09  2306.073, 

2278.3 

2240.9 

2229.8 

2219.4 

2210.9 

2202.5 

2198.2 

2192.0 

2189.0 

21S1 . 7 

2177.7 

2171 .0 


Wave-Number 

io» 
v«  =  -~-  cm-' 

Ao 


22160.05 
24372.88 
30679.34 

30703.17 
32892.19 
33808.33 
34089.03 
35239.04 
36020.84 
36301.52 
36835.87 
36885.49 

38424.13 
39048 . 40 

39625.34 
39649 . 04 
40506 . 23 

40636 . 86 

41668.05 

41838.24 

42718.44 

43350.39 

43879.9 

4461 I .9 

44833 . 5 
45044 . 9 
45236.3 
45389.2 

45477.9 
45606.0 
45669.7 
45822.9 
45906.6 
46039.0 


Av 


2212.83 
2212.85 


2212.51 
2212.49 


2212.53 
2212. 73 


2212.90 
2212. 21 
22II .9 


Int. 


10 
10 

4 
8 
8 
6 

5 
8 

4 
4 
3 
5 
2 

4 
3 
6 

5 
3 
3 
3 
3 
4 
2 


X  2754.034,  and  line  number  19  to  the  iron  line  at  X  2399.339, 
hence  the  semaphore  screen-  was  used  in  photographing  these 
indium  lines.  Special  interest  attaches  to  the  four  lines  numbered 
6,  8.  9,  and  22,  respectively.  These  lines  are  not  single,  but  are 
made  up  of  groups  of  fine  components  the  number  of  which  is 
indicated   by   the   subscript   following   the   representative   wave- 
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length  given  in  Table  II.  Lines  6,  8,  and  9  were  not  obtained  by 
Kayser  and  Runge/  but  they  are  recorded  by  Exner  and  Haschek^ 
as  single  lines  with  the  respective  characterizations  2  R,  ^  R,  and  i. 
Line  number  22  is  also  given  as  single  by  both  pairs  of  authors. 
To  minimize  the  possibiHty  of  drawing  erroneous  conclusions 
we  made  a  special  study  of  these  four  lines  and  found  that  (a)  each 
group  displayed  the  same  characteristics  whether   the  exposure 

TABLE  III 

Reference  No.  \  Reference  No.  X 


6. 


2957.094  [2775.408 

2957047   9 2775.35s 

2956.994  [2775.292 
[2956.735 

2837.039  [2306.147 

2836.998   22 ^2306.082 

2836.957  [2306.029 


2836.910 

2836.856 

[2836.793 

had  been  long  or  short,  the  lines  faint  or  intense,  (b)  the  character 
of  the  Hnes  was  independent  of  the  material  containing  the  indium — 
whether  it  had  been  the  leady  residue  or  its  products,  indium  jxide 
or  hydroxide,  or  lead  oxide,  and  (c)  the  Hnes  invariably  appeared 
when  indium  was  present  in  the  arc.  Line  number  8  suggested 
a  small  portion  of  a  band  spectrum.  It  could  not  be  interpreted 
as  a  triplet,  each  of  whose  components  was  reversed,  because  all 
of  the  six  components  were  sharp  and  symmetrical  with  no  sug- 
gestion of  winghke  structure.  The  four  Hnes  are  probably  "com- 
bination lines,"  since  they  do  not  fit  into  the  series  directly.  The 
difference  in  wave-number  for  hnes  6  and  9  (when  treated  as  unre- 
solved) is  2212.51,  which  is  the  characteristic  value  for  the  series 
hnes  of  indium.  The  wave-lengths  of  the  resolved  components  are 
given  in  Table  III. 

In  Table  II  the  hnes  numbered  24  to  34  were  always  accompa- 
nied by  so  much  intermediate  radiation  as  to  make  them  appear  as 
absorption  hnes  in  a  continuous  background,  rather  than  as  ordi- 
nary emission  lines  with  reversed  axes.     Nevertheless  the  serious 

'  Kayser's  Handbiich,  s,  584. 
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attempts  made  by  Dr.  E.  Klein  and  the  senior  author  to  obtain 
the  absorption  spectrum  of  indium  vapor,  when  heated  in  specially 
designed  furnaces,  failed  to  give  anything  more  than  the  two 
strongest  Unes  numbered  i  and  2. 

Theoretical. — The  time-consuming  difficulties  which  presented 
themselves  when  the  attempt  was  made  to  determine  the  various 
constants  for  gallium  have  caused  us  to  defer  a  similar  numerical 
investigation  for  indium  until  some  later  occasion.  Moreover, 
as  stated  earher,  the  presentation  in  published  form  of  the  experi- 
mental data 'has  already  been  delayed  far  too  long.  Accordingly 
the  following  tentative  constants  must  suffice. 

Taking  w  =  2.5,  3.5, for  the  first  three  components  of 

the  second  subordinate  series  it  was  found  that,  for  formula  (i), 

^1  =  44449-3 
.42=46662.0 

Oi  =  a2=  — o.  215623 

61  =  62=  —  2 .  96938X  io~^. 

Assuming  the  same  values  for  A^  and  A2,  and  letting  w  =  3, 

4, the   remaining  parameters   for   the    satelhte  and   the 

most  refrangible  component  of  the  first  subordinate  series  have  the 
approximate  values 

01  =  02= -0.237740 

b,  =  b,=     4.35554X10-6. 
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gist of  the  American  Brass  Company,  for  placing  at  the  disposal 
of  the  senior  author  all  of  the  spectroscopic  faciHties  of  the  research 
laboratory,  and  to  Mr.  C.  H.  Davis  for  his  untiring  and  invaluable 
aid  in  obtaining  the  spectrograms  with  the  large  quartz  prism 
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FIRST  ATTEMPT  AT  A  THEORY  OF  THE  ARRANGEMENT 
AND  MOTION  OF  THE  SIDEREAL  SYSTEM^ 

By  J.  C.  KAPTEYN^ 

ABSTRACT 

First  attempt  al  a  general  theory  of  the  distrihutioii  of  masses,  forces,  and  velocities  in 
the  stellar  system. — (i)  Distribution  of  stars.  Observations  are  fairly  well  represented,  at 
least  up  to  galactic  lat.  70°,  if  we  assume  that  the  cquidensity  surfaees  are  similar 
ellipsoids  of  revolution,  with  axial  ratio  5.1,  and  this  enables  us  to  compute  quite 
readily  (2)  the  gravitational  acceleration  at  various  points  due  to  such  a  system,  by  sum- 
ming up  the  effects  of  each  of  ten  ellipsoidal  shells,  in  terms  of  the  acceleration  due 
to  the  average  star  at  a  distance  of  a  parsec.  The  total  number  of  stars  is  taken  as 
47.4X109.  (3)  Random  and  rotational  velocities.  The  nature  of  the  equidensity 
surfaces  is  such  that  the  stellar  system  cannot  be  in  a  steady  state  unless  there  is  a 
general  rotational  motion  around  the  galactic  polar  axis,  in  addition  to  a  random 
motion  analogous  to  the  thermal  agitation  of  a  gas.  In  the  neighborhood  of  the 
axis,  however,  there  is  no  rotation,  and  the  behavior  is  assumed  to  be  like  that  of  a 
gas  at  uniform  temperature,  but  with  a  gravitational  acceleration  (G77)  decreasing 
with  the  distance  p.  Therefore  the  density  A  is  assumed  to  obey  the  barometric  law: 
Gi7=  — «^(5A/5p)/A;  and  taking  the  mean  random  velocity  u  as  10.3  km/sec,  the 
author  finds  that  (4)  the  mean  mass  of  the  stars  decreases  from  2.2  (sun  =  i)  for  shell  II 
to  1.4  for  shell  X  (the  outer  shell),  the  average  being  close  to  1.6,  which  is  the  value 
independently  found  for  the  average  mass  of  both  components  of  visual  binaries.  In 
the  galactic  plane  the  resultant  acceleration — gravitational  minus  centrifugal — is 
again  put  equal  to  — M^(5A/5p)/A,  u  is  taken  to  be  constant  and  the  average  mass 
is  assumed  to  decrease  from  shell  to  shell  as  in  the  direction  of  the  pole.  The  angular 
velocities  then  come  out  such  as  to  make  the  linear  rotational  velocities  about  constant 
and  equal  to  19.5  km/sec.  beyond  the  third  shell.  If  now  we  suppose  that  part  of  the 
stars  are  rotating  one  way  and  part  the  other,  the  relative  velocity  being  39  km/sec, 
we  have  a  quantitative  explanation  of  the  phenomenon  of  star-streaming,  where 
the  relative  velocity  is  also  in  the  plane  of  the  Milky  Way  and  about  40  km/sec.  It  is 
incidentall}^  suggested  that  when  the  theory  is  perfected  it  may  be  possible  to  deter- 
mine the  amount  of  dark  matter  from  its  gravitational  effect.  (5)  The  chief  defects 
of  the  theory  are:  That  the  equidensity  surfaces  assumed  do  not  agree  with  the  actual 
surfaces,  which  tend  to  become  spherical  for  the  shorter  distances;  that  the  position 
of  the  center  of  the  system  is  not  the  sun,  as  assumed,  but  is  probably  located  at  a  point 
some  650  parsecs  away  in  the  direction  galactic  long.  77°,  lat.  —3°;  that  the  average 
mass  of  the  stars  was  assumed  to  be  the  same  in  all  shells  in  deriving  the  formula 
for  the  variation  of  Gtj  with  p  on  the  basis  of  which  the  variation  of  average  mass 
from  shell  to  shell  and  the  constancy  of  the  rotational  velocity  were  derived — hence 
either  the  assumption  or  the  conclusions  are  wrong;  and  that  no  distinction  has  been 
made  between  stars  of  different  types. 

I.  Equidensity  surfaces  supposed  to  he  similar  ellipsoids. — In 
Mount  Wilson  Contribution  No.  188^  a  provisional  derivation  was 
given  of  the  star-density  in  the  stellar  system.  The  question  was 
there  raised  whether  the  inflection  appearing  near  the  pole  in  the 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  230. 
^  Research  Associate  of  the  Mount  Wilson  Observatory. 
i  Astrophysical  Journal,  52,  23,  1920. 
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equidensity  surfaces  for  small  densities  is  real  or  not.  I  have 
since  found  that  these  inflections  can  be  avoided  without  doing 
very  serious  violence  to  the  results  of  observation.  If  this  is  done, 
the  equidensity  surfaces  become  approximately  ellipsoids,  and 
not  only  that,  but  the  data  can  be  represented  without  exceeding 
the  possible  limits  of  observation  error,  by  assuming  the  equi- 
density surfaces  to  be  concentric,  similar  revolution  ellipsoids, 
similarly  situated. 

2.  Elements  of  the  ellipsoids. — Taking  as  unit  of  star-density  that 
in  the  neighborhood  of  the  sun,  the  adopted  axes  of  the  ellipsoids, 
which  will  be  referred  to  as  ellipsoids  I,  II,  ....  X  and  which 

TABLE  I 
Equidensity  Ellipsoids 


Ellipsoid 


I.... 
II... 

III.  . 

IV.  . 
V... 
VI.. 
VII. 
VIII. 

IX.  . 

X.  .  . 


Log  A 


9.80- 

9.60 

9.40 

9.  20 
9.00 

8.80 
8.60 
8.40 
8.20 
8.00 


•10 


parsecs 
118 
198 
296 
413 
553 
717 
902 
1114 

1365 
1660 


B 


parsecs 
602 

lOIO 

1510 
2106 
2820 
3656 
4600 

5675 
6960 
8465 


B/A 


102 
102 
102 
102 
102 
102 
102 
102 
102 
102 


correspond  to  the  values  (A  being  the  density)  log  A-f- 10  =  9 , 8,  9 . 6, 
.  .  .  .  8.0,  are  as  shown  in  Table  I.  The  .4 -axis  is  directed  toward 
the  galactic  Pole,  the  5-axis  lies  in  the  plane  of  the  Milky  Way. 

For  the  Milky  Way  and  for  the  direction  toward  the  Pole 
this  table  yields  densities  which  are  fairly  well  represented,  for 
p  >  1 50  parsecs,  by  the  formulae, 

log  A= -2. 135+2.368  log  p-o. 593  (log  p)^    (M.W.),  (i) 

log  A= -5.356+4.890  log  p- 1. 200  (log  p)^      (Pole),  (la) 

A  section  of  the  equidensity-ellipsoids  through  the  sun  (which 
has  been  assumed  to  be  the  center  of  the  system)  at  right  angles  to 
the  plane  of  the  Milky  Way  is  shown  in  Figure  i. 
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The  agreement  of  the  densities  furnished  b}-  Table  I  with  those  of 
Contribution  No.  i88  is  fairly  good  for  all  galactic  latitudes  up 
to  65°  or  70°.  For  still  higher  latitudes  it  may  perhaps  still  be 
called  tolerable.  At  least  the  de\'iations  hardly  exceed  what  would 
be  produced  by  an  error  of  o .  i  mag.  in  the  photometric  scale  for 
these  regions. 

In  the  present  paper  I  have  substituted  these  ellipsoids  for  the 
surfaces  derived  directly  from  observation  in  Contribution  Xo.  188, 
not  because  I  think  they  are  nearer  the  truth,  but  simply  because 
they  are  so  enormously  more  convenient  for  further  computation. 

^ly  aim  in  the  present  paper  is  simply  to  get  hold  of  some 
approximate  information  about  the  real  structure  and  motion  of  the 
system,  and  quantitative  accuracy  has  been  considered  of  secondary 
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Fig.  I 

importance  as  long  as  we  may  hope  that  the  main  features  are  not 
affected.  I  trust  that  this  hope  will  not  be  disappointed,  not- 
withstanding the  many  defects — defects  that  wdll  be  duly  pointed 
out — which  still  attach  to  the  present  treatment. 

3.  Advantage  of  the  adoption  of  the  ellipsoids. — The  form  of  the 
equidensity  surfaces  thus  adopted  has  the  advantage  that  it  calls 
attention  to  the  possibility  of  determining  with  some  precision 
the  gra^'itational  attraction  of  the  whole  of  the  stellar  system  on 
any  point  inside  ellipsoid  X,  while  at  the  same  time  it  renders  the 
computation  of  that  attraction  a  relatively  easy  matter. 

In  another  paper'  van  Rhijn  and  I  have  tried  to  show  that,  as 
soon  as  we  possess  good  counts  of  stars  for  each  interval  of  magni- 
tude down  to  apparent  magnitude  1 7  (Wsual) ,  we  shall  know  with 
some  tolerable  approximation  the  density  of  the  whole  region 
covered  by  Figure  i,  that  is,  of  the  whole  extent  of  the  stellar 
system  for  which  the  density  exceeds  one-hundredth  of  that  in  the 
neighborhood  of  the  sun. 

^  Ml.  Wilson  Contr.,  Xo.  229;  Astrophysical  Journal,  55,  242,  1922. 


THE  SIDEREAL  SYSTEM  305 

In  the  near  future  such  counts  will  be  available.  They  will  be 
furnished  by  the  Mount  Wilson  ''Catalogue  of  the  Selected  Areas" 
(from  5  =  — 15°  to  5  =  +90°),  the  discussion  of  which  is  in  the  hands 
of  Scares.  A  few  provisional  counts  make  it  probable  that  this 
work  will  in  the  main  confirm  the  elements  used  for  Table  I  and 
Figure  i.  I  will  assume,  therefore,  that  even  now  the  densities 
are  sufficiently  well  known  for  the  whole  of  ellipsoid  X. 

The  advantage  just  alluded  to  is  a  consequence  of  the  well- 
known  property  that  the  attraction  of  an  ellipsoidal  shell  of  constant 
density,  bounded  by  two  similar  and  similarly  situated  ellipsoids, 
on  an  internal  point  is  zero.  For  it  is  evident  by  this  property 
that,  if  in  all  that  part  of  the  system  which  lies  outside  ellipsoid  X — 
for  which  part  accurate  data  are  still  wanting — the  arrangement  in 
similar  elUpsoids  also  holds,  the  attraction  of  this  outside  domain 
on  a  point  inside  ellipsoid  X  would  be  zero.  And  as  the  distribu- 
tion of  density  inside  ellipsoid  X  is  known,  the  possibility  of  com- 
puting the  attraction  of  the  total  system  on  a  point  inside  of  X 
becomes  evident.  If  on  the  contrary  the  same  arrangement  does 
not  hold  outside  ellipsoid  X.  it  still  seems  highly  probable  a  priori 
that  any  change  in  the  form  of  the  equidensity  surfaces  must  be 
gradual,  that  is,  the  equidensity  surfaces  in  the  neighborhood  of 
X  \\\\\  diverge  little  from  similar  ellipsoids,  and  the  greater  changes 
will  begin  to  appear  only  at  more  considerable  distances.  For 
the  consecutive  shells,  therefore,  the  attraction  on  an  internal 
point  will  begin  by  being  ver}'  small,  both  on  account  of  the  near 
approach  to  similarity  of  these  shells  and  their  small  density  and 
greater  distance  from  the  attracted  point.  For  more  distant 
shells  the  first  circumstance  will  probably  diminish  in  importance 
with  increasing  distance,  while,  on  the  contrary-,  the  second  becomes 
more  and  more  important.  On  the  whole,  therefore,  the  attraction 
of  all  of  that  part  of  the  system  which  lies  outside  X  will  be  small, 
and  its  neglect  will  presumably  not  prevent  us  from  obtaining 
fairly  exact  ideas  about  the  total  forces. 

4.  Computation  of  the  gravitational  forces. — In  ellipsoid  I,  which 
for  bre\-ity  I  will  call  shell  i,  and  in  each  of  the  shells  2,  3,  ...  . 
10,  between  the  surfaces  of  ellipsoids  I,  II,  ....  X,  the  density 
varies  between  limiting  values  which  are  in  the  ratio  of  i  to  1.585. 
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In  what  follows  I  will  assume  for  each  shell  a  constant  average 
density. 

The  computation  of  the  gravitational  forces  has  been  carried 
through  for: 
(i)   lo  points  in  galactic  latitude  o°  lying  in  the  surfaces  of  ellipsoids 

I,  II,  ....  X;    these  points  have  been  designated  by  I,  o°; 

II,  o°;  .  .  .  .  X,  o°. 

(2)  5  points  in  galactic  latitude  30°,  situated  on  the  surfaces  II, 
IV,  VI,  VIII,  X;   denoted  by  II,  30°;   IV,  30°;  ...  .  X,  30°. 

(3)  Similarly  for  the  5  points  II,  57?i;   IV,  57?i;  ....  X,  57?i. 
(57?!  =  average  latitude  between  40°  and  90°.) 

(4)  The  10  points  I,  90°;  II,  90°;  ....  X,  90°. 

As  a  unit  of  attraction  I  have  used  the  attraction  on  each  other  of 
two  stars  of  average  mass  separated  by  a  distance  of  i  parsec. 

I  first  computed  the  attraction  of  the  full  ellipsoids  I,  II,  ....  X 
on  the  points  specified  above,  on  the  supposition  that  they  are  of  a 
constant  density  such  that  every  cubic  parsec  contains  a  single 
star.     The  formulae  for  this  computation  are  given  in  the  Appendix. 

The  attraction  of  the  full  elhpsoids  having  been  found,  simple 
subtractiongivestheattractionof  the  separate  shells  I,  2,  ....  10, 
all  supposed  to  have  the  density  corresponding  to  one  star  per 
cubic  parsec.  The  actual  attraction  of  the  shells  was  obtained  by 
multiplying  these  results  by  the  number  of  stars  per  cubic  parsec 
contained  in  each  shell.  For  the  average  densities,  expressed  in 
terms  of  the  density  in  the  neighborhood  of  the  sun,  I  adopted  the 
values  corresponding  to  the  logarithms  9.9,  9.7,  9.5,  .  .  .  .  8.1, 
each  minus  10,  multiplied  by  0.0451,  which  according  to  Contribu- 
tion No.  188  (12)  is  the  number  of  stars  per  cubic  parsec  near  the 
sun;   this  gives  the  numbers  in  Table  II. 

TABLE  II 

Average  Number  of  Stars  per  Cubic  Parsec 


Shell 

No.  Stars 

Shell 

No.  Stars 

I 

0.0358 
.0226 

•0143 
. 00900 
0.00568 

6 

7 

0.00358 

2                               

.00226 

•2                                         

8 

.00143 

A                                                      

Q 

. OOOQOO 

<;                                    ... 

10 

0.000568 
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Having  found  the  separate  attractions,  the  components  of  the 
total  attractions  parallel  to  the  axes  can  at  once  be  determined  by 
noting  that  the  attraction  of  any  shell  on  an  internal  point  is  zero, 
and  further,  by  neglecting  the  attraction  of  that  part  of  the  system 
outside  of  ellipsoid  X  on  a  point  inside  this  ellipsoid.  Instead  of 
the  components  I  have  entered  in  Table  III  the  total  forces  G  and 
the  angles  that  these  forces  make  with  the  X-axis.  These  are  of 
course  found  by  the  formulae 

X  =  G  cos  0  Y  =  G  sin  (f).  (2) 

In  addition,  I  have  given  the  values  oi  (f)  —  \p,  xp  being  the  angle 
which  the  normal  to  the  ellipsoid  through  the  attracted  point 
makes  with  the  A'-axis;   \p  is  determined  by 

tan^  =  —  (2a) 

X)    a 

The  angle  </>  — i^  is  of  course  the  inclination  of  the  direction  of  the 
force  to  the  normal. 

The  interpretation  of  this  table — of  the  first  entry,  for  example — 
is:  Attraction  of  the  whole  stellar  system  on  a  body  in  the  point 
I,  0°  is  a  force  equal  to  the  attraction  of  33.19  stars  of  average 
mass  at  the  distance  of  i  parsec  from  that  same  body.  This 
force  makes  an  angle  of  90°  with  the  X-axis,  and  an  angle  of  0°  with 
the  normal  to  the  equidensity  ellipsoid  through  the  attracted 
point. 

5.  Analytical  representation  of  G for  galactic  latitudes  0°  and  90°. — 
In  trying,  to  represent  the  force  G  by  an  analytical  formula,  I 
started  from  the  consideration  that,  as  the  density  is  constant 
near  the  center,  the  attraction  must  be  nearly  proportional  to  the 
distance  p  for  very  small  values  of  p;  further,  that  for  distances 
ver>^  great  as  compared  with  the  dimensions  of  the  stellar  system, 
the  attraction  must  be  practically  the  same  as  it  would  be  were 
the  mass  of  the  whole  system  concentrated  in  the  center.  For  these 
latter  distances,  therefore,  G  must  be  proportional  to  I/p^ 

The  following  easily  managed  formula  satisfies  both  conditions : 
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In  this  formula  A/D  evidently  equals  the  total  number  of 
stars,  .V,  in  the  stellar  system. 

A  rough  estimate  of  this  number  can  be  made  by  assuming 
that  formula  (15)  of  Contrilmtion  No.  188,  viz., 


AT     —  f>a-\-bm+cm' 


is  true  for  all  values  of  m.     Integration  over  m  gives 


y  = 


1/; 


V-i 


b' 

4C 


(4) 


(5) 


For  the  values  of  a,  b,  c  best  satisfying  the  numbers  in 
Groningen  Publications,  Xo.  27,  Table  V,  which  gives  number  of 
stars  per  square  degree,  I  find  the  following: 


Gal.  Lat. 

a                             b 

Number  of 
Square  Degrees 

0°  to  ±  20° 

±20    to  ±40 

±40     to    ='=go 

-10.564            +1.5985 
-10.539      1      +1.5468 
-10.815      '      +1.6592 

—  0.0276              14110 
—0.0288              12420 
-0.0414              14730 

With  these  data,  computing  the  total  number  of  stars  for  each 
of  the  three  zones,  I  obtained 


whence 


Gal.  Lat. 

No.  Stars 

0°  to  ±  20° 

43-8     Xio9 

20  to  ±40 

3.6     Xio' 

40   to  ±90 

0.043X109 

A 

=N-- 

=  47 

4X 

lO'. 

(6) 


The  remaining  constants  were  so  determined  that  (3)  repre- 
sents the  values  of  G  in  Table  III.     I  thus  found 


Gal.  Lat.  =0° 
.4=0.  IIO 
5=1.30  Xio~3 
C=o. 657X10-6 

Z)=2.32    X1O-12 


Gal.  Lat.=Qo° 
^=0.376 
.6=1.83    XlO-3 

C  =  3. 40  Xio-6 
Z?=7.93  Xio-'^ 


(7) 
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The  representation  of  the  tabular  values  is  as  follows: 


Gal.  Lat.=o'' 

p 

Gal.  Lat.=9o° 

p 

G.  Tab. 

G.  Form. 

Tab. -Form 

G.  Tab. 

G.  Form. 

Tab.  —  Form 

soo 

lOOO 

2000 

3000 

4000 

6000 

8000 

30.0 
37.8 
36.0 

31-7 
26.0 
19.0 
14.0 

30.2 
37-0 
3S-0 
30.2 
26.0 
19.9 
16.0 

—  0.  2 
+0.8 
+  1.0 

+  1-5 

0.0 

-0.9 

—  2.0 

200 

500 

1000 

1500 

54-3 
66.2 

S8.S 
49.1 

SO.  I 
68.0 
60.3 
49-4 

+4.2 
-1.8 
-1.8 
-0-3 

The  agreement  is  not  very  good,  but  seems  sufficient  for  our 
present  purpose. 

6.  Application  of  kinetic  theory  of  gases. — The  results  thus  far 
obtained  rest,  it  is  true,  on  provisional  data,  which  even  now  might 
be  materially  improved;  they  further  depend  on  the  supposition, 
not  yet  fully  demonstrated,  that,  within  the  distances  here  con- 
sidered, there  is  no  appreciable  extinction  of  light  in  space,  but 
they  are,  nevertheless,  I  think,  the  legitimate  outcome  of  our  data. 

For  what  follows  I  will  now  introduce  some  considerations 
borrowed  from  the  kinetic  theory  of  gases,  the  applicabihty  of 
which  to  the  stellar  system  might  be  considered  doubtful.  At 
all  events  I  do  not  pretend  to  have  demonstrated  this  applicability. 
The  results  which  will  be  derived  cannot  lay  claim  to  be  demon- 
strably correct,  but  they  seem  to  me  to  be  so  remarkable  that, 
after  a  good  deal  of  hesitation,  I  have  resolved  to  publish  them,  in 
the  hope  that  others,  better  versed  in  these  matters,  may  furnish 
us  with  a  more  rigorous  solution  of  the  problem  involved. 

Even  though  it  has  been  shown,  in  the  main  by  unpublished 
investigations,  that  the  peculiar  motions'  of  the  stars  with  some 
crude  approximation  are  Maxwellian,  the  stellar  system  cannot 
be  treated  as  a  gas  at  rest;  first,  because  of  the  existence  of  stream- 

'  Peculiar  velocity  is  defined  as  the  motion  corrected  for  both  the  solar  and  stream- 
motion.  The  radial  and  transverse  velocities  agree  in  showing  a  certain  e.xcess  of 
very  large  motions  over  the  MaxweUian  distribution.  They  are  both  represented 
satisfactorily  by  the  sum  of  two  Maxwellian  distributions.  A  thorough  separate  treat- 
ment of  all  the  spectral  classes  is  still  a  great  desideratum. 
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motion;  second,  because  of  the  form  of  the  equidensity  surfaces, 
which  is  certainly  different  from  that  of  the  equipotential  surfaces 
of  the  gravitational  force. 

That  they  are  different  is  proved  by  the  fact,  among  others, 
that  in  general  the  forces  are  not  normal  to  these  surfaces.  This  is 
evident  enough  without  further  explanation .  Moreover,  it  is  clearly 
brought  out  by  Table  III,  where  the  angle  with  the  normal  reaches 
values  of  more  than  27°.  Further  it  is  well  known  that  in  a  gas  at 
rest  under  its  own  attraction,  the  equidensity  surfaces  are  spherical. 

The  system  cannot  therefore  be  in  a  steady  state  unless  it  has  a 
systematic  motion.  Since  the  discovery  of  the  star-streams  it  is 
clear  that  such  a  motion  really  exists  and  that  it  is  parallel  to  the 
plane  of  the  Milky  Way. 

It  seems  rational,  therefore,  to  assume  that  the  system  has  a 
sort  of  rotational  motion  round  the  X-axis  (see  Fig.  i)  which  is 
directed  toward  the  pole  of  the  galaxy.  The  form  of  the  equi- 
density surfaces  found  directly  in  Contribution  No.  188  as  well  as 
that  now  adopted,  strongly  indicates  some  such  motion. 

This  being  assumed,  the  stars  along  the  axis  will  still  have  no 
other  motion  than  their  peculiar  motions,  which,  as  was  just  men- 
tioned, are  Maxwellian,  at  least  with  some  approximation.  I  ven- 
ture to  assume,  therefore,  that  the  stars  in  the  immediate  neighbor- 
hood of  this  axis  are  arranged  as  the  molecules  of  a  gas  in  a  quiescent 
atmosphere. 

If: 
A  be  the  star-density  (number  of  stars  per  cubic  parsec) ; 
u  one  of  the  components  of  the  peculiar  velocity; 
7;  the  acceleration  produced  by  the  attraction  of  a  star  of  average 

mass  at  a  distance  of  one  parsec,  then  on  the  above  assumption 

u^^-^=-G-nh,  (8) 

n^  being  the  average  value  of  w^ 

The  formula  is  analogous  to  that  used  for  barometric  determina- 
tions of  altitude  in  an  atmosphere  of  constant  temperature  through- 
out.    On  the  other  hand,  we  have  found  empirically  formulae  such 
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as  (i)  and  (la)  (see  also  Contribution  No.  i88,  p.  13  [21]);  in  other 
words, 

log  A=  -P+<2  log  P-R{\og  p)3     {p>p,),  (9) 


from  which,  by  differentiation 

5A    Q-2R\ogp 


8p.  (10) 


A  p 

Comparing  the  two  expressions,  (8)  and  (10),  for  5 A/A 

Q-2R\ogp 


Gr]=  —n' 


(p>Po).  (11) 


As  the  motions  are  supposed  to  be  Maxwellian,  the  well-known 
formula  used  in  the  theory  of  least  squares  gives 

u^  =  -{uY.  (12) 

2 

From  observations  of  the  radial  velocities  at  the  Lick  Observa- 
tory, where  no  choice  has  been  made  on  the  basis  of  proper  motion 
{Lick  Observatory  Bulletin,  6,  126),  I  derived  the  value^ 

M=  10.3  km/sec.  (13) 

or  since 

I  kilometer  =  3.  25 Xio~'4  parsecs 

I  parsec       =  3. oSXio'-^  kilometers  (14) 

I  find,  in  the  units  parsec  and  second,  here  adopted, 

^  =3-35  Xio-'3  (15) 

77=1.763X10-^5  (16) 

so  that  (11)  becomes 

G,?=-i.763Xio-5  2^^^^M^    (p>p^)  (17) 

P 

Finally,  for  galactic  latitude  90°,  we  obtain  from  equation  (la) 

the  values : 

()  =  +4.89o    i^  =  +  i.2oo  (18) 

^^(-8.620+4.229  log  p)Xio--5     ^^^^^^^_  ^^^^ 

Up 

"  There  is  a  mistake  in  the  derivation  of  this  value.  The  true  value  is  certainly 
somewhat  lower.  From  considerations  given  below  I  have  not  deemed  it  necessary 
for  the  present  paper  to  repeat  the  computations  with  an  improved  value  of  u. 
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For  small  values  of  p,  formula  (9)  does  not  hold.  According  to 
Contribution  No.  188,  and  particularly  according  to  Contribution 
No.  229,  it  represents  the  observations  excellently  for  values  of  p  well 
beyond  the  maximum  (which  in  the  present  case  lies  near  p=  no 
parsecs).  For  values  of  p  below  the  maximum  the  density  is 
nearly  constant.  The  differential-quotient  6A/5p  thus  becomes 
very  small  and  6A/A5p  very  unreliable.  In  the  present  case  it 
will  probably  be  well  not  to  rely  on  the  formula  below,  say,  150 
parsecs.     This  limit  was  adopted  in  (19). 

I  have  computed  the  values  of  77  from  (19)  both  on  the  supposi- 
tion that  G  has  the  values  found  directly  in  Table  III  and  that  it  has 
the  values  yielded  by  formula  (3).  The  former  were  adopted 
(Table  IV).' 

TABLE  IV 

Values  of  77  axd  m 


Point 


II,  90° 
IV,  90 
VI,  90 
VIII,  90 

X,90 


parsecs 
198 

413 

717 

II14 

1660 


J)  Form.  (3) 


II.lXlO-30 
8.9  10-30 
7.3  10-30 
6.6  10-30 
6.5     10-30 


77  Adopted 


10. 2X10— 30 
9.0  10—30 
7.5  10-30 
6.8  10-30 
6.5     10—30 


m  (Sun  =  i) 


2.  2 
2.0 
1-7 
1-5 

1-4 


The  quantity  77  is,  as  stated  above,  the  acceleration  per  second, 
in  parsecs,  produced  by  the  attraction  of  a  star  of  average  mass 
on  a  body  at  a  distance  of  one  parsec.  The  acceleration  which  the 
sun  would  produce,  expressed  in  the  same  units,  is 


Acceleration  by  sun  =  4.53Xio~-5°. 


(20) 


This  enables  us  to  find  the  average  mass  w  of  a  star  expressed 
in  the  mass  of  the  sun  as  a  unit.  The  values  of  m  thus  found  have 
been  inserted  in  the  last  column  of  Table  IV. 

These  values  agree  surprisingly  well  with  what  has  been  found 
by  totally  different  considerations.  In  a  recent  paper'  Jackson 
and  Furner  find  for  visual  binary  stars,  as  the  best  average 


'  Monthly  Notices,  81,  4,  1920. 


^0.855. 
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Consequently  ;Wi+Wi=i.6o,  which  agrees  with  Table  IV  if  we 
suppose  that  the  combined  mass  of  the  two  components  and  not 
that  of  a  single  component  is  comparable  with  the  mass  of  a  single 
star,  and  especially  if  we  further  consider  that  there  are  theoretical 
grounds  for  expecting  that  the  average  mass  will  decrease  for 
increasing  distance/ 

Remark.  Dark  matter.  It  is  important  to  note  that  what 
has  here  been  determined  is  the  total  mass  within  a  definite  volume, 
divided  by  the  number  of  luminous  stars.  I  will  call  this  mass 
the  average  effective  mass  of  the  stars.  It  has  been  possible  to 
include  the  luminous  stars  completely  owing  to  the  assumption  that 
at  present  we  know  the  luminosity- curve  over  so  large  a  part  of 
its  course  that  further  extrapolation  seems  allowable. 

Now  suppose  that  in  a  volume  of  space  containing  /  luminous 
stars  there  be  dark  matter  with  an  aggregate  mass  equal  to  Kl  aver- 
age luminous  stars;  then,  evidently  the  effective  mass  equals 
(/+X)  X  average  mass  of  a  luminous  star. 

We  therefore  have  the  means  of  estimating  the  mass  of  dark 
matter  in  the  universe.  As  matters  stand  at  present  it  appears 
at  once  that  this  mass  cannot  be  excessive.  If  it  were  otherwise, 
the  average  mass  as  derived  from  binary  stars  would  have  been 
very  much  lower  than  what  has  been  found  for  the  effective 
mass. 

7.  Angular  velocities  (co)  in  the  plane  of  the  galaxy. — Ignoring 
for  an  instant  the  fact  that  the  stars  in  the  ]VIilky  Way  cannot  be 
systematically  at  rest  and  treating  the  stars  near  this  plane  in  the 
same  way  as  those  near  the  axis,  I  am  led  by  a  formula  analogous  to 
(17)  to  values  of  77  which  are  not  quite  half  those  given  in  Table  IV. 
I  suppose  that  the  difference  must  be  wholly  due  to  the  centrifugal 
force  induced  by  the  rotational  motions.  In  fact,  I  assume. that 
the  average  mass  is  the  same  throughout  the  whole  system,  at  least 
for  points  on  the  same  equidensity  surface. 

If,  therefore,  p  and  p'  represent  the  distances  from  the  center, 
of  two  points  on  the  same  equidensity  surface,  the  first  in  the  direc- 
tion of  the  Pole,  the  second  in  the  IMilky  Way,  for  which  points 

'  Jeans,  Problems  of  Cosmogony  and  Stellar  Dynamics  (1919),  p.  239. 
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the  total  attractive  forces  of  the  system  are  respectively  G  and  G', 
formula  (11)  gives 

For  the  Pole  Gn=  -u'  Q-^^^^^P  ^  (^^^ 

P 

For  the  Milky  Way  G'r7-pV=  -u'  Q'-2R'\ogp'  ^  ^^^^ 

P 

where  co  represents  the  angular  velocity  for  the  point  in  the  Milky 
Way,  and  Q'  and  R'  the  constants  of  equation  (9)  for  that  same 
plane.  The  two  equations  determine  77  and  co.  The  equation  for 
the  latter  is 


p' 


0}^  =  -^  •  w 


Q'-2R'\ogp'    Q-2R\oo,  p 
G'p'  Gp 


]  ,  (23) 


in  which,  for  u"  see  (16) ;  for  G'  and  G  see  Table  V ;  and  for  Q  and  R 
see  (18),  and  where  finally,  by  comparing  (9)  and  (i), 

(2'  =  2.368andi?'  =  o.593  (24) 

The  maximum  of  A  according  to  formula  (9)  lies,  for  the  Milky 
Way  at  about  p  =  100,  for  the  direction  toward  the  Pole  at  p  =  no. 
As  has  been  mentioned,  the  formula  ceases  to  be  correct  below  these 
values.     I  assume,  as  before,  that  the  limit  of  validity  is  p=i5o. 

8.  Angular  velocity  for  stars  not  in  the  galaxy. — For  the  regions 
not  in  galactic  latitudes  0°  or  90°  I  determine  the  angular  velocity 
by  the  condition  that  the  resultant  of  the  attractive  and  centrifugal 
forces  must  be  at  right  angles  to  the  equidensity  surfaces. 

In  order  that  the  system  may  be  in  the  steady  state,  I  assume 
that  the  equidensity  surfaces  are  at  the  same  time  equipotential 
surfaces  for  the  resultant  of  the  attractive  and  centrifugal  forces. 
The  above  condition  is  implied  in  this  assumption. 

Since 

X  component  of  resultant  acceleration  =  —Xi], 

Y  component  of  resultant  acceleration  =  —  Ftj+zSco^ 

and  since  1/'  is  the  angle  between  the  normal  and  the  X-axis,  the 
equation  for  co  is 

^iji^-Xr]=-X'n  tan^, 


3i6 
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which  becomes  slightly  more  convenient  by  writing 

X=G  cos  4>  Y  =  G  sin  0. 

Whence 

Gr]  sini^-yp) 
p       cos  ^ 


(25) 


For  the  points  in  Table  V,  ^  —  i/'  and  xj/  were  taken  from  Table  III. 
The  computation  was  made  with  the  aid  of  formulae  (23)  and  (25). 


TABLE  V 

Values  of  co^ 


Point 

ar> 

Point 

u)' 

Point 

bf 

11,0°. 

IV,  0  . 

VI,  0  . 

YLIl,  0  . 

X,o. 

0.1757     XlO-30 
.0902          10  —  30 
•03175       10-30 
.01237       10-30 
.00510       10-30 

11,30°.. 

IV,  30  .  . 

VI,  30  . . 

VIII,  30  . . 

X,  30  .  . 

0.4066x10-30 
.2477     10-30 
.1255     10-30 
.0683    10-30 
.0376     10-30 

II,  57-1.. 

IV,  57.1.. 
VI,  57.1.. 

VIII,  57.1.. 

X,  57.1.. 

0. 4132X10-30 
.2835     10 
. 1606     10 
.0949     10 
.0568     10 

For  these  same  points  I  have  furthermore  computed  the  Hnear 
velocities  in  kilometers  per  second.     They  are  in  Table  VI. 


\ 


TABLE  VI 

Linear  Velocities 


Point 

0 

0U) 

Point 

a 

(3 

/So, 

Point 

a 

0 

fio) 

km /sec. 

km/sec. 

km/sec. 

n,o°.. 

lOIO 

130 

II,  30? 

187 

32s 

6.4 

n,57?i 

196 

127 

2.5 

IV, 0  .  . 

2106 

19-5 

IV,  30. 

391 

677 

10.4 

IV,  57.1 

410 

265 

4-4 

VI,  0  . . 

3657 

20. 1 

VI,  30. 

679 

1176 

12.8(13.1) 

VI,  57. 1 

711 

460 

5.7(6.3) 

VIII,  0  . . 

5675 

19.4 

VIII,  30. 

1055 

1827 

14.7  (15.7) 

VIII,  57. 1 

1105 

715 

6.8(9.1) 

X,  0  .. 

846s 

18.6 

X,30. 

1572 

2733 

16.3  (17.9) 

X,57.i 

1647 

1066 

7.8(11.1) 

9.  Explanation  of  star-streaming. — According  to  these  numbers 
the  angular  velocity  is  not  the  same  for  the  same  distance  13  from 
the  axis  at  different  distances  a  from  the  plane  of  the  Milky  Way. 
Further  on  I  will  explain  why  the  present  solution  must  necessarily 
be  a  very  crude  one.  For  this  reason  I  am  not  prepared  to  maintain 
the  reahty  of  this  difference.  On  the  contrary  it  seems  very  possible 
that  a  more  definite  solution  will  finally  lead  to  the  conclusion  that 
all  the  points  on  a  cylinder  around  the  axis  of  the  system  move  with 
the  same  velocity.  In  fact,  if  we  base  our  solution  on  the  equi- 
density  surfaces  as  really  derived  from  the  observations,'  instead 

'  Af/.  Wilson  Contr.,  No.  188;  Astro  physical  Journal,  52,  23,  1020. 
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of  assuming  similar  ellipsoids,  we  approach  at  once  much  closer  to 
this  state  of  affairs.  The  numbers  in  parentheses  in  Table  VI  give 
rough  estimates  of  jSw  based  on  this  supposition.  In  the  absence 
of  a  more  definite  solution  I  will  confine  myself  mainly  to  points 
in  the  plane  of  the  Milky  Way,  the  motions  of  which,  except  for 
small  values  of  /?,  seem  to  be  somewhat  better  determined. 

The  most  striking  feature  brought  out  by  these  numbers  is 
undoubtedly  the  fact  that  at  .distances  from  the  axis  exceeding 
2000  parsecs  the  linear  velocity  of  the  stars  is  nearly  constant, 
the  average  being  19.5  km/sec;  that  is,  the  great  bulk  of  the 
stars  must  have  a  motion  of  19.5  km  in  a  direction  parallel  to  the 
plane  of  the  Milky  Way.  Observ^ation  has  already  proved  that 
there  really  exists  a  systematic  motion  of  the  stars,  that  it  is  exactly 
parallel  to  the  plane  of  the  Milky  Way,  and  that  the  motion  takes 
place  in  two  exactly  opposite  directions,  the  two  streams  having  a 
relative  velocity  of  about 

40  km/per  sec.  (26) 

Since  in  the  preceding  theory  the  motion  is  introduced  simply 
to  explain  certain  centrifugal  forces,  it  is  at  once  evident  that  it 
supposes  nothing  about  the  direction  in  which  the  motion  takes 
place.  Nothing  prevents  us  from  assuming  that  part  of  the  stars 
circulate  one  way,  while  the  rest  move  in  the  opposite  direction. 
The  relative  motion  of  the  two  groups  will  then  evidently  be 

2X19.5  =  39  km/sec.  (27) 

The  motion  to  which  our  theory  leads,  besides  being  in  the 
same  plane,  has  therefore  practically  the  exact  value  which  is 
known  from  observation  to  exist.  In  fact  we  are  led  in  the  most 
direct  and  natural  way  to  a  complete  explanation  of  the  phenomenon 
of  star-streaming.  The  circumstance  that  observation  led  us  to 
assume  two  rectilinear  streams,  whereas  we  here  find  the  motion 
to  be  circular,  is  probably  unimportant.  It  is  of  course  infinitely 
probable  that  the  sun  must  be  at  a  certain  distance  Irom  the  center 
of  the  system.  If  we  suppose  it  to  be  at  the  point  S  (see  Fig.  i) 
then  the  star-streams  are  derived  from  the  observed  motions  of 
stars  within  a  volume  whose  dimensions  are  of  the  order  of  those 
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of  the  sphere  around  S  shown  in  the  figure.  As  long  as  the  radius 
of  this  sphere  is  small  in  comparison  with  the  distance  of  S  from 
the  center,  the  curvature  of  the  stream-lines  must  be  inappreciable. 

When  we  consider  that  the  value  (27)  has  been  obtained  by  a 
study  of  the  arrangement  of  stars  in  space,  in  which  the  proper 
motions  play  no  other  part  than  that  of  a  criterion  of  distance, 
while  the  value  (26)  has  been  obtained  by  a  study  of  the  motions 
themselves,  both  radial  and  transverse,  the  close  agreement  of  the 
two  results  seems  very  significant.  It  becomes  more  so  through 
the  fact  that  both  theories  yield  a  motion  exactly  parallel  to  the 
plane  of  the  Milky  Way.  Further,  if  we  take  into  account  the 
fact  that  the  present  theory  leads  to  a  value  for  the  average  mass  of 
the  stars  which  is  in  close  accordance  with  what  has  also  been 
found  from  utterly  different  investigations,  and  if  we  add  a  final 
point,  namely,  the  natural  explanation  of  the  different  arrange- 
ment of  the  stars  of  different  spectral  types,  we  are  led  irresistibly 
to  the  following  conclusion: 

The  theor}^  here  propounded,  though  it  may  require  considerable 
modification  on  account  of  its  defectiveness  both  as  to  observa- 
tional basis  and  mathematical  treatment  is  probably  correct  in  its 
main  features. 

The  last  point  mentioned,  which  is  open  to  quantitative  veri- 
fication, requires  further  investigation,  but  even  now  promises  to  be 
no  less  significant  than  the  others.  It  is  referred  to  again  in 
section  14  below. 

10.  Acceleratiotis  including  centrifugal  eJfecL — If  with  the  aid 
of  Table  V  we  now  add  the  acceleration  due  to  the  centrifugal 
forces  to  that  produced  by  the  attractive  force,  the  resultant  will 
be  in  the  direction  of  the  normal.     We  find  the  results  in  Table  VII. 


TABLE  VII 
Acceleration,  Including  Effect  of  Centrifugal  Force 


Point 

Gv 

Point 

Gv 

Point 

Gv 

Point 

Gv 

Gpole/^MW 

II,  0°. . 

IV,  0  . . 

VI,  0  . . 

VIII,  0  .  . 

X,  0  .. 

2o8Xio-3» 

131      lO-J" 

90     io-»» 

6  s     io-3» 

48     io-» 

II,  30°.  . 

IV,  30  . . 

VI,  30  . . 

VIII,  30  . . 

X, 30  . . 

So8Xio-i» 

495        IO-3» 

367     io-» 

268        IO-3» 
193       IO-30 

II,57?i. 

IV,  57. 1. 

VI,  57. 1. 

VIII,S7.i. 

X,57.i. 

547Xio-3» 
577     io-3» 

458        IO-30 

359     io-3» 

277        lO-M 

II,  go°. . 

IV,  90  . . 

VI,  90  . . 

VIII,  90  . . 

X,  90  . . 

SS3Xio-3» 
593     io->» 
480     IO->° 
384      IO-3' 

302        IO-30 

2.7 
4-S 
S-3 
5-9 
6.3 

90" 


3  49 


l"2S' 
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iia.  Velocity  of  escape. — Assuming  formula  (3)  to  be  valid  for 
all  distances,  I  find  for  the  velocity  of  escape  of  a  star  near  the 
center  of  the  system 

In  the  Milky  Way  104  km/sec.  1 

In  the  direction  of  Pole    98  km/sec.  J 


(28) 


As  a  matter  of  convenience  I  used  for  this  computation  the 

constant  value 

7j  =  7. 5X10-3°  (29) 

116.  Velocity  compared  with  circular  velocity. — The  velocity  of  a 
star  which  moves  in  the  plane  of  the  ]Milky  Way  in  a  circular  orbit 
is  determined  by  the  formula 

Vl  =  Gri^.  (30) 

If  for  the  point  II,  0°  we  take  77  =  10.2  X 10-^°,  and  for  the  others 
the  value  (29),  we  obtain  the  results  in  Table  VIII.  The  linear 
velocities  /Sco  are  thus  seen  to  be  well  below  the  critical  velocity  Vc. 

TABLE  VIII 
LiXEAR  AXD  Circular  Velocities  ix  Plane  of  Milky  Way 


Point 


11,0° 

IV,  o 

VI,  o 

VIII,  o 

X,  o 


(3 


lOIO 

2106 

3656 

5675 

8465 


37-76 

35-71 
27.71 
20. 12 
13-53 


/So.  Table  VI 


km/sec. 
13-0 

19-5 
20. 1 
19.4 
18.6 


km/sec. 

19.  2 

23.1 
26.8 
28.5 
28.5 


12.  Defects  of  solution. — The  way  in  which  the  values  co  have 
been  determined  has  made  the  resultant  of  gra\'itational  and 
centrifugal  forces  perpendicular  to  the  equidensity  surfaces.  In 
order  that  the  surfaces  may  be  really  equipotential  there  is,  how- 
ever, a  second  condition  to  be  satisfied,  viz.,  that  for  points  on  the 
same  surface  the  total  force  shall  be  inversely  as  the  distance  of  two 
consecutive  surfaces.  This  condition  is  not  satisfied.  The  differ- 
ence is  shown,  in  its  most  extreme  form,  in  the  last  column  of  Table 
VII,  which,  for  the  points  in  the  ]Milk.y  Way  and  in  the  direction 
of  the  Pole,  situated  on  the  same  elhpsoid,  shows  the  quotient 

Force  at  Pole 


Force  in  Milky  Way  (including  centrifugal  force)  * 


(31) 
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If  the  equidensity  surfaces  were  really  accurately  represented 
by  concentric  similar  ellipsoids,  similarly  situated,  as  assumed  thus 
far,  this  quotient  in  every  case  would  be  5.1.  In  reality  this  is 
far  from  being  so. 

There  are  certain  facts  indicating  that  actually  the  equidensity 
surfaces  cannot  be  similar  ellipsoids  as  hitherto  supposed  in  this 
article.  It  is  a  well-knowTi  fact'  that  the  stars  of  large  proper 
motion  show  no  concentration  toward  the  Milky  Way,  but  are  dis- 
tributed over  the  various  galactic  latitudes  with  very  approximate 
uniformity.  The  meaning  of  this  can  hardly  be  other  than  that  the 
equidensity  surfaces  for  the  smaller  distances  are  spherical.  The 
equipotential  surfaces  of  the  gravitational  and  centrifugal  forces, 
in  order  to  coincide  with  the  equidensity  surfaces,  therefore  must 
also  be  spherical  for  vanishing  distances;  hence  the  quotient  (31) 
must  approach  i.oo.  Now  this  is  just  what  the  values  of  the 
quotient  given  in  Table  VII  do.  The  change  in  these  values  is 
therefore  an  encouragement  toward  an  attempt  at  an  improved 
theory  rather  than  otherwise. 

13.  Position  of  the  sun  relative  to  the  center  of  the  system. — Before 
such  an  attempt  can  be  made  with  any  hope  of  success  it  will  be 
necessary,  however,  to  free  the  data  from  several  imperfections. 
Foremost  among  these  is  the  imperfection  in  the  adopted  position 
of  the  sun.  The  data  used  in  what  precedes  rest  on  the  assumption 
that  the  sun  is  at  the  center.  It  seems  infinitely  improbable  that 
this  should  be  the  case.  Our  theory,  crude  though  it  necessarily 
must  be,  paves  the  way  for  overcoming  this  difficulty: 

First,  as  seen  from  the  sun,  the  center  of  the  system  must  lie 
in  a  plane  at  right  angles  to  the  true  stream-motion.  Adopting 
for  the  vertex  of  the  relative  motion  of  the  two  streams  a  =  6'' 17™, 
8  =  + 1 1°9,  or  gal.  long.  =  167°,  gal.  lat.  =  c°,  we  find  that  the  center, 
as  seen  from  the  sun,  must  he  in  gal.  long.  77°  or  257°. 

Second,  nearly  all  astronomers  who  have  dealt  with  the  question, 
though  from  a  very  different  point  of  view,  agree  in  assuming  for  the 
center  a  southerly  galactic  latitude.^ 

'  See  for  instance  in  Verslag.  Kon.  Ak.  v.  Wetensch.,  Amsterdam,  April,  1893, 
p.  137  (128). 

^  For  instance,  Struve,  Etudes  d' Astronomic  Slellaire,  pp.  61-62;  Kapteyn,  Kon. 
Ak.Amsterd.,k-pri\,  1893, p.  137;  'ii.cxizs^rving,Astronomische Nachrickten,  196. 207,1914. 
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Third,  Hertzsprung'  from  Cepheid  variables  finds  the  sun  to 
be  38  parsecs  north  of  the  central  plane  of  the  Milky  Way. 

Fourth,  the  most  difficult  question  probably  will  be  that  of  the 
distance  of  the  sun  from  the  center.  Still  I  think  we  can  indicate 
a  method  which  promises  well. 

For  a  first  approximation,  I  start  from  the  supposition,  for 
want  of  a  better  one,  that,  even  for  the  smaller  distances,  the  true 
densities  are  as  found  in  Contribution  No.  188,  which  were  derived 
on  the  basis  of  the  erroneous  assumption  that  the  sun  is  the  center. 
Further,  for  the  moment,  I  will  neglect  the  distance  of  the  sun 
from  the  central  plane  of  the  Milky  Way,  which  seems  to  be  small. 


Fig.  2 

In  Figure  2,  5  represents  the  sun,  C  the  center,  and  CS  =  y,  the 
required  distance.  Let  Ap  represent  the  true  star  density  at  the 
distance  p  from  the  center.  Now  that  we  give  up  the  erroneous 
supposition  made  in  Contribution  No.  188  and  the  present  paper, 
we  must  consider  the  meaning  of  the  densities  given  in  Table  VI 
of  Contribution  No.  188.  What  this  table  gives  for  a  specified 
value  of  a  (see  Fig.  2)  is  in  fact  A',  the  average  of  the  true  densities 
at  all  points  along  the  circumference  PAQ  around  S  with  the 
radius  a.  This  average  will  probably  be  not  ver}-  different  from 
the  mean  of  the  true  densities  at  the  points  P  and  Q,  and  for  the 
present,  since  our  aim  is  only  to  arrive  at  a  rough  approximation, 
we  will  assume  that  it  is  exactly  the  case.  Therefore,  A  being  the 
true  dens'ty, 

^',=\{^J,-y+^,+y)\iy>b\  ^^^^ 

'  Ihid.,  p.  208. 
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If  now,  as  a  first  approximation,  we  take  as  the  true  densities 
those  obtained  by  formula  (i)  and  assume  in  succession  3' =1500, 
1000,  and  500  parsecs,  we  find  values  of  A'  corresponding  to  differ- 
ent values  of  a  as  given  in  Table  IX. 

Such  a  table  then,  or  something  like  it,  would  have  been 
obtained,  instead  of  Table  VI  (lat.  =0°)  of  Contribution  No.  188, 
if  the  center  were  actually  at  a  distance  y  from  the  sun.  Thus,  if 
y  were  indeed  1500  parsecs,  the  considerations  of  Contrihutiofi 
No.  188  would  have  led  to  densities  which,  from  distance  zero  up 
to  distance  somewhere  near  1500  parsecs,  would  have  increased. 
For  3^=1000  we  should  still  have  found  an  initial  increase,  and 

TABLE  IX 
Values  of  A' 


a 
(Parsecs) 


O 

250 
500 
1000 
1500 
2000 
3000 
4000 
5000 


y  in  Parsecs 


1500 


0.25 
.26 
.29 

•43 
•55 
•30 

•  145 

.079 

0.044 


40 

45 

49 

59 

43 

245 

115 

062 

039 


500 


0.73 
.865 
.70 

•49 
.29 
.19 
.10 

■055 
0.03s 


even  for  ;y  =  5oo  the  same  would  have  held.  In  this  last  case, 
however,  the  increase  would  have  been  so  small  that  it  might  well 
have  been  overlooked  owing  to  the  errors  of  observation.  Since  in 
reaHty  the  observations  lead  to  a  regular  decrease  of  the  density 
throughout,  I  think  we  must  conclude  that  y  cannot  have  as  high 
a  value  as  1500  or  even  1000  parsecs.     As  an  upper  Hmit,  we  may 

take 

>»<  700  parsecs.  {2>^) 

We  can  also  find  a  lower  limit  from  the  condition  that  the 
relative  velocity  of  the  two  star-streams  must  not  deviate  greatly 
from  the  value  of  40  km/sec.  derived  from  observ^ation. 

In  the  neighborhood  of  the  sun  the  linear  rotatory  motion  of 
the  system,  that  is,  one-half  the  relative  velocity  of  the  star-streams, 
is  yo). 
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If  this  velocity  exceeded  the  circular  velocity  of  a  star  at 
distance  y  from  the  center  moving  under  the  attraction  of  the  whole 
system,  the  system  certainly  would  not  be  in  a  steady  state.  Hence, 
on  the  assumption  of  a  steady  state, 

y^<Vc,  (34) 

or  by  formula  (30) 

yu<VGr}y.  (35) 

Assuming  that  inside  ellipsoid  II 77,  has  everywhere  the  constant 
value  io.2Xio~30j  we  thus  find,  expressing  results  in  kilometers, 
for 

y=  1000  parsecs  ymKig.i  km/sec. 

700  parsecs  <  18. 2  km/sec. 

500  parsecs  <  16. 5  km/sec. 

If,  therefore,  we  admit  that  2yco,  the  relative  stream-velocity, 
cannot  well  be  below  35  km/sec,  we  obtain  as  a  lower  limit 

>'>6oo  parsecs  (36) 

The  two  limits  (33)  and  (36)  yield,  as  a  first  approximation, 

}'  =  650  parsecs  (37) 

All  these  results  agree  fairly  well  in  locating  the  center,  as 
seen  from  the  sun,  at 

Gal.  long.  77°  or  a  =  23''io™ 

GaLlat.  -3°  5  =  +  57°  I    ,  g) 

Distance  projected  on  galactic  plane   =650  parsecs  | 

Distance  projected  at  right  angles  to  that  plane  =38  parsecs 

The  principal  remaining  uncertainty  is  perhaps  that  for  the 
galactic  longitude,  which  instead  of  77°  might  be  257°.  Personally 
I  am  strongly  in  favor  of  adopting  the  former  value,  which  is  in 
good  accordance  with  the  investigations  of  Herschel,  Struve,  and 
myself  already  quoted.     My  own  result'  was 

a  =  o'',    5  =  +42°. 

The  determination  (38)  lays  claim  to  no  accuracy.  To  improve 
it,  it  will  be  necessary  to  carry  through  a  second,  and  perhaps  a 
third  and  fourth,   approximation,   for  the  determination  of  the 

'  Verslag.  Kon.  Akad.  Amsterdam,  January,  1893,  p.  129. 
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lower  limit  of  y;  besides,  I  think  we  may  still  improve  or  corroborate 
the  values  of  the  distance  of  the  sun  from  the  galactic  plane. ^ 
Altogether,  the  location  of  the  center  would  seem  to  be  a  laborious 
problem  rather  than  one  of  great  difficulty. 

There  is,  moreover,  the  possibility  of  a  direct  determination. 
Given  sufficient  data  on  numbers  of  stars  and  proper  motions 
for  the  regions  around  galactic  latitude  o°  and  longitudes  77°  and 
257°,  there  would  be  no  difficulty  in  deriving  separately  the  star- 
densities  at  different  distances  from  the  sun  in  these  regions.  If 
there  is  truth  in  the  above  theory,  these  densities  must  increase 
with  the  distance  up  to  distance  y,  in  the  direction  toward  the 
center,  whereas  in  the  opposite  direction  they  must  decrease  with 
increasing  distance.  The  two  solutions  together  must  yield  a 
rather  crucial  test  of  the  whole  theory. 

14.  Further  defects.  Separate  treatment  of  the  different  spectral 
types. — There  are  several  further  defects  in  the  solution  of  the 
present  paper.     I  will  enumerate  those  that  occur  to  me: 

a)  In  the  investigation  on  which  the  present  paper  is  based 
the  average  parallax,  as  a  function  of  magnitude  and  proper  motion, 
has  been  taken  from  Groningen  Publication,  No.  8.  At  the 
present  moment  we  have  already  available,  though  not  yet  pub- 
lished, much  improved  values,  especially  for  the  very  small  proper 
motions. 

b)  The  value  of  u^  is  not  the  very  best  that  could  have  been 
obtained. 

c)  The  values  of  G  in  Table  III  have  been  computed  on  the 
supposition  that  the  average  mass  of  a  star  is  independent  of  the 
distance,  whereas  later,  in  section  8,  it  was  found  that  this  is  not 
the  case. 

d)  In  this  same  computation  for  G,  it  was  further  assumed  that 
the  attraction  of  the  whole  of  the  system  outside  elHpsoid  X 
on  an  internal  point  is  zero.  Though  reasons  were  given  for 
admitting  that  this  attraction  is  small,  it  may  not  be  neghgible. 
Since  according  to  what  precedes  it  is  highly  improbable  that  the 

'  Furthermore  the  distance  of  the  center  from  the  sun,  as  here  found,  is  so  small 
that,  if  special  attention  is  given  to  the  matter,  it  may  not  be  hopeless  to  get  evidence 
of  the  curvature  of  the  stream-lines,  particularly  for  the  rather  distant  stars  (faint 
stars  having  small  proper  motion). 
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cqiiidensity  surfaces  within  X,  as  well  as  without,  are  really  similar 
ellipsoids,  the  whole  computation  for  G  will  have  to  be  revised  in 
a  more  definitive  treatment. 

e)  The  present  solution  is  for  all  the  stars  together,  that  is,  for  a 
very  heterogeneous  collection  of  stars. 

Only  the  last  point  is  of  fundamental  importance,  and  I  will 
devote  a  few  lines  to  it.  Just  as  in  the  higher,  very  attenuated 
parts  of  an  atmosphere,  where  the  molecular  encounters  become 
relatively  rare  and  the  different  gases  are,  as  it  were,  sorted  out,  so 
among  the  stars  we  must  expect  that  the  different  spectral  classes 
will  show  different  arrangements  in  space,  owing  to  the  different 
values  of  u^  and  -q  (mass)  peculiar  to  these  classes.  The  two  cases 
are  not  identical,  owing  to  the  stream-motion  in  the  stellar  system, 
which  is  not  supposed  to  exist  in  the  atmosphere.  Still  there  must 
be  analog>\  So,  to  take  an  extreme  example,  if  there  exists  a  class 
of  stars  for  which  u^  is  zero,  these  stars,  according  to  the  present 
theory,  would  be  confined  exclusively  to  the  central  plane  of  the 
galaxy-.  For  evidently  a  star  not  in  that  plane  could  not  have  pure 
stream-motion ;  that  is,  it  could  not  move  in  a  perfect  circle  around 
the  axis  and  perpendicular  to  it,  because  the  attractive  force  of  the 
system  on  such  a  point  does  not  lie  in  that  plane.  Therefore  it 
would  necessarily  have  a  pecuHar  motion. 

This  simple  consideration  makes  us  understand  at  once  the 
otherwise  astonishing  fact  that  the  WoK-Rayet  stars  lie  with  such 
close  approximation  in  the  central  plane  of  the  Milky  Way.  In 
the  present  theor}-  this  means  simply  that  they  can  have  no  other 
than  pure  stream-motion  (possibly  with  some  pecuhar  motion  in 
the  plane  of  the  Milky  Way').  We  thus  reahze  that  for  the 
several  classes  of  spectra  there  must  be  a  very  intimate  connection 
between  the  values  of  u^  and  77  on  the  one  hand,  and  the  well-known 
differences  in  concentration  toward  the  galaxy  on  the  other. 

Such  considerations  show  that  for  the  totahty  ''all  stars 
together"  the  value  of  tti^  will  doubtless  change  \\ith  the  position  in 
space  and  in  particular  wdth  the  distance  of  the  stars  from  the  plane 

'  It  is  noteworthy  that,  provided  the  peculiar  motion  in  the  Milky  Way  is  also 
zero  (as  it  must  be  when  the  Maxwellian  distribution  holds  for  this  Umiting  case),  the 
parallax  of  these  stars  becomes  a  pure  function  of  the  linear  velocity,  that  is,  of  the 
quotient,  radial  velocity  divided  by  sin  X.  X  being  the  angular  distance,  star-apex. 


326  /.  C.  KAPTEYN 

of  the  Milky  Way.  The  present  investigation,  therefore,  suffers 
from  the  defect  that  this  circumstance  was  neglected,  u^  ha\'ing  been 
taken  the  same  for  the  whole  of  the  system.  I  think  that  this 
shows  sufl&ciently  the  absolute  necessity  of  treating  the  different 
spectral  classes  separately. 

For  such  a  treatment  the  necessary  data  are  not  yet  available, 
or  at  least  not  available  in  a  satisfactory  form.  Fortunately, 
however,  there  exist  at  present  instruments  capable  of  dealing 
successfully  with  difficulties  which,  not  so  long  ago,  would  have  been 
insurmountable.  With  their  aid  we  may  hope  to  obtain  material 
for  several  spectral  classes  separately,  little  or  not  at  all  inferior 
to  what  has  already  been  obtained  for  the  stars  as  a  whole.  I 
think  that  the  determination  of  the  spectral  class  for  some  looo 
stars  of  magnitudes  ii  to  12,  well  distributed  over  the  sky  and  for 
which  the  proper  motion  is  either  already  sufficiently  well  known, 
or  may  be  determined  by  taking  a  few  additional  photographic 
plates,  will  go  far  toward  supplying  us  with  what  is  so  urgently 
wanted. 

APPENDIX 

Formulae  for  the  computation  of  the  attraction  of  a  homogeneous 
revolution  ellipsoid,  of  unit  density  (i  star  per  cubic  parsec),  on 
an  exterior  point. 

Take  the  axis  of  revolution  as  X-axis  and  let  the  :ry-plane 
contain  the  attracted  point  whose  co-ordinates  are  a  and  /3.  Let 
A  and  B  be  the  axes  of  the  ellipsoid,  the  first  coinciding  with  the 
axis  of  revolution,  and  let  X  and  F  represent  the  components  of  the 
required  attraction,  Z  being  zero.  Then  from  the  well-known 
formulae,'  if  we  put 

'  I  have  used  the  formulae  as  given  by  Duhamel,  Cours  de  mecanique,  V,  i ,  pp.  321 
and  318. 
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where,  if  a  =  o,  .1'  is  obtained  from 

and  if'/3  =  o,  from 

A'  =  a.  («) 

For  other  values  of  a  and  /3  We  may  write 


2  2/1* 

a 

'a 


v=\^  iP) 


A'\2 


With  these  auxiliar}-  quantities  we  find 

X=-aKct>(p),  (r) 

Y=-l3Ko:(p),  (s) 

in  which   (t){p)  and  w(/>),  or  rather  their  logarithms,  have  been 
tabulated  in  Table  X  by  means  of  the  formulae 

4>{p)  =  2[p— arc  tan  p]  (t) 

P 

CO  (/>)  =  arc  tan  />  — -~-  («) 

i-rp 
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TABLE  X 

Values  of  Log  0  {p)  and  Log  w  {p)  According  to  Formulae  {t)  and  {n) 


o . 000 . 

1  . 

2  . 

3- 

4. 

5- 

6. 
7. 
8. 

9- 
10. 

II. 
12 . 
13- 
14. 
IS- 

16. 
17. 
18. 
19. 

20. 

21  . 

22  . 
23- 
24- 
25- 

26. 
27. 
28. 
29. 

30. 

31  ■ 
32. 

a- 

34- 
35- 

36. 
37- 
38. 
39- 

40. 

41  . 
42- 
43- 
44- 
45- 

46. 
47- 
48. 
49- 
0.050. 


Log  <t> 


—  00 

0.824-"' 
1.727 

2. 255 

2.630 
2.921 

3.158 

3-359 
3-533 
3.687 
3.824 

3.948 
4.061 
4.166 
4.262 

4.352 

4.436 
4.515 
4.590 
4.660 
4.727 

4.790 
4.851 
4.909 
4.964 
5.018 

5.069 
5. 118 
5.16s 
5.211 
5.255 

5-298 
5-339 
5-379 
5-418 
5.456 

5.492 
5.528 
5  563 
5.597 
5.630 

5.662 
5. 693 
S-724 
5-754 
5-783 

S.812 
5-840 
5-867 
S-894 
5.920 


Log< 


0.824- 
1.727 

2.255 

2.630 
2.921 

3.158 

3. 359 
3-533 
3.687 
3.824 


.948 
,061 
,166 
,  262 
.352 

436 
515 
590 
660 
727 


4.790 
4.851 
4.909 
4.964 

S.017 

5.068 
5.118 
5.165 
5.211 

5.255 

5.297 
5-339 
5379 
5. 418 

5. 455 

S.492 
5-528 
5-563 
5-596 
5.629 

5-661 
5 -693 

S-723 
5-753 
5-782 

5-8ii 
5.839 
5.866 

5. 893 
5.920 


0.05 

6 

7 
8 

9 
10 

11 
12 
13 
14 
15 

16 

17 
18 

19 

20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 

34 
35 

36 
37 
38 
39 

40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
0.50 


Log  0 


5.920-" 

6.157 
6.358 
6.531 
6.68s 
6.821 

6.945 
7.058 
7. 161 

7.257 
7.346 

7.430 
7.508 
7.581 
7.651 

7.717 

7.779 
7.839 
7.896 
7.950 
8.002 

8.052 
8.100 
8.146 
8.190 
8.233 

8.274 
8.314 
8.352 
8.390 
8.426 

8.461 

8.495 
8.528 
8.560 
8.591 

8.621 
8.651 
8.680 
8.707 
8-735 

8.761 
8.787 
8.813 
8-837 
8.861 


Log  I 


5  .920-'» 

6.156 
6.357 
6.530 
6.682 
6.819 

6.942 

7 .  054 
7.157 
7.252 

7.341 

7.423 
7.500 

7.573 
7.642 
7.707 


,768 
,827 
,882 

■  935 
,986 


8.035 
8.081 
8.126 
8.169 
8.210 

8.250 
8.288 
8.325 
8.361 
8.396 

8.429 
8.461 
8.493 
8.523 
8.552 

8.581 
8.609 
8.63s 
8.662 
8.687 

8.712 
8.736 
8.759 
8.782 
8.804 


0.6. 
0.7. 
0.8. 
0.9. 

1 .0. 

1 . 1. 
1.2. 
1.3. 
1.4. 
1.5. 

1.6. 
1.7. 
1.8. 
1.9. 

2.0. 

2.1. 
2.2. 

2-3- 

2-4- 
2-5- 

2.6. 

2.7. 

2.8. 

2.9. 
3.0. 

3.1. 
3.2. 

3-3- 
3-4- 
3-5- 

3-6. 
3-7- 
3-8. 
3.9- 

4-0. 

4.1. 

4.2. 

4.3. 

4.4. 
4.5. 


Log  0 


0.5 8.861-" 


9-076 
9.252 
9-399 
9-524 
9.633 

9.728 
9.812 
9.886 

9-9S4 
0-015 

0.070 
0.121 

0.168 
0.211 
0.252 

0.289 
0.32s 
0.358 
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A  CONTINUOUS   SPECTRUM   FROM    MERCURY   VAPOR 

By  C.  D.  child 

ABSTRACT 

Continuous  speclnim  of  mercury,  red  to  ultra-violet. — (i)  Conditions  for  emission  in 
discharge  tube.  A  continuous  spectrum  identical  with  the  fluorescence  spectrum  is 
emitted  in  addition  to  the  ordinary  line  spectrum  only  when  (a)  the  temperature  of  the 
vapor  is  above  120°  C.  and  below  300°  to  400°,  depending  on  the  pressure,  when  {b)  the 
pressure  is  above  i  mm,  when  (c)  the  current-density  is  low,  of  the  order  of  10  ' 
amp/cm^  or  less  and  ((f)  when  very  little  air  or  other  contaminating  gas  is  present. 
An  influence  machine  or  transformer  is  better  as  a  source  of  current  than  an  induction 
coil,  especially  one  with  condensers.  Ionization  of  the  \'apor  is  not  necessary  for  the 
emission  of  this  spectrum  since  it  was  obtained  \x\\h  only  7  volts  between  the  Wehnelt 
cathode  and  surrounding  cylinder.  (2)  In  explanation  it  is  suggested  that  the  carriers 
of  the  spectrum  are  molecules  consisting  of  two  or  more  atoms,  which  emit  the  fluo- 
rescence spectrum  as  a  result  of  excitation  by  ultra-violet  radiation  X  2536  emitted  by 
atoms  struck  by  electrons  with  energies  corresponding  to  4.9  volts  or  more. 

Continuous  spectrum  of  sodium. — Preliminary  observations  on  heated  sodium 
vapor  in  a  discharge  tube  indicated  that  a  continuous  spectrum  was  present  but 
much  fainter  than  the  line  spectrum. 

Ionization  potential  for  mercury. — Some  observations  on  the  current  from  a 
heated  filament  to  a  concentric  electrode  as  a  function  of  voltage  seem  to  show  that 
the  ionization  potential  varies  with  the  temperature,  reaching  a  minimum  for  about 
140°,  when  it  was  3  volts  less  than  for  50°. 

Change  in  chemical  behavior  of  mercury  vapor  at  about  i20°C. — -Above  that  temper- 
ature it  reacts  with  air  to  form  a  dark  compound,  but  not  below.  This  reaction  is 
associated  with  the  appearance  of  the  continuous  spectrum. 

The  writer  has  recently  observed  that  under  certain  conditions 
the  electric  discharge  through  mercury  vapor  produces  a  glow  that 
is  distinctly  green.  This  shows  the  well-known  line  spectrum  of 
mercury  and  also  one  that  is  apparently  continuous  from  the  red 
into  the  blue,  being  most  prominent  to  the  eye  in  the  green.  A 
brief  mention  was  made  by  Warburg'  in  1890,  that  he  had  observed 
a  continuous  spectrum  when  studying  the  electric  discharge 
through  mercury  vapor.  This  was  verified  by  Wiedemann  and 
Schmidt,^  Kalahne,^  and  Kowalski.^  A  continuous  spectrum  was 
also  found  by  Hartley^  when  mercury  vapor  is  excited  to  fluores- 
cence by  ultra-violet  radiation,  and  was  further  studied  by  Wood* 

'  Wiedemann's  Annalen,  40,  14,  1890. 

^  Ibid.,  57,  457,  1896.  3  Ibid.,  6s,  826,  1898. 

■t  Physikalische  Zeitschrift,  15,  249,  1914. 

^Proceedings  Royal  Society,  A,  76,  428,  1905. 

^Philosophical  Magazine  (6),  18,  240,  1909,  and  (6),  23,  689,  191 2. 
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and  others.  However,  no  extended  study  has  been  made  of  this 
spectrum  when  excited  by  an  electric  discharge,  and  the  investi- 
gation described  in  the  following  paragraphs  was,  therefore, 
undertaken. 

Conditions  necessary  for  obtaining  the  continuous  spectrum. 
Small  current-density. — There  are  three  conditions  necessary  for 
obtaining  the  continuous  spectrum  by  an  electric  discharge  with 
any  considerable  brightness;  the  first  being  that  the  current- 
density  must  be  small.  As  the  current-density  is  increased  the 
line  spectrum  becomes  more  prominent  and  the  continuous  spec- 
trum less  so.  Contracting  the  tube  as  in  the  Pliicker  tube  has 
the  same  effect  as  increasing  the  current. 

The  best  source  of  current  for  showing  this  spectrum  is  the 
Wimshurst  or  Toepler-Holtz  machine.  With  the  current  from  such 
a  machine  it  is  often  impossible  to  detect  any  Hues  even  when  the 
continuous  spectrum  is  very  bright.  A  step-up  transformer  may 
also  be  used  to  advantage.  An  induction  coil  is  not  so  satisfactory. 
It  is  possible  to  obtain  the  continuous  spectrum  with  the  dis- 
charge from  a  hot  wire  covered  with  calcium  oxide,  if  the  current 
is  sufficiently  srriall.  Putting  condensers  in  parallel  with  the  induc- 
tion coil  has  the  same  effect  as  increasing  the  current.  In  most 
of  the  experiments  described  in  this  paper  the  discharge  was 
obtained  from  a  transformer,  the  current  being  approximately 
5X10"^  amperes  per  square  centimeter. 

Temperature  and  density  necessary  for  the  continuous  spectrum. — 
The  second  condition  necessary  for  obtaining  the  continuous 
spectrum  is  that  the  temperature  must  be  above  120°  C.  and 
below  a  higher  temperature  which  depends  on  the  density  of  the 
vapor.  Kowalski  found  that  mercury  vapor  excited  by  an  elec- 
trodeless  discharge  gave  a  white  glow  at  room  temperature  and 
a  green  glow  when  heated  to  140°  C.  This  is  approximately  the 
same  temperature  as  that  which  was  found  necessary  to  produce 
the  continuous  spectrum. 

A  third  condition  necessary  for  the  continuous  spectrum  is  that 
the  vapor  have  a  density  approximately  that  of  saturated  vapor 
at  120°  C.  This  may  be  shown  by  maintaining  the  lower  part  of  a 
tube  containing  a  small  amount  of  liquid  mercury  at  a  temperature 
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below  120°  C,  while  the  upper  part  is  kept  above  that  temperature. 
The  vapor  in  such  a  tube  is  less  dense  than  that  required  and  does 
not  show  the  continuous  spectrum.  This  will  be  discussed  more 
fully  in  a  following  paragraph. 

Even  when  the  density  of  the  vapor  is  kept  constant  the  con- 
tinuous spectrum  becomes  less  prominent,  if  the  temperature  is 
raised  too  high.  This  was  shown  by  a  tube  25  cm  long  which  was 
heated  while  being  exhausted  until  all  but  a  few  minute  drops  of 
the  liquid  mercury  were  vaporized.  It  was  then  sealed  off  from 
the  pump  and  further  heated  until  the  mercury  was  completely 
vaporized.  This  showed  the  continuous  spectrum  with  scarcely 
a  trace  of  the  line  spectrum.  If  it  was  further  heated  until  the  glass 
became  shghtly  conducting  the  glow  became  distinctly  blue  with 
the  discharge  concentrated  in  a  line  in  the  center  of  the  tube.  The 
line  spectrum  was  then  prominent  with  but  little  of  the  continuous 
spectrum. 

An  experiment  by  Wood^  showed  that  the  same  effect  occurs  at 
a  higher  temperature  when  the  continuous  spectrum  is  excited  by 
ultra-violet  light.  In  his  experiment  a  quartz  tube  containing  a 
very  small  drop  of  mercury  was  exhausted  and  sealed  off  from  the 
pump  and  heated  until  the  mercury  was  completely  vaporized 
and  the  tube  became  red  hot.  It  was  found  that  after  the  mercury 
had  all  vaporized  the  fluorescence  diminished  in  intensity  and  finally 
disappeared. 

It  is  difficult  to  determine  the  exact  temperature  and  density 
necessary  to  produce  the  continuous  spectrum  not  only  because 
any  change  in  the  spectrum  due  to  heating  the  tube  occurs  gradu- 
ally, but  also  because  any  trace  of  gas  other  than  mercury  hinders 
the  production  of  the  continuous  spectrum.  When  a  tube  is 
sealed  off  from  the  pump  and  used  for  a  time  such  gases  are  apt  to 
occur.  Lastly  it  is  difficult  to  distinguish  between  effects  due  to 
temperature  and  those  due  to  density,  since  it  is  impossible  to 
increase  the  density  of  the  vapor  without  increasing  the  tempera- 
ture. 

However,  the  arrangement  shown  in  Figure  i  gives  results  of 
some  value. 

'Philosophical  Magazine  (6),  18,  246,  1909. 


332 


C.  D.  CHILD 


h 


The  tube  T  was  connected  to  the  pump  by  a  trap  d.  Observa- 
tions were  made  with  this  open  and  with  it  closed.  The  upper 
parts  of  T  and  c  were  surrounded  with  an  asbestos  jacket  which  was 
heated  by  a  ring  burner.  The  lower  part,  including  d,  was  immersed 
in  an  oil  bath  which  was  kept  at  a  lower  temperature.     When  the 

trap  at  d  was  open  the  tendency 
for  the  mercury  to  distil  into  the 
pump  was  hindered  by  placing  a 
capillary  tube  20  cm  long  and  1.25 
mm  in  diameter  at  c. 

The  trap  at  d  could  be  closed 
by  distiUing  mercury  over  from  the 
tube  until  the  opening  to  P  was 
closed.  Both  with  the  trap  open 
and  with  it  closed  the  tube  was 
heated  for  some  time  before  obser- 
vations were  taken. 

It  was    found    that  both    the 
upper  and  the  lower  parts  of  the 
tube  must  be  at  least  at  130°  C.  in 
order  to  show  the  continuous  spec- 
trum   prominently.     Heating   the 
upper    alone    was    not    sufficient 
even  when  the  lower  was   but  a 
few    degrees    below   the    required 
temperature.     This  again  shows  that  it  is  not  only  necessary  to 
have  a  requirpfi  temperature  but  also  a  certain  density  of  the 
vapor. 

The  lower  part  of  the  tube  was  then  maintained  at  various  tem- 
peratures above  130°  C.  and  the  upper  part  was  heated  until  the 
continuous  spectrum  approximately  disappeared.  In  this  case 
the  density  of  the  vapor  did  not  remain  constant  but  diminished 
as  the  temperature  of  the  upper  part  was  raised.  The  results  of 
such  observations  taken  with  the  trap  open  are  given  in  Table  I 
but  approximately  the  same  results  were  obtained  with  the  trap 
closed.  Column  i  gives  the  temperature  of  the  bath  surrounding 
the  bottom  of  the  tube,  and  Column  2  gives  the   approximate 
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temperature  of  the  air  inside  the  jacket  above  which  the  vapor 
ceases  to  give  the  continuous  spectrum.  Above  400°  C.  the  glass 
became  somewhat  conducting,  so  that  no  higher  temperature 
could  be  taken  with  the  apparatus  at  hand. 


TABLE 

I 

Column  I 

Column  2 

132 

310 

140 

335 

150 

375 

160 

410 

167 

440 

As  has  been  stated,  the  values  given  in  the  second  column  are 
rough  approximations,  but  they  are  sufficiently  accurate  to  prove 
that  the  temperature  at  which  the  continuous  spectrum  disappears 
depends  on  the  density  of  the  vapor  in  the  tube.  This  is  what 
might  be  expected  if  the  continuous  spectrum  depends  on  the 
presence  of  molecules  in  the  vapor.  According  to  the  mass  law, 
if  both  atoms  and  molecules  are  present,  the  greater  the  density 
of  the  vapor  the  greater  the  relative  number  of  molecules  at  a 
given  temperature,  and  the  higher  the  temperature  needed  to 
break  up  all  of  the  molecules  into  atoms. 

If  both  the  vapor  and  the  liquid  mercur}'  are  heated  above 
200°  C.  the  discharge  becomes  concentrated  at  the  center  of  the 
tube.  At  280°  C.  with  a  pressure  of  15  cm  the  discharge  is  almost 
a  line,  which  is  very  bright  and  shows  the  line  spectrum  much  more 
prominently  than  the  continuous  spectrum. 

Effect  of  vaporization  and  condensation. — It  is  easier  to  obtain 
the  continuous  spectrum  where  vaporization  and  condensation 
are  taking  place,  as  may  be  shown  by  heating  a  tube  at  some  part 
where  a  few  drops  of  mercury  have  condensed.  If  a  discharge 
is  passed  through  the  tube,  the  continuous  spectrum  is  much 
more  prominent  in  the  region  where  the  vaporization  occurs  than 
elsewhere. 

However,  neither  vaporization  nor  condensation  is  essential 
for  the  production  of  the  continuous  spectrum.  This  was  shown 
in  the  experiment  already  described  where  a  tube  was  heated  until 
the  mercury  was  completely  vaporized.     When  there  was  neither 
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vaporization   nor   condensation,    there   was   still   the   continuous 
spectrum  with  scarcely  a  trace  of  the  line  spectrum. 

There  is,  however,  no  question  but  that  condensation  aids  in 
showing  the  continuous  spectrum  and  also  that  it  is  the  condensa- 
tion rather  than  the  vaporization  that  is  helpful.  It  is  somewhat 
difl&cult  to  prove  this  since  newly  formed  vapor  ordinarily  expands 
as  soon  as  it  leaves  the  surface  of  the  hot  mercury  and  in  doing 
so  may  condense  enough  to  show  the  continuous  spectrum.  How- 
ever, that  the  preceding  statement  is  correct  was  shown  by  the  tube 
illustrated  in  Figure  2.     The  electrode  a  extended  into  the  Uquid 

mercury.  This  was 
heated  and  the  part  of 
the  tube  at  the  left  of 
c  was  kept  as  hot  as 
possible.  The  part  at 
the  right  was  allowed 
to  remain  compara- 
tively cool.  The  con- 
nection to  the  pump 
was  left  open,  so  that 
only  a  part  of  the  vapor  passed  into  the  tube.  Under  these  con- 
ditions the  glow  over  the  liquid  mercury  and  as  far  as  c  was 
white,  while  that  at  the  right  of  c  was  green.  By  having  a 
current  sUghtly  greater  than  the  minimum  it  is  possible  to  obtain 
a  discharge  which  shows  no  continuous  spectrum  at  the  left  of  c 
while  it  shows  it  very  prominently  at  the  right. 

Effect  of  other  gases  on  the  mercury  vapor. — Wood'  found  that 
mercury  would  not  fluoresce  when  mixed  with  other  gases.  The 
same  has  been  found  true  when  the  continuous  spectrum  is  pro- 
duced by  an  electric  discharge.  As  has  been  stated,  a  very  shght 
amount  of  air  changes  very  greatly  the  upper  temperature  at 
which  the  continuous  spectrum  disappeared.  Again,  with  2  or 
3  mm  of  air  and  a  small  amount  of  mercury  vapor  it  is  impossible 
to  obtain  a  continuous  spectrum  at  any  temperature.  Thus  in 
the  preceding  experiment,  with  the  bath  at  the  bottom  of  the  tube 

'  Astro  physical  Journal,  26,  43,  1907;  Philosophical  Magazine  (6),  18,  244,  1909, 
and  (6),  21,  314,  1911. 
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at  140°  C.  and  3  mm  of  air  present,  no  continuous  spectrum  could 
be  obtained,  whatever  the  temperature  of  the  upper  part  of  the 
tube.  When  the  upper  part  was  at  230°  C.  only  the  Hne  X  5461 
could  be  detected.  A  somewhat  similar  phenomenon  has  been 
observed  by  Robertson'  when  exciting  mercury  vapor  by  elec- 
trodeless  discharge. 

Continuous  spectrum  not  ajfected  by  the  kind  of  electrode,  kind  of 
glass,  nor  purity  of  mercury. — The  continuous  spectrum  is  not 
affected  by  the  shape  of  the  tube  nor  that  of  the  electrode,  providing 
the  current-density  is  not  increased.  It  is  shown  equally  well  with 
platinum,  iron,  or  mercury  electrodes  and  in  tubes  made  of  soda, 
lead,  or  Pyrex  glass.  It  showed  equally  well  with  mercury  that  had 
been  distilled  three  times  and  with  mercury  containing  zinc,  lead, 
cadmium,  or  sodium  as  impurities. 

Mercury  was  also  purified  by  distilhng  it  in  a  stream  of  air.  It 
is  claimed  by  Hulett  and  Minchin^  that  mercury  so  distilled  has 
less  than  one  part  of  zinc  to  io'°  parts  of  mercury  and  that  other 
oxidizable  metals  are  removed  to  an  equal  extent.  Mercury 
thus  purified  showed  the  same  spectrum  as  other  mercury. 

Differences  between  normal  mercury  vapor  and  that  giving  the 
continuous  spectrum.  Ionization  of  the  gas  not  necessary  for  radiation. 
— In  a  number  of  ways  the  vapor  which  is  in  a  condition  to  give  the 
continuous  spectrum  behaves  differently  from  mercury  vapor  at 
room  temperature.  First  it  may  be  made  to  give  visible  radiation 
without  being  ionized.  This  might  be  expected  from  the  fact 
that  it  fluoresces  under  the  influence  of  ultra-violet  radiation 
without  becoming  ionized,  as  has  been  shown  by  Wood.^  That 
such  radiation  may  also  be  produced  by  an  electric  discharge 
without  ionizing  the  vapor  is  shown  by  the  following  experiment. 
Current  from  a  hot  wire  covered  with  calcium  oxide  was  passed 
to  a  surrounding  cylinder.  When  the  mercury  at  the  bottom  of 
the  tube  was  heated  so  as  to  send  a  stream  of  hot  vapor  through 
the  cylinder  the  region  above  the  cylinder  showed  a  faint  glow 
which  gave  the  continuous  spectrum  even  when  the  voltage  between 

'  Science,  52,  386,  1920. 

'  Physical  Revieu',  21,  388,  1905. 

'  Philosophical  Magazine  (6),  23,  713,  191 2. 


336  C.  D.  CHILD 

the  wire  and  the  cyKnder  was  much  below  that  needed  to  produce 
ionization. 

In  the  experiment  as  performed  the  wire  was  4  cm  long  and 
2  mm  in  diameter.  The  surrounding  cyhnder  was  of  iron,  5  cm 
long  and  2  cm  in  diameter.  At  approximately  7  volts  there  was  a 
faint  glow  above  the  cylinder,  which  grew  somewhat  brighter  as  the 
voltage  was  raised,  but  there  was  no  large  increase  in  the  current 
until  a  difference  of  potential  of  12  volts  was  applied,  when  the 
current  suddenly  increased  and  the  region  between  the  wire  and 
the  cylinder  became  luminous.  The  change  above  12  volts  was 
no  doubt  due  to  the  beginning  of  ionization  of  the  vapor.  This 
would,  therefore,  seem  to  justify  the  conclusion  that  the  continuous 
spectrum  may  be  produced  without  ionizing  the  vapor. 

A  lower  ionization  potential. — Again  the  ionization  potential  of 
the  vapor  giving  the  continuous  spectrum  appears  to  be  lower  than 
that  of  normal  mercury  vapor.  This  was  shown  by  examining  at 
different  temperatures  the  voltage  at  which  there  occurs  a  large 
increase  in  the  current  passing  from  a  hot  wire  to  a  surrounding 
cylinder  without  any  corresponding  increase  in  the  voltage.  The 
same  tube  was  used  for  this  purpose  as  in  the  preceding  experiment 
where  the  discharge  from  a  hot  wire  was  examined.  The  air 
was  pumped  out  by  a  diffusion  pump  until  no  reading  could  be 
made  on  a  McLeod  gauge  that  read  down  to  .0002  mm.  The  tube 
was  then  heated  for  some  time  so  as  to  drive  off  any  residual  air, 
the  tube  becoming  filled  with  mercury  vapor  from  mercury  kept  in 
the  bottom  of  the  tube.  The  current  through  the  platinum  wire 
was  kept  at  4.5  amperes. 

At  approximately  50°  C.  the  critical  voltage  was  16  volts. 
When  the  tube  was  heated  until  the  continuous  spectrum  appeared 
the  critical  voltage  was  approximately  13  volts.  On  further 
heating  until  the  mercury  at  the  bottom  was  freely  boihng  the 
critical  voltage  increased  to  18  volts.  On  allowing  the  tube  to 
cool  this  voltage  again  decreased  to  13  volts  and  then  increased  to 
16  volts. 

Data  taken  with  different  temperatures  of  the  wire  and  with 
different  sizes  of  wire  all  showed  a  minimum  critical  voltage  when 
the  tube  was  barely  hot  enough  to  show  the  continuous  spectrum. 
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A  check  upon  this  is  given  by  the  fact  that  when  a  current  is 
sent  through  a  tube  from  a  Wimshurst  machine,  the  potential 
difference  between  the  electrodes  is  smallest  when  the  temperature 
is  such  that  the  continuous  spectrum  begins  to  app>ear.  This 
was  shown  by  rough  measurements  taken  with  an  electroscope. 

The  high  voltage  required  when  the  temperature  was  high 
was  no  doubt  due  to  the  large  density  of  the  mercury  vapor.  Al- 
though impact  between  electrons  and  atoms  of  mercury  at  low 
voltage  is  elastic,  a  small  amount  of  energy  is  lost  to  the  electron 
at  each  impact,  so  that  with  large  density  much  of  the  energy  is 
lost  and  a  high  voltage  is  necessary  to  produce  ionization. 

The  decrease  in  voltage  occurring  when  the  temperature  is  such 
that  the  continuous  spectrum  is  barely  visible  must,  of  course,  be 
explained  in  some  other  way.  It  might  be  thought  that  at  the  lower 
temperatures  there  was  some  impurity  in  the  gas  which  caused  the 
critical  voltage  to  be  high.  This  does  not,  however,  seem  probable, 
first,  because  the  amount  of  gas  other  than  mercury  vapor  which 
was  left  in  the  tube  was  very  small,  its  pressure  being  less  than 
.0002  mm.  Secondly,  even  this  small  amount  would  be  swept  out 
by  the  flow  of  mercury  vapor  into  the  cooler  parts  of  the  apparatus. 

Again  the  lower  critical  value  occurring  when  the  continuous 
spectrum  appeared  might  be  explained  on  the  ground  that  the 
platinum  wire  became  hotter  as  the  tube  was  heated  and  that  the 
apparent  critical  voltage  became  lower  because  of  the  higher 
velocity  of  the  emitted  electrons.  However,  the  resistance  of  the 
wire  was  measured  by  a  Wheatstone  bridge  arrangement  and  it 
was  found  that  when  the  tube  was  heated  and  the  current  through 
the  wire  was  kept  constant,  the  resistance  of  the  wire  became 
shghtly  less,  indicating  that  the  temperature  of  the  wire  decreased 
instead  of  increasing.  This,  no  doubt,  was  due  to  the  cooling 
effect  of  the  mercury  vapor  about  the  wire.  As  the  temperature 
of  the  tube  is  raised  the  density  of  the  vapor  increases  and  the 
denser  vapor  is  able  to  conduct  more  heat  from  the  wire,  so  that 
its  temperature  is  lower,  although  the  temperature  of  the  sur- 
rounding tube  is  higher. 

It,  therefore,  seems  necessary  to  accept  the  view  that  the  lower 
critical  voltage  is  due  to  the  fact  that  the  ionization  potential  of  the 
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mercury  vapor  is  less  when  the  vapor  is  in  a  condition  to  give  the 
continuous  spectrum  than  when  it  is  at  room  temperature. 
Whether  this  lowering  is  due  directly  to  a  change  in  the  condition 
of  the  molecules  which  makes  them  more  easily  ionized,  or  to  some 
ability  which  they  acquire  of  absorbing  radiation,  cannot  at  present 
be  stated.  A  more  direct  method  of  measuring  the  ionization 
potential  is  desirable  in  order  to  give  us  further  knowledge  of  this 
subject. 

Hot  vapor  active  chemically. — During  these  experiments  it  was 
noticed  that  if  any  appreciable  amount  of  air  was  left  in  the  tube 
and  the  temperature  raised  sufficiently  high  to  produce  the  con- 
tinuous spectrum,  a  dark  compound  was  formed  which  stuck  to  the 
sides  of  the  glass.  The  substance  was  not  formed  when  the  dis- 
charge was  passed  through  a  tube  at  room  temperature.  By  using 
a  tube  that  was  hotter  at  the  bottom  than  at  the  top  it  was  possible 
to  observe  the  boundary  between  the  region  showing  the  con- 
tinuous spectrum  and  that  showing  the  line  spectrum  and  it  was 
found  that  this  was  also  the  boundary  between  the  glass  covered 
with  the  deposit  and  the  clean  glass. 

Continuance  of  the  glow. — When  this  discharge  showed  the  con- 
tinuous spectrum  there  was  usually  a  green  glow  for  several  centi- 
meters above  the  upper  electrode.  This  could  be  explained  as  due 
to  carriers  of  the  continuous  spectrum  continuing  to  radiate  for 
an  appreciable  time  after  they  were  excited.  This  continuance 
of  the  glow  was  examined  by  two  different  methods.  One  of  those 
used  has  been  described  in  a  preceding  article.^  The  discharge 
was  passed  from  the  secondary  of  a  transformer  and  the  time  at 
which  the  current  ceased  was  compared  with  the  time  at  which 
the  light  ceased  to  be  visible.  This  method  indicated  a  con- 
tinuance of  the  hght  for  .002  seconds  after  the  current  ceased. 

There  is,  however,  an  objection  to  this  method  owing  to  the 
possibiUty  of  the  glass's  becoming  charged  at  the  time  the  dis- 
charge passes  and  producing  a  luminous  discharge  after  the  current 
proper  has  ceased.  The  following  arrangement  obviates  this 
difficulty  to  a  large  extent.  The  tube  which  has  already  been 
described  in  showing  the  discharge  from  a  hot  wire  to  a  cylinder 

■  Physical  Review  (2),  9,  i,  1917. 
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surrounding  it  was  used.  The  current  between  the  wire  and  the 
cylinder  was  made  and  broken  by  a  wheel  attached  to  the  syn- 
chronous motor  used  in  the  preceding  experiment.  The  difference 
in  time  between  the  breaking  of  the  current  and  the  time  when  the 
light  ceased  to  be  visible  was  apparently  .008  seconds. 

Since  the  voltage  here  was  not  more  than  30  volts  and  the  wire 
was  so  nearly  surrounded  by  the  cylinder,  it  seems  as  if  the  glass 
could  not  have  been  charged  to  a  sufficient  amount  to  produce  any 
light.  On  the  other  hand  the  fact  that  the  light  was  here  observed 
to  continue  for  a  period  longer  than  that  found  with  a  spark 
discharge  which  is  known  to  be  somewhat  untrustworthy  makes  it 
desirable  to  study  this  phenomenon  further. 

Character  of  the  spectrum. — ^As  far  as  could  be  determined  by 
observations  with  the  eye  and  by  some  rather  crude  photographs 
of  the  spectrum  the  continuous  spectrum  here  studied  is  the  same 
as  that  given  by  Wood'  but  the  writer  has  neither  the  apparatus 
nor  the  experience  to  warrant  further  work  with  this.  Wood's 
work  has  shown  that  this  spectrum  is  continuous  from  the  yellow 
into  the  ultra-violet  at  about  the  wave-length  X  3000  with  a 
minimum  at  X  3600.  When  the  glow  is  produced  by  electric 
means  and  the  conditions  are  at  their  best  the  red  is  also  visible. 

Again  we  might  expect  the  relative  intensity  of  different  parts 
of  the  spectrum  to  vary  as  the  conditions  of  the  experiment  varied. 
Such  a  variation  was  found  by  Wood^  in  the  case  of  iodine  vapor 
when  its  density  was  changed.  A  difference  of  this  sort  would 
indeed  be  expected  if  the  molecules  giving  the  spectrum  differ  in 
size  or  are  subject  to  any  change  which  progresses  as  the  tempera- 
ture is  varied. 

However,  there  does  not  appear  to  be  any  such  variation  in  the 
continuous  spectrum  from  mercury  vapor,  as  is  shown  by  the 
following  experiments.  A  discharge  was  passed  from  the  bottom 
of  a  tube  containing  boiling  mercury  to  an  electrode  24  cm  above 
it.  It  is  probable  that  if  the  molecules  change  either  in  size  or  in 
condition,  they  do  so  in  passing  from  the  hot  Hquid  to  the  cooler 
region  above.     However,  no  difference  could  be  observed  in  the 

'  Philosophical  Magazine  (6),  18,  240,  1909.     Plate  7,  Fig.  6. 
^  Ihid.  (6),  27,  531,  1914- 
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character  of  the  spectrum  coming  from  different  parts  of  the  tube. 
Neither  did  changing  the  intensity  of  the  Kght  produce  any  change 
in  the  relative  brightness  of  different  parts  of  the  spectrum. 

Again  the  color  of  the  discharge  through  tubes  differing  in 
temperature  and  in  density  of  vapor  is  the  same  as  long  as  only  the 
continuous  spectrum  appears.  For  example  one  tube  was  heated 
to  approximately  140°  C.  and  second  to  220°  C.  The  pressure  of 
the  vapor  in  the  first  case  was  2  mm  and  in  the  second  was  3  cm. 
When  the  two  tubes  were  placed  side  by  side  and  the  same  current 
sent  through  them  no  difference  in  color  could  be  detected.  At 
higher  temperatures  the  discharge  becomes  concentrated  in  the 
center  of  the  tube  and  the  line  spectrum  becomes  noticeable. 
In  that  case  a  difference  of  color  is,  of  course,  noticeable. 

Moreover,  Wood  and  others  who  have  examined  the  fluorescence 
of  mercury  vapor  when  at  atmospheric  pressure  mention  the  color 
as  being  green,  which  is  the  same  as  that  given  by  the  vapor  at 
low  pressure. 

The  evidence  obtained  from  the  spectrum  would,  therefore, 
indicate  that  the  oscillating  system  which  gives  the  continuous 
spectrum  is  distinctly  different  from  that  which  gives  the  Hne 
spectrum,  that  the  hght  always  comes  from  the  same  oscillating 
system  rather  than  from  a  number  of  different  ones  and  that  it  is 
not  affected  by  the  frequency  of  the  impacts  between  the  molecules. 

The  carriers  of  the  continuous  spectrum. — In  attempting  to 
determine  the  carriers  of  the  continuous  spectrum  two  explanations 
have  been  considered.  One  is  that  the  same  vibrating  system 
gives  both  the  line  and  the  continuous  spectrum,  the  vibrations 
being  modified  when  the  vapor  is  dense  by  the  greater  number  of 
impacts.  There  are  two  objections  to  this  view.  First,  experi- 
ment shows  that  when  the  density  is  kept  constant  and  the  tempera- 
ture of  the  vapor  is  raised  the  ability  of  the  vapor  to  give  the  con- 
tinuous spectrum  is  impaired,  if  not  destroyed.  But  under  these 
conditions  there  is  an  increase  in  the  number  and  intensity  of 
impacts  per  second  and  if  the  continuous  spectrum  is  due  to  impacts 
between  atoms,  one  would  expect  the  continuous  spectrum  to 
become  more  conspicuous  instead  of  less  so. 
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Secondly,  there  are  impacts  at  120°  C.  as  well  as  at  140°  C. 
They  are  indeed  more  than  twice  as  frequent  in  the  latter  case  and 
somewhat  more  intense,  but  if  the  impacts  affect  the  oscillations 
at  one  temperature,  one  would  expect  some  effect  at  the  other 
and  yet  at  the  lower  temperature  there  is  usually  no  indication  of 
the  continuous  spectrum,  while  at  the  higher  one  it  almost  entirely 
displaces  the  line  spectrum.  Moreover,  the  usual  change  in  the 
spectrum  to  be  produced  by  increasing  the  density  is  a  broadening  of 
the  lines  and  not  a  complete  change  of  the  spectrum. 

It  seems  to  the  writer  that  a  more  probable  explanation  is  that 
the  carriers  of  the  continuous  spectrum  are  molecules  of  mercury 
while  the  atoms  are  the  carriers  of  the  line  spectrum.  The  deter- 
mination of  the  specific  gravity  of  mercury  vapor  indicates  that  it  is 
monatomic,  but  these  determinations  are  not  sufficiently  accurate 
to  make  the  presence  of  the  molecules  seem  improbable  even  when 
the  temperature  is  high,  and  it  is  difficult  to  believe  that  a  mona- 
tomic vapor  can  give  two  such  radically  different  spectra  and 
behave  in  other  ways  as  differently  as  this  vapor  does. 

Such  an  assumption  would  explain  the  fact  that  with  high 
temperatures  or  with  large  currents  such  as  occur  with  the  mercury 
arc  the  continuous  spectrum  does  not  appear,  for  in  such  cases 
the  molecules  are  no  doubt  split  up  into  atoms  which  give  only  the 
line  spectrum. 

This,  however,  does  not  explain  the  large  change  in  the  spectrum 
which  occurs  at  130°  C.  We  are,  therefore,  compelled  to  make  the 
further  assumption  that  the  molecules  are  more  easily  excited  at 
high  temperatures  than  at  low.  Such  an  assumption  is  not  unrea- 
sonable. While  energy  is  probably  not  absorbed  by  the  internal 
structure  of  isolated  atoms  when  the  gas  is  heated,  it  probably 
is  absorbed  by  molecules  of  two  or  more  atoms.  If  so,  such  mole- 
cules may  be  more  easily  ionized  and  excited  to  radiate  at  higher 
temperatures.  According  to  such  an  assumption,  at  room  tempera- 
tures the  atoms  are  the  more  easily  excited  and  only  the  line  spec- 
trum appears,  while  at  the  higher  temperatures  the  molecules  are 
more  easily  excited  and  we  have  also  the  continuous  spectrum. 
The  facts  can,  therefore,  be  explained  on  the  following  assump- 
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tions:  First,  the  carrier  of  the  continuous  spectrum  are  molecules 
consisting  of  two  or  more  atoms,  and  secondly,  these  molecules  are 
more  easily  excited  at  high  temperatures  than  at  low. 

Manner  of  excitation. — There  are  at  least  two  ways  in  which  the 
vibrations  giving  the  continuous  spectrum  may  be  excited;  the 
molecules  may  be  agitated  by  impacts  of  electrons  on  the  molecules, 
or  by  the  absorption  of  ultra-violet  radiation.  The  impact  of 
electrons  on  the  atoms  of  mercury  no  doubt  produces  radiation 
of  wave-length  X  2536  and  in  a  similar  way  the  impact  on  molecules 
may  produce  the  continuous  spectrum,  but  since  this  spectrum 
is  certainly  produced  by  ultra-violet  radiation,  as  was  shown  by 
Wood,  and  since  radiation  of  wave-length  X  2536  is  produced  by 
the  impact  of  electrons  on  atoms  as  has  been  shown  by  Franck  and 
Hertz,  it  seems  to  the  writer  more  probable  that  there  is  first  a 
production  of  the  radiation  of  wave-length  X  2536  and  that  this 
under  proper  conditions  causes  fluorescence  of  the  vapor  which 
gives  out  the  continuous  spectrum. 

When  an  electron  which  has  passed  through  a  difference  of 
potential  of  4.9  volts,  hits  a  mercury  atom,  it  gives  up  its  energy 
to  the  atom  and  the  atom  radiates  this  energy  as  ultra-violet  light. 
When  the  gas  is  as  dense  as  in  the  cases  here  studied  the  greater 
part  of  the  energy  goes  primarily  into  such  radiation,  for  with  such 
densities  the  electrons  will  in  almost  every  case  hit  an  atom  after  it 
has  passed  through  4.9  volts  and  before  it  has  passed  through  10.4 
volts,  which  is  the  voltage  necessary  to  produce  ionization. 

An  atom  which  has  thus  been  partially  ionized  may  be  hit  by  a 
second  electron  before  it  radiates  its  energy  and  complete  ionization 
may  occur,  as  has  been  pointed  out  by  Van  der  Biji'  and  Compton.^ 
The  recombination  resulting  from  such  ionization  produces  the 
line  spectrum  of  mercury.  With  larger  currents  the  chance  of  an 
atom  being  hit  a  second  time  before  it  has  radiated  its  energy  is,  of 
course,  greater  than  with  small  currents,  so  that  entirely  aside 
from  the  increase  in  temperature  caused  by  the  large  current  the 
line  spectrum  is  more  apt  to  be  prominent  when  the  current  is  large. 

On  the  other  hand,  if  the  partially  ionized  atom  is  not  quickly 
hit,  it  will  radiate  its  energy.     This  may  pass  to  a  second  atom 

■  Physical  Review  (2),  10,  546,  191 7.  ^  Ibid.  {2),  15,  476,  1920. 
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and  partially  ionize  it,  which  in  turn  may  give  out  this  same  kind 
of  radiation.  This  last  is  the  kind  of  fluorescence  which  is  known 
as  resonance  radiation.' 

If  there  are  no  molecules  present,  or  if  they  are  not  in  a  condition 
to  absorb  this  energy-,  as  they  apparently  are  not  at  room  tempera- 
ture, then  all  of  the  energ\'  of  this  radiation  will  either  aid  in 
ionizing  atoms  or  will  be  radiated  from  the  gas  as  wave-length 
X  2536.  If,  however,  there  are  molecules  of  two  or  more  atoms 
present  which  are  in  a  condition  to  absorb  the  energy-  of  this  radia- 
tion, they  fluoresce,  emitting  a  radiation  which  gives  the  continuous 
spectrum. 

The  manner  of  excitation  of  the  continuous  spectrum  is  then 
conceived  to  be  as  follows:  The  electrons  partially  ionize  some 
of  the  atoms.  These  radiate  energy-  of  wave-length  X  2536.  If 
this  radiation  falls  on  molecules  which  are  capable  of  absorbing  it, 
the  vapor  fluoresces.  giWng  out  the  radiation  which  gives  the  con- 
tinuous spectrum. 

The  experiment  which  has  been  described  showing  that  it  is 
possible  to  produce  the  continuous  spectrum  without  ionization 
confirms  this  explanation. 

The  fact  that  the  line  3p>ectrum  appears  at  the  cathode  even 
when  the  continuous  spectrum  appears  in  the  p)ositive  column 
may  be  explained  by  assuming  that  in  the  cathode  drop  where  the 
electric  force  is  large  the  electrons  attain  sufficient  velocity  to 
completely  ionize  the  atoms  upon  impact,  and  the  resulting  recom- 
bination of  the  positive  ions  vnxh.  the  electrons  gives  the  line 
spectrum. 

The  condensed  discharge. — As  has  been  stated  the  discharge  from 
an  induction  coil  does  not  give  as  prominent  a  continuous  spectrum 
as  that  from  a  Wimshurst  machine.  This  is  'especially  true,  if 
condensers  are  in  parallel  with  the  tube.  A  tube  so  heated  that 
the  discharge  from  a  Wimshurst  machine  will  show  only  the 
continuous  spectnmi  will  scarcely  show  anything  but  the  line 
spectrum  with  the  spark  from  an  induction  coil. 

There  are  two  respects  in  which  the  condensed  discharge  difi^ers 
from  the  uncondensed.     The  maximum  current  is  greater  with  the 

'  Philosophical  Magazine  (6).  23,  699,  191 2. 
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condensed  discharge,  and  the  voltage  when  the  spark  commences 
is  higher  due  to  the  fact  that  the  ions  have  nearly  all  recombined 
since  the  preceding  discharge.  The  following  experiment  indicates 
that  it  is  the  large  current  rather  than  the  high  voltage  which  causes 
the  difference.     The  current  from  a  Wimshurst  machine  was  passed 

between  a  and  b  in  Figure  3  when  the  tube 
was  so  heated  as  to  give  the  continuous 
spectrum.  A  spark  from  an  induction  coil 
having  capacity  in  parallel  with  the  tube 
was  then  passed  between  c  and  d.  This  was 
found  to  show  the  line  spectrum  as  plainly 
between  a  and  b  as  in  the  other  parts  of  the 
tube.  The  voltage  between  a  and  b  could 
not  in  this  case  have  been  greater  with  the 
spark  since  the  glow  discharge  would  keep 
the  gas  in  this  region  conducting  while  the 
current  from  the  induction  coil  was  inter- 
rupted. 

Continuous  spectrum  from  other  gases. — 
If  this  explanation  is  correct,  it  would  be 
reasonable  to  expect  a  continuous  spectrum 
from  other  gases,  or  at  least  with  other 
monatomic  gases  when  near  the  point  of 
condensation.  Some  observations  were  made  on  the  discharge 
through  sodium  vapor  when  heated.  There  appeared  to  be  a 
continuous  spectrum  present  but  it  was  much  fainter  than  the  Une 
spectrum,  so  that  no  very  definite  description  of  it  can  be  given. 
It  is  probable  that  it  was  the  fluorescent  spectrum  of  sodium 
vapor  which  has  been  described  by  Wiedemann  and  Schmidt' 
and  others, 

I  desire  to  express  my  appreciation  of  the  assistance  which  has 
been  given  me  in  the  preceding  work  by  Mr.  B.  K.  Northrup,  of 
Cornell  University,  and  Professor  A.  E.  Wood,  of  Colgate  Univer- 
sity. 

Colgate  University 
September  1921 
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FORMATION  AND  LIFE  OF  METASTABLE  HELIUM 
By  FABIAN  M.  KANNENSTINE 

ABSTRACT 

Current- potential  curves  for  alternating  and  intermittent  arcs  in  pure  helium  between 
a  Wehnelt  cathode  and  nickel  anode  were  obtained  by  use  of  a  Braun-tube  oscillograph, 
for  pressures  of  from  0.06  to  2  mm.  With  alternating  voltages,  the  striking  potential 
for  each  half-cycle  was  29  volts  or  more  for  frequencies  of  200  or  less,  but  for  frequencies 
of  220  cycles  and  above,  the  current  started  at  about  5  volts  and  soon  reached  a 
saturation  value  until  about  25  volts  caused  a  further  increase.  In  all  cases  the 
breaking  potential  was  about  5  volts.  To  form  the  intermittent  arc,  the  voltage  was 
periodicall}'  dropped  from  36  to  some  lower  predetermined  value.  If  this  lower 
potential  was  less  than  4.6  volts,  the  arc  was  suddenly  extinguished;  if  between  4.6 
and  23.7  volts,  the  arc  died  out  gradually;  and  if  it  was  25.3  volts  or  above,  the  arc 
was  maintained.  .\11  the  foregoing  values  include  a  correction  of  i.i  volts  added  to 
the  actual  readings  to  bring  them  in  agreement  with  accepted  results. 

Evidence  as  to  the  life  of  mctastable  heliufu. — To  e.xplain  various  e.xperimental 
results,  it  has  been  suggested  that  atoms  of  helium,  partially  ionized  by  electronic 
collisions  of  20.8  volts  or  more  and  hence  capable  of  complete  ionization  by  further 
impacts  of  4.8  volts  or  more,  remain  in  this  metastable  condition  for  an  appreciable 
time.  The  foregoing  results  not  only  confirm  this  suggestion  but  also  show  that 
under  the  circumstances  of  this  experiment  the  metastable  form  persists  for  about 
0.0024  second. 

INTRODUCTION 

Experiments  with  electron  impacts  in  helium  have  led  to  a 
value  for  the  minimum  ionizing  potential  of  25.3  volts  and  to  two 
radiating  potentials,  one  at  20.5  volts'  and  another  at  21.3  volts.^ 
Franck  and  Reiche'  and  Franck  and  Knipping^  conclude  that  the 
partially  ionized  state  formed  when  the  atom  has  been  excited  by 
the  impact  of  20.5  volt  electrons  is  a  "metastable"  state,  which  may 
persist  for  some  time  and  may  be  even  permanently  stable  in  abso- 
lutely pure  helium.  This  conclusion  is  drawn  from  the  fact  that 
the  radiation  usually  observed  with  electron  impacts  at  this  voltage 
disappeared  when  the  helium  was  very  pure,  indicating  that  the 
displaced  electrons  do  not  return  to  the  normal  state.  In  slightly 
impure  helium  they  also  observed  that  the  radiation,  as  measured  by 

'  F.  Horton  and  A.  C.  Davies,  Philosophical  Magazine,  42,  746,  1921;  J.  Franck 
and  P.  Knipping,  Physikalische Zeitschr if t ,  20,  4S1 ,  1919;  K.T.Compton,  Philosophical 
Magazine,  40,  553,  1920;  F.  S.  Goucher,  Proceedings  Physical  Society  of  London,  33, 
13, 1920. 

^  J.  Franck   and    P.   Knipping,  loc.  cil.     Zeitschrift  fiir   Physik,  i,  320,   192c. 
F.  Horton  and  A.  C.  Davies,  loc.  cit. 
i  Zeitschrift  fiir  Physik,  i,  54,  1920. 
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its  photo-electric  effect,  appeared  to  continue  for  a  brief  time  after 
the  exciting  electron  impacts  ceased. 

Experiments  by  Paschen/  which  show  that  in  pure  excited  helium 
resonance  radiation  may  be  caused  by  the  infra-red  line  10830  A, 
also  support  the  conception  of  a  metastable  state.  All  the  energy 
of  this  wave-length  absorbed  by  the  excited  atoms  was  found  to 
be  re-emitted  as  radiation  of  this  same  wave-length.  In  terms  of 
Bohr's  model  this  means  that  the  radiation  is  absorbed  by  atoms 
which  have  already  absorbed  the  energy  corresponding  to  the 
radiating  potential  20.5  volts,  and  that  the  displaced  electrons 
return  to  this  partially  ionized  state  only,  and  not  to  the  normal 
state. 

The  semi-stable  existence  of  partially  ionized  helium  atoms  is 
also  useful  in  explaining  the  phenomena  in  low-voltage  arcs  in 
helium,  especially  the  striking  of  the  arc  at  20.5  volts  with  dense 
electron  currents.^  The  phenomena  of  successive  impacts  as  dis- 
cussed by  Compton-^  are  of  much  more  importance  when  the  par- 
tially ionized  atoms  have  a  relatively  long  life.  The  metastable 
helium  should  be  completely  ionized  by  electrons  with  a  speed 
corresponding  to  a  potential  of  25.3  —  20.5  =4.8  volts.  If  we  assume 
that  the  metastable  state  may  be  produced  by  the  arc  radiations,'* 
then  an  arc  might  be  maintained  with  dense  enough  electron 
currents  down  to  4.8  volts.  It  is  of  interest  that  in  this  way  Comp- 
ton,  Olmstead,  and  Lillie  have  maintained  an  arc  with  potentials 
as  low  as  8  volts  between  the  electrodes.  Horton  and  Davies^ 
report  an  unsuccessful  attempt  to  observe  the  ionization  of 
abnormal  helium  atoms  by  bombardment  with  electrons  of  4.8 
volts. 

In  this  paper  experiments  with  helium  arcs  are  described  which 
show  that  helium  may  exist  temporarily  in  a  metastable  form,  and 
that  arcs  may  be  maintained  in  it  with  3.5  volts.  An  approximate 
determination  of  its  life  is  also  reported. 

'  Annalen  der  Physik,  45,  625,  19 14. 

^  K.  T.  Compton,  E.  G.  Lillie,  P.  S.  Olmstead,  Physical  Review,  16,  282,  1920. 

3  Physical  Review,  15,  476,  1920. 

4  O.  W.  Richardson  and  C.  B.  Bazzoni,  Nature  98,  5,  1916;  F.  Horton  and  A.  C. 
Davies,  op.  cil.,  42,  752,  1921. 

^Ibid.,  42,  763,  1921. 
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ARCS   WITH   LOW-FREQUENCY   VOLTAGES 

The  arcs  were  formed  between  a  Wehnelt  cathode  and  nickel 
anode  in  a  pyrex  tube  containing  carefully  purified  helium.  The 
helium  was  purified  by  passing  over  heated  copper  oxide  and 
charcoal  immersed  in  liquid  air.  Before  passing  into  the  experi- 
mental tube  the  helium  passed  through  two  additional  charcoal 
tubes  and  a  liquid-air  trap.  The  tube  and  liquid-air  trap  were  baked 
out  at  450°  C.  for  several  days  before  the  heHum  was  admitted. 

In  the  first  e.xperiments  the  helium  was  excited  by  an  alternat- 
ing e.m.f.  An  electromagnetic  oscillograph  was  used  to  obtain 
cur\'es  showing  the  variation  of  current  and  voltage  with  time. 
From  such  curves  the  current-voltage  curve  may  be  obtained. 

A  decided  dissymmetry  in  the  growth  and  decay  of  the  arc 
current  could  be  observed,  and  also  an  apparent  continuation  of 
the  arc  current  down  to  very  low  voltages.  To  obtain  greater 
sensitiveness  and  to  avoid  the  possible  distortion  from  the  inertia 
of  the  oscillograph  elements,  a  sensitive  Braun  tube  oscillograph 
was  used  in  most  of  the  later  experiments.  The  electrostatic 
deflecting  plates  of  the  Braun  tube  were  connected  across  the  anode 
and  cathode  of  the  helium  tube,  while  the  arc  current  passed  through 
the  electromagnetic  deflecting  coils.  The  electrostatic  and  electro- 
magnetic deflections  were  at  right  angles,  so  that  the  figure  on  the 
screen  of  the  Braun  tube  was  a  graph  in  rectangular  co-ordinates 
of  the  impressed  e.m.f.  and  the  arc  current.  The  deflecting  coils 
were  so  adjusted  that  the  thermionic  current  alone  did  not  produce 
any  observ^able  deflection. 

Figure  i  shows  the  kind  of  curve  obtained  with  a  60-cycle 
e.m.f.  in  helium  at  a  pressure  of  2  mm.  It  is  seen  that  at  a  certain 
voltage  the  arc  strikes,  and  as  the  voltage  increases  the  current 
increases  also.  When  the  voltage, decreases  the  current  decreases 
at  the  same  time,  but  continues  with  considerable  magnitude  until 
the  voltage  reaches  a  value  of  about  4  volts,  when  the  current 
ceases  to  flow.  Careful  observation  showed  a  sudden  drop  to 
zero  at  this  lower  voltage.  This  continuation  of  the  arc  to  very 
low  potentials  may  be  attributed  to  the  persistence  of  a  metastable 
form  of  heliu  m  in  which  an  arc  may  be  maintained  down  to  about 
4  volts.     Two  other  breaks  in  the  down  cur\'e  may  be  observed 
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just   below   the   striking  potential   of   the   helium   itself.     These 
breaks  will  be  referred  to  later. 

This  type  of  curve  was  observed  with  60  cycles  at  pressures 
down  to  0.06  mm.  Down  to  i  mm  pressure  the  striking  potential 
was  about  28  volts,  and  at  the  dying-out  potential  of  about  4  volts 
a  very  decided  drop  of  the  arc  current  to  zero  was  observed.  As 
the  pressure  was  decreased   below   i  mm    the  striking  potential 


«.A 


Fig.  I 


Fig.  2 


increased  and  the  dying-out  potential  became  less  certain,  i.e., 
the  drop  to  zero  current  was  not  so  sudden  as  at  higher  pressures. 
At  0.06  mm  the  striking  potential  had  increased  to  about  40  volts 
and  the  dying-out  potential  to  about  20  volts.  Figure  2  shows  the 
type  of  curve  obtained  at  0.06  mm  pressure.  At  all  these  pressures 
the  filament  temperature  was  approximately  constant.  The  mean 
arc  current  varied  from  25  milliamperes  at  2  mm  pressure  to  10 
milliamperes  at  0.06  mm  pressure. 

If  any  impurities  are  present  one  would  expect  their  effect  to 
be  more  marked  at  lower  pressures.  Franck  and  Knipping  have 
assumed  that  metastable  helium  will  not  return  to  normal  helium 
except  in  the  presence  of  impu^^ties,  so  that  with  larger  amounts 
of  impurities  we  might  expect  the  metastable  helium  to  be 
destroyed  in  a  shorter  time.  This  is  probably  the  interpretation 
of  the  gradual  dying  out  of  the  arc  before  the  voltage  had  dropped 
to  4  volts,  as  was  observed  when  the  pressure  was  very  low. 
Experiments  were  made  directly  with  the  method  discussed  in  the 
next  section  to  see  if  the  life  was  affected  by  impurities  obtained 
by  removing  the  liquid  air  from  the  charcoal  for  a  short  time  till 
the  helium  had  become  very  impure.     The  experiments  indicated 
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that  while  the  impurities  suppressed  the  amount  of  the  metastable 
helium,  the  part  remaining  had  the  same  life  as  that  formed  in  the 
pure  helium.  The  increase  in  the  striking  potential  as  the  pressure 
was  reduced  is  more  difficult  to  interpret  and  is  probably  connected 
with  the  mechanism  of  the  arc  formation. 

.\RCS   WITH   HIGH-FREQUENCY   VOLTAGES 

With  a  sufficiently  high  frequency  the  e.m.f.  should  pass  from 
+4  volts  to  its  negative  maximum  and  back  to  +4  volts  before  the 
metastable  helium  has  disappeared,  and  upon  reaching  4  volts 
the  arc  should  strike,  due  to  the  ionization  of  the  metastable  helium 
still  present. 

Accordingly  various  frequencies  from  60  to  10,000  cycles  were 
impressed  on  the  arc.  An  audion  oscillator  was  used  as  a  source 
for  these  frequencies.  The  author  wishes  to  acknowledge  his 
indebtedness  to  Dr.  J.  P.  Minton  and  Mr.  V.  O.  Knudsen  for  the 
use  of  their  oscillators  in  this  work.  The  alternating  e.m.f. 
impressed  on  the  arc  was  obtained  from  the  secondary  of  an  iron 
core  transformer  having  its  primary  winding  in  the  plate  circuit 
of  the  oscillator. 

Figure  3  shows  the  type  of  figure  observ-ed  above  220  cycles 
per  second  at  2  mm  pressure.     The  arc  struck  at  about  4  volts, 
and   the  current   rapidly  attained 
a   saturation  value   at   which   the  ^-^ 

arc  current  continued  until  the 
voltage  had  reached  about  25  volts, 
when  a  second  sudden  increase  was 
obtained.  The  decreasing  part  of  — ^_^_«_ 
the  curve  was  above  the  increasing 
part  bat  fell  to  zero  at  the  lower 
striking  voltage. 

With  200  cycles  no  appreciable  P 

arc  formation  at  the  lower  voltage 

could  be  observed,  indicating  that  the  metastable  helium  practi- 
cally disappeared  in  less  than  approximately  -^^-^  of  a  second.  The 
striking  of  the  arc  at  about  4  volts  with  220  cycles  indicates 
that  enough  of  the  metastable  helium  was  left  after  approximately 
-^^Tj  of  a  second  to  give  an  observable  indication  of  ionization. 
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All  the  figures  above  220  cycles  were  similar,  except  that  as 
the  frequency  was  increased  the  striking  at  about  4  volts  became 
more  and  more  marked. 

In  using  the  oscillator  as  a  source  of  alternating  e.m.f.  smooth 
curves  were  not  always  obtained.  As  the  mean  arc  current  was 
increased,  by  raising  the  electron  emission,  certain  parts  of  the 
curve  became  wavy.  This  was  particularly  noticeable  on  the 
striking  of  the  arc  at  about  25  volts.  Instead  of  the  arc  current 
increasing  as  in  Figure  i,  it  increased  in  a  wavy  form,  indicating 
that  the  impressed  voltage  rose  and  fell  during  this  striking  period. 
This  is  provisionally  attributed  to  self-induction  in  parts  of  the 
circuit  or  to  the  presence  of  iron  in  the  oscillating  circuit. 


ARCS   WITH   INTERMITTENT   CONSTANT   VOLTAGES 

In  another  series  of  experiments  intermittent  constant  voltages 
from  a  battery  were  impressed  between  the  hot  cathode,  C,  and 
the  anode,  A  (see  Fig.  4).     When  the  mercury  interrupter,  H,  was 

open  the  voltage  impressed 
on  the  electrodes  was  about 
35  volts,  and  when  the  in- 
terrupter shorted  the  section 
BD,  the  voltage  dropped  to 
a  value  dependent  upon  the 
position  of  the  slider  B.  In 
this  way  it  was  possible  to 
impress  a  voltage  of  about 
3  5  volts  and  suddenly  change 
this  voltage  to  a  lower  value. 
The  arc  current  was  passed 
through  the  deflecting  coils. 
The  spot  was  examined  directly  and  also 
Since  it  was  rather  difficult  to  observe 
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Fig. 


M,  of  the  Braun  tube, 
with  a  rotating  mirror, 
the  spot  in  the  rotating  mirror  the  following  arrangement  was  also 
used.  A  uniform  time  deflection  was  obtained  by  connecting  the 
deflecting  plates  to  a  potentiometer  with  a  rotating  contact,  which 
was  mounted  on  the  shaft  of  the  mercury  interrupter.  The  electro- 
static deflection  was  therefore  proportional  to  the  time  and  the 
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magnetic  deflection  proportional  to  the  current  through  the  arc. 
These  two  deflections  were  at  right  angles.  P'urthemiore,  since 
the  rotating  contact  was  mounted  on  the  interrupter  shaft,  the 
figure  produced  was  stationary  and  could  be  carefully  examined 
as  the  slider  B  was  moved. 

With  the  lower  voltage  below  3.5  volts  and  without  the  time 
deflection  two  spots  appeared  on  the  Braun  tube  screen,  the  upper 
one  corresponding  to  the  current  for  35-volt  excitation  and  the 
lower  one  for  zero  current.  Using  the  time  deflection,  it  was  seen 
that  the  arc  was  extinguished  in  a  time  too  short  to  be  so  observ^ed, 
as  shown  at  the  right  of  Figure  5.  Only  a  very  faint  vertical  line 
appeared,  since  the  spot  moved  very  rapidly  from  the  upper  to  the 
lower  positions. 

As  the  lower  voltage  was  increased  to  3.5  volts  the  lower  line 
suddenly  became  curved  as  shown  in  Figure  6,  indicating  a  gradual 
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Fig,  6 


decrease  of  the  current  to  zero  value.  This  sudden  curving  of  the 
lower  line  at  3.5  volts  may  be  attributed  to  the  presence  of  metas- 
table  helium  produced  during  the  35-volt  excitation.  That  is,  the 
voltage  dropped  from  35  volts  to  3.5  volts  in  a  time  short  compared 
with  the  life  of  the  metastable  helium,  and  the  arc  was  maintained 
by  3.5  volts  as  long  as  the  metastable  helium  was  present. 

The  dying  out  of  the  arc  continued  to  have  the  same  appearance 
until  the  lower  voltage  had  been  increased  to  22.6  volts,  when  a 
third  spot  appeared  slightly  above  that  for  zero  current  as  in  Fig- 
ure 7.  Using  the  time  deflection,  it  was  seen  that  the  arc  was 
maintained  for  a  brief  time  with  this  voltage  before  dying  out. 

A  slight  further  increase  of  the  lower  voltage  to  23.6  volts 
brought  out  still  another  spot,  as  in  Figure  8,  and  the  time  deflec- 
tion showed  a  dying  out  of  the  current  in  two  stages  as  shown. 
The  voltages  for  these  two  breaks  in  the  decrease  correspond  to 
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the  voltages  for  the  two  breaks  observed  in  the  down  curve  of  the 
alternating  e.m.f.  figure  already  described.  This  decrease  in  two' 
stages  may  be  connected  with  the  fact  of  the  existence  of  two  radiat-. 
ing  potentials  of  helium  0.8  volts  apart  corresponding  to  the  first 
coplanor  orbit  (helium)  and  the  first  crossed  orbit  (parhelium)  on 
Franck  and  Knipping's  interpretation. 

With  a  slightly  increased  lower  voltage  of  24.2  volts  the  arc 
was  maintained.  The  two  lower  spots  of  Figure  8  disappeared, 
and  the  arc  current  jumped  between  the  two  values  indicated  by 
the  two  upper  spots. 
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These  phenomena  were  qualitatively  the  same  at  pressures 
ranging  from  2  mm  down  to  0.06  mm.  The  above  exact  determina- 
tions were  all  made  visually  with  the  Braun  tube  oscillograph,  but 
for  the  purpose  of  illustration  photographs  made  with  the  electro- 
magnetic oscillograph  show  qualitatively  the  same  phenomena, 
although  with  less  sharpness  in  the  details.  Plate  VI  shows  the 
various  changes  which  occur  as  the  lower  voltage  is  increased  from 
zero  to  24.2  volts.  These  oscillograms  were  obtained  by  passing 
the  arc  current  through  an  element  of  the  electromagnetic  oscillo- 
graph and  photographing  the  curve  while  the  mercury  interrupter 
was  operating.  In  a  the  lower  voltage  was  below  3.5  volts,  and 
it  is  seen  that  the  arc  current  drops  to  zero  iji  a  very  short  time. 
The  curving  of  the  lower  current  line  when  the  lower  voltage  reaches 
3.5  volts  is  shown  in  b.  The  brief  maintenance  of  the  arc  at  a  lower 
voltage  of  22.6  volts  is  shown  in  c,  and  the  decrease  in  two  stages 
at  a  lower  voltage  of  23.6  is  shown  in  d.  The  maintenance  of  the 
arc  at  24.2  volts  is  shown  in  e. 

A  number  of  readings  were  taken  of  these  voltages,  and  then 
the  cathode  current  was  reversed  in  order  to  eliminate  the  drop  in 
voltage  along  the  cathode,  and  another  set  of  readings  taken.     The 
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above  values  arc  the  mean  of  all  these  values  and  thus  are  the 
potentials  correct  to  approximately  o.i  volt  between  the  anode 
and  the  center  of  the  cathode.  Corrections  are  necessary  to  allow 
for  the  initial  velocity  of  emission  of  the  electrons,  the  contact 
ditTerence  of  potential,  and  the  fact  that  some  of  the  electrons  are 
emitted  from  a  more  negative  part  of  the  filament  than  the  center. 
As  the  drop  of  potential  from  the  center  to  one  end  was  0.9  volt,  this 
last  correction  may  amount  to  about  0.4  volt.  The  other  two 
corrections  may  easily  amount  to  one  volt  or  more  according  to 
a  recent  theory  of  K.  T.  Compton'  in  explanation  of  the  results 
obtained  by  Hebb^  on  the  arcing  voltage  in  mercury  vapor.  It  is 
thus  permissible  to  apply  a  correction  of  i.i  volts  to  the  observed 
values  given  to  make  the  upper  voltage  required  to  maintain  the 
arc,  24.2,  agree  with  the  observed  value  of  the  ionization  potential 
in  helium,  viz.,  25.3  volts.  This  correction  applied  to  the  lowest 
potential  observed  for  striking  or  maintaining  the  arc,  3.5  volts, 
gives  a  value  of  4.6  volts  in  agreement  within  experimental  error, 
with  the  theoretical  ionization  potential  for  metastable  helium. 
Or,  avoiding  the  question  of  corrections  entirely,  we  may  say  that 
the  difference  between  the  two  voltages  observed,  the  lowest 
potential  required  to  maintain  an  arc  in  helium  with  low  electron 
density,  and  the  minimum  potential  to  maintain  an  arc  in  metas- 
table helium  is  24.2—3.5  =  20.7  volts,  and  this  value  is  within 
experimental  error  the  minimum  potential  required  to  produce 
the  metastable  form  of  helium. 

The  author  wishes  to  express  his  thanks  to  Professor  H.  G. 
Gale  for  his  kind  encouragement  and  advice  during  the  progress 
of  this  work,  and  to  Professor  A.  J.  Dempster,  who  proposed  the 
investigation  of  this  particular  phase  of  helium  arcs,  and  without 
whose  suggestions  and  assistance  this  work  would  not  have  been 
possible. 

Ryersox  Physical  Laboratory 
April  1922 

'  American  Physical  Society  Meeting,  Washington,  April  22,  1922. 
'Physical  Review,  16,  375,  1920. 


NOTES  OX  IONIZATION  IN  THE  SOLAR  AT:\I0SPHERE^ 

By  HEXRY  XORRIS  RUSSELL= 

ABSTR.\CT 

Ionization  in  the  solar  atmosphere. — ^The  absorption  of  pholospheric  radiation  by 
atoms  in  the  sun's  atmosphere  tends  to  increase  the  degree  of  ionization,  both  directly, 
by  shifting  an  electron  into  a  position  from  which  its  ^emo^"al  is  easier,  and  indirectly, 
when  enhanced  lines  are  absorbed,  by  getting  the  ionized  atoms  into  states  in  which 
they  are  probably  less  likely  to  combine  with  electrons.  Both  these  influences  operate 
strongly  in  the  case  of  barium  and  weakly,  if  at  all,  for  sodium.  This  probably 
explains  why  barium  is  much  more  highly  ionized  in  the  sim  than  sodium,  although 
their  ionization  potentials  are  the  same.  The  case  of  hthiimi.  which  is  also  ionized  to 
an  abnormally  high  degree,  cannot  be  explained  in  this  way.  The  greater  v\"idth  of  the 
lines,  due  to  the  thermal  agitation  of  so  Ught  an  atom,  may  help  to  solve  the  problem. 

Barium. — The  lines  of  this  element  which  are  present,  or  doubtful,  in  the  solar 
spectrum  are  tabulated.  .\11  the  strong  lines  arise  from  the  ionized  atom.  A  few 
faint  lines  of  the  neutral  atom  are  probably  present. 

Rubidium. — Three  enhanced  lines  of  this  metal  are  present,  though  faint,  in  the 
normal  solar  spectrum. 

Manganese. — The  ionization  potential  7.6  volts  agrees  well  with  the  value  pre- 
dicted from  the  beha^'ior  of  its  lines  in  the  solar  spectrum. 

The  following  remarks  may  be  regarded  as  extensions  of  the 
writers  recent  paper,  '"The  Theor\-  of  Ionization  and  the  Sun-Spot 
Spectrum."^  The  ideas  on  which  they  are  based  grew  largely  out 
ot  conversations  between  the  writer  and  Professors  K.  T.  Compton, 
of  Princeton,  and  F.  A.  Saunders,  of  Hanard,  to  both  of  whom  he 
desires  to  acknowledge  his  indebtedness. 

I.  Barium. — The  spectroscopic  beha\-ior  of  this  element  indi- 
cates that  it  is  ionized  to  a  much  higher  degree  in  the  solar  atmos- 
phere, and  even  in  the  spots,  than  would  be  expected  from  its 
ionization  potential,  which  is  substantially  identical  \nX\i  that  of 
sodium. 

The  statement  in  the  pre\-ious  paper,  that  none  of  the  lines  of  the 
neutral  barium  atom  appear  in  the  solar  spectrum,  is  incorrect, 
for  the  second  Hne  of  the  principal  series  at  X  3071  is  faintly  present, 
although  the  first  fat  X  5535)  is  absent  or  excessively  faint,  and 

'  Contributions  from  the  Mount  Wilson  Observatory,  Xo.  236. 

'  Research  Associate  of  the  Moimt  Wilson  Ob5er\-ator>-. 

i  Mt.  Wilson  Contr..  Xo.  225;  Astrophysical  Journal.  55,  no,  1922. 
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King'  records  that  a  number  of  lines  belonging  to  the  fundamental 
series  of  triplets,-  wliich  are  very  diffuse  in  the  arc,  but  sharp  in  the 
vacuum  furnace,  are  present  in  the  sun,  though  very  faint.  Table  I 
gives  a  Kst  of  all  those  barium  hues  which  can  be  identified  with 
tolerable  certainty  in  the  solar  spectrum.     The  first  three  columns 

TABLE  I 
Lines  of  Barium  in  the  Solar  Spectrum 


Arc  Spectrum  (King) 


I.  A. 


3071.592. 
3891.788. 
3995-633. 
4130.683. 
4166.027. 
4524-946. 
4554.038. 

4636.333- 
4934.099. 

5267.013. 
5853.699. 
6141 . 760. 
6496.902 . 


3993 
4132 
4283 

4350 
4505 

4573 
4899 
6019 
6110 
6595 


395- 
444- 
III . 

375- 
936. 
881. 
970. 

505- 
808. 

351- 


Int. 


100  R 

50 

30 
80 
20 

35 
1000  R 

15N 

700  R 

20 
200 
600  R 
600  R 


Solar  Spectrum  (Rowland) 


Class 


III 

\ 
III 

V 

V 

V 

II 

IV 

II 

IV? 

Ill 
III 
III 


1.662 
1. 918 

5 -769 
0.804 
6. 161 
5.  no 
4.  211 
6.501 
/4-2i4\ 
I4-277/ 
7.203 
3.902 
1.938 
7.128 


Origin 


Ba 


Ba? 

Ba 

Ba 


Ba 


Ba 


Ba? 
Fe,  Ba 
Fe 


Int. 


00 

o 

000 

2 

o 
o 
8 
o 

h\ 

14/ 
000 

5 
7 
4 


AX 


+ 


).044 
.012 
.010 
.036 
.018 
.004 
.003 
.007 

.027 


+    -005 

—  .009 

-  -032 
+0.013 


Doubtful  Lines 


80 

II 

3616 

Ba? 

00  N 

20 

I 

2.560 

Ba? 

0 

100 

II 

3414 

Ba? 

00  X 

80 

II 

0-550 

Ba? 

00  X 

40 

II 

6.259 

Ba? 

00  X 

40 

II 

3.960 

Ba? 

000 

35 

IV? 

0.095 

Ti,La 

2 

100 

II 

9-596 

Ba? 

000 

300  R 

II 

1.005 

0000 

125 

I 

5-590 

0000 

+0 

.065 

— 

.041 

+ 

.141 

+ 

.012 

+ 

.156 

— 

.091 

(- 

-055) 

— 

.127 

+ 

.064 

+0 

.010 

Notes 


(l) 
(2) 
(3) 
(2) 
(2) 
(4) 
(5) 


(5) 


(6) 


(3) 


(4)  (7) 


NOTES 

1.  Second  member  of  the  principal  series  of  neutral  atom  is-3p. 

2.  Second  member  of  diffuse  series  of  enhanced  lines  2P-4D. 

3.  Part  of  first  member  of  fundamental  series  of  neutral  atom  3d-4f. 

4.  First  pair  of  sharp  series  of  enhanced  lines  2P-3S. 

5.  First  pair  of  principal  series  of  enhanced  lines  1S-2P. 

6.  Rowland  gives  this  as  an  iron  line :  but  the  line  in  question  is  at  6496 .  462  (I. A.) 
according  to  Burns.     The  solar  line  is  probablj-  due  to  barium. 

7.  The  barium  line,  if  present,  is  masked. 

'  Ml.  Wilson  Conlr.,  No.  150;  Astrophysical  Journal,  48,  13-34,  1918. 
^  Saunders,  Astrophysical  Journal,  51,  25,  1920. 
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give  the  wave-length  in  I.A.  from  the  measures  of  King  or  Schmitz, 
the  intensity  in  the  arc.  and  the  temperature  class;  the  next  three, 
Rowland's  wave-length,  origin,  and  intensity;  and  the  next,  the 
difference  AX  between  Rowland's  wave-length  and  the  laboratory 
value  after  the  application  of  St.  John's  value  of  the  systematic 
correction. 

All  the  high-temperature  lines  of  King's  classes  IV  and  V,  which 
are  of  intensity  greater  than  20  in  the  arc,  appear  in  the  solar  spec- 
trum, while  numerous  very  strong  low-temperature  lines  of  classes  I 
and  II  and  intensities  from  200  to  1000,  are  entirely  absent.  ]Most 
of  the  Hnes  which  are  certainly  present  are  well-known  enhanced 
hnes.  The  strong  Hnes  at  5853,  6141,  and  6496  constitute,  accord- 
ing to  Saunders,'  the  first  member  of  the  diffuse  series  of  enhanced 
lines,  and  are  analogous  to  XX  8662,  8542,  8498  of  calcium,  but 
reversed  in  order  of  wave-length.  They  are  unaft'ected  in  the  spot 
spectrum.  The  enhanced  lines  of  the  sharp  series  appear  to  be 
faintly  present,  and  not  absent,  as  stated  earher. 

It  appears,  therefore,  that  neutral  atoms  of  barium  are  probably 
present  in  the  solar  atmosphere,  in  a  proportion  which,  though  very 
small,  is  not  insensible,  as  was  stated  in  the  preceding  paper.  The 
conclusion  that  barium  is  very  highly  ionized  in  the  reversing  layer, 
and  even  in  spots,  is  confirmed  by  the  re-examination  of  the  data. 

The  conspicuous  difference  between  its  beha^'ior  and  that  of 
sodium  remains  to  be  explained.  The  solution  of  the  puzzle  prob- 
ably hes  in  the  fact  that  two  ionizing  agencies  are  certainly  at  work 
in  the  solar  atmosphere — the  temperature  of  the  medium,  and  the 
radiation  poured  through  it  from  the  hotter  photosphere  below. 
Only  the  first  is  taken  into  consideration  in  the  equations  of  Nernst 
and  the  theor}'  of  Saha,  and,  if  it  alone  were  active,  there  would  be 
very  strong  reason  to  expect  that  the  percentage  of  ionized  atoms 
would  be  the  same  for  the  two  elements.  It  is  easy  to  see,  however, 
that  the  second  must  create  a  difference  of  the  sort  which  is  observed. 

Consider  a  barium  atom  which  has  just  become  ionized.  Its 
first  (or  most  easily  removable)  outer  electron  is  lost;  the  second 
will  be  in  the  normal  state  of  least  energ\-  content,  denoted  by  iS. 
In  this  condition  it  will  immediately  recombine  with  an  electron 

'  Unpublished. 
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which  meets  it  under  suitable  conditions.  But,  if  photospheric 
radiation  (XX  4934,  4554)  falls  upon  it,  it  will  absorb  energy  and 
the  second  electron  will  be  lifted  into  one  of  the  pair  of  positions  2 P. 
If,  after  this,  the  charged  atom  meets  a  free  electron,  it  is  not  so 
certain  what  will  happen.  It  may  be  that  it  cannot  recombine  at 
all  unless  the  second  electron  is  in  the  normal  position.  If  it  can 
do  so,  the  energ}'  corresponding  to  the  shifting  of  the  second  electron 
and  the  binding  of  the  first  one  would  have  to  be  radiated.  If 
this  was  done  in  a  single  quantum,  the  frequency  would  correspond 
to  a  ''combination"  between  terms  of  the  series  of  ordinary  and 
enhanced  lines,  and  such  combinations  have  never  been  observ^ed. 
Leaving  aside  the  more  delicate  question  whether  the  atom  could 
emit  two  quanta  at  once  from  different  electrons,  it  appears  prob- 
able in  any  event  that  the  Ba-\-  atom  with  its  second  electron  in 
the  2P  state  would  be  less  likely  to  recombine  than  one  in  the  iS 
state.  Moreover,  it  will  be  decidedly  easier  to  ionize  a  second 
time,  for  the  energy  required  to  remove  the  second  electron  is  less 
(7.15  volts  instead  of  9.86,  after  absorption  of  X4554).  There  is 
also  the  probabilit}'  to  be  considered  that  the  absorption  of  a 
second  quantum  of  radiation  may  raise  the  second  electron  to  the 
state  3D,  to  which  the  considerations  just  urged  will  apply  with 
even  greater  force. 

The  absorption  of  photospheric  radiation  by  the  ionized  atoms 
of  barium  must  therefore  discourage  recombination  and  encourage 
further  ionization.  Similar  absorption  by  the  neutral  atoms  will 
assist  their  ionization,  so  that,  on  the  whole,  the  radiation  must  have 
a  powerful  ionizing  influence. 

For  sodium,  this  influence  must  be  very  much  smaller,  and  that 
for  two  reasons.  In  the  first  place,  the  enhanced  lines  of  sodium, 
or  at  least  the  fundamental  ones,  lie  in  the  extreme  ultra-violet, 
beyond  X  377,'  where  the  radiation  of  the  photosphere  is  probably 
insensible,  so  that  the  sodium  atom,  once  ionized,  is  not  further 
disturbed  by  sunKght.  Secondly,  the  principal  lines  of  the  neutral 
atom  (the  D  lines)  are  very  strong  in  the  solar  spectrum,  with 
wings  which  indicate  that  they  are  absorbed  to  a  great  depth. 
Sodium  atoms  in  the  outer  parts  of  the  solar  atmosphere  are 

'  Millikan,  Proceedings  of  the  National  Academy  of  Sciences,  7,  290,  1921. 
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therefore  exposed  to  a  much  enfeebled  radiation  of  just  those  wave- 
lengths which  would  be  effective  in  aiding  ionization. 

For  the  corresponding  lines  of  barium,  on  the  contrary,  the 
absorption  is  exceedingly  small,  and  neutral  atoms  in  the  upper 
atmosphere  are  exposed  to  the  full  influence  of  the  radiation. 

When  all  these  factors  are  considered,  it  is  no  longer  surprising 
that  barium  is  more  highly  ionized  than  sodium,  in  spite  of  the 
equality  of  their  ionization  potentials. 

Whether  the  influence  of  radiation  is  competent  to  produce  as 
great  an  effect  as  that  which  is  observed  can  be  determined  only 
when  a  quantitative  theory  of  its  action  has  been  developed. 
It  may  be  noticed,  however,  that  the  3D-2P  lines  of  Ba-\-  are 
almost  as  strong  in  the  solar  spectrum  as  the  pair  1S-2P,  which 
indicates  that  a  large  fraction  of  all  the  singly  ionized  barium 
atoms  in  the  reversing  layer  are  in  the  states  of  "abnormally" 
large  energy  content. 

The  principle  here  sketched  is  evidently  generally  applicable. 
An  element  which  has  strong  enhanced  Hnes  in  the  region  where 
the  continuous  spectrum  of  the  sun  (or,  for  that  matter,  of  any 
star)  is  strong,  will  behave  as  if  it  was  relatively  easier  to  ionize 
than  one  which  does  not  possess  such  Knes.  The  behavior  of 
strontium,  which  resembles  barium,  but  is  less  conspicuously 
"anomalous,"  is  thus  explained. 

Most  of  the  elements  which  are  prominent  in  the  solar  spectrum 
possess  such  enhanced  Hnes,  with  the  exception  of  the  alkali  metals. 
The  spectroscopic  method  suggested  in  the  former  paper  should, 
therefore,  give  relatively  high  values  for  the  ionization  potentials 
of  these  metals,  while  it  is  probable  that  the  errors  for  the  other 
elements  will  be  smaller.  The  alkahne  earths,  whose  enhanced 
lines  are  very  favorably  situated,  will  probably  come  out  with 
ionization  potentials  too  low. 

2.  Manganese. — Saha'  quotes  the  value  7.6  volts  for  the  ioniza- 
tion potential,  derived  from  unpubhshed  studies  by  Catalan  upon 
the  series  in  its  spectrum.  This  agrees  satisfactorily  with  the 
spectroscopic  evidence  which  puts  its  ionization  potential  rather 
more  than  halfway  from  Ca  (6.1)  to  Zn  (9.4). 

^Nature,  107,  683,  1921. 
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3.  Rubidium. — Saunders'  notes  that  the  strongest  of  the  en- 
hanced Hnes  given  by  Kayser-  appear  to  be  present,  though  faint, 
in  the  solar  spectrum — the  wave-lengths  on  Rowland's  scale  being 
given  in  Table  II. 

TABLE  II 
Enhanced  Lines  of  Rubidium 


Spark  (Exner  and  Haschek) 


3940.62 
4104.49 
4244.50 
4294.08 


Int. 


20 
10 
30 
10 


Sun  (Rowland) 


Absent 
4104.459 
4244.500 
4294.077 


Int. 


00 

00 

000 


The  evidence  for  the  presence  of  this  metal  in  the  sun  is  there- 
fore strengthened.  The  principal  enhanced  lines  Lie  probably  in  the 
far  ultra-violet. 

None  of  the  stronger  enhanced  lines  of  the  other  alkali  metals, 
as  given  in  Kayser's  Handbuch,  appear  to  be  present  in  Rowland's 
tables. 

4.  Lithium. — The  absence  of  lithium  hnes  from  the  solar 
spectrum,  and  their  faintness  in  spots,  still  presents  much  difficulty. 
Lithium  behaves  almost  exactly  like  rubidium,  though  its  ioniza- 
tion potential  is  5.37  volts,  and  that  of  the  latter  4.16. 

We  cannot  invoke  any  absorption  of  enhanced  hnes  here,  for 
none  have  even  been  discovered.^  Compton  suggests"*  that  one 
factor  in  the  problem  is  the  small  atomic  weight.  This  will  cause 
the  mean  atomic  velocity  of  temperature  agitation  to  be  greater 
than  for  other  elements  (about  three  and  one-half  times  that  for 
rubidium),  and  so  broaden  out  all  its  lines,  so  that  the  atoms  are 
able  to  take  hold  (so  to  speak)  of  a  correspondingly  greater  range 
of  wave-length  in  the  photospheric  radiation,  and  use  it  in  assist- 
ing their  ionization. 

What  other  factors  may  enter  remains  for  future  discovery. 

Mt.  Wilson  Observatory 
February  22,  1922 


'  Not  previously  published. 

'  Handbuch  der  Spcctroskopic,  6,  350. 


i  Millikan,  op.  ciL,  p.  292. 
■*  Unpublished. 
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PARTIAL  EXPLAXATIOX,  BY  WAVE-LEXGTHS,  OF  THE 
K-TERM  IX  THE  B-TYPES 

■  By  SEBASTIAN  ALBRECHT 

ABSTRACT 

K-term  of  the  radial  velocity  of  Class  B  stars. — AMiether  the  K-term  is  due  to  an 
expanding  universe,  to  causes  within  the  stars  or  to  the  Einstein  effect,  it  is  of  impor- 
tance to  determine  the  part  due  to  the  use  of  inaccurate  normal  'u'ave- lengths  in  the  reduc- 
tions. For  most  of  the  lines  upon  which  the  B-type  \'elocities  are  based,  such  as  those 
of  Si  and  He,  sufficiently  accurate  wave-lengths  are  not  available;  but  in  the  case  of 
twenty  O  and  X  lines,  new  wave-lengths  by  Clark  are  found  to  be  systematically 
0.063  '■^  longer  than  the  adopted  normals.  A  discussion  of  the  available  portions  of 
the  data  on  which  the  K-term  is  based,  indicates  that  the  new  wave-lengths  for  this 
one  group  of  lines  alone  would  reduce  the  K-term,  which  is  about  4  km,  by  about 
0.3  km  for  the  entire  B  class  and  by  about  0.8  km  for  classes  B0-B2. 

Test  of  the  relative  accuracy  of  groups  of  -wave-length  normals. — Since  the  spectra 
of  different  classes  of  stars  are  radically  different,  it  is  suggested  that  a  comparison  of 
the  mean  wave-lengths  for  the  lines  which  these  classes  have  in  common  might  give 
evidence  as  to  the  relative  accuracy  of  the  principal  group  of  normals  involved  in  each 
case.  For  instance  the  wave-lengths  of  types  B0-B2  are  based  more  on  O,  N,  and 
Si  lines  than  those  of  types  B3-B5  and  thej"  are  systematically  0.015  -"^  shorter. 

In  191 1  CampbelP  found  that,  after  the  radial  component  of 
the  sun's  motion  in  space  had  been  deducted  from  the  radial 
velocity  of  each  star,  the  remaining  portions  of  the  radial  velocities 
were  not  at  random  but  in  every  part  of  the  sky  showed  a  systematic 
average  residual  directed  away  from  the  observer.  This  residual, 
which  has  become  known  as  the  K-term,  appeared  to  be  essentially 
the  same  for  all  Hmited  areas  of  the  sky,  but  to  differ  according  to 
the  spectral  class  of  the  star.     Interpreted  as  a  phenomenon  of 

'  Lick  Observatory  Bulletins,  6,  107  and  127,  191 1. 
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Stellar  motion,  it  means  that  the  universe,  represented  by  the 
stars  employed  by  Campbell,  is  an  expanding  one,  the  rate  of 
expansion  depending  upon  the  spectral  class.  Thus  the  stars 
of  t\pes  B  and  M  are  systematically  moving  away  in  all  directions 
from  the  position  occupied  at  any  instant  by  the  solar  system  with 
a  speed  of  about  4  km  per  second.  The  A  and  K  types  are  moving 
outward  with  speeds  of  about  i  and  2  km  per  second  respectively, 
while  the  F  and  G  types  show  a  K-term  which  is  essentially  zero. 

However,  the  K-term  could  be  produced,  as  was  also  pointed 
out  by  Campbell,  by  the  use  of  wave-lengths  which  are  on  the 
average  too  low.  Thus  if  it  could  be  assumed  that  the  wave- 
lengths which  were  employed  in  the  reductions  for  radial  velocity 
for  the  B  types  were  too  small  by  about  0.06  A,  then  the  entire 
K-term  for  these  types  would  disappear.  Campbell  was  inclined 
toward  the  view  that  such  changes  in  the  wave-lengths  may  be 
due  to  causes  within  the  stars,  such  as  high  pressures,  absorption 
through  a  wide  range  of  depth  in  the  stellar  atmospheres  and,  with 
particular  reference  to  helium,  conditions  in  the  stars  such  as  to 
augment  considerably  the  red  components  of  hnes  which  occur  in 
close  pairs.  Freundhch'  suggested  that,  due  to  the  Einstein 
effect,  all  stellar  lines  are  displaced  toward  the  longer  wave-lengths 
relatively  to  terrestrial  comparison  spectra.  Such  displacements, 
which  would  merge  with  displacements  due  to  radial  velocity  and 
reappear  in  the  K-term,  would  differ  for  stars  of  the  different 
spectral  classes  due  to  mean  differences  in  their  masses.  Although 
these  factors  must  not  be  disregarded,  nevertheless  the  laboratory 
values  themselves  require  close  scrutiny. 

At  about  the  same  time  that  the  K-term  was  found,  attention 
was  called  by  the  writer  to  the  unsatisfactory  state  of  our  knowl- 
edge in  regard  to  the  laboratory  values  of  the  wave-lengths  upon 
which  the  radial  velocities  for  the  B-type  depend.^  This  is  espe- 
cially true  for  the  three  prominent  and  important  silicon  hnes 
X4552,  X4567,  and  X4574,  for  which  the  two  most  accurate 
laboratory  determinations  differ  by  an  average  of  0.09  tenth 
meters,  corresponding  to  a  systematic  difference  of  6.0  km  in  the 

^  Astronomische  Nachrichten,  202,  17,  1915. 

^Publications  of  the  Astronomical  and  Astrophysical  Society  of  America,  2,  71, 1911. 
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radial  velocities  derived  from  them.  There  has  been  only  one 
response,  I  believe,  in  the  ten  years  which  have  elapsed,  to  the 
appeal  which  was  made  for  additional  laboratory  determinations. 
Mr.  Clark,'  under  the  direction  of  Professor  Fowler,  has  redeter- 
mined the  wave-lengths  for  the  oxygen  and  nitrogen  lines.  The 
effect  of  the  new  wave-lengths  upon  the  radial  velocities  and  the 
K-term  can  be  approximated. 

TABLE  I 


X  Clark  (Rowland  System) 


43I7-327- 
19.814. 
45-738. 
48 . 246 . 
49.602. 

Si-443- 
67.074. 

44I5057- 

17   143 • 
4447-205. 

4591-158. 

96.365. 
4621 .582. 

30.729. 

39-043- 
42.006. 

49-327- 

51-032. 

61.829. 

4676.426. 


Means  (20  lines) 


X  Normal 

(F.  and  A.) 


272 
762 
677 
134 
541 

495 
012 

076 
121 
163 
066 
291 
548 
703 
937 
886 
250 

925 

728 
291 


X  Clark - 
X  Xormal 


A 

+0.055 

+  -052 

+  .061 

+  .112 

+  .061 

—  .052 
+  .062 

—  .019 
-|-  .022 
+  -042 
+  -092 
+  -074 
+  -034 
+  .026 
+  .106 
-|-  .120 

+  -077 

+  -107 

-|-  .  lOI 

+  -135 


+0.063 


Change  in 
Radial  \'elocity 


km 
-3-8 
-3-6 
-4-2 

-7-7 
-4.2 

+3-6 
-4-3 
+  1-3 
-1-5 
-2.8 
-6.0 
-4.8 
—  2.2 

-1-7 
-6.9 

-7-8 


-4-2 


Element 


o 
o 
o 

N 

o 
o 
o 
o 
o 

N,0 
O 
O 
N 
N 
O 
O 

o 

X,0 

o 
o 


Table  I,  which  is  self-explanatory,  contains  such  of  the  oxygen 
and  nitrogen  lines  as  were  included  in  the  reductions  for  radial 
velocity.  For  the  20  lines  listed  the  wave-lengths  by  Clark  are  on 
the  average  higher  by  0.063  ^^  which  corresponds  to  a  change  of 
—  4.2  km  in  the  radial  velocities  derived  from  them. 

The  details  of  the  radial  velocities  from  which  Campbell  de- 
rived the  K-term  have  not  been  published,  so  that  it  is  not  possible 
to  determine  the  exact  part  played  by  any  particular  group  of  lines 
in  the  reduction  of  his  225  B-t>T)e  stars.     However,  this  can  be 

■  Aslrophysical  Journal,  40,  332,  1914. 
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very-  roughly  approximated  with  the  aid  of  two  partial  sets  of  data 
for  which  such  details  are  available,  namely,  the  measures  of  20 
Orion-tj-pe  stars  by  Frost  and  Adams^  and  the  B-t}^e  stars  con- 
tained in  Volume  IX  of  the  Publications  of  the  Lick  Observatory. 
For  these  data  the  changes  in  the  radial  velocities  produced  by 
the  substitution  of  the  wave-lengths  of  Clark  in  place  of  the  normal 
wave-lengths  which  were  employed  are  summarized  in  Tables  II 
and  III.     Tables  IV  and  V  show,  for  the  smaller  subdivisions  of 


TABLE  II 

Changes  in  R.\di.\l  Velocity  Produced  by  W.we-Lengths  of  Clark. 

Me.a.sl'res  by  Frost  and  .\dams 


Star 

T\TE 

Change  for  0  and  N 
Lines 

Change  for  Star 

Relative: 
Repre- 
sentation 

OF  THE 
0  AND  N 

Lines  in 

THE 

Measures 

(in  PER 

cent) 

km 

Plates 

km 

Plates 

e  Orionis 

f  Orionis 

Bo 
Bo 
Bo 
Bi 
Bi 
Bi 
B2 
B2 
B2 
B2 
B3 
B3 
B5 
B5 
B8p 

-6.9 
-1-5 
-1-4 
-2-5 

—  2.2 

—  2.2 
-0.4 

-o-S 
-2.9 
—0. 1 
+  1-3 
-1-5 
-1-5 

—  0. 1 

-1-5 

I 
3 
7 
7 
5 
4 
12 

3 
6 
2 

I 
I 
2 
2 

I 

—  0. 1 
—0.  2 

—  0.  2 
-0.7 

—  1 .0 
-0.7 

—  0.  2 

—  0. 1 
-0.4 

0.0 
0.0 
0.0 

—  0. 1 
0.0 
0.0 

7 

7 
10 

7 
5 
4 

12 
6 

10 

5 
6 
6 
6 

4 
24 

22 
13 
15 
31 
42 

33 

22 
8 

K  Orionis 

f  Persei 

/3  Can.  j\Iaj 

e  Can.  j\laj 

7  Pegasi 

f  Pegasi 

7  Orionis 

9 
6 
I 
2 

102  Herculis 

I  Herculis 

It  Lvrae 

f  Draconis 

€  Delphini 

/3  Drionis 

5 
8 
0 

Class  B,  the  relative  representation  of  the  different  groups  of  lines 
in  the  measures.  As  far  as  can  be  judged  from  Tables  II  to  VI 
the  inference  seems  to  follow  that  the  new  wave-lengths  of  Clark 
for  oxygen  and  nitrogen  will  reduce  the  K-term  for  the  entire 
Class  B  by  about  0.3  km,  and  for  B0-B2  by  about  0.7  or  0.8  km. 
It  does  not  seem  unlikely  that  additional  portions  of  the  K- 
term  may  have  their  origin  in  the  normal  wave-lengths  of  other 
groups  of  lines.     In  this  connection  it  may  not  be  amiss  to  recall 

^Publications  of  the  Yerkes  Observatory,  2,  143,  1904. 
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TABLE  III 

Changes  in  Radial  Velocity  Produced  by  Wave-Lengths  of  Clark 
Measures  in  Pnblicalions  of  Lick  Observatory,  9 


Star 


T  Scorpii . 

/3  Crucis. 

a  Pyxidis . 
a  Lupi .  .  . 

a  Pavonis 


Type 


Bo 
Bi 

B2 

B2 
B3 


Change  for 

OandN 

Lines 


km 

■2.0 

2.0 

■I-7 
1.9 

■2.1 
1.8 
1.9 
1.6 


Change  for 
Star 


km 
-0.9 


Relative 
Representa- 
tion of  the 

Oand  N 
Lines  in  the 

Measures 


Percentage 
44 
56 
45 
53 
46 
60 
52 
15 


Measured  by 


A 
P 
A 
P 
A 
A 
P 
A 


A  =  S.  Albrecht 


P  =  H.  K.  Palmer 


TABLE  IV 

From  Measures  by  Frost  and  Adams 


Type 

No.  of 

Stars 

Hy 

Mg 

He 

Si 

Oand  N 

Metals 

Bo 

Bi 

3 
3 
4 

2 

5 

2 

Percentage 
15 

3 

5 

2 
12 

8 

Percentage 

4 

3 
14 
30 
35 
29 

Percentage 

58 

23 
42 

54 
47 
28 

Percentage 
10 

33 
26 
12 

4 

I 

Percentage 
II 
36 
II 

I 
2 
0 

Percentage 
0 

I 

B2 

B3 

I 
0 

B5 

B8 

I 
35 

B0-B8 

19 

8 

19 

43 

14 

II 

5 

TABLE  V 
From  Publications  of  the  Lick  Observatory,  g 


T>T)e 

No.  of 

Stars 

Hy 

Mg 

He 

0  and  N 

C 

Metals 

Bo 

I 
I 
6 

9 

2 
2 

5 
15 
33 
30 

0 

64 

6 

5 

4 

14 

3^ 

14 

16 
32 
39 

42 
68 
14 

50 
33 
13 

I 
0 
0 

5 
10 

9 

12 

0 

6 

18 

Bi 

B2 

B3 

5 
3 
I 

B5 

B8 

0 

* 

B0-B9 

21 

29 

12 

39 

8 

9 

2 

*  A  number  of  unidentified  lines  were  not  included  in  the  percentages  for  B8. 
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that  systematic  differences  between  Lick  and  Bonn  radial  veloci- 
ties' for  types  F-M,  of  the  same  order  of  magnitude  as  the  K-term 
for  these  types,  have  been  found  to  be  due  to  differences  in  the 
normal  wave-lengths  which  were  employed  in  the  reductions.  The 
normal  wave-lengths  for  the  lines  in  Class  B  are  perhaps  not  as 
accurately  known  as  those  for  types  F-M.  I  wish  again  to  urge 
the  desirabihty  of  additional  laboratory  study  of  the  other  groups 
of  lines  which  occur  in  Class  B  stars,  and  especially  those  of  silicon 
and  hehum.     In  view  of  the  importance  of  the  problem  and  the 

TABLE  VI 
Data  from  Which  the  K-Term  Was  Determined 


Type 

No.  of 
Stars 

Part  of  Total  Number 
(in  percent) 

Bo 

Bi 

B2 

B3 

B4 

B5 

13 
17 
25 

72 

2 

SI 

22 

21 

2 

6 

7  24 
II 

32 

I  56 
22 

B8    

lol 

Bo 

10^20 

Ao* 

I 

B-A 

225 

100 

*  Two  of  Campbell's  stars  seem  to  have  been  reclassified  as  Ao 
at  Harvard. 


apparent  difficulties  with  the  laboratory  spectra,  a  certain  amount 
of  dupHcation  would  not  be  wasted  effort. 

If  Tables  IV  and  V  may  be  regarded  as  approximately  repre- 
sentative for  the  B  types,  they  may  also  serve  as  a  basis  for  a  some- 
what coarser  grouping  of  the  subdivisions  of  Class  B  for  certain 
statistical  purposes.  B.  Boss  pointed  out  that  the  proper  motions 
of  stars  of  Classes  B8-B9  more  nearly  resemble  .those  of  A  type 
than  those  of  early  B  type,  and  that  therefore  the  B8-B9  stars 
should  be  grouped  with  early  A  types  rather  than  with  early  B 
types.  These  results  were  confirmed  by  Campbell,  and  my 
Table  IV  is  also  in  accord  with  this  conclusion,  the  abruptly  large 

'  Astrophysical  Journal,  40,  475,  1914. 


K-TERM  IN  THE  B-TYPE  STARS  367 

representation  of  the  metallic  lines  being  the  principal  distinguish- 
ing characteristic.  Additional  subdivisions  indicated  are  B0-B2 
and  63-65.-  In  the  former  silicon  and  oxygen  are  strongly  repre- 
sented in  the  measures  and  magnesium  only  slightly,  while  in  the 
latter  the  reverse  is  true. 

I'he  low  \-alues  of  the  normal  wave-lengths  for  the  oxygen 
and  nitrogen  lines  contribute  toward  the  progression  in  K  which  is 
indicated  within  the  B  types.  Campbell's  225  stars  are  probably 
inadequate,  under  present  limitations,  for  accurate  solutions  for 
subdivisions  B0-B2,  B3-B5,  and  B8-B9.  Campbell  {op.  cit., 
p.  123)  finds  K=+4.7  km  per  second  for  stars  of  Class  B0-B5 
and  only  -\-^.i  km  for  the  entire  class  B0-B9.  His  Class  B0-B5 
comprises  80  per  cent  (see  Table  VI)  and  his  Class  B8-B9  only 
20  per  cent  of  his  list.  Campbell  also  finds  K=  -f  i  .62  km  for  222 
stars  of  Classes  B8-A9  and  K=  +0.95  km  for  177  stars  of  Classes 
A0-A9  alone.  On  the  basis  of  proportionality  the  former  results 
would  give  approximately  K=+2km,  while  the  latter  results 
would  give  K=+4km  for  classes  B8-B9.  Perhaps  a  K-term 
of  about  +3  km  for  B8-B9  will  fairly  well  represent  the  actual 
facts  for  the  data  concerned.  In  view  of  the  strong  representation 
of  the  oxygen  and  nitrogen  lines  in  B0-B2  and  their  practical 
absence  in  the  measures  of  stars  B3-B5,  K  is  probably  greater  in 
the  former  than  in  the  latter  subdivisions. 

The  observed  wave-lengths  for  the  stellar  lines  are  capable  of 
contributing,  so  to  speak,  circumstantial  evidence  toward  the 
relative  correctness  of  the  adopted  normal  wave-lengths  for  differ- 
ent groups  of  lines.  A  general  discussion  of  this  nature  will  be 
more  worth  while  after  the  laboratory  has  contributed  more  nearly 
its  full  share  toward  this  problem.  For  the  present  I  shall  be 
content  with  merely  indicating  how  low  values  of  the  normal  wave- 
lengths for  the  oxygen  and  nitrogen  lines  will  impress  a  correspond- 
ing effect  upon  the  observed  stellar  wave-lengths.  The  subdi- 
visions B0-B2  and  B3-B5  are  suitable  for  this  purpose,  because  the 
oxygen  and  nitrogen  lines  are  strongly  represented  in  the  former  and 
nearly  absent  in  the  latter.  If  the  normal  wave-lengths  for  the 
oxygen  and  nitrogen  lines,  constituting  nearly  20  per  cent  of  the 
lines  actually  employed  in  B0-B2,  averaged  0.056  A  too  low,  the 
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radial  velocities  for  these  lines  will  average  3.7  km  too  high,  making 
the  mean  radial  velocities  for  the  stars  about  0.74  km  too  high. 
In  the  residuals  of  velocity  the  oxygen  and  nitrogen  lines  will  show 
up  as  2.96  km  too  high,  and  the  remaining  80  per  cent  of  the  lines  as 
o.  74  km  too  low.  Thus  the  observed  wave-lengths  for  the  oxygen 
and  nitrogen  lines  will  be  brought  up  four-fifths  of  the  way  toward 
where  they  should  be,  while  the  other  80  per  cent  of  the  lines  will 
have  their  observed  wave-lengths  lowered  from  where  they  should  be 
by  an  amount  equal  to  one-fifth  of  the  average  error  in  the  adopted 
normal  wave-lengths  for  oxygen  and  nitrogen.  Thus  all  the 
observed  wave-lengths  on  the  plates  will  finally  be  o.oiiA  too 
low.  Therefore,  considering  only  the  effects  due  to  the  oxygen 
and  nitrogen  lines,  all  the  observed  wave-lengths  in  classes  Bo-B  2 
should,  on  the  average,  be  o.oii  A  lower  than  in  classes  B3-B5. 
Table  VII  may  be  of  interest  in  this  connection,  even  though  the 


TABLE  VII 
Observed  Wave-Lengths  in  Classes  Bo-B 2  and  B3-B5 


Line 

Nor.  Mills 

X  4500 

Central 

Frost  and  Adams 

X4S00 
Central 

So.  Mills 

X  4340 
Central 

(3  Can. 

Maj. 

X  4500 

Central 

B0-B2 

B3-B5 

B0-B2 

B3-B5 

B0-B2 

B3-BS 

Bi 

4267. ^  c 

0.  26014 
•625,5 

•  109,5 

•  72712 
•684,5 
•368,5 

0.278,8 

•  632,8 
.  109,8 

•72S15 

•  70718 

•  376,8 

4340.6  H7 

4388 . 1  He 

44^7  7  He 

0.61830 
•07343 

•  64316 
.1096 

0.62230 

•  09437 
•71326 
.  6683, 

■37633 

•  76934 

0.642,6 

•09919 
.726,3 

.68922 

•39722 

•7528 

.  60929 
-08233 
.721.2 
•67234 

•  36234 

•  75334 

4471 .6  He 

4481.4  Mg 

4552.7  Si   

•  66446 

•  36542 

•75247 

•  685,4 
■  37513 
.7988 

wave-lengths  given  are  not  strictly  definitive  and  the  effects  of 
errors  in  the  normal  wave-lengths  of  other  groups  of  lines  are  also 
involved.  The  subscripts  represent  pro\'isionally  adopted  weights, 
based  partly  upon  the  number  of  plates  and  partly  upon  the  number 
of  stars.  Of  the  seventeen  comparisons  listed,  fourteen  give  the 
wave-length  smaller  in  Bo-B 2  than  in  B3-B5  and  only  two  give 
it  as  larger.  The  mean  difference  in  wave-length  is  0.015  A,  not 
all  of  which  is  necessarily  due  to  the  oxygen  and  nitrogen  lines. 
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The  results  in  Tables  II-V  are  probably  fairly  representative 
for  the  dispersion  of  three  prisms.  For  several  reasons,  among 
them  the  broad  character  of  the  spectrum  Unes  in  many  B-tj-pe 
stars,  a  considerable  number  of  the  radial  velocities  are  based  on 
the  lower  dispersions  of  one  and  two  prisms.  The  effects  of 
systematic  differences  between  results  obtained  with  dispersions  of 
one,  two,  and  three  prisms  will  also  have  to  be  evaluated.  The 
details  required  for  this  purpose  have  not  been  published.  How- 
ever, unless  my  memory  is  in  error  on  this  point,  the  radial  velocities 
obtained  with  the  lower  dispersions  showed  a  systematic  tendency 
toward  larger  positive  values  than  those  obtained  with  three  prisms. 
Any  unehminated  portions  of  such  systematic  differences  will 
directly  contribute  toward  the  K-term. 

This  work  is  a  portion  of  that  accompUshed  under  a  grant  of 
$200  from  the  American  Association  for  the  Advancement  of 
Science. 
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EFFECTIVE  WAVE-LENGTHS  OF  129  STARS  WITHIN  0?5 
OF  THE  NORTH  POLE  AND  OF  THE  S  COM- 
PANION OF  POLARIS^ 

By  EJNAR  HERTZSPRUNG 
ABSTRACT 

Effective  wave-lenglhs,  color  indices,  and  magnitudes  of  I2g  stars  within  o°§  of  the 
North  Pole. — The  results  of  measurements  of  about  500  images  on  12  plates  (Lumiere  2) 
taken  in  igi2  with  the  60-inch  reflector  and  a  grating  whose  constant  was  6  mm,  are 
given  in  Table  II.     In  determining  the  effective  wave-length  Xgg,  corrections  were 

made  (i)  for  diameters  differing  from  the  normal  diameter  o.io  mm  and  (2)  to  reduce 
to  zenith  transmission.     For  each  star  the  effective  color  index  /j^  was  obtained  from 

Xgg  by  use  of  the  formula:    7j^  =  o.oo5(Xgg— 4216  A)  =  i9.72i(Xgg— 1.069  mm).     The 

star,  Harvard  Annals,  48,  No.  85,  is  probably  wrongly  included  in  the  series  of  red 
stars  of  the  North  Polar  Sequence.     For  the  2  companion  to  Polaris,  I^  was  found 

equal  to  +0.11  ±0.07,  which  corresponds  to  a  spectrum  of  type  Ao  to  A5. 

Relation  between  effective  color-index  and  the  color-index  of  Scares. — For  76  stars 
both  I^  and  I^fiy  (the  difference  between  photovisual  and  photographic  magnitudes) 

were  available  for  comparison.    It  was  found  that  I^  =  {o.go^o.os)Ij^nr—{o.io^o.os), 
a  very  satisfactory  result. 

Relation  between  plwtographic  magnitude  and  diameter  of  image  was  found  to  be: 
w  =  Const.  — 34(/+35^^,  for  d  between  0.05  and  0.30  mm. 

During  my  stay  at  Mount  Wilson  in  191 2  the  plates  of  the 
North  Polar  region  listed  in  Table  I  were  taken  with  the  60-inch 
reflector  for  the  determination  of  effective  wave-lengths.^  Lumiere 
2  plates  were  used.  The  focal  length  of  the  instrument  is  7606  mm 
and  the  grating  constant  was  exactly  6  mm. 

The  co-ordinates  of  the  center  of  the  field  are  given  in  the  system 
of  Harvard  Annals,  48,  21,  Table  VI,  sixteenth  and  seventeenth 
columns.  The  efficiency  of  each  plate  is  indicated  by  the  photo- 
graphic magnitude  of  stars  whose  central  image  has  a  diameter  of 
one-tenth  of  a  miUimeter.  The  total  number  of  images  measured 
is  somewhat  greater  than  that  used  in  the  present  note  because 
some  stars  showing  only  very  faint  images  were  finally  rejected. 
The  effective  wave-lengths  of  hazy  images  were  given  half- weight. 
The  mean  weight-factor  of  a  plate,  which  is  given  in  the  last  column 

'  Contribulions  from  the  Mount  Wilson  Observatory,  No.  23 1 . 

^  Compare  Mt.  Wilson  Contr.,  Nos.  100,  loi;  Astrophysical  Journal,  42,  92,  iii, 
1915- 
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of  Table  I,  may  therefore  be  taken  as  a  measure  of  the  mean  quality 
of  the  images.  The  quaUty  0.50  thus  means  that  all  images  of  the 
plate  were  given  half-weight. 

TABLE  I 
Photographs  of  the  North  Pole 


Plate 
No. 


II . 
14- 
IS- 
16. 

17- 

204. 
20s. 
206. 


Date 
igi2 


July  19 


July  20 
July  21 


September  14 


Sidereal 

Expo- 
sure 
Time 

(min.) 

Co-ordinates  of 

Num- 

Aper- 
ture 
(inches) 

Time  at 

Middle 

of  Expo- 

Center of  Field 

Efficiency 
of  Plate 

ber  of 
Images 
Meas- 

sure 

X 

y 

ured 

60 

2ol>    s" 

60 

-480" 

+  70" 

I4'"8 

32 

40 

22  23 

93 

-520 

4-  30 

14.6 

108 

40 

23  26 

9S 

-510 

+  SO 

12.0 

rs 

40 

21     I 

v\ 

-180I 
-350/ 

+  so 

11. 9I 
10.9/ 

29 

40 

22  36 

9S 

—  190 

+  SO 

14.6 

112 

40 

iS  16 

31.3 

+  10 

+  140 

13.3 

44 

40 

19  15 

30 

-  40 

+  90 

137     ^ 

34 

40 

19  S3 

IO:Sl 

1,0.3/ 

— 6o,4-2ol 
4-120,4-190/ 

+  60 

12.7,11.71 
10.7,  9.7/ 

27 

60 

21  48 

60 

—  200 

+  30 

14.9 

23 

40 

21       7 

6 

—  120 

—   10 

II. 6 

14 

40 

21   43 

60 

-  80 

-  50 

13.8 

44 

40 

22    29 

19 

-  60 

-  70 

12,7 

29 

Quality 

of 
Images 


0.64 

•  70 
.83 

.83 

.69 
•50 
.56 

•52 

•  so 
.79 
.56 

0.83 


The  diameter  of  the  field  measured  was  1150"  when  the  full 
aperture  was  used,  and  2500"  when  the  mirror  was  diaphragmed 
down  to  40  inches.  The  plates  were  measured  and  reduced  at 
Potsdam.  At  the  same  time  a  series  of  plates  of  the  Pleiades  has 
been  discussed,  which  afford  9972  effective  wave-lengths.  This 
last  material  has  been  used  for  a  more  thorough  determination  of 
the  variation  of  the  effective  wave-length  with  the  intensity  of  the 
image.  The  effective  wave-lengths  were  measured  in  millimeters 
by  moving  the  plateholder  with  a  micrometer  screw  and  reading 
to  ^  ju.  The  diameter  of  the  central  image  of  the  star  was  taken 
as  a  measure  of  the  intensity  of  the  spectra  of  first  order.  As 
normal  strength  that  shown  when  the  diameter  of  the  central 
image  is  o.i  mm  or  100  ^u  was  chosen.  For  other  diameters  of 
the  central  image  the  following  corrections  to  the  normal  diameter 
were  found: 


Diameter  of  centralimage  (/=     0.05 
Correction  to  J  =  0. 10  mm  -fr3 


O.  II 

—  2 


o.  12     o. 13 
-3       -4 


0.14 

~5 


0.06     0.07     0.08 
-l-io       4-7       -I-4 

0.15     0.16     0.17     0.18 
-6'      -6       -7       -7 


0.09 
+  2 


o.  10  mm 
+0  M 


o.  19—0.  24  mm 
—  7M 
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No  conspicuous  difference  in  the  corrections  for  stars  of  different 
effective  wave-lengths  was  noted. 

These  corrections  were  also  used  in  reducing  the  effective  wave- 
lengths given  in  the  present  note.  The  correction  required  to 
reduce  the  effective  wave-lengths  to  the  zenith  owing  to  selective 
extinction  of  Hght  in  the  earth's  atmosphere  amounts  to  —  23  A 
or  —  6  )U  for  the  North  Polar  region  as  seen  from  Mount  Wilson. 

To  convert  the  effective  wave-lengths  expressed  in  millimeters 
into  Angstrom  units  they  must  be  multiplied  by  3944.2.  It  will  be 
more  convenient  for  comparison  with  determinations  of  the  differ- 
ence between  photographic  and  visual  magnitudes,  however,  to 
transform  the  effective  wave-length  measured  in  mm  directly  into 
the  equivalent  values  of  color  index. 

I  have  found  that  a  difference  of  i^^  in  the  color  index  in  the 
system  of  Ih  of  the  Gottingen  Actinometry,  Part  B,  corresponds 
nearly  to  a  difference  of  200  A  in  the  effective  wave-length.  By 
adopting  this  and  comparing  the  color  indices  lu  of  stars  occurring 
in  the  Gottingen  Actinometry  with  their  effective  wave-lengths  on 
other  plates  taken  with  the  60-inch  reflector  it  was  found  that 
Iu  =  o  corresponds  to  an  effective  wave-length  of  i  .069  mm  or 
4216  A.  Hence,  indicating  the  color  index  calculated  from  the 
effective  wave-length  by  /x,  we  have 

A  =  -2^o(Xeff  — 4216  A)  =  I9.72l(Xeff— I  .069mm) 

The  accuracy  of  the  effective  wave-length  varies  with  the 
intensity  of  the  image.  Different  weights  were  therefore  assigned 
to  the  effective  wave-lengths,  according  to  the  diameter  of  the 
central  image.  These  weights  were  decreased  for  images  which 
were  not  of  normal  strength,  because  of  the  uncertainty  of  the 
reduction  of  the  effective  wave-length  to  G?  =  o.iomm,  which  may 
vary  with  the  quality  of  the  image.  The  following  weights  of  I\ 
were  finally  adopted  for  different  values  of  the  diameter  d  of  the 
central  image. 

d=                         0.05  0.06  0.07  0.08    0.09   o.io  o.ii  0.12  o.i3mra 

i/X.(/x)  =  i/(m.e.)^      2  4  8        18        28        38  48        56        58 

0.14    0.15    0.16  0.17  0.18  0.19    0.20    0.21  0.22  0.23  0.24mm 

52        44        36  28  22        16        12          8  6           4          2 
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For  example,  for  d  =  o.jg  mm,  the  adopted  weight  is  16,  corre- 
sponding to  a  mean  error  in  the  color  index  /x  of  ±1  1/16  =  =t  0.25. 
As  stated  above,  for  bad  (hazy)  images  these  weights  were 
divided  by  2.  In  fact  the  North  Polar  plates  here  employed  are 
perhaps  the  poorest  I  took  at  Mount  Wilson. 

The  results  are  given  in  Table  II.  The  first  column  contains 
the  number  of  the  star  taken  from  the  Harvard  Annals,  48,  21, 
Table  \1,  and  the  second,  the  number  of  the  North  Polar  sequence. 
The  third  column  gives  the  photographic  magnitude  as  derived 
from  my  estimates  of  the  diameter  of  the  central  image.  These 
magnitudes,  according  to  which  the  stars  have  been  arranged  in 
the  table,  are  only  approximate.  No  correction  for  distance  from 
the  center  of  the  field  has  been  applied.  The  scale  of  Seares'  was 
taken  as  a  standard.  The  following  relation  between  magnitude 
and  diameter  d  of  the  central  image  was  found. 

d=  0.04    0.05    0.06    0.07    0.08    0.09  mm 

;h + plate  constant  =  16.0     15.9     15.8     15.5     15.2      14.8 

o.io     o.ii     0.12     0.13     0.14     0.15     0.16     0.17     0.18     0.19mm 
14.6     14.3     14.0     13.8     13.6     13.3     13. I     12.9     12.7      12.5 

0.20     0.21     0.22     0.23     0.24     0.25     0.26     0.27     0.28     0.29  mm 
12.2     12.0     II. 9     II. 6     II. 5     II. 4     II. 2     II. o     10.9      10.7 

The  fourth  column  contains  the  color  index  7x  as  derived  from 
the  effective  wave-length,  and  the  fifth  column,  its  weight,  i.e., 
the  reciprocal  square  of  the  mean  error.  The  sum  of  the  weights 
of  /x  for  all  129  stars  is  10,281.  The  sixth  column  gives  the  number 
of  images  used,  respectively,  for  the  estimation  of  magnitude  and 
for  the  determination  of  effective  wage-length. 

Of  special  interest  is  a  comparison  of  /x  with  the  color  index  of 
Seares^  which  is  defined  as  the  difference  between  the  photographic 
and  the  photovisual  magnitude 

This  comparison  has  been  made  in  the  following  way.     In  Table  II 
there  are  77  stars  for  which  both  /x  and  I_\t\v  have  been  deter- 

'  Mount  Wilson  Contr.,  No.  97,  Table  IX;  Astrophysical  Journal,  41,  206,  1915. 
^  Loc.  cil. 
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TABLE  II 
Colors  of  the  North  Polar  Stars 


No. 


H.A.  48 


N.P.S. 


420. 

356- 

lOI. 

386. 

184. 
350- 

195- 
227. 
197. 
419. 

309- 
75- 
62. 

408. 

282. 

43°- 

67- 

320. 

85- 
225. 

268. 
494- 
57- 
302. 
362. 

2ig. 

427- 
262. 

234- 
479- 

489. 

451- 
292. 

174. 

248. 

389. 
151- 
103. 
436. 
172. 


10 


13 
14 


8r 
IS 


6s 


16 
17 


gr 
18 
I  or 

75 

19 


20 


iir 


23 


22 
21 


"Ps 


P(I.) 


948 
10.37 

10 -59 
10.89 
11.03 

11.09 
II.  10 
11.23 
II.  26 
II  .40 

11.44 
11.46 

11-57 
11.63 
11.85 

12.13 

12.2 

12.32 

12.62 

12.66 

12.75 
12.83 
12.93 
12.94 
13  05 

13.20 
13-24 
13-4 
13-44 

13-44 

13-45 
13-48 
13-52 
13-54 
13-57 

13-70 

13-79 

13-8 

13-82 

13-84 


+ 

+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 

+ 
+  1 

+ 
+ 

+ 

+ 
+ 

+ 
+ 

+  1 

+ 

+ 

+ 

+ 

+ 
+ 
+ 
+ 
+ 

+ 
+1 

+ 
+ 
+  1 


03 

03 
21 

35 
93 

22 

83 
90 

17 
40 

27 
65 
70 

15 
61 

71 
28 
21 
30 
39 

25 
66 

43 

23 
54 

II 
96 
56 
35 
51 

14 
45 
44 
52 
79 

60 
01 

81 

39 
21 


66 

30 

173 

240 

293 

252 

24 

300 

271 

44 

144 
255 

71 
209 

76 

57 
6 

183 
174 
206 

194 
107 
124 
179 
158 

201 

91 

32 

190 

88 


98 

83 
144 

105 
144 

116 
194 

58 

59 
144 


8,5 

3,2 

7,6 

12,10 

12,10 

13,11 

2,2 

14,12 

12,11 

3,3 

8,7 
12,11 

3,3 
9,8 
4,4 

3,3 

1,1 

12,10 

9,9 
14,11 

10,9 

6,5 

9,8 

10,9 

8,7 

10,9 

7,5 
2,2 

8,8 
5,5 

4,4 
5-5 
6,6 

5,5 
6,6 

5,5 
7,7 
1,1 
4,4 
5,4 
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TABLE  U— Continued 


No. 


H.A.  48 


426. 

34- 
300. 
279. 

345- 

90. 

127. 

243- 
378. 

146. 

28. 

33- 
329- 
134- 

263. 

319- 

424. 

131- 

281. 

33^- 
403- 
142. 

152. 
176. 

230- 
401 . 

256. 
191. 

13- 


14- 
327- 
437- 
439- 
459- 

480. 

391- 
265. 
154- 
288. 

60. 
86. 

105. 
107. 
Ill . 


N.P.S. 


i2r 
24 


85 


gs 


26 


"Ps 


13  90 

14.0 
14.0 
14.00 
14.04 

14.08 
14. 12 
14- 13 
1415 
1415 

14.17 

14-3 

14-3 

14-3 

14-33 

1435 

14.38 

14.4 

14.43 

14.45 

14.45 
14.45 
14.47 
14.48 
14.48 

14.53 
14-53 
14.5s 
14.56 
14.6 

14.6 
14.6 
14.6 
14.6 
14.6 

14.6 

14.64 

14.68 

14-7 
14-73 

14.8 
14.8 
14.8 
14.8 
14.8 


+  -32 
+  1.00 

+  -05 
+  1.17 
+    .36 

+  1.50 

+  1.23 
+    .66 

+  -32 
+  1.07 

+  -55 
+  .15 
+  .89 
+  .88 
+    .41 

+  .30 
+    .62 

+  .39 
+  .72 
+    .38 

+    .56 

-f-       -yo 

+  0-7 
+     .67 

+     .36 

+  .78 
+     .96 

+  -75 
+  .66 
+  1 .  12 

+  1.08 
+  .68 
+  1. 10 
+  .88 
+  1-30 

+  -63 

+  -52 

+  .86 

+  .18 

+  -85 

+  -83 
+  .38 
+  .58 
+  1.36 
+   .49 


pa^) 


95 

56 

28 

149 

116 

141 
129 
168 
52 
116 

108 
24 
24 

IIS 

141 

117 
26 
48 
62 
80 

76 
67 

86 
162 
140 

90 

67 

142 

148 

19 

38 
76 
19 
38 
19 

19 

64 

128 

33 
66 

28 
28 
66 
28 
42 


4,4 
1,1 
1,1 
5,5 
5,5 

5,5 
5,4 
6,4 
2,2 

4,3 

3,3 
1,1 
1,1 
4,4 
6,6 

6,6 
4,2 
2,1 
3,2 

4,4 

4,3 
2,2 

3,2 

6,4 

6,5 

3,3 
3,2 
4,4 
5,4 
1,1 


2,2 
1,1 
1,1 
I.I 


5,3 
4,4 
2,2 

3,3 


2,2 

3,3 
2,2 
2,2 
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TABLE  II — Continued 


No. 


H.A.  48 


N.P.S. 


125- 

175- 
3,32,- 
336- 
338- 

342. 
348. 
226. 

74- 
324- 

192 . 
88. 
130. 
140. 
283. 

311- 
159- 
158. 
190. 

334- 

132. 
306. 
341- 
323- 
196. 

139- 
193- 
277. 

254- 

215- 

126. 

165. 
163. 
201 . 
205. 

218. 
358. 
339- 
365- 
295- 

164. 
368. 
212. 
186. 


28 


10s 


lis 


13^ 

125 


Vg 


14.8 

+ 

•57 

14.8 

+ 

-31 

14.8 

+  1 

.06 

14.8 

+  1 

■05 

14.8 

+ 

•83 

14.8 

+ 

.19 

14.8 

— 

-41 

14.85 

+ 

•51 

14.9 

+ 

■  90 

14-97 

+ 

.80 

14.98 

+ 

-37 

150 

+ 

.66 

150 

+ 

-65 

150 

+  1 

.06 

iS-o 

+  1 

.28 

150 

+ 

-14 

15.08 

+ 

-43 

15.12 

+ 

.63 

1515 

+ 

•75 

15-15 

+ 

.80 

15-2 

+  1 

-25 

15-2 

+ 

-53 

15-2 

+ 

.91 

IS-2 

+ 

-56 

15-30 

+ 

-65 

15-35 

+  1 

■  72 

15-35 

— 

-04 

15-35 

+ 

.62 

15-38 

+ 

-65 

15-40 

+  1 

■50 

15-43 

+  1 

-04 

15-45 

+ 

-43 

15-S 

+ 

.76 

15-5 

+ 

.19 

15-5 

+ 

.76 

15-S 

+  1 

.  12 

15-5 

+  1 

.09 

iS-6 

+ 

.81 

15-65 

+ 

-94 

15-7 

+ 

.28 

15  90 

+  1 

-25 

159 

+  1 

.28 

15-95 

+ 

.  21 

16.1 

+ 

-57 

^(^) 


61 
42 
28 
28 
42 

28 
14 

94 
28 

56 

56 
23 
51 
65 
23 

37 
65 

55 
50 
18 

18 
18 
27 
36 
36 

13 
17 
13 
35 
44 


13 

4 

II 


12 

9 

6 

10 

4 

2 
2 
2 
2 


3; 
2, 
1 
2 

2. 

2, 
I 

4, 
2, 

3 

4 
2 

3 
3 

2 

2 

A: 

4, 
4, 
2, 

I 

2, 
2 

3 
4i 

2, 

2, 

2 

4, 

4, 

3> 
2, 
I 

2, 
I , 

2, 
2, 

3. 
2, 

2, 

4, 

I 

2, 

I 
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mined.  Of  these  the  star  439,  for  which  the  photographic  magni- 
tude of  Seares  and  consequently  Ixiw  is  uncertain,  was  omitted. 
Among  the  other  76  stars  there  are  40  for  which  the  weight  of  /x 
is  less  than  90.  These  and  the  star  loi  have  been  combined  into 
means  of  2  or  more  stars  as  follows:  420  and  loi  (combined  weight 
of  /x  239);  195  and  282  (100),  319,  424,  and  403  (141);  142  and 
401  (153);  391  and  154  (97);  288  and  125  (127);  336,  338,  and 
342(98);  324  and  130  (107);  283.  311,  and  159  (125);  158  and  190 
(105);  334,  341,  323,  and  139  (94);  254,  215,  126,  163,  205,  218, 
358,  339.  365.  295,  164,  368,  212,  and  186  (148).  Thus  35  single 
and  12  combined  objects  were  available.     These  47  objects  are 

TABLE  III 


10.08 
10.76 
10.42 
10.82 
10.58 
11.06 
11.06 
11.42 
11.42 
12.08 
12.36 
12.48 
12.76 
12.72 
12.64 
12.67 

1335 
13.12 
12.90 
13.20 

13  15 
13.04 

13-58 

13  IS 


'MW 


+  -13 
+  -44 
+  1.04 

+  .37 
+  1.03 

+  -iS 
+  .65 
+  -39 
+  .69 
+  .38 
+  -51 
+  .41 
+  .51 
+  .82 
+  1.16 
+  1.20 
+  -50 
+  .63 
+  .85 
+  -74 
+  1-14 
+  1.61 

+  .50 
+  1.38 


+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+  1 

+ 

+ 

+ 

+ 

+ 

+  1 

+  1 

+ 

+  1 


16 
35 
93 
22 
90 
17 
65 
15 
66 
21 
39 
25 
23 
54 
II 
96 
35 
44 
79 
60 
01 
21 
32 
17 


o-c 


+ 
+ 
+ 


4- 


9 

2 

5 
5 
3 

-  6 

+  13 
-13 

+  11 
■~  5 

+  2 

-  3 
-14 

-  II 

+  16 

-  3 
o 

-  3 

+  12 

+  3 
+  8 
-14 

-  3 
+  3 


13 

12 

13 
13 

14 
13 
13 
13 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 


63 
90 

83 
44 
04 

83 
98 

84 
09 
i6 
12 
26 
14 
38 
30 
45 
38 
58 
68 
68 
87 
74 
86 


'J/IV 


+    .60 

+  1.78 
+  1.04 

+  1.40 
+  .96 
+  .98 
+  .89 
+  .48 
+  .82 
+  .80 
+  .90 
+    .81 

+  .71 

+  .72 

+  .90 

+  .84 

+  .89 

+  .70 

+  .81 

+  .81 

+  .62 

+  I-00 

+  1.21 


+    .36 

+  1.50 
+  .66 
+  1.07 

+  -55 
+   .88 

+  .41 
+  .30 
+  .35 
+    .67 

+  -74 
+  -75 
+    .66 

+  -40 
+    .86 

+  .72 

+  .71 

+  .51 

+  -73 

+  -50 

+  .69 

+  .87 
+  1.02 


0-C 


-  7 
o 

-17 

-  8 

-  20 
+  11 
-28 

-  3 
-28 
+  6 

+  4 
+  14 
+  13 
-13 
+  17 
+  8 

+  3 

o 

+  12 

-  II 

+  26 

+  9 
+  6 


given  in  Table  III,  arranged  according  to  the  photographic  magni- 
tudes of  Table  II.  The  first  column  of  Table  III  contains  the 
mean  of  the  photovisual  and  photographic  magnitudes  of  Seares, 
film,  which  is  independent  of  their  difference  Imw-     The  material 
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of  Table  III  was  treated  according  to  least  squares  with  the  follow- 
ing result : 

/x  — 0.6,3 2  =  0. 895(/j/iy  — 0.810)— o.oi5(w?„,— 13  .128) 
±0.054  =^0  014  (ra.Q.) 

or  written  in  another  way 

7x-o,632  =  o.888(wi>5-i3.533)-o.902(w/>,-i2.723). 

The  differences  O  — C  between  the  observed  and  calculated 
values  of  /x  are  given  in  the  last  column  of  Table  III.  These 
differences  do  not  show  any  distinct  run,  the  number  of  changes  in 
sign  being  25.  where  we  should  expect  23=1=3.4  (m.e.).  The  linear 
formulae  therefore  represent  the  observations  sufficiently  well. 

From  the  first  of  these  formulae  it  is  seen  that  there  is  no  sensible 
magnitude  equation  between  /x  and  /.uir-  as  the  coefl&cient  of  Mm 
practically  does  not  exceed  its  mean  error.  This  result  is  perhaps 
the  most  satisfactory  one  of  the  present  note.  As  described  above, 
special  care  w^as  taken  to  avoid  a  magnitude  error  in  the  values  of 
/x.  Although  an  error  of  this  kind  does  not  appear  in  the  differ- 
ences ntpg  —  mp^  this  does  not  prove  that  the  scales  for  7npg  and 
mp:,  are  necessarily  correct;  but  they  must  be  parallel. 

To  say  the  least  the  values  of  /x  do  not  indicate  any  such 
inequality  between  the  two  scales  of  Scares. 

To  ;»;„  =  13.128  and /x  =  o  corresponds /j/n^  =  +0.10=^=0.05  (m.e.), 
although  we  have  both  intended  to  reduce  our  scale  of  color  index  to 
the  same  zero  point.  As  the  small  disagreement  found  is  only 
about  twice  its  mean  error  its  reality  is  not  beyond  question. 

The  mean  square  of  the  difference  O— C  in  Table  III  is  0.0 141  = 
(=•=0.12)-.  As  this  square  is  the  sum  of  the  squares  of  the  mean 
errors  of  /x  and  Imw  the  accuracy  indicated  is  about  what  could  be 
expected. 

Considering  the  individual  stars,  it  may  be  observed  that  the 
star  85,  for  which  /x= +0.30=^0.08  (m.e.),  seems  to  be  wrongly 
included  with  the  r  series  (So.  lor).  as  it  does  not  appear  to  be  of 
deep  color.  My  photographic  magnitude  12.62  gives  in  connection 
with  the  photovisual  magnitude    12.03    of  Scares:   /vr'=+o.4i, 
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corresponding   to   Ix= +o.2g,   thus   confirming   the   value    found 
directly. 

On  September  14,  191 2,  a  plate  (No.  207)  was  taken  with  several 
exposures  of  the  Pole  star  in  order  to  determine  the  effective  wave- 
length of  its  w  companion  18 ''3  distant.  From  six  images  was 
found  /x=+o.ii  with  weight  188,  or  a  mean  error  of  ±0.073. 
This  value  of  Ix  corresponds  to  a  spectrum  of  Ao  to  A5  of  the 
Harvard  classification.  Recently  F.  C.  Leonard  {Publ.  A  sir.  Soc. 
of  the  Pacific,  33,  215,  1921)  has  found  the  spectrum  of  the  com- 
panion to  be  of  class  Fo. 

Leiden 
November  12,  1921 
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ELECTRIC  FURNACE  EXPERIMENTS  INVOLVING 
IONIZATION  PHENOMENA^ 

By  ARTHUR  S.  KING 

ABSTRACT 

Furnace  temperature  required  to  obtain  the  subordinate  series  lines  of  the  alkali 
metals  in  absorption. — With  the  central  phig  at  about  26oo°C,  the  stronger  lines  of  both 
the  first  and  second  subordinate  series  of  K,  Cs,  and  Rb  were  readily  obtained,  while 
for  Na,  less  than  2350°  was  required.  The  lines  observed  for  each  metal  are  listed. 
The  temperature  of  the  absorbing  vapor  may  be  taken  as  about  400°  less  than  that 
of  the  plug. 

Furnace  absorption  spectrum  of  iron  vapor  above  28oo°C. — Using  lower  temperatures, 
no  absorption  lines  had  previously  been  obtained  longer  than  X  5507,  but  with  a  plug 
temperature  above  3200°,  practically  all  the  high  temperature  emission  lines  were 
obtained  in  absorption,  up  to  the  end  of  the  range  photographed,  X  6700. 

Furnace  spectra  of  Ca,  Sr,  and  Ba  vapors  mixed  with  more  easily  ionized  elements, 
K  and  Cs. — Flame  lines  are  not  affected,  but  the  intensity  of  enhanced  lines  was  found 
to  be  decreased  for  both  absorption  and  emission  spectra,  when  the  easily  ionized 
vapor  of  K  (4.3  volts)  or  of  Cs  (3.8  volts)  was  added,  the  effect  being  very  marked  for 
Ca  (6.1  volts),  somewhat  less  for  Sr  (reduction  to  one-third)  and  small  for  Ba  (5.2 
volts),  while  adding  Na  (5.2  volts)  to  Ba  vapor  produced  no  change.  Evidently  the 
quenching  effect  depends  upon  the  relative  ease  of  ionization  of  the  two  vapors. 
Temperatures  of  1800-1830°  were  used. 

Furnace  temperatures  required  to  obtain  certain  flame  lines  in  absorption  and  in 
emission. — The  lines  X4227  (calcium),  X  4607  [strontium),  and  X  5535  {barium)  were 
obtained  in  absorption  (tungsten  lamp  source)  but  not  in  emission  (exposure  2  hours) 
at  temperatures  of  1275°,  1200°,  and  i40o^C  respectively.  This  lag  of  emission  over 
absorption  may  be  partly  due  to  the  wideness  of  the  lines,  and  is  not  noticeable  for 
sharp  iron  lines. 

Relation  of  furnace  observations  to  Saha^s  theory  of  spectra. — The  foregoing  results 
verify  Saha's  predictions  that  the  subordinate  series  of  the  alkalies  could  be  obtained 
in  absorption  if  suthciently  hot  vapor  were  used,  and  that  a  gas  too  cool  to  emit  light 
should  still  be  able  to  absorb  the  lines  of  the  principal  series;  and  the  results  with 
mixed  gases  are  such  as  would  be  expected  if  flame  and  enhanced  lines  are  associated 
with  neutral  and  ionized  atoms  respectively,  as  Saha  assumes. 

This  paper  gives  the  results  of  some  experiments  which  bear 
on  certain  features  of  the  theory  recently  advanced  in  a  series  of 
papers  by  M.  N.  Saha,^  concerning  the  part  which  ionization  may 
have  in  the  production  of  certain  types  of  spectral  Unes.  The  points 
tested  are  (i)  the  possibility  of  obtaining  in  absorption  the  lines 
of  the  subordinate  series  of  the  alkali  metals,  and  in  general,  the 
conditions  necessary  for  any  t>pe  of  lines  to  appear  in  absorption, 
(2)  the  effect,  on  lines  presumed  to  be  due  to  the  ionized  atom,  of 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  233. 

^Philosophical  Magazine,  40,  472,  809,  1920;  41,  267,  1921;  Proceedings  of  the 
Royal  Society,  A,  99,  135,  1921  '        — 
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mLxtures  with  elements  having  lower  ionization  potentials,  and  (3) 
whether,  under  given  conditions  of  the  metalUc  vapor,  a  line  appears 
in  absorption  at  a  lower  temperature  than  it  can  be  obtained  in 
emission. 

The  tube-resistance  furnace  offers  special  possibilities  for  an 
investigation  of  this  sort  by  reason  of  the  close  control  of  the 
temperature  and  pressure.  Absorption  spectra  also  are  readily 
obtained,  either  by  the  use  of  a  diaphragm  within  the  tube  or  by 
passing  white  hght  through  the  tube  from  an  external  source. 

The  special  means  of  excitation  employed  will  be  described 
under  each  heading.  The  furnace  chamber  was  usually  pumped 
out  to  about  8  mm  of  mercury.  The  spectrograms  were  all  made 
with  the  bright  first  order  of  a  15-foot  concave  grating,  giving  a 
scale  of  3.7  A  per  mm. 

I.    ABSORPTION  SPECTRA  OF  SODIUM,  POTASSIUM,  CAESIUM, 

AND   RUBIDIUM 

In  his  discussion  of  absorption  spectra,^  Saha  notes  that  for 
these  elements  only  the  lines  of  the  principal  series  have  been 
obtained  in  absorption,  the  experiments  with  sodium  having  been 
by  Wood^  and  those  with  potassium,  caesium,  and  rubidium  by 
Bevan.'  Saha's  explanation  of  the  failure  of  the  subordinate 
series  to  appear  is  that  the  temperature  of  the  absorbing  vapor  was 
not  high  enough.  In  view  of  the  writer's  recent  study-^  of  the 
production  in  absorption  of  lines  belonging  to  various  tempera- 
ture classes,  this  explanation  seemed  reasonable.  The  subordinate 
series  of  Hnes  certainly  require,  in  emission  spectra,  a  stronger 
excitation  than  the  Hnes  of  the  principal  series,  and  they  should 
appear  in  absorption  when  the  temperature  is  high  enough  to 
furnish  a  fairly  large  number  of  atoms  capable  of  emitting  the 
subordinate  series  lines.  However,  it  was  worth  while  to  test  this 
in  the  specific  case  of  the  alkali  metals. 

Sodium. — A  trial  of  the  furnace  with  sodium,  operated  as  usual 
to  give  emission  spectra,  yielded  at  2250°  C  and  without  prolonged 

'  Philosophical  Magazine,  41,  267,  1921.         ^  Astro  physical  Journal,  29,  97,  1909. 
i  Proceedings  of  the  Royal  Society,  A,  83,  421,  1910;  85,  54,  1911. 
'^  Mt.  Wilson  Contr.,  Xo.  174;  Astrophysical  Journal,  51,  13,  1920. 
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exposure  the  pair  XX  5683-88  of  the  first  subordinate  series,  and 
two  pairs,  XX  5149-54  and  6155-61  of  the  second  subordinate  series, 
in  addition  to  the  widely  reversed  D  fines.  This  showed  that  the 
production  of  the  required  atomic  orbits  was  wefi  within  the  range 
of  the  furnace. 

In  order  to  obtain  the  absorption  spectrum,  a  plug  of  graphite 
was  placed  near  the  middle  of  the  furnace  tube.  The  spectrograph 
was  set  to  give,  in  addition  to  the  pairs  above  mentioned,  those 
at  XX  4979-83,  4748-52,  4665-68,  the  plate  thus  including  three 
members  each  of  the  first  and  second  subordinate  series.  A  plug 
temperature  of  265o°-2  7oo°  gave  distinctly  in  absorption  all  six 
pairs.  A  temperature  of  2350°,  however,  sufficed  to  show  the  three 
pairs  of  the  first  or  diffuse  series  and  the  strongest  pair  of  the  second 
or  sharp  series  at  XX  6155-61.  The  absence  of  the  weaker  sharp 
pairs  was  probably  due  to  their  extreme  narrowness  at  low  tempera- 
ture in  a  vacuum  source,  so  that  the  absorption  lines  were  below 
the  Hmit  of  photographic  resolution.  Aside  from  this  feature,  the 
sharp  and  diffuse  series  appeared  in  absorption  with  equal  ease. 

The  temperature  of  the  absorbing  vapor  was  necessarily  much 
below  that  of  the  plug,  about  400°  lower,  according  to  the  experi- 
ments previously  reported,'  which  have  since  been  confirmed  so 
often  that  this  value  may  be  considered  a  constant  of  the  special 
experimental  arrangement  employed.  This  means  that  near  the 
end  of  the  heated  portion  of  the  tube  there  is  a  layer  of  vapor 
sufiiciently  cooler  than  the  plug  to  absorb  radiation  from  the  latter. 
The  present  experiments  thus  indicate  that  sodium  vapor  at 
2000°  C  or  higher,  with  a  sufficiently  hot  background,  will  absorb 
the  lines  of  the  two  subordinate  series. 

Potassium. — A  trial  with  a  plug  temperature  of  2700°  gave  in 
absorption  the  stronger  fines  of  the  subordinate  series  groups  near 
XX  5800  and  5340.  These  consist  in  each  case  of  one  pair  belonging 
to  the  first  and  one  to  the  second  series. 

Caesium. — The  absorption  spectrum  with  caesium  chloride  in 
the  furnace  was  photographed  from  X  5400  to  X  7000.  All  but  the 
faintest  of  the  arc  lines  in  this  region  were  obtained  in  absorption 
for  a  plug  temperature  of  2600°.     The  absorption  spectrum  showed 

'  Loc.  cil. 
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nine  lines  of  the  first  subordinate  series  and  five  weaker  ones  which 
Saunders,'  by  reason  of  the  constant  differences  occurring  among 
them,  considers  to  belong  to  the  second  subordinate  series.  The 
two  groups  are  as  follows : 

I  II 
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6724 

6034 
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6974 

6355 

5845 

6587 

Three  lines,  given  by  Saunders  as  XX  5847.8,  6217.6,  6983.8,  and 
classed  by  him  as  satellites  of  adjacent  strong  lines,  are  visible  also 
in  the  absorption  spectrum.  In  the  arc  the  lines  which  presumably 
belong  to  the  second  series  are  very  unsymmetrical  toward  the  red, 
while  the  absorption  furnace  in  vacuum  gives  for  each  of  these  a 
narrow  line  at  the  extreme  violet  side  of  the  position  of  the  arc  line. 
Dissymmetries  occurring  among  the  lines  of  the  first  series  are  also 
eliminated  by  the  furnace.  When  the  furnace  spectrum  is  more 
completely  photographed,  with  proper  standards,  a  revision  of  the 
wave-lengths  can  be  made  and  the  character  of  the  second  series 
definitely  settled. 

Rubidium. — For  this  element  also,  there  was  no  difficulty  in 
obtaining  in  absorption  nearly  all  of  the  lines  given  by  the  arc. 
In  the  range  X  5100  to  X  6400,  the  following  fines  of  the  first  and 
second  subordinate  series  showed  as  absorption  lines,  only  the 
fainter  members  of  the  second  series  being  absent: 
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While  not  bearing  so  directly  upon  the  ionization  theory  as  the 
foregoing,  a  series  of  experiments  with  the  iron  spectrum  in  absorp- 
tion may  be  m.entioned.     In  the  previous  investigation,-  when  the 

'  Astrophysical  Journal,  20,  188,  1904.  ^  Loc.  cit. 
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furnace  was  heated  in  vacuum  with  the  plug  at  about  2600°  C,  no  iron 
lines  were  obtained  in  absorption  to  the  red  of  X  5507,  an  effect  prob- 
ably due,  as  was  explained  then,  to  the  high-temperature  character 
of  the  iron  hnes  in  the  yellow  and  red.  Later  experiments  have 
extended  this  hmit.  The  furnace,  operated  at  atmospheric  pressure, 
had  its  tube  thinned  in  the  central  region  to  permit  very  high 
temperatures  of  the  plug  and  to  give  a  strong  gradient  in  the  portion 
of  the  tube  containing  the  iron  vapor.  Plug  temperatures  above 
3200°  C,  the  highest  reading  of  the  pyrometer  employed,  were  thus 
obtained.  The  spectrum  was  photographed  to  X  6700,  and  gave 
in  absorption  practically  all  of  the  Hnes  shown  in  emission  by  the 
furnace  at  high  temperature. 

The  conclusion  from  these  results  is  that  a  sufficiently  high 
temperature  of  the  absorbing  vapor,  and  proportionately  higher 
temperature  of  the  incandescent  background,  give  in  absorption 
all  hnes  which  the  furnace  can  emit,  and  experience  has  shown  these 
to  include  probably  all  lines  not  requiring  conditions  similar  to 
those  of  the  spark  discharge. 

This  condition,  which  is  an  obvious  consequence  of  the 
difference  in  excitation  required  to  produce  different  groups  of 
lines  in  the  same  spectrum,  is  enunciated  by  Saha  to  the  effect  that 
in  order  to  reverse  a  given  set  of  hnes,  it  is  not  sufficient  to  send 
a  beam  of  white  hght  through  a  cooler  layer  of  the  vapor,  but  that 
"in  the  atoms  present,  there  should  be  a  fairly  large  number  with 
orbits  corresponding  to  the  first  term  of  the  pulse  of  radiation  to  be 
absorbed.  Thus  in  order  that  lines  {ip-tnd)  may  be  absorbed  (as 
those  of  the  subordinate  series  of  the  alkahs),  we  must  have  a 
sufficient  number  of  atoms  with  (2/?)  orbits."^ 

2.    EFFECT     OF    MIXTURES     OF    ELEMENTS    HAVING    DIFFERENT 

IONIZATION   POTENTIALS 

In  the  writer's  studies  of  electric  furnace  spectra,  it  has  been 
noted  repeatedly  that  a  mixture  of  substances  may  be  vaporized 
without  any  suppression  of  the  spectrum  of  one  by  reason  of  the 
presence  of  the  others.  In  contrast  with  the  arc  containing  such 
a  mixture,  each  vapor  appears  to  give  its  spectrum  as  if  it  were  alone. 

'  Op.  cil.,  p.  277 
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No  evidence  against  this  view  has  been  found  as  regards  the  great 
majority  of  the  lines  emitted  by  the  furnace.  These  hnes,  accord- 
ing to  the  modern  view,  are  emitted  by  various  electron  orbits  of 
the  "normal  atom,"  that  is,  an  atom  which  is  not  ionized  through 
the  removal  of  one  or  more  electrons.  The  furnace  is  capable, 
however,  of  emitting,  in  general  rather  faintly,  some  of  the  enhanced 
hnes,  which  are  regarded  as  due  to  the  ionized  atom.  For  these 
lines,  the  degree  of  ionization  is  a  determining  factor,  and  this  may 
be  affected  by  conditions  other  than  the  temperature  and  pressure 
which  are  controlled  in  the  furnace. 

The  calcium  spectrum  contains  various  series  emitted  by  the 
normal  atom,  and  also  the  enhanced  lines  H  and  K  arising  from  the 
ionized  atom.  Designating  the  normal  atom  by  Ca  and  the  ionized 
atom  and  its  lost  electron  by  Ca+  and  e,  respectively,  Saha'  states, 
"At  a  given  temperature  and  concentration,  a  definite  equilibrium 
will  be  estabHshed  between  the  proportions  of  Ca,  Ca"*",  and  e,  as 
represented  by  the  van't  Hoff  formula  of  reversible  chemical  action, 
Ca-^Ca++e." 

If  then  we  add  a  large  supply  of  electrons  from  some  substance 
which  becomes  ionized  more  readily  than  calcium,  fewer  electrons 
from  the  calcium  can  exist  in  the  free  state,  and  the  proportion  of 
Ca~  atoms  becomes  less,  with  a  corresponding  weakening  of  the 
H  and  K  lines,  relative  to  the  lines  of  the  normal  atom.  Since  the 
ionizing  potential  of  an  element  may  be  taken  as  the  measure  of 
its  ionization  under  a  given  stimulus,  a  mixture  of  calcium  with  an 
element  having  a  lower  ionization,  such  as  potassium,  caesium, 
or  rubidium,  should  alter  the  calcium  ionization  to  an  appreciable 
extent.  A  fairly  crucial  test  of  the  basic  assumptions  of  Saha's 
theory  should  thus  be  possible,  and  Dr.  H.  N.  Russell  has  suggested 
to  the  writer  that  the  control  of  conditions  in  the  electric  furnace 
affords  an  excellent  means  of  applying  the  test.  The  following 
experiments  were  accordingly  carried  out  for  the  spectra  of  calcium, 
strontium,  and  barium. 

Calcium. — A  temperature  of  about  1800°  C  was  selected,  which 
gives  the  H  and  K  lines  distinctly,  and  yet  with  intensities  low 
enough  to  register  easily  any  disturbance  in  the  vapor  producing 
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them.  The  first  experiments  were  with  absorption  spectra,  which 
permit  short  exposures,  during  which  there  would  be  httle  change 
in  the  vapor  within  the  tube.  Instead  of  using  a  plugged  tube, 
white  light  from  a  strong  tungsten  projection  lamp  was  sent  through 
the  tube  of  the  vacuum  furnace.  As  the  filament  of  the  lamp  was 
many  hundred  degrees  hotter  than  the  furnace  tube,  it  could 
safely  be  assumed  that  the  vapor  in  the  highly  heated  portion  pro- 
duced the  absorption,  instead  of  that  near  the  end  as  was  evidently 
the  case  when  a  plug  was  used.  The  first  mixture  tried  was  calcium 
and  potassium,  whose  ionization  potentials  are  6.08  and  4.32  volts, 
respectively.  The  absorption  spectrum  was  first  photographed 
with  metallic  calcium  alone  in  the  tube.  The  furnace  was  then 
recharged  with  a  mixture  of  calcium  and  potassium  chloride,  and 
a  second  exposure  made  under  the  same  conditions  as  the  first. 
The  quenching  efTect  on  the  H  and  K  lines  was  very  distinct.  With 
calcium  alone,  H  and  K  appeared  as  absorption  fines  of  moderate 
strength,  comparable  with  some  of  the  fines  in  the  group  of  six 
near  X  4300  and  in  the  series  triplet  XX  4425-55.  When  calcium 
and  potassium  were  vaporized  together,  scarcely  a  trace  of  H  and  K 
was  to  be  seen,  while  the  comparison  fines  due  to  the  normal  atom 
were  practically  unchanged.  The  nearly  equal  width  of  the  strong 
flame  line  X  4227  in  the  two  exposures  indicated  that  the  density  of 
calcium  vapor  was  nearly  the  same  in  both  cases.  The  experiment 
was  repeated,  the  tube  being  wiped  out  before  charging  with  the 
calcium  alone,  but  the  potassium  was  not  entirely  removed,  as  was 
shown  by  the  presence  of  the  violet  potassium  pair.  H  and  K  were 
thus  somewhat  weakened  in  the  first  exposure,  but  much  more 
affected  in  the  second  with  a  large  supply  of  potassium. 

The  comparison  was  repeated  with  a  new  tube  and  metalfic 
potassium,  instead  of  the  chloride,  for  the  second  exposure.  This 
eliminated  a  band  structure  in  the  H  and  K  region  which  may  have 
had  some  effect  in  the  previous  experiment.  H  and  K  were  again 
much  weakened  with  reference  to  the  other  calcium  lines,  though  the 
narrower  potassium  lines  showed  that  the  metal  did  not  give  as  effect- 
ive a  mass  of  vapor  in  the  tube  as  was  obtained  with  the  chloride. 

Experiments  with  emission  spectra  were  next  made,  first  with 
potassium  chloride  and  then  with  caesium  chloride,  which  were 
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compared  with  calcium  alone.  The  exposures  were  much  longer, 
with  resulting  variations  in  the  supply  of  vapor  during  the  runs,  but 
the  effects  observed  for  absorption  were  repeated.  H  and  K  being 
distinctly  reduced  in  intensity  when  a  mixture  was  used.  As  was 
to  be  e.xpected,  the  effect  of  caesium,  with  an  ionization  potential 
of  3.81,  appeared  greater  than  that  of  potassium,  but  the  effective 
quantities  of  the  two  may  have  been  different,  and  at  present  it  is 
desired  to  lay  stress  only  on  the  general  effect  of  a  substance  with 
lower  ionizing  potential. 

Strontium. — The  experiments  with  strontium  were  made  first 
for  the  absorption  spectrum  with  the  chloride  in  the  tube,  at  a  tem- 
perature of  1860°  C,  then  with  a  mixture  of  strontium  chloride  and 
potassium  chloride.  The  enhanced  lines  XX  4078  and  4216  were 
compared  with  the  flame  line  X  4607  and  a  group  of  strong  furnace 
lines  from  X  4722  to  X  4876,  presumably  due  to  the  normal  atom. 
As  with  calcium,  the  enhanced  lines  showed  a  decided  effect  from 
the  mixture  of  potassium.  X  4078  was  disturbed  by  a  band  spec- 
trum, but  X4216  was  favorable  for  comparison,  and  relatively  to 
the  other  lines,  showed  a  reduction  to  not  more  than  one-third  of 
its  former  intensity.  A  repetition  of  the  experiment,  this  time 
for  the  emission  spectrum  at  1830°,  permitted  both  X  4078  and 
X4216  to  be  observed.  They  were  found  to  be  weakened  by  the 
addition  of  potassium  to  approximately  the  same  degree  as  in 
absorption.  This  tube  was  afterward  used  for  the  experiment  with 
calcium  alone  and  calcium  with  caesium  in  emission,  mentioned 
in  the  preceding  section.  The  stronger  strontium  fines  persisted 
and  the  enhanced  pair  was  much  reduced  by  the  addition  of 
caesium. 

Barium. — A  series  of  experiments  was  made  for  the  absorption 
spectrum  of  barium  at  X  1830°  C,  using  both  barium  chloride  alone 
and  also  mixtures  of  either  potassium  chloride  or  caesium  chloride. 
The  enhanced  fines  XX  4554  and  4934  were  compared  with  X  5535 
and  the  strong  furnace  fines  from  X  5778  to  X  6063.  The  effect  on 
the  enhanced  fines  was  much  smafier  than  wath  the  corresponding 
fines  of  calcium  and  strontium,  but  a  perceptible  relative  weakening 
of  the  enhanced  pair  followed  the  addition  of  both  of  the  substances 
with  lower  ionizing  potentials. 
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The  ionization  potential  of  barium  is  lower  than  that  of  stron- 
tium or  calcium,  being  in  fact  halfway  between  potassium  and 
calcium.  This  and  the  fact  that  the  region  occupied  by  the  barium 
lines  is  not  so  favorable  for  the  observation  of  absorption  effects  as 
the  portion  farther  to  the  violet  may  be  responsible  in  some  measure 
for  the  smaller  influence  in  the  case  of  barium.  A  mixture  with 
sodium  vapor,  whose  ionization  potential  is  almost  exactly  the 
same  as  that  of  barium,  was  tried  and  no  effect  whatever  could  be 
detected. 

3.    TEMPERATURES  REQUIRED  FOR  THE  INITIAL  APPEARANCE  OF  A 
GIVEN  LINE   IN  ABSORPTION  AND  IN  EMISSION 

It  is  desirable  to  extend  the  observations  on  this  point  much 
farther  than  has  yet  been  possible,  but  the  tests  made  on  Hnes  of  a 
favorable  t^pe  have  given  definite  results,  which  will  be  reported 
here. 

In  his  discussion  of  the  radiation  of  the  characteristic  lines  of 
the  neutral  atom,^  Saha  reasons  that  a  mass  of  gas  too  cool  to  emit 
any  light  should  still  be  able  to  absorb  lines  of  the  principal  series. 
Further  heating  causes  the  atoms  to  progress  toward  ionization,  and 
radiation  will  follow  as  a  result  of  the  mutual  interchange  of  orbits. 
When  the  gas  can  emit  the  principal  series  rather  strongly,  it  should 
absorb  the  lines  of  the  subordinate  series,  a  still  higher  temperature 
producing  the  latter  series  in  emission. 

The  tests  thus  far  made  have  been  concerned  with  the  question 
whether  there  is  a  temperature  at  which  the  principal  series 
CaX4227,  Sr  X4607,  and  Ba  X  5535  will  appear  in  absorption  and 
not  in  emission.  The  higher  critical  stage  at  which  these  Hnes  are 
emitted  and  at  which  the  subordinate  series  may  show  only  in 
absorption  has  not  yet  been  looked  for. 

The  experimental  arrangement  provided  a  transition  from 
absorption  to  emission  conditions  by  simply  turning  off  a  900-watt 
tungsten  lamp,  whose  hght  was  directed  through  the  tube  during 
the  absorption  exposure. 

The  exposures  required  for  the  absorption  and  the  emission 
spectrograms  were  very  different.     For  absorption  one-half  to  one 
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minute  was  sufficient  to  produce  a  continuous  ground  of  the  proper 
strength  to  show  any  absorption  which  was  present.  For  the 
emission  spectrum,  it  was  a  question  of  registering  a  ver>'  faint 
image,  and  a  period  of  two  hours  was  considered  a  fair  time,  in  view 
of  the  power  of  the  spectrograph,  to  show  anything  which  the  vapor 
could  emit.  Absorption  spectra  were  photographed  at  the  begin- 
ning and  end  of  the  emission  run. 

At  1275°  C,  X4227  of  calcium  appeared  in  absorption,  0.5  A  in 
width,  persisting  as  a  well-defined  absorption  line  at  the  close  of  a 
two-hour  exposure  for  the  emission  spectrum,  but  the  line  failed 
to  show  in  emission.  At  the  same  temperature,  a  very  faint  trace 
of  X  4607  of  strontium  could  be  seen  as  an  emission  Une,  but  nothing 
whatever  appeared  in  emission  at  1200°,  though  at  the  latter 
temperature  the  absorption  line  X  4607  was  strong  at  the  beginning 
and  end  of  the  period. 

The  barium  line  X  5535  could  be  seen  very  faintly  in  emission  at 
1500°;  but  with  the  temperature  held  close  to  1400°,  at  no  time 
rising  above  1440°,  the  line  entirely  disappeared.  The  absorption 
line  was  still  strong  at  1400°. 

Some  inherent  difficulties  must  be  recognized  in  tests  of  this  sort. 
Lines  such  as  the  three  just  considered  have,  when  plenty  of  the 
material  is  present,  low  photographic  density  and  a  considerable 
width,  which  features  should  make  them  appear  in  absorption  under 
minimum  excitation.  The  same  characteristics  retard  their  develop  ■ 
ment  through  the  threshold  condition  in  emission.  Lines  which 
tend,  when  faint,  to  become  very  narrow,  as  is  the  case  with  the 
great  bulk  of  furnace  lines,  hold  up  relatively  better  in  emission 
than  in  absorption  as  the  temperature  becomes  lower;  since  in 
absorption  the  very  narrow  line  may  disappear  too  soon  by  reason 
of  failure  of  the  spectrograph  to  produce  the  resolution  of  the 
continuous  spectrum  which  enables  an  absorption  hne  to  be  per- 
ceived. This  fact,  which  with  the  narrow  hnes  of  the  vacuum 
furnace  would  make  the  emission  line  in  its  early  stages  easier  to 
see  than  the  absorption  hne,  may  account  for  the  fact  that  in  the 
iron  spectrum,  emission  and  absorption  spectra  for  the  same  temper- 
ature of  the  furnace  are  very  nearly  duphcates.  While  the  series 
for  iron  are  not  known,  the  lines  fall  into  definite  temperature 
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classes,^  and  the  initial  appearance  of  a  line  of  certain  type  may  be 
watched.  An  iron  Hne  in  this  sensitive  state  and  with  proportional 
exposures,  shows  as  readily  in  emission  at  a  given  temperature  as  in 
absorption.  This  was  tested  through  a  range  extending  from  the 
ultra-violet  into  the  red.  From  the  green  into  the  red,  it  is  some- 
what easier,  at  a  certain  temperature,  to  be  sure  of  the  presence 
of  a  faint  iron  line  in  emission  than  in  absorption.  We  may  there- 
fore say  that  the  evidence  thus  far  does  not  always  favor  the  absorp- 
tion method  as  a  means  of  producing  more  numerous  lines  than  are 
shown  under  equal  excitation  in  emission,  though  the  earlier 
appearance  in  absorption  of  principal  series  lines  appears  to  take 
place  in  the  spectra  of  calcium,  strontium,  and  barium. 

Mount  Wilson  Observatory 
January  1922 
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CARBON  DIOXIDE  ABSORPTION  IN  THE 
NEAR  INFRA-RED 

By  E.  F.  barker 

ABSTRACT 

Infra-red  absorption  bands  of  CO2  at  2.7  and  4.J  n. — New  absorption  curves  have 
been  obtained,  using  a  special  prism-grating  double  spectrometer  of  higher  resolution 
(Figs.  1-3).  The  2.7  ;u  region,  heretofore  considered  to  be  a  doublet,  proves  to  be  a 
pair  of  doublets,  with  centers  at  approximately  2.694  n  and  2.767  fi.  The  4.3  fx  band 
appears  as  a  single  doublet  with  center  at  4.253  n.  The  frequency  difference  between 
maxima  is  nearly  the  same  for  each  of  the  three  doublets,  and  equal  to  4.5X10". 
Complete  resolution  of  the  band  series  was  not  effected,  even  though  the  slit  included 
only  12  A  for  the  2.7  ^  region,  but  there  is  evidently  a  complicated  structure,  with  a 
"head"  in  each  case  on  the  side  of  shorter  wave-lengths.  The  existence  of  this  head 
for  the  4.3  ju  band  is  also  indicated  by  a  comparison  iznlh  the  emission  spectrum  from  a 
bunsen  flame,  and  the  difference  in  wave-length  of  the  maxima  of  emission  and  absorp- 
tion is  explained  as  a  temperature  effect  similar  to  that  observed  with  other  doublets. 

Molecular  structure  of  CO2. — If  a  linear  configuration  of  the  three  atoms  is  assumed, 
the  moment  of  inertia  of  the  molecule,  computed  from  the  doublet  frequency  difference, 

comes  out  50X10"*°.  This  gives  the  distance  from  the  central  C  atom  to  each  O 
Utom  aso.Q7Xio~  cm.  Since  the  linear  molecule  could  have  onlj'  three  modes  of 
vibration,  it  is  suggested  that  the  two  doublets  at  2.7  /z  may  correspond  to  two  succes- 
sive changes  in  stationary  state  for  the  same  \ibration. 

Echelette  gratings,  used  in  the  research,  were  ruled  with  3000,  1000,  and  500  lines 
per  inch,  on  surfaces  of  aluminum. 

In  the  prismatic  spectrum  of  carbon  dioxide  three  infra-red 
absorption  bands  have  been  observed/  at  approximately  2.7  /.x, 
4.3  iJL,  and  14.7  ix.  The  first  region  shows  two  absorption  maxima 
with  no  indication  of  fine  structure,  but,  from  its  behavior  when  the 
gas  is  subjected  to  various  temperatures  and  pressures,  von  Bahr 
concluded  that  it  is  not  a  simple  doublet.  The  region  at  4.3  fx  is 
narrow  and  for  it  no  structure  was  observed.  Using  small  echelette 
gratings,  Trowbridge  and  Wood^  found  several  maxima  and  minima 
in  the  emission  spectrum  from  a  bunsen  flame  between  4  ju  and  4.5  /x, 
but  they  apparently  did  not  take  into  account  the  reversal  effect 
due  to  atmospheric  absorption.  These  two  regions  have  now  been 
re-examined  with  the  maximum  available  dispersion,  using  a 
prism-grating  spectrometer  designed  for  the  purpose. 

'Von  Bahr,  D.  Phys.  Ges.,  15,  710  and  1150,  1913;  Burmeister,  D.  Phys.  Ges., 
15,  589,  1913- 
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The  arrangement  of  the  optical  system  is  shown  in  Figure  i. 
The  prism  is  of  rock  salt,  with  an  angle  of  38°  and  faces  about 
7  X 10  cm.  It  separates  the  incident  beam  into  a  spectrum  which 
is  focused  at  the  plane  of  a  sHt  forming  the  source  for  the  grating 
spectrometer:  thus  a  narrow  spectral  region  is  presented  to  the 
grating  for  analysis,  and  overlapping  of  spectra  is  avoided.  The 
detecting  system  is  a  silver-bismuth  thermopile  actuating  a  high 
sensiti\-ity  galvanometer  of  the  Paschen  ty^t.  An  absorption  cell 
with  windows  of  thin  glass  or  mica  is  placed  immediately  behind 
the  first  sHt.  and  may  be  moved  into  and  out  of  the  optical  path. 


Fig.  I. — (a)  Xemst  glower;  {b)  slit;  (c)  shutter;  {d)  sliding 
absorption  cell;  (f)  rock-salt  prism;  (/)  grating;  (g)  linear 
thermopile. 


The  whole  optical  system  is  inclosed  in  a  hea\y  metal  case  suppKed 
with  valves  so  that  it  may  be  thoroughly  washed,  dried,  or  even 
evacuated,  as  desired. 

The  region  of  2.7  m  is  accessible  vnXh  a  grating  ha\Tng  approxi- 
mately 15.000  lines  per  inch,  and  has  also  been  examined  in  the 
first  and  second  orders  of  a  5000-luie  grating.  For  the  4.3  /x  band 
the  latter  grating  failed  to  give  spectra  of  measurable  intensity  and 
it  has  been  necessary-  to  prepare  a  number  of  coarser  ones  having 
approximately  3000.  1000.  and  500  lines  per  inch.  These  have 
been  ruled  in  the  echelette  form  on  5"X7"  aluminium  surfaces,  and 
this  department  is  indebted  to  the  department  of  physics  of  Johns 
Hopkins  University  for  the  use  of  one  of  the  Rowland  ruling 
machines. 
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Obseroations.—ThrGQ  absorption  curves  for  the  2.7  /x  band  have 
been  mapped  with  different  dispersions,  corresponding  to  approxi- 
mately 55,  25,  and  12  angstrom  units,  included  by  the  half-milli- 
meter slit.  The  absorption  cell  was  five  centimeters  in  length  with 
glass  windows  about  0.25  mm  thick.  These  extended  beyond  the 
cell  so  as  to  be  traversed  b}'  the  radiation  even  when  the  cell 
itself  was  removed  from  the  optical  path.  Alica  windows  were 
used  for  greater  wave-lengths,  with  a  similar  arrangement  for 
compensation,  but  were  avoided  here  on  account  of  the  absorption 
band  of  mica  near  2.7  /x.  The  obser^-ations  consisted  in  noting 
ten  or  twelve  galvanometer  deflections  for  a  given  setting  of  the 
grating,  with  the  cell  in  and  out  alternately,  from  which  the  mean 
relative  decrease  in  deflection  due  to  the  CO2  absorption  was  com- 
puted. The  interval  between  successive  grating  positions  was 
somewhat  less  than  the  sht  width. 

The  three  different  dispersions  all  show  this  absorption  region 
to  consist  of  a  pair  of  doublets,  so  that  we  have,  not  a  single  typical 
band,  but  two,  lying  close  together,  with  centers  at  approximately 
2.69  tx  and  2.76  /x.  The  use  of  different  gratings,  and  the  method 
of  observing  alternately  with  and  without  the  absorption  cell, 
completely  eliminate  the  possibiKty  of  attributing  this  result  to 
peculiarities  of  the  ruled  surface. 

The  curves  of  Figure  2  show  the  percentages  of  absorption 
obtained  in  the  second-order  spectrum  of  the  5000-line  grating  and 
the  first-order  spectrum  of  the  15,000-line  grating.  The  existence 
of  a  complicated  structure  in  these  bands  is  very  evident,  but  the 
available  resolution  is  not  sufficient  to  separate  the  individual 
members  of  the  series.  When  using  the  15,000-line  grating  the 
angle  between  the  normal  and  the  incident  beam  was  54°,  so  that 
obviously  little  is  to  be  hoped  for  from  finer  gratings.  The  half- 
millimeter  slit  might  be  narrowed  somewhat  if  a  more  intense 
source  or  a  more  sensitive  detecting  device  were  available. 

The  absorption  band  at  4.3  /x  is  narrow  and  intense,  and  may 
be  observed  as  an  atmospheric  absorption  even  after  long-continued 
washing  of  the  spectrometer  with  CO^  — free  air.  That  it  is  actu- 
ally attributable  to  carbon  dioxide  is,  however,  established  by  the 
measurements  with  a  3  cm  cell  containing  pure,  dry  CO2,  which 
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absorbs  more  than  90  per  cent  of  the  incident  energy  throughout 
a  considerable  range  of  frequencies.  With  both  the  1000-line  and 
the  3000-line  gratings  the  band  appears  as  a  distinct  doublet, 
though  there  is  little  indication  of  the  serrated  structure  which 
might  be  anticipated  with  higher  dispersion.  Figure  3A  shows  the 
atmospheric  absorption  obtained  in  the  second-order  spectrum  from 


•^ 


the  looo-line  grating,  the  slit  including  150  angstrom  units.  Figure 
3B  indicates  the  method  employed  to  compute  the  percentage 
absorption,  and  Figure  3C  is  the  absorption  curve  obtained  in  the 
first  order  of  the  3000-line  grating.  The  effect  of  introducing  the 
absorption  cell  is  shown  in  each.  The  dotted  line  of  Figure  3B 
indicates  the  probable  course  of  the  energy  curve  for  zero  absorp- 
tion, which  could  only  be  observed  at  the  limits  of  the  band.  Its 
inclination  to  the  horizontal  is  partly  due  to  the  falling  off  of  energy 
as  wave-lengths  increase,  and  partly  to  the  chosen  prism  setting. 
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The  correction  for  slit  width  and  slope  of  the  energy  curve'  very 
slightly  accentuates  the  doublet  form,  but  does  not  displace  the 
center  nor  the  maxima  appreciably. 

The  great  intensity  of  the  atmospheric  absorption  at  4.3  n  would 
seem  to  indicate  that  the  emission  band  from  a  bunsen  flame  should 
be  rapidly  absorbed,  though  experimentally  energy  of  approxi- 
mately this  wave-length  is  easily  obtained  through  thick  layers  of 


air.  The  explanation  is  immediately  obvious  from  Figure  4,  which 
shows  on  the  same  scale  the  absorption  of  cold  atmospheric  CO2 
and  the  emission  from  the  hot  flame.  As  has  been  observ^ed  for 
other  doublets,  the  widening  due  to  increased  temperature  occurs 
almost  entirely  on  the  side  of  longer  wave-lengths.  From  these 
curves  it  is  e\'ident  that  the  doublet  form  would  not  be  expected 
in  the  emission  band  unless  precautions  are  taken  to  effectively 
eliminate  absorption  by  cooler  layers  of  CO2 — except,  of  course, 

'  Paschen,  Annalen  der  Physik,  60,  712,  1897. 
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that  the  "reversal"  reveals  an  inverted  doublet  produced  by  absorp- 
tion, leaving  three  apparent  maxima  in  the  energy  curve  as 
observed.  Of  these,  the  weakest,  corresponding  to  the  central 
notch  in  the  absorption  curve,  occurs  at  4.25  /x,  while  the  positions 
of  the  others,  which  we  observe  at  approximately  4.2  ju  and  4.4  fx, 


Jiz       ^        'Ut       ^/        U        'Pf 
Fig.  4 


fg^ 


depend  upon  the  mass  of  gas  in  the  cooler  absorbing  layers  between 
the  flame  and  the  thermopile.  Trowbridge  and  Wood  {loc.  cit.) 
observed  maxima  at  4.2  jjl,  4.4  /x,  and  4.5  ix  with  one  grating,  and 
at  4.32  )U  and  4.43  /x  with  another.  The  dotted  line  in  Figure  4 
shows  approximately  what  the  energy  curve  would  have  been  had 
no  absorption  occurred. 
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Although  from  the  measurements  here  presented  it  is  not 
possible  to  isolate  the  various  band  series,  several  interesting  con- 
clusions may  nevertheless  be  drawn.  In  the  doublet  of  Figure  3 
and  both  those  of  Figure  2  the  side  toward  shorter  wave-lengths 
is  steep  while  the  bands  appear  broadened  toward  longer  wave- 
lengths; also  the  higher  frequency  maximum  is  the  more  intense. 
This  suggests  band  series  similar  to  those  of  the  halogen  acids'  in 
which  the  indi\'idual  members  are  crowded  on  the  side  of  shorter 
wave-lengths  and  separated  by  increasing  intervals  on  the  other 
side.  For  the  4.3  )u  band  it  would  appear  that  our  measurements 
approach  very  close  to  the  head  of  the  series,  since  increases  in  the 
mass  of  the  absorbing  gas  and  in  the  temperature  (Figures  3C  and 
4)  build  up  the  absorption  almost  entirely  on  one  side. 

A  simple  band  series  like  that  of  HCl  would  be  expected  only 
if  the  CO2  molecule  were  linear,  as  in  Langmuir's  model,  with  a 
single  efTective  moment  of  inertia.  The  spacing  of  members  near 
the  middle  of  the  band  would  then  be  about  h/^ir^I.  A  fair  approxi- 
mation to  the  value  of  /  may  be  obtained  from  the  frequency 
difierences  of  the  two  maxima  in  the  various  doublets.  Calling 
this  interv^al  iv^,  we  have,  since  v^  is  the  most  probable  frequency 

of  rotation, 

RT       i.iiXio-'^ 


/= 


ATT'Nir,, 


Table  I  shows  the  values  of  v^  taken  from  Figures  2  and  3,  with 
corresponding  values  of  /. 

TABLE  I 


Band  Center 

Maxima 

AX 

"m 

/ 

2 ■ 694 

2-767 

4-253- - 

2.677,  2.698 
2-753,2-776 
4.225,4.280 

.021 
.023 
•055 

4-35X10" 

4-52 

4-56 

53.4X10-40 

49-5 
48.6 

Mean 

50-5 

For  a  s\Tnmetrical  linear  molecule  with  moment  of  inertia 
equal  to  50.5X10"'*°,  each  O  atom  would  lie  at  a  distance  of  0.975 
Xio~^cm  from  the  central  C  atom,  a  not  improbable  dimension, 

'  Imes,  Aslrophysical  Journal,  50,  251,  19 19,  and  Colby  and  Meyer,  Astrophysical 
Journal,  53,  300,  192 1. 


398  E.  F.  BARKER 

This  value  of  /  is,  however,  much  larger  than  that  derived  from  the 
thermal  constants  of  the  gas,  assuming  three  principal  moments  of 
inertia,  A,  B,  and  C.     Thus  Schames'  computes  for  carbon  dioxide 


f^ABC  =  s.SoXio-^°. 

Bjerrum^  has  discussed  the  triangular  CO2  molecule,  deriving 
three  possible  \-ibration  frequencies.  From  the  laws  of  motion  for 
the  hnear  form  it  is  easily  shown  that  there  are  two  degrees  of 
freedom  for  vibration  along  the  axis,  to  which  we  may  add  one 
\ibration  frequency  for  motion  of  the  atoms  at  right  angle  to  the 
axis.  Thus  either  assumption  apparently  predicts  three  fimda- 
mental  \'ibration  spectra.  Our  analysis,  however,  reveals  four 
bands,  none  of  which  may  be  considered  as  a  so-called  harmonic. 
The  close  proximity  of  the  two  bands  near  2.7/1  suggests  as  a 
possible  explanation  that  these  may  both  be  "fundamentals"  of 
the  same  \-ibration,  one  corresponding  to  the  \dbrational  transi- 
tion from  state  o  to  state  i ,  the  other  to  the  transition  from  state  i 
to  state  2.  Such  a  double  fundamental  would  be  expected  if  the 
motion  is  not  simple  harmonic,  and  has  been  predicted  for  HCl 
at  3.4  M  with  a  frequency  difference  for  the  two  bands  about  the 
same  as  observed  here.^  This  explanation  would,  however,  involve 
the  probable  existence  of  a  harmonic  which  has  never  been  observed 
at  about  1.4  ^t,  a  region  in  which  water  vapor  has  an  intense  absorp- 
tion band.  The  almost  equal  intensities  of  the  two  series  of  Fig- 
ure 2  would  indicate  a  number  of  molecules  in  the  first  state  of 
\dbration  almost  equal  to  the  number  in  the  zero  state  at  ordinary 
temperatures.  The  ultimate  decision  as  to  whether  or  not  the 
arrangement  of  atoms  in  the  carbon  dioxide  molecule  is  Hnear  or 
triangular  must  await  an  analysis  of  the  bands  with  sufficiently  high 
resolution  to  reveal  the  series  of  which  they  are  constituted. 

This  investigation  has  been  carried  on  at  the  Physical  Labora- 
tory of  the  University  of  jVIichigan  under  a  Research  Fellowship 
of  the  National  Research  Council. 

University  of  Michigan 
January  1922 

'  Physikalische  Zciischrifi,  21,  38,  1920. 

'  D.  PItys.  Ges.,  16,  737,  1914.         ^  Kratzer,  Zeilschrifi  fur  Physik,  3,  289,  1920. 


THE  BROADENING  OF  THE  B.\LMER  LINES  OF 
HYDROGEN  WITH  PRESSURE 

By  E.  O.  HULBURT 

ABSTRACT 

Photographic  width  of  the  Balmer  lines  of  hydrogen  for  pressures  up  to  735  mm. — 
There  is  some  question  as  to  whether  among  the  possible  causes  of  the  widening  of 
lines  with  pressure,  the  decrease  of  mean  free  path  is  important.  A  theoretical  calcula- 
tion of  the  width  to  be  expected  for  hydrogen  lines  if  the  length  of  the  train  of  waves 
emitted  is  limited  by  the  time  between  molecular  collisions,  giv'es  for  a  temperature  of 
600°  C.  and  a  pressure  of  100  mm  a  width  of  about  0.04  A,  between  wave-lengths 
where  the  intensity  is  one-tenth  of  that  at  the  middle.  Experimentally,  however, 
it  was  found  that  a  pressure  of  about  100  mm  gave  photographic  images  80  A 
wide.  Purified  hydrogen  in  a  capillary  discharge  tube  was  excited  by  condensed 
discharges  and  a  series  of  spectrograms  were  taken  for  pressures  from  0.2  to  135  mm. 
The  exposure  time  was  30  minutes  in  each  case  and  the  discharge  was  regulated  so  that 
the  intensity  of  the  central  portion  of  H/3  was  practicalh'  the  same  for  all  pressures. 
As  shown  by  Figure  2,  H/i,  H7,  and  H5  behave  very  much  alike.  The  fact  that  the 
actual  width  is  much  greater  than  that  computed  theoretically  indicates  that  the 
widening  of  spectrum  lines  is  probabh'  due  to  some  other  cause,  perhaps  electrical 
fields. 

Introductory. — The  former  Lord  Rayleigh  has  summarized 
the  causes  which  interfere  with  the  absolute  homogeneity  of 
spectrum  hnes  under  five  headings:'  (i)  The  translator^'  motion 
of  the  radiating  particles  in  the  Hne  of  sight  operating  in  accordance 
with  Doppler's  principle.  (2)  A  possible  effect  of  the  rotation  of 
the  particles.  (3)  Disturbance  depending  on  collision  with  other 
particles  either  of  the  same  or  of  another  kind.  (4)  Gradual  dying 
down  of  the  luminous  vibrations  as  energy  is  radiated  away. 
(5)  Complications  arising  from  the  multipHcity  of  sources  in 
the  hne  of  sight.  To  which  is  added  a  sixth  cause  proposed  and 
investigated  by  Merton.^  (6)  The  effect  of  an  electric  field  on  the 
radiating  particle.  The  electric  field  may  be  that  imposed  on  the 
electrodes  of  the  tube  or  may  be  the  field  of  neighboring  atoms 
as  suggested  by  Stark,^  or  a  superposition  of  the  two. 

The  researches  of  Fabr>'  and  Buisson-"  and  ^Michelson^  have 
demonstrated  that  for  pressures  of  the  luminous  gas  below  one 

'  Philosophical  Magazine,  29,  274,  1915.  ^Journal  de  Physique,  2,  442,  191 2. 

^Proceedings  of  Royal  Society,  92,  ^22, 1915.       '  Astrophysical  Journal,  2,  251,  1895. 

3  Elektrische  Spectralanalyse  chemischer  A  tome,  19 14. 
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millimeter  of  mercury  (i)  is  probably  the  only  cause  of  broadening 
of  the  spectrum  line.  This  cause  is,  however,  impotent  to  explain 
the  tremendously  greater  broadening  produced  in  certain  lines 
by  the  use  of  either  greater  pressures  or  condensed  discharges, 
and  therefore  recourse  must  be  had  to  the  other  causes  mentioned. 
Of  these  the  effects  of  (2)  and  (4)  must  perforce  be  omitted  from 
discussion,  for  our  present  knowledge  of  atomic  constitution  and 
the  nature  of  radiation  is  insufificient  for  a  successful  consideration 
of  the  effect  of  rotation  of  the  luminous  particle  and  of  the  damping 
of  the  vibration  as  the  energy  is  radiated  away.  We  also  neglect 
(5),  for  this  merely  aggravates  the  effects  of  the  other  causes. 
There  remain  (3)  and  (6).  From  their  recent  work  on  the  energy 
distribution  in  the  broadened  lines  of  hydrogen,  helium,  and  lithium 
by  high  pressures  stimulated  by  condensed  discharges,  Merton  and 
Nicholson'  concluded  that  cause  (6)  was  all  important  in  producing 
the  broadening  and  that  (2)  played  no  part  whatsoever.  Their 
observations  were  concerned  with  the  form  of  the  broadened  line 
and  did  not  touch  upon  the  magnitude  of  the  broadening.  In 
view  of  the  novelty  of  this  conclusion  it  seemed  of  interest  to 
determine  the  magnitude  of  the  broadening.  The  present  work 
was  carried  out  to  this  end  and  the  photographic  widths  of  H/3,  H7, 
and  H5  of  the  B aimer  series  of  hydrogen  were  measured  for  pres- 
sures from  0.2  to  135  mm  of  mercury.  The  broadening  which  might 
be  expected  from  cause  (3)  under  the  conditions  of  the  present 
experiment  was  then  calculated  and  was  found  to  be  considerably 

less  than  the  observed  broadening. 
^anS^pump^^^^  This  evidence  thus  supported  the  con- 
clusions of  Nicholson  and  Merton  in 
that  it  threw  doubt  on  the  validity  of 
(3)  as  a  cause  of  the  widening. 

Experimental. — Hydrogen,    prepared 
from    hydrochloric    acid   and   zinc   and 
P      ^  purified  through  sodium  hydroxide  solu- 

tion and  concentrated  sulphuric  acid, 
was  passed  into  the  end-on  discharge  tube  d,  Figure  i,  made  of 
glass  with  aluminum   electrodes  arranged   out   of   line   with   the 

'  Philosophical  Transactions,  Vol.  216,  459,  1916. 
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capillary.  The  capillary  was  10  cm  long  and  5  mm  in  diameter. 
A  bulb  /)  with  phosphorous  pentoxide  was  sealed  to  the  tube. 
The  tube  was  connected  by  glass  tubing  about  a  meter  in  length 
to  a  bulb  of  perhaps  200  c.c.  capacity  and  a  mercur>'  manometer. 
The  total  capacity  of  the  discharge  tube  and  glass  system,  perhaps 
300  c.c,  was  filled  with  hydrogen  at  various  pressures  and  no 
change  in  pressure  was  observed  when  the  discharge  was  run  con- 
tinuously for  an  hour.  The  condenser  c,  Figure  i,  of  capacity  of 
about  0.0 1  n  F,  which  discharged  through  the  tube,  was  charged 
by  the  25.000  volt  transformer  p.  The  spectra  were  photographed 
in  the  first  order  of  a  concave  grating  of  2  meters  radius  of  cur- 
vature and  ruled  14,435  lilies  to  the  inch,  the  dispersion  being 
about  8.8  A  per  mm. 

Spectra  of  hydrogen  were  taken  for  a  series  of  pressures  from 
0.2  to  135  mm.  These  are  shown  in  Plate  VII  with  the  iron  arc 
comparison  spectrum.  The  tube  was  maintained  rigidly  in 
position  throughout  the  series  and  the  time  of  exposure  was  30 
minutes  for  each  spectrogram.  In  order  to  obtain  conditions 
for  the  various  pressures  that  might  be  compared  the  procedure 
was  as  follows:  A  glass  prism  spectroscope  was  trained  on  the 
hydrogen  tube  so  that  H/3  could  be  observed  visually  at  the  same 
time  that  the  spectrum  was  being  photographed.  A  small  region 
at  the  center  of  the  fine  was  isolated  by  the  second  slit  of  the  prism- 
spectroscope  and  observed  by  a  low-power  eyepiece.  A  comparison 
Hne  was  reflected  into  the  field  of  view  of  the  eyepiece  obtained  by 
illuminating  a  portion  of  the  first  slit  with  the  light  from  a  tungsten 
lamp  filtered  through  a  greenish-blue  filter.  The  intensity  of  the 
comparison  hne  was  maintained  constant,  and  by  adjusting  the 
power  consumed  in  the  hydrogen  tube  the  intensity  of  the  central 
portion  of  HjS  was  kept  approximately  constant  for  each  pressure. 
It  is  worthy  of  remark  that  the  condensed  discharge  through  the 
hydrogen  tube  was  at  all  times  an  oscillatory  one,  the  frequency 
as  measured  by  a  wave-meter  being  0.28  X 10^  alternations  a  second. 
For  this  reason  the  electrical  power  consumed  in  the  tube  could 
not  be  determined  in  a  simple  manner  by  electrical  methods. 

The  widths  in  angstrom  units  of  H/3,  H7,  and  H5  were  measured 
from  the  photographs  of  Plate  VII,  and  were  plotted  in  Figure  2 
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as  ordinates  against  pressures  in  mm  of  mercury  as  abscissae. 
The  measurement  of  the  width  was  made  simply  by  judging  the 
points  on  the  edges  of  the  lines  on  the  plates  where  the  blackening 
became  slight  and  measuring  between  these  points.  This  was 
manifestly  inaccurate  but  was  deemed  sufficiently  precise  for  the 
purpose  in  hand.  The  last  two  points  on  each  of  the  curves  were 
too  high,  for  at  these  two  highest  pressures  it  was  not  possible  to 
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reduce  the  intensity  of  the  center  of  H/S  to  the  intensity  used  at  the 
lower  pressures  and  still  maintain  sufficient  voltage  to  render  the 
gas  luminous. 

Theoretical. — ^The  third  cause  of  widening  mentioned  in  the 
introduction  is  the  disturbance  of  the  free  vibration  of  the  radiating 
particle  due  to  encounters  with  other  bodies.  The  simplest  suppo- 
sition open  to  us  is  that  an  entirely  fresh  start  is  made  at  each 
colUsion,  so  that  we  have  to  deal  with  a  series  of  regular  vibrations 
of  finite  length.  The  problem  thus  arising  has  been  treated  by 
Godfreys  and  Schonrock.^     The  Fourier  analysis  of  the  limited 

'  Philosophical  Transactions,  195,  329,  1899. 
^  Annalen  der  Physik,  22,  209,  1907. 
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train  of  waves  of  length  r  gives  for  the  intensity  of  various  parts 
of  the  spectrum  line 

'i      i' 


sin"  rrl 
I  =  h      ,     ^\   ^'  (i) 


\Xo    X 


where  h  and  Xo  are  the  intensity  and  wave-length  respectively  of 
the  center  of  the  spectrum  line  and  /  and  X  are  the  respective  quanti- 
ties in  any  part  of  the  line,  r  is  the  length  of  the  train  of  waves 
in  cms.  Xo  is  the  wave-length  which  would  be  dominant  if  r  were 
infinitely  long. 

We  calculate  r  from  the  Kinetic  Theory  of  Gases/  to  be 


r=rz:J^  (^) 


4w"\7rRT 

where  v  is  the  number  of  molecules  per  unit  volume  at  the  pressure 
and  temperature  in  question,  a  is  the  diameter  of  the  sphere  of 
molecular  action  from  the  Kinetic  Theory  standpoint,  m  is  the 
mass  of  the  molecule,  c  is  the  velocity  of  light  in  vacuo  and  R  is  the 
gas  constant. 

Substituting  (2)  in  (i)  gives 


'VttRTVXo    X/ 


sin^^,,  /  "^    l^—'- 


'='' — ftyy —  ^'^ 

\Xo    x/ 

Formulae  (2)  and  (3)  assume  slightly  diflferent  forms  depending 
on  the  methods  used  in  averaging  the  velocities  of  the  gas  particles. 
These  have  been  discussed  by  Tait,^  Rayleigh,^  and  Godfrey,''  and 
it  seems  that  the  various  methods  yield  expressions  which  differ 
from  (2)  and  (3)  by  not  more  than  10  per  cent.  This  difference  is 
small  enough  to  be  ignored  in  the  present  case. 

'  Jeans,  Dynamical  Theory  of  Gases,  p.  32. 

^  Transactions  Royal  Society  of  Edinburgh,  33,  74,  1886. 

3  Proceedings  Royal  Society,  A,  76,  440,  1905.  ^  Loc.  cit. 
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Comparison  of  theory  and  experiment. — By  giving  values  to  v 
corresponding  to  the  various  pressures  1  was  determined  by  means 
of  (3)  as  a  function  of  X  for  each  pressure,  and  from  this  the  width 
of  the  spectrum  hne  was  calculated  for  each  pressure.  At  a 
temperature  0°  C.  and  760  mm  pressure  v  was  taken  to  be  4  X 10'^. 
The  diameter  of  a  hydrogen  molecule  was  2  X  io~^  cm.  We  assume 
that  the  gas  was  always  at  the  temperature  600°  C.  ^  =  3X10", 
R  =  9.3X10"^^,  and  m  =  2.25X10-^4  grams.  Introducing  these 
values  into  (3)  leads  to 


sm- 


/  =  /o- 


I0634/I  _I 

p     \Xo    X 

I  l\2 

Xo     X/ 


(4) 


where  p  is  the  pressure  of  the  hydrogen  in  mm  of  mercury.     When 
/  was  computed  from   (5)   for  pressures  within  the  range  of  the 

present  measurements,  curves 
of  the  type  shown  in  Figure  3 
were  obtained.  The  width  of 
the  line  increased  with  increase 
of  pressure  but  was  very  nar- 
row in  all  cases.  For  example, 
Figure  3  gives  a  curve  for 
Xo=5oooA  and  />=ioomm  of 
mercury,  and  the  width  of  the 
line  represented  by  the  curve 
is  less  than  0.04  A.  In  short, 
the  broadening  with 
pressure  to  be  expected 
from  the  collision  theory, 
or  cause  (3),  is  smaller 
by  a  different  order  of 
magnitude  than  that  observed  in  the  B aimer  lines  of  hydrogen. 
In  order  to  make  the  calculation  agree  approximately  with  the 
experimental  measurements  as  far  as  the  actual  magnitude  of  the 
broadening  is  concerned,  the  number  of  equation  (5)  should  be 
about  75  instead  of  10634.     The  calculation  was  made  on  the  basis 
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of  molecular  hydrogen.  Many  researches,  however,  point  to  the 
fact  that  a  disruptive  discharge  breaks  the  hydrogen  molecule 
into  its  component  atoms.  If,  then,  we  use  values  referring  to 
the  atoms,  that  is,  employ  a  value  for  v  twice  as  great  and  for  a 
and  m  one-half  as  great  as  the  molecular  values  previously  sub- 
stituted in  (3),  we  find  the  number  of  equation  (4)  to  be  larger  by 
the  square  root  of  two.  This  would  make  the  calculated  width 
of  the  line  still  smaller. 

Discussion. — The  discrepancy  between  theory  and  experiment 
is  probably  not  to  be  found  in  experimental  errors,  approximate 
though  the  measurements  were,  or  in  a  wrong  assumption  of  the 
temperature  of  the  gas.  The  discrepancy  should  rather  be  attrib- 
uted to  more  fundamental  errors  of  assumption,  and  in  the  light  of 
the  present  experiment  and  the  experiments  of  Merton  and  Nichol- 
son (loc.  cit.)  we  are  ready  to  abandon  cause  (3)  as  inadequate  and 
to  turn  to  cause  (6)  as  a  possible  explanation,  as  suggested  by 
Merton  {loc.  cit.). 

If  the  principal  cause  of  the  widening  be  attributed  to  the 
influence  of  an  electric  field  on  the  radiating  particle  we  may  well 
inquire  whether  the  electric  field  is  the  one  imposed  on  the  tube  or 
is  due  to  neighboring  particles.  Careful  experiment  on  the  separate 
influences  of  pressure  and  intensity  of  the  discharge  on  the  broaden- 
ing combined  with  the  known  data  of  the  Stark  effect  might 
differentiate  between  the  two  actions  if  they  both  exist.  If  the 
broadening  is  due  to  the  electric  field  of  neighboring  particles  we 
again  return  to  the  idea  of  collision.  The  effect  of  the  collision 
upon  the  radiating  particle,  however,  would  be  not  merely  a 
disturbance  of  the  radiating  centers  by  a  mechanical  shock  but  a 
profound  momentary  influence  of  an  intense  electric  field. 

State  University  of  Iowa 

Iowa  City,  Iowa 

April  1922 


AN  ESTIMATE  OF  THE  DISTANCE  OF  THE 
ANDROMEDA  NEBULA 

By  E.  OEPTK 

ABSTRACT 

Andromeda  Nebula. — Assuming  the  centripetal  acceleration  at  a  distance  r  from 
the  center  is  equal  to  the  gravitational  acceleration  due  to  the  mass  inside  the  sphere 
of  radius  r,  an  expression  is  derived  for  the  absolute  distance  in  terms  of  the  linear 
speed  Vq  at  an  angular  distance  p  from  the  center,  the  apparent  luminosity  i,  and  E,  the 
energy  radiated  per  unit  mass.  From  observations,  v^  comes  out  157  km/sec.  for 
p=i5o";  and  gi\'ing  /  a  value  corresponding  to  magnitude  6.1,  and  assuming  E  the 
same  as  for  our  Galaxy,  the  distance  is  computed  to  be  450,000  parsecs.  This  result 
is  in  agreement  mth  that  obtained  by  several  independent  methods.  If  it  is  correct, 
the  mass  within  150"  of  the  center  is  about  4.5X10'  times  the  sun's  mass,  and  the 
nebula  is  a  stellar  universe  comparable  with  our  Galaxy.  The  ratio  of  the  axes  of  the 
central  ellipsoid,  whose  shape  is  supposed  to  be  due  to  rotation,  was  determined  from 
photographs  to  be  about  0.79. 

Various  estimates  of  the  distance  of  the  Andromeda  Nebula 
have  been  made  hitherto  by  H.  Shapley/  H.  D.  Curtis,^  K.  Lund- 
mark,^  Luplau-Janssen  and  Haarh^  and  others;  these  estimates, 
based  on  the  hypothesis  that  the  Nebula  consists  of  stellar  matter 
similar  to  the  matter  of  our  Galaxy,  lead  to  a  distance  of  about 
lo^  to  10^  parsecs.  Here  we  shall  propose  a  method  based  on 
observed  rotational  movement,  a  method  which  may  be  appHed  to 
any  nebula  or  cosmic  system  provided  sufficient  data  are  available. 
The  principle  is  the  same  as  that  used  by  Campbell  and  Moore^ 
to  estimate  the  minimum  mass  of  a  planetary  nebula. 

Let  Vo  be  the  velocity  of  motion  along  a  circular  orbit  at  a  given 
point  of  the  nebula,  r,  the  distance  from  the  center  in  astronomical 
units,  M,  the  mass  of  the  nebula  within  the  radius  r(0  =  i)i  w, 
the  orbital  velocity  of  the  earth;  then 

w/        r 

'  Publications  of  the  Astronomical  Society  of  the  Pacific,  29,  216,  1917. 

'Ibid.,  29,  206,  191 7. 

3  Astronomische  Nachrickten,  209,  378,  1919. 

*Ibid.,  215,  285,  1922. 

s  Lick  Observatory  Bulletin,  9,  4,  1916. 
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Let  the  integrated  absolute  luminosity  (0  =  i)  of  the  nebula 
within  the  radius  r  be  /  and  the  apparent  luminosity  i{0  =  T-); 
then 

i     \  .  . 


D  being  the  distance  in  astronomical  units.     Let  p  be  the  angular 
distance  from  the  center  of  the  nebula,  so  that  r  =  D  sin  p,  and 

let  E  =  Y?]  then,  combining  (i)  and  (2),  we  obtain 

t       \w/ 


p,  i,  and  iv  are  known  from  obsen^ation;   for  ?o  an  inferior  Hmit  is 

given  by  the  relation  Vo  >  —7^ ,  v'  being  the  velocity  of  rotation  or, 

1    2 

more  generally,  of  any  internal  movement,  observ^ed  spectroscopi- 
cally.  Thus  the  estimation  of  the  distance  depends  chiefly  upon  the 
quantity  E,  representing  the  average  loss  of  energy  per  unit  mass; 
this  quantity  plays  an  important  part  in  Eddington's  theory  of 
the  radiative  equihbrium  of  stars. 

If  there  exists  absorption  of  light  in  space,  and  if  w  is  the  fraction 
of  light  transmitted,  and  D'  is  the  true  distance,  then  the  equa- 
tions will  be  modified  as  follows : 

-  =  — •  (2') 

r  =  D'  sin  p, 

whence  - 

^,^a;£sinp/foy  ,,. 

or 

D'^^D,  (4) 

D  representing  the  distance  computed  without  absorption. 
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Hitherto  no  assumptions  as  to  the  minute  structure  of  the 
nebula  have  been  made;  if  we  postulate  the  existence  of  stars  of  a 
given  absolute  luminosity,  and  if  a  is  their  apparent  luminosity- 
computed  without  absorption,  a',  the  same  quantity  corresponding 
to  the  absorption  factor  oj  and  distance  D',  then  it  is  easy  to  obtain 


Thus  increased  absorption  diminishes  the  hypothetical  distance 
but  increases  the  apparent  brightness  of  individual  stars;  this 
circumstance  furnishes  an  upper  limit  of  the  hypothetical  absorp- 
tion, above  which  the  individual  stars  of  the  nebula  should  become 
visible.  Observational  evidence  indicates  that  if  the  Andromeda 
Nebula  is  a  stellar  universe  with  a  luminosity-curve  similar  to 
that  of  our  own  stellar  system,  then  co  cannot  differ  sensibly 
from  unity. 

For  the  Andromeda  Nebula  the  following  data  may  be  used. 
F.  G.  Pease^  has  found  a  rotational  velocity  2)'  =  72  km/sec.  at  a 
distance  of  p=i5o"  for  which  sin  p  =  0.000728.  To  estimate  the 
probable  value  of  the  circular  velocity  Vo,  we  shall  suppose  that  the 
ellipsoidal  shape  of  the  inner  parts  of  the  nebula  is  a  result  of 
rotation.     If  a  and  b  are  the  axes  of  the  elhpsoid  of  revolution, 

a>h,  k=i—    ,  then  for  small  values  of  k  and  for  a  rotating  non- 

homogeneous  gaseous  mass  condensed  at  the  center  we  have 
approximately 

^-&'  (« 

V  being  the  equatorial  velocity  of  rotation.  To  obtain  k,  a  plate 
taken  with  the  6-inch  Petzval  camera  of  the  Dorpat  Observatory, 
exposure  90  minutes,  has  been  measured  on  a  Hartmann  micro- 
photometer.  Curves  of  equal  density  were  constructed  and  the 
ratio  of  axes  of  these  curves  is  given  in  the  following  table: 

^Proceedings  of  the  National  Academy  of  Sciences,  4,  21-24,  1918. 
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Density  of 

Millimeters 

b.a 

Negative 

2a 

26 

5.00 

0.87 

0.69 

0.79 

4.60 

1. 12 

0.88 

0.79 

4-30 

1.40 

I  .02 

0.73 

Scale  of  the  photograph:  i  mm  =  26i". 


These  data  give  for  a  =  150"  the  ratio  -=0.79  and  ^  =  0.21 


a 


The  angle  between  the  hne  of  sight  and  the  equatorial  plane  of  the 
nebula  being  small  (about  8°)  and  the  central  condensation  strong, 
we  may  assume  that  the  values  found  represent  the  true  ratio 
of  axes  of  the  ellipsoidal  surfaces  of  equal  density  of  the  stellar 
or  nebular  matter  within  the  nebula.  Applying  formula  (6)  with 
^=0.21  and  v  =  v'  =  ']2,  we  obtain  i'o=  157  km/sec.  This  value 
must  be  regarded  as  an  inferior  limit,  for  in  a  stellar  universe 
rotations  in  opposite  directions  may  occur,  and  the  spectroscopic 
velocity,  representing  the  algebraic  mean  of  all  velocities,  will  be 
less  than  the  mean  absolute  velocity. 

As  for  E,  we  shall  assume  it  equal  to  the  corresponding  value  for 
our  Galaxy.  According  to  data  given  by  Kapteyn  and  Van  Rhijn,^ 
1000  cubic  parsecs  contain  44.7  luminous  stars  brighter  than  abso- 
lute magnitude  9.8,  whose  total  luminous  emission  equals  55.5 
stars  of  absolute  magnitude  zero^  (nearly  =0);  J.  H.  Jeans^ 
found  that  the  observed  motions  of  stars  of  our  universe  together 
with  the  distribution  of  density  given  by  Kapteyn  indicate  that 
every  luminous  star  counted  by  Kapteyn  must  correspond  to  an 

average  mass  equal  to   ^.2(0  =  1);  thus  we  obtain  E  = — 

*  ^  ^    ^  ^'  3.2X44-7 

=  0.38(0  =  i)  for  our  Galaxy. 

The  stellar  magnitude  of  the  Andromeda  Nebula  we  shall 
assume  =  5.0;  the  stellar  magnitude  of  the  sun  =  —  26.6  (correspond- 
ing to  absolute  magnitude  zero).     From  a  paper  by  Reynolds,-* 

^  Mt.  Wilson  Contr.,  No.  188;   Aslrophysical  Journal,  52,  23,  1920. 

2  F.  H.  Scares,  Mt.  Wilson  Contr.,  No.  191;  Aslrophysical  Journal,  52, 167,  1920. 

i  Monthly  Notices,  82,  133,  1922.  *Ibid.,  74,  132,  1914. 
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by  a  slight  extrapolation,  it  has  been  found  that  the  light  of  the 
nebula  within  150"  from  the  center  equals  three-eighths  of  its 
total  light;  that  corresponds  to  stellar  magnitude  6.1.  From 
these  data  we  obtain  ^  =  2.512"^^^ 

Substituting  the  data  found  above  into  equation  (3),  we  find 
Z)  =  9.io'°  astron.  units  or  450,000  parsecs.  From  equation  (i) 
we  obtain  M  =  1.8X  io^(0  =  i)  within  150"  distance  from  the  center. 
For  a  stellar  system  the  mass  within  a  given  volume  may  be  assumed 
proportional  to  the  total  luminous  emission ;  thus  the  total  mass  of 
the  Andromeda  Nebula  must  be  eight-thirds  times  greater  or 
4.5X10^  times  our  sun's  mass.  This  would  correspond  to  about 
1500  miUion  of  stars  brighter  than  i  10,000  of  our  sun,  if  the 
luminosity-cur\-e  and  distribution  of  mass  in  the  nebula  were  the 
same  as  in  the  regions  of  space  surrounding  us. 

The  order  of  the  distance  found  above  is  in  agreement  with  other 
estimates  of  the  distance  of  the  Andromeda  Nebula;  the  coinci- 
dence of  results  obtained  by  several  independent  methods  increases 
the  probabihty  that  this  nebula  is  a  stellar  universe,  comparable 
with  our  Galax}^'.  It  may  be  added  that  in  our  computation  this 
statement  did  not  enter  as  an  initial  hypothesis.  The  only  assump- 
tion concerning  the  constancy  of  the  energy-production  E  may 
be  true  for  any  great  aggregation  of  mass,  without  regard  to  the 
structure  of  the  system;  if  we  suppose  that  the  energy  of  celestial 
bodies  has  its  source  in  some  processes  hke  radioactivity,  then 
our  assumption  would  mean  that  the  percentage  of  radioactive 
matter  in  the  system  of  the  Andromeda  Nebula  and  in  the  Galactic 
system  are  equal. 

Tartu  (Dorpat) 
April  7,  1922 


NOTE   ON   THE   THICKNESS   OF  AIR   REQUIRED   TO 

PRODUCE  THE  ATMOSPHERIC  ABSORPTION 

BANDS,  A,  a,  AND  B' 

By  ARTHUR  S.  KING 

ABSTRACT 

Thickness  of  air  required  to  give  the  absorption  bands  A,  a,  and  B. — On  a  plate 
stained  with  dicyanin,  the  A  and  B  bands  were  obtained  when  the  light  from  a  tungsten 
lamp  traversed  minimum  thicknesses  of  only  7  and  40  meters  respectively;  and 
though  the  air  was  hot  and  dr>',  the  water  band  a  at  X  7200  was  obtained  with  absorp- 
tion of  9.5  meters.  To  give  the  bands  A  and  B  visually  respectively  twelve  and  five 
times  greater  thicknesses  of  air  are  required. 

In  the  course  of  experiments  on  absorption  spectra  in  which  the 
light  from  a  900-watt  tungsten  lamp  passed  through  a  heated  graph- 
ite tube  and  thence  to  a  15-foot  concave  grating  spectrograph, 
it  was  noted  that  the  A  band  at  A  7600  frequently  appeared  on 
the  spectrograms.  This  band  is  ascribed  to  the  absorption  of 
oxygen  in  the  atmosphere.  A  test  with  the  furnace  cold  showed 
that  the  absorption  was  due  to  the  air  at  room  temperature.  The 
distance  traversed  by  the  beam  through  the  air  in  the  laboratory  and 
in  the  spectrograph  was  about  12  meters.  As  this  air-path  is  much 
shorter  than  that  usually  regarded  as  necessary  to  produce  this 
band,  other  distances  were  tried  in  order  to  find,  if  possible,  the 
minimum  thickness  required  to  give  A,  and  also  under  what  con- 
ditions the  companion  band  B  near  X  6900  could  be  obtained. 

Placing  the  lamp  as  near  the  slit  as  could  be  conveniently 
arranged  gave  an  air-path  of  9.5  meters.  The  A  band  was  still 
fairly  strong  and  evidently  would  appear  with  a  path  considerably 
shorter.  A  surprising  feature  was  that  the  water-vapor  band  a 
at  X  7200  could  be  detected  at  this  distance.  It  was  just  at  the 
limit  of  visibihty  on  spectrograms  having  a  favorable  density  of 
the  continuous  ground.  As  a  part  of  the  air-path  was  in  the 
spectrograph  pit,  a  determination  of  the  humidity  was  not 
attempted;  but  the  experiments  were  made  on  a  particularly  dry 
day,  a  hot  wind  blowing  from  the  Mojave  desert,  so  that  the 

» Contributions  from  the  Mount  Wilson  Observatory,  No.  232. 
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water-content  of  the  air,  both  in  the  laboratory  and  in  the  venti- 
lated pit,  must  have  been  very  low. 

Changing  the  air-path  to  19  meters  strengthened  both  A  and  a, 
but  B  was  still  invisible.  The  hght  was  then  passed  the  length  of 
the  laboratory  to  a  plane  mirror  and  back  to  the  spectrograph,  a 
distance  of  39.4  meters.  B  now  appeared,  extremely  faint,  but 
the  structure  of  both  branches  of  the  band  could  nevertheless  be 
made  out.     Both  A  and  a  were  strongly  developed. 

To  find  how  small  a  layer  of  air  would  give  A,  it  was  necessary 
to  use  a  shorter-focus  spectrograph,  and  a  i-meter  concave  grating 
was  tried.  This  involved  a  greatly  reduced  scale  and,  as  the 
component  Lines  of  the  atmospheric  bands  produced  in  this  way 
are  very  fine,  the  matter  of  photographic  resolution  became  impor- 
tant. Finally,  by  using  a  fine-grained  film  stained  with  dicyanin, 
the  A  band  was  detected  with  an  air-path  of  seven  meters. 

These  minimum  distances  of  seven  meters  for  A  and  approxi- 
mately forty  meters  for  B  are  much  shorter  than  those  given  by 
Liveing  and  Dewar,^  who  extended  the  earlier  observations  of 
Egoroff  and  Janssen.  Their  tests,  however,  were  visual,  and  the 
red-sensitive  plate  is  certainly  far  more  effective  for  the  observa- 
tions of  A;  while  in  the  B  region  the  plate  probably  still  has  an 
advantage  over  the  eye  in  the  detection  of  faint  objects,  on  account 
of  the  possibihty  of  adjusting  contrast  and  the  strength  of  the 
continuous  ground. 

Liveing  and  Dewar  found  that  7  atmospheres  pressure  in  a  steel 
tube  18  meters  long  rendered  A  visible,  while  18  atmospheres  were 
required  to  show  B.  The  same  tube  filled  with  pure  oxygen  at 
atmospheric  pressure  showed  A,  while  two  atmospheres  of  oxygen 
were  needed  for  B  to  appear.  From  this  observation,  A  should  be 
discernible  through  90  meters  of  air.  Egoroff^  observed  it  through 
80  meters  of  air,  or  nearly  twelve  times  the  amount  found  necessary 
in  the  writer's  experiments  by  the  photographic  method. 

Mt.  Wilson  Observatory 
November  1921 

^Proceedings  of  the  Royal  Society,  46,  222,  1889. 
^Comptes  Rendus,  loi,  1143,  1885. 


SPECTROPHOTOMETRIC  METHODS  FOR  DETERMIN- 
ING STELLAR  LUMINOSITY.     A  CORRECTION 

Corrected  parallax  for  Messier  ii. — ^In  the  Publications  of  the 

Astronomical  Society  of  the  Pacific,  34,  115,  1922,  Dr.  K.  Lundmark 

has  corrected  an  unfortunate  error  in  my  paper,  Mt.  Wilson  Contr., 

No.    228;   Astrophysical  Journal  55,  85,   1922.     For  the  cluster 

Messier  11  I  found  the  modulus  M—7n=  — 12,  which  corresponds 

to  the  parallax  o "00040  and  the  distance  2500  parsecs  or  8000 

light-years  (erroneously  given  o''ooo2  5,  4000  parsecs,  and  13,000 

light-years) . 

Bertil  Lindblad 
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THE  VOLTAGE-CURRENT  RELATION  IN  CENTRAL 
ANODE  PHOTO-ELECTRIC  CELLS 

By  HERBERT  E.  IVES  and  THORNTON  C.  FRY 

ABSTRACT 

Current-voltage  relation  in-  a  central-anode  vacuum  photo-electric  cell  as  a  function 
of  the  frequency  of  the  exciting  radiation. — In  the  case  of  some  potassium  cells  it  was 
obsen'ed  that  the  higher  the  frequency  of  the  light  the  higher  the  voltage  required 
for  saturation.  The  mathematical  theory  was  then  developed  for  the  case  of  a  spherical 
anode  of  radius  b  at  the  center  of  a  spherical  cathode  of  radius  a.  Electrons  emitted 
from  a  photo-sensitive  spot  on  the  cathode  describe  elliptic  orbits  determined  in  each  case 
by  the  initial  direction  and  velocity  and  by  the  electric  field.     If  the  maximum  velocity 

of  emission  of  the  electrons  for  radiation  of  frequency  v  is  v^,  where  ^mv^  =  h(v  —  vo) , 
the  minimum  difference  of  potential  for  saturation  comes  out  Vs  =  h{v  —  uo)ia'—b^)/eb^. 
Assuming  that  the  distribution  as  to  direction  follows  the  cosine  law  and  that  the 
distribution  as  to  energy  follows  a  parabolic  law  with  a  maximum  at  half  the  limit 

set  by  the  quantum  relation  ^mv^i  =  h{v—vo),  then  the  fraction  of  saturation  for  any 
voltage  below  Vs  is  i  —  \{a^—b^)/a^\\i  —  V/Vs]^-  For  an  assumed  case  of  a/b=i5 
and  1/0  =  5X10'^,  (6000  A),  Vs  comes  out  40  and  160  volts  for  radiation  of  wave-length 
5500  A  and  4500  A  respectively.  These  differences  agree  as  to  order  of  magnitude  with 
some  experimental  observations  shown  in  Figure  7.  This  effect  should  evidently  be 
taken  into  consideration  whenever  such  cells  are  used  to  compare  the  intensities  of 
radiations  of  different  spectral  distributions. 

I.  Introduction. — The  type  of  photo-electric  cell  most  commonly 
used  at  the  present  time  consists  of  a  cathode  in  the  form  of  a 
spherical  shell  of  sensitive  material  (e.g.,  potassium  on  the  inside  of 
a  glass  bulb)  together  with  a  centrally  placed  anode  in  the  form 
of  a  loop  or  grid.  This  construction  is  the  exact  opposite  of  that 
which  would  be  chosen  if  we  desired  to  reach  the  saturation  current 
at  low  voltages.     Probably  this  is  not  a  serious  disadvantage  in  the 
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majority  of  uses  to  which  photo-electric  cells  are  put,  particularly 
as  most  of  the  cells  employed  for  light-measuring  purposes  are  of 
the  gas-filled  type  operating  on  high  voltages  in  order  to  get  the 
advantage  of  ionization  by  collision.  What  may  be  a  serious 
matter,  however,  is  the  fact  that  the  rate  at  which  saturation  is 
approached  depends  upon  the  wave-length  of  the  incident  light. 


Fig.  I. — Diagrammatic  central  anode  photo-electric  cell 

In  other  words,  the  voltage  current  relation  is  dijfferent  for  light  of 
diferent  colors. 

This  effect  was  discovered  in  the  course  of  some  experiments 
conducted  with  other  objects  in  view  upon  a  series  of  potassium 
photo-electric  cells.  In  every  cell  measured  it  was  found  that  the 
rate  at  which  the  current  rose  toward  saturation  with  increasing 
voltage  was  less  the  greater  the  frequency  of  the  Hght  used.  This 
phenomenon  appears  not  to  have  been  noticed  or  discussed  before, 
although  we  shall  find  in  the  study  which  follows  that  it  is  a 
necessary  consequence  of  well-recognized  laws  of  photo-electric 
emission. 
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2.  General  theoretical  considerations. — For  the  purposes  of  a 
theoretical  study  we  shall  assume  a  photo-electric  cell  (Fig.  i) 
consisting  of  a  spherical  target  of  radius  h,  at  the  center  of  a  spherical 
shell  of  conducting  material,  the  radius  of  which  is  a.  On  the 
surface  of  the  shell  we  assume  a  small  spot  of  photo-sensitive 
material  S.  The  bulb  is  assumed  to  have  a  window  of  neghgible 
size  through  which  the  sensitive  spot  may  be  illuminated.  The 
central  sphere  is  to  be  connected  to  the  positive  side  and  the  shell 
to  the  negative  side  of  a  battery  the  voltage  of  which  can  be  varied 
at  will. 

If  an  electron  is  emitted  from  5  it  will  traverse  a  path  of  some 
form  or  other  under  the  action  of  the  electrical  field  which  exists 
between  the  two  electrodes  and  ultimately  will  either  collide  with 
the  target,  and  thus  contribute  to  the  current  observed,  as  in  the 
case  of  cur\'e  A  (Fig.  i),  or  else  it  will  collide  with  the  spherical  shell 
as  in  cViTVQ  C,  and  thus  be  returned  to  the  original  circuit.  The 
problem  of  determining  the  voltage-current  characteristic  of  the 
tube  is  therefore  identical  with  that  of  determining  what  propor- 
tion of  the  total  number  of  electrons  emitted  traverse  paths  of  such 
a  shape  as  to  bring  them  into  collision  with  the  central  target. 

The  path  traveled  by  an  electron  is  completely  determined  by 
two  initial  properties.  The  one  of  these  is  the  velocity  with  which 
the  electron  is  emitted;  the  other  is  its  initial  direction  relative 
to  the  radius  of  the  sphere.  If  every  electron  possessed  the  same 
initial  velocity  and  was  shot  off  at  the  same  angle  with  the  radius  as 
every  other  electron,  all  would  describe  similar  paths,  and  therefore 
either  all  or  none  would  be  caught  by  the  target.  Under  these 
circumstances  no  current  whatever  would  flow  until  the  potential 
difference  between  the  electrodes  reached  a  certain  critical  value, 
at  which  value  the  saturation  current  would  suddenly  come  into 
being  and  would  continue  unchanged  for  all  higher  voltages. 

It  is  obvious,  therefore,  that  the  current-voltage  relation 
which  we  seek  depends  in  a  very  vital  way  upon  the  distribution  of 
initial  velocities  and  initial  directions  among  the  electrons,  and  it 
i  s  our  problem  to  show  the  effect  of  each  of  these  factors. 

3.  The  voltage-current  relation  when  all  electrons  have  the  same 
initial  velocity  but  not  the  same  initial  direction. — Referring  again 
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to  Figure  i  we  notice  that,  whatever  the  exact  form  of  the  electron's 
path,  there  must  be  a  certain  hmiting  angle  "^  possessing  the 
property  that  all  the  electrons  of  the  same  initial  velocity  whose 
initial  directions  lie  within  a  cone  of  central  angle  2^  about  the 
radius  as  an  axis  contribute  to  the  observed  photo-electric  current, 
while  those  which  have  initial  directions  lying  outside  this  cone 
do  not.  If  we  denote  by  ;Zo  the  number  of  electrons  emitted  and 
adopt  the  symbol  (f)(4/)d\p  to  represent  the  fraction  having  initial 
directions  which  lie  between  cones  of  central  angles  2\p  and  2(\p-\-dxl/) 
about  the  radius  as  an  axis,  it  is  evident  that  the  number  reaching 
the  anode  is  given  by  the  formula 

n  =  no  I     (t>i\p)d\p.  (i) 

Since  the  limiting  angle  "^  is  a  function  of  the  potential  difference 

11 
between  anode  and  cathode,  it  follows  that  the  ratio  —  is  defined 

by  (i)  as  a  function  of  the  voltage.     Since  this  ratio  is  equal  to  the 

current  if  the  saturation  current  is  taken  as  the  unit,  we  shall 

n 
hereafter   for  simphcity   speak   of   —   as   ''current."     With  this 

Wo 

understanding,  (i)  is  the  equation  of  the  voltage-current  distri- 
bution for  the  case  in  which  all  electrons  have  Hke  initial  velocities. 
However,  before  it  can  be  of  any  service  to  us,  we  must  know  both 
the  relationship  between  ^  and  the  potential  difference  V,  and  the 
nature  of  the  distribution  function  4>{\l/). 

Since  the  force  between  the  two  spheres  is  central  and  inversely 
proportional  to  the  square  of  the  distance  from  their  common  center, 
it  follows  that  the  path  of  an  electron  emitted  from  the  shell  is  an 
elUpse  having  the  center  of  the  spheres  as  one  of  its  foci.  The 
curves  A,  B,  and  C  of  Figure  i  are  drawn  as  such  ellipses.  If  r 
and  6  are  polar  co-ordinates  referred  to  the  focus  of  this  ellipse  as 
origin  and  its  major  axis  as  axis  of  co-ordinates,  the  equation  of  this 
elUpse  is 

v^a^  sin^  \J/  /  \ 


;  = 


lj.-\-Vix^-{-{v^a'—2nv^a)siTi'  yp  cos  6 
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In  this  equation  v  and  ^  are  the  initial  velocity  and  direction,  and 

m 

ti  = . 

I     I 

b~a 

Once  we  know  this  equation  for  the  trajectory,  it  is  a  simple 
matter  to  find  the  relation  between  V  and  ^.  All  that  is  necessary 
is  to  build  up  the  condition  that  the  least  value  of  r  as  given  by  (2) 
shall  be  the  radius  b  of  the  anode.  It  is  obvious  that  this  least 
value  of  r  corresponds  to  0  =  o.  Hence,  setting  ^  =  o  and  r  =  b  in  (2) 
and  solving  for  ^,  we  obtain  the  solution 


b' 
sin^^  =  — 


i+^l  (3) 


It  should  be  noticed  that  the  value  of  ^  defined  by  (3)  varies 
with  both  V  and  v.  As  the  voltage  is  increased  the  sine  of  "^ 
increases  (and  therefore  ^  itself  increases)  until  the  voltage  becomes 

Y     mv^{a^—b^) 
2eb^ 

TT 

For  this  voltage  ^  =    ,  i.e.,  all  electrons  which  leave  the  cathode  are 

caught  by  the  anode  regardless  of  their  initial  directions.  For  higher 
potential  differences  it  is  obvious  from  physical  considerations 
that  the  current  must  remain  unchanged,  a  statement  which  may 
be  translated  into  mathematical  terms  by  saying  that  for  all  larger 

TT 

values  of  V  the  upper  limit  of  integration  in  (i)  shall  be  -. 

We  have  thus  established  the  relationship  existing  between  ^ 
and  the  potential  difference  V.  This  is  one  of  the  two  facts  which 
we  have  already  said  must  be  available  before  (i)  can  be  computed. 
The  other  is  the  nature  of  the  distribution  function  (p{\J/).  With 
regard  to  this  latter  it  seems  quite  reasonable  to  assume  that  the 
number  of  electrons  emitted  in  unit  solid  angle  in  the  direction  \p 
is  proportional  to  cos  \{/,  so  that  the  fraction  emitted  between  cones 
of  central  angles  2^  and  2{\}/-\-d^)  is 

(f){\{/)d\l/=  2  sin  1/'  cos  ^  d-^/ .  (4) 
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Introducing  this  formula  into  (i)  and  integrating  between  the 
limits  o  and  ^  we  find  that  the  current  —  is  either 


n 


■■  sin^  '^  = 


2eV 


(5) 


or 


n 


=  1, 


according  as  V  is  less  than  or  greater  than  the  critical  voltage 
at  which  saturation  first  occurs.  The  voltage-current  relation 
therefore  takes  the  form  shown  in  Figure  2.     When  both  cathode 

and  anode  are  at  the  same  potential  the  current  is 


a" 


times  the 
saturation  current,  and  it  increases  linearly  with  the  voltage  until 


Fig.  2. — Voltage-current  relation  where  electrons  are  emitted  in  all  directions  at 
a  single  velocity. 

the  critical  potential  V  is  reached,  continuing  unchanged  for  all 
higher  voltages. 

All  of  this  is  on  the  assumption  that  all  electrons  are  emitted 
with  the  same  initial  velocity.  Our  next  problem  will  be  that  of 
determining  what  conditions  exist  when  this  is  not  true. 

4.  The  voltage-current  relation  when  both  initial  direction  and 
initial  velocity  are  different  for  different  electrons. — ^Let  us  assume 
that  all  the  electrons  shot  off  from  the  cathode  are  grouped  into 
classes,  the  individual  members  of  which  have  approximately  the 
same  velocity.     Let  us  call  the  total  number  shot  off  «o  and  denote 


I 
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by  f{v)dv  the  proportion  of  these  which  have  velocities  between 
V  and  v-}-dv.  Each  of  these  classes  will  have  its  own  current-voltage 
curve  similar  to  the  one  shown  in  Figure  2,  but  the  cur\'es  for 
different  classes  will  differ  from  one  another  in  two  important 
respects:  (a)  Since  the  number  of  electrons  is  not  the  same  for  all 
classes,  the  horizontal  portion  of  the  curve  will  not  be  at  the  same 
height  in  every  case,  (b)  Since  V  varies  with  the  initial  velocity 
V,  the  voltage  at  which  the  break  in  the  curve  occurs  will  differ 
from  one  class  to  another.  For  this  reason  a  set  of  voltage-current 
curves  for  the  separate  classes  would  present  somewhat  the  appear- 
ance shown  in  Figure  3,  where  the  larger  subscripts  indicate  the 


I 

I 

•V 


Fig.  3. — Current  increments  due  to  groups  of  electrons  emitted  in  all  directions 
at  different  velocities. 


larger  values  of  v.  Each  of  these  curves  represents  a  fraction  of 
the  total  current  observed.  The  complete  current  for  any  voltage 
may  obviously  be  obtained  by  taking  the  sum  of  all  the  ordinates 
corresponding  to  that  voltage.  Since  these  different  ordinates 
correspond  to  different  values  of  v  this  sum  must  of  necessity  take 
the  form  of  an  integral  with  respect  to  v.  It  only  remains  to 
determine  the  nature  of  the  integral. 

Consider  the  ordinates  for  the  value  of  V  shown  in  Figure  3. 
For  the  three  lowest  values  of  v,  which  have  been  called  Vo,  v^,  and  v^, 
respectively,  this  voltage  is  sufficiently  high  to  produce  the  satura- 
tion current.     The  ordinate  is  therefore 


in  each  case. 


Hofiv) 


(6) 
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For  the  curves  v^  and  ^^5  the  voltage  V  is  not  large  enough  to 
produce  the  saturation  current,  and  therefore  the  ordinate  instead 
of  being  equal  to  fiofiv)  is  smaller  than  this  by  a  factor  determinable 
from  the  equation  of  the  sloping  portion  of  the  curve.  Referring 
to  equation  (5)  we  find  that  under  these  circumstances  the  ordi- 
nate is 

2eT 


1  + 


mv^ 


(7) 


For  the  particular  velocity  v^,  the  break  comes  exactly  at  the 
voltage  V,  so  that  for  this  one  velocity  either  (6)  or  (7)  is  a  legitimate 
formula. 

Since  the  formula  for  our  ordinates  is  different  according  as  v  is 
less  than  or  greater  than  ^3  we  cannot  express  their  sum  by  means 
of  one  integral,  but  must  break  up  the  sum  into  two  integrals 
taken  over  appropriate  ranges.     The  result  is: 


,  2eV 


dv  .  (8) 


Before  this  formula  can  actually  be  evaluated  we  must  know 
two  things:  (i)  the  relation  between  v^  and  the  potential  V,  and 
(2)  the  nature  of  the  velocity  distribution  function /(?j)  .  The  first 
of  these  is  the  velocity  for  which  the  critical  voltage  V  is  the  par- 
ticular value  of  V  with  which  we  are  deahng.  It  follows  immedi- 
ately from  the  definition  of  V  that  it  is 


The  distribution  of  the  electrons  according  to  velocity  must  be 
obtained  from  the  field  of  experimental  photo-electricity.  A  satis- 
factory theoretical  formula  has  not  as  yet  been  found  for  this,  so  that 
we  must  adopt  an  empirical  one.  As  a  guide  to  a  choice  of  such 
a  formula  we  note  the  experimental  findings  that 

a)  There  are  no  electrons  having  energies  greater  than  h(v  —  Vo) 
where  h  is  the  quantum  constant,  v  is  the  frequency  of  the  incident 
light,  and  Vo  is  the  frequency  of  the  longest  radiation  which  is 
capable  of  causing  emission. 
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b)  The  number  of  electrons  having  energies  between  o  and 
h{u  —  Vo)  may  be  represented  approximately  by  a  curve  which  is 
symmetrical  about  the  mean  value  of  the  energy. 

For  purposes  of  calculation  we  have  assumed  this  curve  of 
energies,  symbolized  by  a,  to  be  a  parabola  cutting  the  energy  axis 


Fig.  4.— Assumed  distribution  of  electrons  according  to  energj-  of  emission 

at  o  and  am  =  h{p  —  Vo),  (Fig.  4),  and  symmetrical  about  the  mean 
energy  —  •     The  equation  of  this  parabola  is 


y-. 


«o     I-     I f 


i 


(10) 


and  therefore  y  da  represents  the  number  of  particles  ha\-ing  energies 
between  a  and  a-\-da. 

Since  energy  is  proportional  to  the  square  of  velocity  it  follows 


a 


that  —  =  ~T ,  where  v^.  is  the  largest  velocity  of  emission  which  any 
of  the  electrons  can  have.     Substituting  this  value  in  (10)  we 
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obtain  as  the  number  of  electrons  with  velocities  between  z'  and 
v^d-i)  the  function 


nof{v)dv=4ne 


^2  ^4 


L^m       ^'«. 


da- 


1)2  ^4 


V  dv 


(ii) 


We  have  now  determined  both  of  the  quantities  necessary  to  enable 
us  to  integrate  (8).     Carrying  out  these  integrations  we  find  that 


n 


a' 


Wo     a 


a" 


V'      v: 


a' 


a' 


vl 


(I2) 


This  is  the  equation  of  the  current- voltage  curve.  It  shows  that 
the  current  increases  steadily  with  'o^  (which,  as  is  easily  seen  from 
equation  [9],  means  that  the  current  increases  steadily  with  voltage) 
until,  when  the  value  ''o-i  =  'dm  is  reached,  saturation  occurs.  For 
larger  voltages  it  is  obvious  from  physical  conditions  that  the 

n 
current  no  longer  increases  and  that  therefore  —  =  i .     The  potential 

at  which  saturation  occurs  is  easily  found  by  equating  i\  to  '■0^. 
Since 

o.m  = =  n{v—Vo) 

2 


and 


it  is 


^_    2eb^V 


F.= 


h(v-Vo)(a'-b') 


Also,  since 


eb^ 


vl_V 


v"      V  ' 
(12)  reduces  to  the  simple  form 


n          a^—b^ 
-  =  i — 


V 


(13) 


b      I 


Computations  have  been  made  from  formula  (13)  for     =^,  and 
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for  radiations  of  which  the  frequencies  and  wave-lengths  are 


;oo.o  •  lo' 


"1=545-5 
1/2  =  666.7 


10' 


(Xo=6ooo  A) 
(X,=  55ooA) 
(X,=45oo  A) 


The  results  of  these  computations  are  shown  in  Figure  5.  The 
cun-es  show  that  if  the  assumptions  which  we  have  made  are 
correct  we  may  expect  the  current  to  rise  to  complete  saturation 
only  at  fairly  high  voltages — -40  in  the  case  of  illumination  by  a 
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Fig.  5. — Computed   voltage-current   curves   for  two   different   wave-lengths   of 
exciting  radiation. 

wave-length  only  500  A  from  the  limiting  wave-length,  160  for  a 
wave-length  1 500  A  from  the  same  limit.  If  these  computations 
are  correct  they  mean  that,  in  the  design  of  cell  considered,  an 
initial  difference  of  velocities  corresponding  to  only  half  a  volt 
results  in  diverting  electrons  from  the  anode  which  can  only  be 
recovered  by  an  applied  field  of  over  a  hundred  volts.  The  ratio 
between  photo-electric  currents  produced  by  two  different  wave- 
lengths may  vary  by  a  factor  of  as  much  as  two,  depending  on 
whether  or  not  the  complete  saturation  voltage  is  used. 

5.  Experimental  confirmation. — -The  curves  of  Figure  5  are  not 
greatly  different  from  those  obtained  wdth  the  central  grid  potassium 
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cells  in  which  the  effect  was  first  observed.  However,  in  order 
to  approximate  more  closely  to  the  conditions  assumed  in  the 
computations,  a  special  cell  was  built.  This  is  shown  diagram- 
matically  with  its  dimensions  in  Figure  6.  The  outer  shell  was  of 
glass  and  was  silvered  on  the  inside  except  for  a  small  window  W. 

The  anode  A  was  a  brass  ball  {b  =  —  a  as  in  the  computed  case) 
carried  on  a  slender  wire  leading  out  through  the  stem,  to  which 


Fig.  6. — Special  photo-electric  cell 


was  connected  a  charcoal  tube  C.  In  preparing  the  cell,  the  whole 
structure  was  first  thoroughly  baked  out  on  the  pump  at  350°  C. 
Then  a  pyrex  glass  tube  of  vacuum-distilled  potassium  was  intro- 
duced into  the  side  tube  T.  Finally  after  long  pumping  and 
roasting  of  the  charcoal  in  C,  the  potassium  was  melted  and  ran  into 
the  bulb  through  the  connecting  tube,  forming  a  pool  at  S. 

This  cell  was  investigated  for  its  voltage-current  relation  by 
illuminating  the  potassium  with  an  incandescent  lamp,  the  light 
from  which  passed  through  colored  glasses.  Currents  were  meas- 
ured by  a  wall  galvanometer.     It  was  found  that  it  was  sensitive 


CENTRAL  ANODE  PIIOrO-ELECTRIC  CELLS 


13 


to  the  whole  visible  spectrum,  so  that  the  limiting  wave-length 
must  lie  in  the  infra-red.  In  this  respect  it  differs  from  the  cell 
assumed  in  the  theoretical  study  (Xo  =  6ooo),  but  inspection  of  the 
theoretical  development  shows  that  the  actual  limiting  wave- 
length is  of  no  special  consequence,  since  the  computations  depend 
only  upon  the  amount  by  which  the  wave-length  of  the  incident 
light  differs  from  this  limiting  wave-length. 
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100  Volts      200  300 

-Observed  voltage-current  relation  for  red  and  blue  light 


^00 


Figure  7  shows  two  voltage-current  curves;  one  taken  with  a 
monochromatic  red  glass,  the  other  with  a  fairly  monochromatic 
blue  glass,  the  illumination  being  so  adjusted  that  the  currents  at 
400  volts  were  equal  in  both  cases.  Comparison  of  these  curves 
with  those  of  Figure  5  shows  that  the  predictions  of  the  theory 
are  substantially  correct.  The  rather  close  similarity  in  shape  of 
the  predicted  and  experimental  curves  may  be  taken  to  show  that 
the  various  assumptions  as  to  the  distribution  of  emission  with 
respect  to  direction  and  velocity  are  not  seriously  incorrect.  How- 
ever, the  experimental  red-blue  curves  lie  closer  together  than  is 
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to  be  expected  from  the  theory,  since  they  are  separated  by  some- 
what less  than  the  amount  computed  for  a  yellow-blue  frequency 
difference.  This  quantitative  discrepancy  is  probably  to  be 
ascribed  to  some  effect  of  residual  gas,  and  is  being  investigated 
further. 

6.  Discussion. — Two  fields  suggest  themselves  in  which  this 
eft'ect  may  influence  the  interpretation  of  measurements  made 
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Fig.  8. — Observed  voltage-current  relation  for  yellow  and  blue  light,  in  gas-filled 
cell. 

with  the  photo-electric  cell.  One  is  in  the  determination  of  spectral 
distribution  of  response  in  connection  with  theories  of  the  photo- 
electric eft'ect.  Unless  a  potential  difference  of  several  hundred 
volts  is  used  (where  the  frequencies  utilized  cover  a  range  as  great 
as  the  visible  spectrum),  the  resultant  curves  connecting  wave- 
length and  response  will  be  distorted.  A  second  field  is  in  the 
use  of  photo-electric  cells  for  investigating  color  relations,  such 
as  the  color  indices  of  stars.  For  any  such  application  the  cell 
must  obviously  be  cahbrated  and  used  at  one  definite  ^^oltage, 
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unless  the  voltage  employed  produces  complete  saturation.  In 
this  connection  a  pertinent  question  is  whether  these  differences  in 
the  current  relation  are  present  in  a  gas-filled  cell.  The  answer 
is  that  in  general  they  are,  as  is  shown  by  Figure  8,  presenting 
data  obtained  with  a  gas-filled  cell  with  a  grid  anode  closely  similar 
to  those  which  have  been  used  in  stellar  photometry.  However, 
owing  to  other  factors  which  may  be  discussed  in  a  future  com- 
munication, the  presence  of  the  gas  frequently  acts  in  such  a  way 
as  to  diminish  the  effect  here  described. 
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THE  WIDTH  OF  CERTAIN  LINES  OF  THE  SPECTRUM 

OF  HELIUM  AS  A  FUNCTION  OF  PRESSURE 

IN  THE  SOURCE 

By  LLOYD   W.  TAYLOR 

ABSTRACT 

Visibility-curve  photometer  for  measuring  the  width  of  spectrum  lines. — In  the 
visibility-curve  method,  the  difference  of  path  of  the  two  beams  of  light  in  a  Michelson 
interferometer  is  increased  until  the  visibility  of  the  circular  fringes  drops  to  half  its 
maximum  value.  To  enable  the  visibility  as  a  function  of  path  difi'erence  to  be 
determined  more  accurately,  a  comparison  system  of  circular  fringes  of  known  and 
variable  visibility  was  provided  by  means  of  a  concave  plate  of  doubly  refracting 
crystal  (selenite)  placed  in  a  beam  of  monochromatic  plane-polarized  light  and  viewed 
through  a  nicol  prism.  The  two  systems  of  fringes  appeared  side  by  side,  and  readings 
were  taken  by  rotating  the  crystal  plate  about  its  axis  of  symmetry  until  both  systems 
were  equally  visible.  In  this  way  line  widths  of  from  0.03  to  0.12  A  were  measured 
within  a  few  per  cent. 

Widths  of  three  helium  lines  as  a  function  of  pressure. — Pure  helium  was  excited  in 
an  ordinary  Pliicker  tube  by  means  of  a  transformer.  The  effect  of  varying  the  power 
input  was  found  to  be  small,  in  fact  multiplying  the  power  by  4I  increased  the  width 
only  12  per  cent.  Also  a  change  of  capillary  diameter  from  i  mm  to  2  mm  did  not 
affect  the  results.  Using  a  constant  power  of  about  9  watts,  the  widths  of  the  lines 
XX  6678,  5S76,  and  §016  were  measured  to  pressures  of  12,  35,  and  22  cm  respectively. 
Contrary  to  expectation,  the  widths  do  not  increase  quite  linearly  with  the  pressure 
but  approximately  according  to  the  formulae:  21^(6678)  =  .045 -H.oo88^—.ooo2/>^; 
21^(5876,  main  component)  =  .040-|-.oo34/»—. 0001  a/?^;  2TF(soi6)  =  . 0304- .0045/'  — 
.oooi/>^;   where  p  is  in  centimeters  of  mercury  and  2IF  is  in  Angstroms. 

INTRODUCTION 

That  the  spectral  Hnes  into  which  the  radiation  emitted  by 
incandescent  gases  or  vapors  may  be  resolved  possess  finite  and 
measurable  widths  constitutes  one  of  the  most  elementary  con- 
siderations in  the  field  of  spectroscopy.  It  is  almost  equally  well 
known  that  the  width  of  any  one  of  these  lines  is  not  constant, 
but  varies  with  changing  conditions.  One  of  the  factors  thus 
affecting  the  width  of  spectral  lines  is  the  pressure  which  exists 
in  the  source. 

The  present  investigation  was  undertaken  for  the  purpose  of 
discovering  the  relation  which  exists  between  pressure  and  width 
in  some  of  the  more  prominent  lines  of  the  spectrum  of  helium. 
Three  of  these  lines  (XX  5016,  5876,  and  6678  respectively)  have 
been   studied.      A   preliminary  report   on  one  of  them  (X  5876) 

16 
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was  read  before  the  American  Physical  Society  on  November  27, 
1921.^  The  present  article  extends  the  somewhat  limited  con- 
clusions that  it  was  possible  to  make  at  that  time  concerning  that 
line  and  makes  a  similar  report  on  the  other  two  named. 

HISTORY 

The  first  observation  on  record  concerning  the  effect  of  pres- 
sure on  spectral  line  width  is  that  of  Angstrom^  in  1853.  Among 
other  early  observers  may  be  mentioned  Wiillner^  and  Frankland."* 
In  1889  Rayleighs  investigated  theoretically  molecular  velocities 
in  the  line  of  sight  (the  Doppler  effect)  as  a  possible  cause  of  the 
width  of  spectral  lines.  This  is  of  course  a  temperature  phe- 
nomenon. In  two  subsequent  contributions,  Michelson^  extended 
Rayleigh's  theory  to  include  pressure  effect,  and  at  the  same  time 
published  the  first  comprehensive  experimental  data.  His  observa- 
tions on  the  pressure  effect  were  made  on  the  a  line  of  hydrogen 
at  pressures  up  to  9  cm  of  mercury,  and  on  prominent  lines  in  the 
spectra  of  a  number  of  metallic  vapors.  His  theory  indicated 
linear  increase  of  width  with  pressure,  and  his  observations  indi- 
cated that  the  theory  furnished  "a,  very  good  first  approximation 
to  the  truth,"  since  he  had  observed  that  in  all  cases  investigated 
"when  the  pressure  is  increased,  the  width  increases  in  a  nearly 
Hnear  proportion." 

Rather  steady  contributions  to  this  field  were  made  during 
the  twenty  years  subsequent  to  this  work.  All  of  this,  as  well  as 
the  earHer  work,  has  been  summarized  by  Stark,'  who  in  a  compre. 
hensive  pubHcation  outlines  the  status  of  our  present  knowledge  of 
the  width  of  spectral  lines,  and  the  factors  affecting  it.  The 
results  of  several  contributions,  both  theoretical  and  experimental, 
have  been  pubhshed  since  then.     It  is  probable,  however,  unless 

'  Taylor,  Physical  Review,  19,  255,  1921. 
^  Angstrom,  Annalen  der  Physik,  94,  141,  1855. 
^  WuUner,  Annalen  der  Physik,  137,  339,  1869, 
■»  Frankland,  Proceedings  Royal  Society,  17,  288,  1869. 
s  Rayleigh,  Nature,  8,  474,  1873. 

^  Michelson,  Philosophical  Magazine,  34,  280,  1892;  Astro  physicalJournal,  2,  251, 
1895. 

^  Stark,  Jahrbuch  der  Radioaktivitdt,  12,  349,  1915. 
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some  revolutionary  discovery  should  be  made,  that  Stark's  publica- 
tion will  constitute  the  chief  reference  for  some  time  to  come 
concerning  the  facts  and  theories  of  the  width  of  spectral  lines. 

PRELIMINARY   CONSIDERATIONS 

There  are  a  number  of  factors  known  to  influence  the  width  of 
spectral  Hnes.  These  may  be  classified  in  different  ways,  depend- 
ing on  the  point  of  view.  It  will  be  convenient  for  our  purpose  to 
di\dde  them  into  three  groups :  temperature,  pressure,  and  electrical 
effects  respectively.  A  number  of  experimental  studies  have  been 
made  recently  on  these  factors,  among  which  should  be  mentioned 
Buisson  and  Fabry'  on  temperature  effect  in  some  of  the  rare 
gases,  Rossi-  on  the  effect  of  high  pressure  in  the  hydrogen  arc,  and 
Merton^  on  electrical  effects  in  heHum.  In  general,  there  is  less 
experimental  material  on  the  effect  of  pressure  than  on  either  of 
the  other  two.  It  is  hoped  that  the  present  investigation  may 
make  a  step  toward  supplying  this  deficiency. 

There  were  several  considerations  pointing  toward  the  advisa- 
bility of  using  helium  as  the  gas  to  be  studied.  One  was  the  fact 
that  under  discharge-tube  conditions  its  visible  spectrum  con- 
sists of  a  relatively  few  quite  brilhant  lines,  sufficiently  separated 
so  that  the  present  method  of  investigation  was  readily  applicable. 
The  second  consideration  was  the  famihar  fact  that  heUum  will 
maintain  the  vacuum-tube  type  of  discharge  up  to  higher  pressures 
than  will  any  other  gas. 

Another  consideration  was  its  low  atomic  weight.  There  is 
considerable  evidence  to  show  that,  other  conditions  being  fixed, 
the  width  of  a  Hne  is  inversely  proportional  to  the  atomic  or  molecu- 
lar weight  of  the  gas  constituting  the  source.  There  is  some 
advantage  therefore,  particularly  in  the  earher  stages  of  an  experi- 
mental study,  in  choosing  a  gas  of  low  atomic  weight.  And  finally, 
its  chemical  inertness  and  the  supposedly  simple  structure  of  its 
atom  furnish  every  reason  for  accumulating  all  the  data  concerning 
its  physical  properties  that  can  in  any  way  be  made  available. 

'Buisson  and  Fabry,  Joiirnal  de  physique,  2,  442,  191 2;  Comptes  rendus,  154, 
1349,  191 2. 

^  Rossi,  Aslrophysical  Journal,  34,  299,  191 1. 

3  Merton,  Proceedings  Royal  Society,  A9S1  30,  1918. 
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METHOD 

In  carrying  out  the  experiment,  the  interference  method  known 
as  that  of  visibihty-curv-es  has  been  chosen,'  and  the  half-width 
of  the  Hnes  as  defined  by  the  fall  of  visibility  to  one-half  its  maxi- 
mum with  increasing  difference  of  optical  path  has  been  measured 
for  dififerent  pressures.  Two  other  methods  were  available: 
(i)  direct  measurement  of  width  in  a  high-order  spectrum  such  as 
that  given  by  an  echelon  grating  and  (2)  the  interference  method 
invoMng  observation  of  the  point  at  which  the  fringes  in  a  Fabry- 
Perot  interferometer  cease  to  be  visible  with  increasing  distance 
between  the  mirrors.  It  is  believed,  however,  that  the  visibiUty- 
curve  method  avoids  the  blunders  which  would  be  inevitable  in  the 
direct  measurement  of  a  length  so  small  as  that  involved  in  the 
width  of  spectral  lines,  and  also  the  high  element  of  personal  equa- 
tion which  is  necessarily  involved  in  any  limit-of-perception 
method.  The  visibility  method  possesses  the  significant  advantage 
that  any  maladjustment  of  the  apparatus,  or  any  shortcomings  of 
the  obserV'Cr  become  immediately  apparent,  and  the  observer 
is  furnished  definite  grounds  for  rejecting  his  observation. 

The  manipulative  problem  involved  in  the  investigation  was 
twofold:  (i)  the  purification  and  control  of  pressure  of  the  helium 
and  (2)  the  taking  of  visibility  data. 

It  is  not  considered  necessary  to  enter  into  any  detailed  descrip- 
tion of  the  purification  system.  The  familiar  method  of  passing 
the  gas  over  hot  copper  oxide  to  remove  hydrogen,  and  of  absorbing 
other  impurities  by  charcoal  in  liquid  air,  was  used.  A  spectro- 
scopic trace  of  neon  existed  in  the  purified  gas  at  the  higher  pres- 
sures, and  sufficient  hydrogen  to  become  just  visible  under  a 
disruptive  discharge,  but  not  otherwise.  The  heUum  used  as  a 
source  of  supply  came  from  the  natural-gas  fields  of  the  Southwest, 
and  was  initially  about  97  per  cent  pure.  A  Toepler  pump  was 
used  for  the  double  purpose  of  circulating  the  gas  over  the  battery 
of  purification  tubes  and  of  controlling  the  pressure  of  the  purified 
helium  in  the  discharge  tube. 

The  optical  part  of  the  apparatus  is  shown  in  Figure  i.  Light 
from  a  discharge  tube  is  passed  through  a  condensing  lens  into  a 

'  Rayleigh,  Philosophical  Magaziite,  27,  298,  1889. 
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Michelson  interferometer,  which  is  adjusted  for  circular  fringes. 
The  emergent  hght  is  focused  on  to  the  slit  of  a  prism  spectrometer. 
On  the  images  of  the  sUt  (whose  aperture  is  maintained  as  wide  as 
circumstances  will  permit)  are  seen  the  circular  fringes  from  the 
interferometer.  The  line  to  be  investigated  is  brought  into  the 
field  of  view  of  the  telescope,  and  the  visibihty  of  the  fringes 
measured,  over  as  great  a  difference  of  path  as  they  can  be  seen. 

Direct  estimation  of  the  visibihty  of  a  set  of  interference 
fringes,  except  by  an  eye  which  has  been  exceedingly  carefully 
trained,   is  a  process  whose  precision  is  very  questionable.     It 


Fig.  I 


has  accordingly  been  deemed  advisable  for  the  present  investiga- 
tion to  construct  what  might  appropriately  be  termed  a  "visibihty 
photometer."  It  is  well  known  that  if  a  concave  plate  of  doubly 
refracting  crystal  be  placed  in  a  beam  of  monochromatic,  plane- 
polarized  light  and  viewed  through  a  nicol  prism,  a  system  of  con- 
centric rings  will  be  seen,  similar  in  appearance  to  the  circular 
fringes  just  described.  The  "visibility"  of  these  rings  can  be 
altered  at  will  by  rotating  the  crystal  plate  about  its  axis  of  sym- 
metry, and  is  a  relatively  simple  function  of  the  angle  between 
the  optic  axis  of  the  crystal  and  the  plane  of  polarization  of  the 
incident  light.  If  such  a  system  be  projected  into  the  field  of 
view  of  the  observing  telescope,  the  observer  sees  side  by  side  the 
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two  systems  of  circular  fringes;  one  from  the  interferometer,  having 
an  unknown  visibility,  and  the  other  from  the  comparison  source, 
having  a  known  and  controllable  visibility.  If  now  the  comparison 
fringes  be  caused  to  match  the  interferometer  fringes  and  the 
orientation  of  the  crystal  noted,  we  have  a  direct  measurement  of 
visibihty,  possessing  the  degree  of  precision  characteristic  of  any 
photometer  measurement. 

The  apphcation  of  this  method  is  indicated  in  Figure  i.  Light 
from  an  incandescent  electric  lamp  5,  screened  by  a  filter  /^  to  a 
close  color  match  with  the  line  under  observation,  was  reflected  at 
the  polarizing  angle  from  a  glass  plate  P,,  passed  through  the 
crystal  C,  and  projected  into  the  field  of  view  of  the  telescope 
as  shown.  The  second  reflecting  plate,  which  was  mounted  in  the 
eyepiece,  served  as  the  analyzer.  Collimating  and  telescopic 
lenses  Li  and  L^,  and  a  glass-plate  pile  P^,  for  initially  matching  the 
maximum  visibihty  of  the  comparison  system  with  that  of  the 
interferometer  system,  completed  the  equipment. 

The  source  of  illumination  for  the  spectral  lines  studied  was  a 
Pliicker  tube  of  conventional  tj'pe.  Several  dift'erent  tubes  were 
used  in  the  course  of  the  investigation.  The  only  difference  in 
their  construction  which  could  be  of  any  conceivable  importance  in 
aft'ecting  fine  width  was  the  size  of  the  capillary  portion.  This  was 
of  2  mm  diameter  in  case  of  the  study  on  X  5876,  and  i  mm  in  the 
case  of  the  other  two.  Since  there  is  a  little  evidence^  that  current 
density  affects  Hne  width,  several  readings  were  taken  on  X  5876 
with  a  I -mm  tube  as  a  source,  other  conditions  being  maintained 
the  same  as  in  earHer  readings  on  the  2 -mm  tube.  Line  widths 
were  found  the  same  within  the  limits  of  experimental  error. 

The  tube  was  excited  from  the  secondary  of  a  transformer 
energized  by  a  60-cycle  alternating  current.  The  potential  differ- 
ence necessary  to  excite  a  sufficient  degree  of  luminescence  varied 
from  400  to  1300  volts,  and  the  average  power  consumption  was  in 
the  neighborhood  of  9  watts.  This  was  sufficient  to  cause  the 
tube  to  become  almost  dangerously  hot,  but  was  found  necessary 
in  order  to  give  lines  sufficiently  strong  for  study  at  the  higher 
pressures. 

'  Rossi,  Astrophysical  Journal,  40,  232,  1914. 
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Since  it  is  known  that  line  width  depends  upon  temperature 
and  electrical  conditions  (e.g.,  upon  capacity  and  induction  in  the 
circuit)  as  well  as  upon  pressure  it  was  necessary  to  take  precau- 
tions to  maintain  both  of  these  conditions  constant  through  the 
course  of  the  investigation.  Constancy  of  electrical  conditions, 
aside  from  current  and  potential-difference,  was  easily  maintained 
by  measures  so  elementary  that  they  do  not  need  to  be  recounted. 
Preliminary  experiments  on  temperature  influence  indicated  that 
the  conditions  which  must  be  satisfied  in  order  to  insure  that  the 
effect  of  temperature  changes  was  negligible  in  comparison  with 
the  effect  of  pressure  were  not  particularly  exacting.  The  evi- 
dence was  conclusive  that  temperature  of  a  sufficient  degree  of 
constancy  could  be  maintained  by  maintaining  in  the  tube  a 
constant  power  consumption.  Hence  the  current  was  modified 
in  inverse  proportion  to  the  potential-difference  found  necessary 
to  drive  a  discharge  through  the  tube  at  different  pressures,  and 
the  assumption  was  made  that  constant  power  consumption  satis- 
fied sufficiently  the  condition  of  constant  temperature.  Needless 
to  say,  sufficient  time  was  always  allowed  for  the  tube  to  reach 
a  state  of  radiation  equihbrium  with  its  surroundings  before  any 
readings  were  taken. 

For  the  purpose  of  determining  roughly  the  eft"ect  of  large 
changes  in  power  consumption,  visibility-curves  have  been  run 
under  different  power  consumptions.  It  was  found  that  it  was 
necessary  to  alter  it  through  loo  per  cent  before  the  resulting 
change  in  width  became  at  all  measurable.  With  the  consumption 
raised  to  four  and  one-half  times  its  initial  value,  the  increase  in 
half- width  of  the  lines  became  of  the  order  of  12  per  cent.  Since 
during  the  course  of  this  investigation  the  power  consumption 
underwent  a  maximum  variation  of  less  than  20  per  cent,  it  was 
considered  that  we  were  well  within  the  limits  of  precision  imposed 
by  constant  temperature. 

Half -widths  {W)  were  calculated  from  observations  of  the 
difference  of  path  (A)  necessary  to  cause  a  fall  of  visibility  to  half 
its  maximum,  in  accordance  with  the  famihar  relation 
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As  is  well  known,  this  relation  is  derived  on  the  assumption  that 
the  distribution  of  intensity  within  the  line  follows  an  exponential 
law  of  the  fomi 

/(a-)  =  e-*'-, 

where  f{x)  represents  intensity,  .v  represents  the  distance  on  either 
side  of  the  central  maximum,  and  ^  is  a  constant.  The  "half- 
width,"  ir,  corresponds  to  a  value /(x)  =  1/2,  and  is  hence  the 
distance  from  the  central  maximum  to  the  point  of  half-intensity 
on  either  side.  It  is  quite  possible  to  adopt  any  other  measure 
of  the  line  width,  provided  that  this  be  sufficiently  defined.  The 
one  here  given  is,  however,  the  convention  which  meets  with  general 
acceptance. 

RESULTS 

The  results  of  the  present  investigation  are  summarized  in 
Tables  I,  II,  III,  and  IV,  and  are  presented  in  graphical  form  in 
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Figures  2,3,4,  and  5.  Each  plotted  ordinate  on  these  curv^es  repre- 
sents the  mean  half-width  as  determined  from  measurements  on 
from  four  to  twelve  visibility-curves  taken  on  that  line  at  that 
pressure.'  This  is  not,  of  course,  a  sufficient  number  of  observa- 
tions to  warrant  any  conclusion  as  to  the  "probable  error."  Aside 
from  completeness  in  description  of  apparatus  and  procedure,  the 
best  criterion  for  the  magnitude  of  the  experimental  errgr  would 
probably  be  given  by  a  publication  of  all  of  the  visibility-curves 

'  The  conditions  surrounding  the  highest-pressure  readings  on  X  5876  could  not 
be  duplicated,  and  since  only  one  reading  was  possible,  the  degree  of  precision  of  the 
measurement  of  width  at  that  pressure  may  be  questioned.  The  reading  is  sub- 
mitted, however,  for  what  it  is  worth. 
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taken.  Since  this  is  scarcely  feasible,  the  following  data  concern- 
ing deviations  of  values  of  the  half-width  from  the  mean  value  are 
given.  It  is  to  be  noted  that  the  closeness  of  agreement  between 
different  readings  on  the  same  line  under  the  same  conditions 
depends,  in  this  t3^e  of  investigation,  mainly  on  the  sensitivity 
of  the  eye  to  photometric  matches  of  intensity,  and  that  this 
depends  largely  on  color.  There  is  consequently  some  justification 
in  grouping  deviations  from  mean  values  of  half-width  separately 
for  each  line. 


Per  cent  of  deviation  from  mean 

TABLE  I 

6678  {iP)-{mD) 


X6678 

f  maximum 3.9 

1  mean 


/ 


X  5876     X  5016 

6.8       5.4 
3.0       2.2 


TABLE  II 

5876  iip)-imd) 


Pressure                      A 
(cm)                       (mm) 

W 
(a.u.) 

Pressure 

(cm) 

A 
(mm) 

W 
(a.u.) 

II. 8 

8.4 

5-9 

3-5 

2.2 

09 

0.2 

16.8 
18.2 
22.5 
26.6 

315 
35-2 
36.4 

.0584 

■0539 
.0436 
.0369 
.0312 
.0279 
.0220 

35-3 

26.9 

22.3 

15-8 

II-3 

7-3 

3-6 

1.6 

0.8 

14.0 
16.3 
17.2 
20.0 
21-5 

25-5 
32.1 
340 
35-9 

•0543 
.0460 
.0442 
.0380 

•0354 
.0298 
.0237 
.0224 
.0212 

TABLE  III 

5876  (Main) 


TABLE  IV 
SOI 6  iiS)-imP) 


Pressure 
(cm) 

A 
(mm) 

W 
(a.u.) 

Pressure 

(cm) 

A 

(mm) 

W 
(a.u.) 

35-3 

26.9 

22.3 

15-8 

II-3 

7-3 

3-6 

1.6 

0.8 

14.0 
16.3 
17.2 
18.4 
19.0 
24.9 
30.0 
32.6 
35-7 

■0543 
.0460 
.0442 
.0413 
.0400 

•0305 
■0253 
•0233 
.0213 

22.0 

17-8 

12.5 

8.6 

5-3 

2.2 

0.9 

0.2 

13-8 
14.2 

15-7 
18.0 
20.6 

30.7 
33-8 
35-4 

.0401 
.0389 

•0352 
.0308 
.0269 
.0181 
.0164 
•0157 

There  will  be  found  in  Figures  6-35  one  visibility-curve  for 
each  line  at  each  pressure.  Each  of  these  curves  is  the  graphical 
"average"  of  all  visibility-curves  taken  on  that  line  at  that  pres- 
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sure.  As  will  be  noted,  the  visibility-curves  for  X  5876  represent  a 
double  source.  In  this  case,  the  half-width  is  by  common  con- 
vention defined  by  the  fall  of  the  envelope  of  the  visibility-curvT  to 
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Figs.  16,  17,  18,  19,  20,  21 

the  ordinate  representing  half-visibility.  The  curves  of  Figures 
22-27  do  not  constitute  an  independent  set  of  readings,  but  are 
analyzed  out  of  the  curv-es  of  Figures  16-21  by  methods  which  are 
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immaterial  here.'     The  minor  components  of  \  5876  are  too  faint 
to  allow  of  any  conclusive  inference  concerning  its  half-width. 
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Figs.  34-35 


With  increasing  pressures, 
the  intensity  of  the  hnes  be- 
comes continually  lower.  The 
point  at  which  the  intensity  of 
any  line  became  so  low  that 
accurate  judgment  of  visibilities 
became  impossible,  determined 
the  upper  limit  of  pressure  at 
which  readings  could  be  taken. 


'  With  increasing  pressure,  the  visibility-curve  for  the  X  5S76  changed  its  char- 
acter, possessing  less  the  features  of  a  doublet  and  more  nearly  those  of  a  single  source 
as  the  components  merge  into  one  another  with  increasing  width.  Above  a  pressure 
of  15.8  cm  it  became  impossible  to  analyze  out  the  visibility-curve  for  the  main  com- 
ponent, and  from  this  point  on  no  distinction  was  made  between  the  width  of  the 
doublet  and  that  of  the  mean  component.  This  causes  a  discontinuity  in  the  pressure- 
width  curve  (Fig.  4). 
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As  will  be  noticed,  the  order  in  which  this  limit  was  reached  with 
increasing  pressure  was  XX  6678,  5016,  and  5876  respectively. 

It  will  be  noted  that  Figures  2-5  show  that  half-width  is  an 
increasing  function  of  pressure,  but  not  a  linear  function.  The 
deviation  from  linearity  is  sufficiently  small  so  that  one  could  pro- 
ceed over  considerable  ranges  of  pressure  in  properly  chosen  por- 
tions of  the  curves  without  any  very  startling  deviation  from  a 
linear  variation  of  half-width.  In  fact,  on  the  occasion  of  the 
author's  preliminary  report,  referred  to  above,  at  a  time  when  the 
only  information  available  was  given  by  the  four  points  designated 
with  circles,  the  conclusion  was  drawn  that  ''the  half-width  of  the 
line  is  found  to  increase  at  a  rate  which  is  very  nearly  linear," 
and  the  statement  was  made  that  an  attempt  was  under  way  to 
"materially  extend  the  upper  limit  of  pressure,  in  order  to  discover 
whether,  at  higher  pressures,  there  may  exist  any  notable  deviation 
from  this  law." 

Such  a  deviation  seems  to  exist,  under  the  conditions  of  this 
experiment.  It  is  not  of  any  very  great  magnitude,  but  it  is  too 
consistent,  and  too  far  outside  of  what  may  be  considered  the 
limits  of  experimental  error,  to  be  ignored.  All  available  informa- 
tion on  the  theory  of  pressure-broadening,  with  one  exception,' 
indicates  a  linear  broadening  with  increase  of  pressure,  a  prediction 
which  up  to  the  present  seems  to  have  been  confirmed  by  experi- 
ment. The  discrepancy  between  these  considerations  and  the 
observations  submitted  herewith  has  been  the  occasion  for  an 
exceedingly  careful  scrutiny  of  the  w^ork  performed.  Failure  to 
find  any  circumstances  outside  of  a  real  pressure-effect  which  might 
form  a  cause,  has  rendered  advisable  a  rather  minute  description 
of  the  conditions  under  which  the  experiment  was  performed. 

It  should  perhaps  be  remarked  that  the  method  used  in  this 
investigation  does  not  permit  the  detection  of  any  lack  of  symmetry 
in  the  broadening  of  the  lines  with  increasing  pressure.  There  is 
considerable  evidence  to  show  that,  at  least  at  the  pressures  used, 
no  such  asymmetry  is  to  be  expected.  If  it  should  occur,  it  would 
probably  manifest  itself  in  an  apparent  change  of  wave-length 
with   changing  pressure.     An  investigation  is  at  present  under 

'  Gianfranceschi,  II  Nuovo  Cimenlo,  18,  57,  1919. 
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way  in  this  laboratory  for  the  purpose  of  detecting  whether  any 
such  ''pressure-shift"  is  to  be  obser\'ed. 

SUMMARY 

The  widths  of  three  of  the  prominent  hnes  in  the  spectrum  of 
hehum  have  been  measured  for  different  pressures  in  the  source. 
"  Half -widths  "  have  been  found  to  increase  with  increasing  pres- 
sures, at  rates  which  exhibit  consistent  deviations  from  the  linear 
one  called  for  by  the  theory. 

The  method  used  was  that  of  visibiUty-curve  analysis. 

The  writer  takes  pleasure  in  acknowledging  his  indebtedness 
to  Professor  H.  G.  Gale,  who  suggested  both  the  problem  and  the 
method,  and  who  has  maintained  a  constant  interest  throughout 
the  course  of  the  investigation;  to  Professor  A.  A.  Michelson  for 
the  use  of  the  interferometer  and  concave  selenite  plate  which  he 
himself  had  used  in  pre\dous  investigations;  and  to  Mr.  F,  M. 
Kannenstine  for  valuable  suggestions  concerning  the  purification 
of  the  helium. 

Ryerson  Physical  Laboratory 

University  of  Chicago 

March  lo,  1922 


ON  EINSTEIN'S  ABERRATION  EXPERIMENT 

By  C.  V.  RAMAN 

ABSTRACT 

Aberration  experiment  proposed  by  Einstein  to  decide  between  the  theories  of  light. — 
According  to  Einstein,  if  light  from  swift  canal  rays  were  focused  on  a  slit  and  the 
transmitted  rays  were  made  parallel  and  were  then  focused  on  cross  hairs,  the  image 
of  the  slit  would  be  shifted  when  a  plane-parallel  layer  of  a  dispersing  medium  such 
as  CSi  is  placed  in  the  path  of  the  parallel  rays,  because,  due  to  the  motion  of  the 
canal  rays,  the  light  rays  on  one  side  of  the  beam  would  have  a  shorter  wave-length 
than  those  on  the  other  side  and  hence,  if  the  ordinary  wave  theory  is  correct,  the 
wave  front  should  be  rotated.  It  is  here  shown,  however,  that  this  conclusion  is 
based  on  a  misconception  of  the  behavior  of  such  wave  fronts;  that  the  position  of 
the  final  image  is  independent  of  the  relative  wave-lengths  of  the  dilTerent  light  rays; 
and  that,  therefore,  no  shift  is  to  be  expected  either  according  to  the  wave  theory  or 
according  to  any  other  theor>'  of  light.  Hence  the  experiment  cannot  help  discriminate 
between  the  rival  theories. 

In  a  recently  published  communication'  Einstein  has  suggested 
an  experiment  which  according  to  him  furnishes  a  method  for 
deciding  between  the  two  alternative  hypotheses  regarding  the 
nature  of  the  elementary  process  of  light- emission  now  holding  the 
field,  viz.,  the  classical  or  undulatory  theory  in  which  Hght-waves 
are  regarded  as  given  out  continuously  from  the  luminous  atom, 
and  the  quantum  theory  in  which  light  is  emitted  as  the  result  of 
an  explosive  act  involving  a  definite  energy- change  in  the  atom 
and  uniquely  determining  its  frequency.  It  is  proposed  here 
briefly  to  summarize  Einstein's  paper  and  then  to  examine  his 
arguments.  It  will  be  shown  that  his  discussion  of  the  phenomena 
to  be  expected  is  at  fault  and  that  in  reahty  no  effect  is  indicated 
by  either  theory  and  hence  the  proposed  experiment  will  not 
serve  to  differentiate  between  them. 

The  proposed  experiment  is  based  upon  J.  Stark's  well-known 
obser\'ation  that  the  fight  emitted  by  the  luminous  atoms  in  the 
Kanalstrahlen  exhibits  the  Doppler  effect,  the  magnitude  of  the 
shift  of  wave-length  depending  on  the  angle  between  the  fine  of 
movement  of  the  atoms  and  the  direction  of  observation.  Einstein 
points  out  that  according  to  the  classical  or  undulatory  theory, 
fight  is  emitted  from  the  atom  simultaneously  in  different  directions 

^  Sitzung.  Preiiss.,  Akad.  Wiss.,  1921,  p.  882. 
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with  different  frequencies,  and  proposes  to  test  whether  this  is 
actually  the  case  in  the  following  way: 

In  Figure  i,  A'  represents  a  stream  of  canal  rays,  L^  is  a  lens 
which  focuses  an  image  of  the  same  on  a  slit  5  contained  in  an 
opaque  screen.  The  hght  passing  through  the  slit  falls  on  a  col- 
limating  lens  Z,,,  which  renders  the  beam  parallel.  The  colhmated 
beam  then  falls  upon  the  object-glass  of  a  telescope  focused  for 
infinity  (not  shown  in  the  figure).  An  image  of  the  slit  5  will 
then  be  seen  in  the  field  of  view.  Einstein  puts  forward  the  propo- 
sition that  if  now  a  plane-parallel  layer  of  a  dispersing  medium, 
e.g.,  carbon  disulphide,  be  put  in  between  the  lens  L2  and  the 
observing  telescope,  a  displacement  of  the  image  of  the  sHt  is 


k 


/^ 
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Fig.  I 

indicated  by  the  principles  of  the  wave  theory,  the  deviation 
angle  a  being  given  by  the  formula : 

I     V       dn  ,  . 

A    c     lav 

1} 
where  -  is  the  ratio  of  the  velocity  of  the  atoms  in  the  KanalstraJilen 

to  the  velocity  of  hght,  /  is  the  thickness  and  n  the  refractive 
index  of  the  dispersing  medium,  A  is  the  distance  SL2;  KLi 
and  LiS  are  assumed  to  be  equal  and  v  is  the  frequency  of  the 
Hght. 

We  now  proceed  to  indicate  the  argument  on  which  Einstein 
bases  his  derivation  of  formula  (i)  which  is  briefly  as  follows: 
The  surfaces  of  constant  phase  in  the  hght  from  a  luminous  atom 
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on  emergence  from  the  lens  L,  are  obviously  plane.  But  since  the 
light  falling  upon  the  upper  and  lower  edges  of  the  lens  system  is 
according  to  the  Doppler  principle  of  dififerent  wave-lengths,  the 
wave  fronts  after  emergence  from  L2  are  not  exactly  parallel  to  each 
other  but  are  shghtly  incUned  in  the  manner  of  the  leaves  of  a 
fan.  If  no  dispersing  medium  be  interposed,  the  wave  fronts 
after  passing  through  the  object-glass  of  the  observing  telescope 
reach  foci,  which  are  not  coincident  but  form  an  image  of  the  slit 
of  finite  width  in  the  same  position  as  when  the  luminous  atoms 
emitting  the  waves  are  at  rest.  If,  however,  between  the  lens  L2 
and  the  obser\dng  telescope  a  plane  layer  of  a  dispersing  medium 
be  interposed,  the  conditions  are  altered.  The  upper  and  lower 
portions  of  the  wave  fronts  correspond  to  different  frequencies  and 
therefore  move  forward  with  different  velocities  and  hence  the 
wave  fronts  swing  round  to  a  greater  and  greater  extent  propor- 
tionately with  the  length  of  the  medium  traversed.  Einstein 
then  supposes  that  as  the  result  of  this  swinging  round  of  the  wave 
fronts,  the  image  of  the  slit  in  the  obser%dng  telescope  should 
suffer  a  corresponding  deflection  the  magnitude  of  which  is  given 
by  formula  (i). 

The  error  in  Einstein's  reasoning  enters  at  the  last  stage,  that  is, 
in  his  assuming  that  the  swinging  round  of  the  wave  fronts  involves 
a  deflection  of  the  image  of  the  slit  in  the  focal  plane  of  the  observ- 
ing telescope.  Referring  to  Figure  i,  we  see  that  as  a  luminous 
atom  moves  along  the  stream  of  Kanahtrahlen,  the  waves  emitted 
by  it  enter  the  sHt  5  only  for  a  limited  period  of  time  depending 
on  its  width,  that  is,  the  disturbance  passing  through  it  forms  a 
wave-group  of  limited  extension.  It  is  perfectly  true,  as  pointed 
out  by  Einstein,  that  when  the  disturbance  enters  a  dispersing 
medium,  the  wave  fronts  in  it  swing  round  steadily  as  they  pass 
through  it.  But  the  position  of  the  image  of  the  sht  is  determined 
not  by  the  inclination  of  any  particular  wave  front  to  the  axis  of 
the  optical  system,  but  by  the  normal  to  the  wave  group  con- 
sidered as  a  whole.  It  is  easily  shown  that  the  latter  remains 
fixed  and  does  not  turn  round.  The  problem  is  exactly  similar 
to  that  which  arises  in  connection  with  Michelson's  determination 
of  the  velocity  of  light  in  dispersive  media  by  the  revolving  mirror 


32  C.  V.  ILiMAN 

method,  and  was  very  clearly  dealt  with  by  Willard  Gibbs.^  The 
group  velocity  is  given  by  the  relation 

the  individual  wa^•e  planes  in  the  group  rotate  with  an  angular 
velocity 

where  13  is  the  angle  between  successive  wave  planes;  they  also 
move  forward  through  the  group  with  a  velocity  (V—U),  and  in 
the  interval  of  time 

X 
(V-U) 

in  which  each  wave  plane  moves  into  the  position  of  the  next  in  the 
group,  it  rotates  through  an  angle 


d\     (V-U) 

which  by  relation  (2)  is  exactly  ^.  Hence  the  second  wave  plane 
in  passing  a  point  moving  with  the  group  has  exactly  the  same 
position  which  the  first  one  had.  Hence  as  the  wave  planes  move 
out  of  the  group  and  disappear  and  are  followed  bj^  fresh  ones,  the 
inclination  of  the  wave  normal  to  the  group  considered  as  a  whole 
remains  fixed.  In  other  words,  after  emerging  from  the  layer  of 
dispersing  medium,  the  group  would  come  to  a  focus  in  precisely 
the  same  position  as  when  no  dispersing  medium  is  introduced. 

The  matter  may  also  be  viewed  from  another  standpoint. 
Referring  to  Figure  i,  it  is  clear  that  what  is  observed  in  the  field 
of  view  of  the  telescope  are  not  the  moving  luminous  atoms  but  the 
fixed  sht  illuminated  by  the  finite  width  of  the  pencil  of  canal  rays. 
An  appropriate  method  of  treating  the  problem  is  therefore  to 
regard  the  sUt  as  a  secondary  source  of  light  in  accordance  with  the 
Fresnel-Huyghens  principle.  If  the  sHt  S  be  very  narrow  it  may 
be  simply  regarded  as  a  source  of  cyhndrical  waves  which  diverge 

^Nature,  April  1886,  p.  582,  and  Scientific  Papers,  i,  253. 
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from  it  in  all  directions,  and  in  the  disturbance  reaching  the  lens 
Z-2,  all  differences  in  the  frequencies  at  different  points  would  cease 
to  exist  and  the  image  of  the  sHt  would  be  formed  in  the  focal 
plane  of  the  observing  telescope  according  to  the  ordinary  laws  of 
geometrical  optics.  No  difference  would  therefore  be  made  by 
the  interposition  of  a  plane-parallel  layer  of  dispersing  medium. 
If  the  sht  S  be  wider,  we  may  conceive  it  to  be  divided  up  into  a 
large  number  of  very  small  elements,  the  image  of  each  of  which  is 
formed  in  a  fixed  position  in  the  same  way  as  in  the  case  of  a  very 
narrow  slit,  and  precisely  identical  results  are  reached. 

That  no  displacement  of  the  image  in  the  slit  in  the  observing 
telescope  can  occur  on  the  introduction  of  a  dispersing  layer  can 
also  be  shown  on  purely  kinematical  reasoning  independent  of  any 
theory  or  hypothesis  regarding  the  nature  of  light.  To  do  this, 
we  have  merely  to  replace  the  stream  of  canal  rays  at  iC  by  a 
stationary  source  which  emits  light  of  different  color  in  different 
directions,  e.g.,  a  small  dispersing  prism  from  which  a  spectrum 
diverges  and  falls  upon  the  lens  Zi  and  which  after  being  focused 
at  the  slit  5  and  passing  through  the  lens  L^  is  viewed  through 
the  observing  telescope.  It  is  clear  that  the  introduction  of  a 
dispersing  layer  bounded  by  parallel  faces  will  not  influence  the 
observed  position  of  the  source  in  the  field  of  view. 

Calcutta 
March  20,  1922 


THE  QUANTUM  THEORY  OF  THE  SPECTRUM  OF 

HYDROGEN 

By  H.  a.  WILSON 

ABSTRACT 

Energy  of  an  electron  moving  near  a  positive  nucleus. — It  is  shown  that,  at  least 
when  the  speed  of  the  electron  is  small,  an  appreciable  fraction  of  the  mutual  energy 
of  the  two  charges  lies  near  the  electron  and  therefore  may  be  expected  to  move  with 
the  electron  and  modify  its  motion  as  determined  by  the  quantum  equation.  Hence 
the  infiiiencc  of  the  field  of  the  nucleus  is  probably  not  negligible,  as  is  ordinarily  sup- 
posed. 

Quantum  theory  of  the  doublets  of  hydrogen  and  of  ionized  helium. — Assuming  a 
fraction  {f/2)  of  the  mutual  energ}-  of  electron  and  nucleus  moves  with  the  electron, 
equations  are  derived  for  the  energy  in  different  orbits,  which  give  Sommerfeld's 
expression  for  the  separation  of  the  doublets  but  multiplied  by  the  factor  (i— /). 
Comparison  of  the  observed  separation  of  the  hydrogen  doublets  (0.30)  with  that 
computed  by  Sommerfeld  (0.365)  indicates  that/  is  about  0.2;  that  is,  about  one- 
tenth  of  the  mutual  energj^  may  be  moving  with  the  electron.  In  the  case  of  ionized 
helium,  the  agreement  between  calculation  and  observation  indicates  that  /  must 
be  quite  small. 

In  the  quantum  theor}'  of  the  spectrum  of  atomic  hydrogen, 
as  developed  by  Bohr  and  Sommerfeld,  it  is  assumed  that  the 
energy  of  an  electron  moving  with  a  velocity  v  is  equal  to  m{i  —  /3^)  ~* 
where  m  denotes  its  energy  when  at  rest  and  /3  =  v/c  where  c  denotes 
the  velocity  of  light. 

This  expression  for  the  energy  of  a  moving  electron  follows 
from  the  electromagnetic  theory  of  the  motion  of  electrical  systems 
and  can  also  be  deduced  from  the  special  theory  of  relativity.  It 
is  obtained  in  the  case  of  an  electron  moving  with  uniform  velocity 
in  a  straight  line  when  no  other  charged  bodies  are  present. 

In  the  hydrogen  atom  the  electron  is  supposed  to  be  describing 
an  orbit  round  the  positive  nucleus  so  that  it  is  not  clear  that  its 
energy  can  be  taken  equal  to  w(i  —  |S^)~*  as  though  it  were  moving 
uniformly  along  a  straight  line. 

Let  the  electron  be  a  hollow  sphere  of  electricity  of  amount  e 
and  radius  a  and  let  the  positive  nucleus  be  another  one  of  amount 
E  and  radius  b  and  let  the  distance  between  their  centers  be  r. 
The  electrostatic  energy  of  the  electron  and  nucleus  when  they 
are  at  rest  is  then 


a 
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the  total  energy  is 

because  the  electron  and  nucleus  must  be  supposed  to  contain 
internal  energies  \e^/a  and  \E^/b  respectively. 

If  the  electron  and  nucleus  are  supposed  to  be  both  moving  with 
uniform  \elocity  v  in  the  same  direction  the  total  energy  will  be 


(i^if+'|)(.-^-)-' 


in  accordance  with  the  general  principle  that  the  energy  of  a  system 
moving  with  uniform  velocity  in  a  straight  line  is  equal  to  its 
energ}-  when  at  rest  multiplied  by  (i— (S^)~^ 

The  energy  m{i—^)~^  of  the  electron,  where  m  =  '\e'/a,  is 
located  very  near  to  its  center  because  the  energy  density  varies 
inversely  as  the  fourth  power  of  the  distance,  so  that  it  is  clear  that 
this  energ}'  can  be  regarded  as  moving  with  the  electron. 

The  energ)'  eEr~'^(i—0^)~^  is  distributed  symmetrically  about 
the  nucleus  and  electron,  when  they  are  moving  slowly,  but  is  not 
concentrated  near  to  them  so  that  it  is  not  clear  that  it  can  be 
regarded  as  associated  with  either  of  them  although  when  both 
have  the  same  velocity  it  certainly  moves  along  with  them. 

If  the  nucleus  is  supposed  fixed  and  the  electron  moving  near 
it.  then  the  energ\'  w(i— Z?^)"'  is  regarded  as  moving  with  the 
electron  and  the  energy^  2/(1— /S')"*,  where  l  =  eE/2r,  is  usually 
regarded  as  remaining  at  rest.  This  makes  the  total  energy  equal 
to 

w(i-|8^)-J+2;+f^, 

so  that  if  S  denotes  the  lost  energ\',  or  the  difference  between  the 
energ}'  when  the  electron  and  nucleus  are  at  rest  at  a  great  distance 
apart  and  the  energy  in  the  orbit  the  electron  is  describing,  then 

which  is  the  energy  equation  used  in  the  quantum  theory-. 

This  equation  is  obtained  by  supposing  that  the  mutual  energy 
2/  remains  at  rest  when  the  electron  moves,  which  is  evidently  only 
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approximately  true,  for  when  the  velocity  is  small  the  energy 
2/  is  s}Tnmetrically  distributed  about  the  two  charges  e  and  E  so 
that  its  center  of  mass  is  halfway  between  them  and  so  has  a  velocity 
equal  to  one-half  that  of  the  electron. 

The  distribution  of  the  mutual  energy  2I  about  the  charges  can 
be  easily  calculated  when  their  velocities  are  small,  since  it  is  then 
approximately  the  same  as  when  they  are  at  rest. 

Let  A  be  the  electron  and  B  the  nucleus.  At  any  point  P 
the  electrostatic  energy  density,  if  AP  =  s  and  BP  =  t,  is 

I  / e^    E^     2eE  COS.  6\ 
where  d  denotes  the  angle  A  PB. 

A  A  ^ 

Let  PAB  =  a  and  PBA  =/3  and  consider  the  mutual  energy  in 
the  ring-shaped  element  of  volume  between  a  and  a+da  and  /3  and 
^-\-d^  formed  by  supposing  the  lines  bounding  da  and  d^  to  revolve 
round  ^^  as  axis.     This  element  of  volume  is  equal  to 

2TsH'dad^ 
r 

so  that  the  rnutual  energy  in  it  is 

eE  cos  (a-{-^)dad^ 

since  cos  ^= —cos  (a +iS). 

Thus  the  mutual  energy  is  equal  to 


ceC  C       , 
I     I  cos  (a 

''J  J 


-\-0)dadl3 


which  gives  eE/r  for  the  total  mutual  energy,  as  it  should. 

By  means  of  this  integral  it  is  easy  to  calculate  the  mutual 
energy  in  any  part  of  the  space  surrounding  the  electron  and  the 
nucleus. 

The  mutual  energy  outside  a  sphere  described  on  r  or  AB  as 
diameter  is  1.2854  Ee/r  and  that  inside  this  sphere  is  —0.2854  Ee/r, 
The  mutual  energy  inside  any  sphere  described  with  center  at 
either  A  or  B  and  radius  less  than  ^^  is  zero.     Hence  the  mutual 
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energ}'  between  a  sphere  with  center  A  and  radius  AB  and  one 
described  on  AB  as  diameter  is  equal  to  +0.2854  Ee/r. 

Thus  it  is  clear  that  an  appreciable  fraction  of  the  mutual 
energ}-  is  near  to  the  electron  and  so  might  be  expected  to  move 
with  it  and  modify  its  motion. 

To  obtain  information  about  the  effect  of  the  motion  of  the 
mutual  energy  with  the  electron,  let  us  suppose  that  a  fraction  / 
of  one-half  of  it  can  be  regarded  as  moving  with  the  electron  and 
the  rest  as  remaining  at  rest  with  the  nucleus.  Thus  if/=i  half 
the  mutual  energy'  moves  with  the  electron  and  half  remains  at  rest. 

The  energy  equation  then  becomes 

If  p  denotes  the  angular  momentum  of  the  electron  about  the 

nucleus,  we  have  then 

m-\-jl       •  .  . 

p  = r^B  (2) 

c^V  I  -  iS^ 

where  6  now  denotes  the  angle  between  the  radius  vector  r  and  a 
fixed  radius  in  the  plane  of  the  orbit. 

On  working  out  the  equation  of  the  orbit  from  (i)  and  (2)  in 
the  usual  way^  we  get  writing  uior  r~^ 

\de)  p^c^  ^^^ 

and 

M  =  C(i+e  COS70)  (5) 

where  e  denotes  the  eccentricity, 
and 

J    *)1 Jp  I     T  ■— 


C= \  w— i£(  I  — - 

p^eY  I  \      2 

Let  po=  -Ee/C  so  that  y'=  i- pl(i-f)/p\ 

'  See  for  example  Silberstein's  Report  on  the  Quantum  Theory  of  Spectra. 
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Now  putting  the  value  of  ti  given  by  (5)  in  (3)  we  get 


?E  =  wz< 


_L    °-f        1      1 / 

I  — a4--^  — V  I  — a+af 
2  -^ 


where 


i-a+a/- 


/'?(i-eO. 


'^/^ 


K(i-/)-/'^' 
We  now  apply>^ie  fundamental  equation  of  the  quantum  theory 

j  pda  =  nh  and  obtain 


11  Ji 
27r 


and 


which  gives 


.  riih  =  —  /> 


]         dd\r 


n2h=  2-Kpy 


Hence 


a- 


1    i-e 
-A-K^pl/h^ 


in,+  Vni-4T'pl{i-f)/h'y ' 

Since  a  is  small  we  may  expand  i£  in  a  series  of  powers  of  a,  so  that, 
neglecting  powers  of  a  above  a%  we  get 

I      2        \      4 

which  gives  on  substituting  the  value  of  a  and  putting  k=4'ir^pl/h' 
and  ?i  =  ni-\-n2 

2    (  n^    n'*\ni  2/  ) 

Hence  the  frequencies  of  the  spectral  lines  emitted  will  be  given  by 
mk 


hp  = 


^.-«-.+^(S(-/)+H)-,l.(|('-/)+H)  1 


where 


11^  —  ii'i-\-n2 . 
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If /=o,  this  agrees  with  Sommerfeld's  theory  as  it  should,  and  if 
/=i,  the  frequency  p  depends  on  «  and  11'  only,  so  that  we  get 
single  lines  without  any  line  structure  at  all. 

For  the  Balmer  series  11  =  2  and  n'  =  7,,  4,  5,  etc.  Each  line  is  a 
doublet  the  separation  of  which  is  got  by  putting  ^2  =  0,  «i  =  2  and 
ni  =  i,  ;/2  =  i  so  that  the  separation  is 

If /=o,  this  is  equal  to  0.365  (cm~^).  The  separation  of  the  doub- 
lets has  been  measured  by  a  number  of  physicists'  and  in  the  case 
of  Ha  the  mean  of  ten  determinations  is  about  0.30  (cm~^).  This 
gives 

.     o.  30 
0.365 

so  that 

/=o.i8. 

For  Hp  the  mean  of  five  determinations  of  the  separation  is  also 
0.30  (cm"');  for  H^  there  are  only  two  results,  0.31,  and  0.33,  and 
for  Hi  also  two,.  0.26  and  0.29.  Thus  these  results  seem  to  indicate 
that/  may  be  about  0.2  for  the  orbits  corresponding  to  «  =  2  of  the 
hydrogen  atom. 

In  the  case  of  ionized  helium  the  agreement  between  Sommer- 
feld's calculations  of  the  fine  structure  and  Paschen's  observations 
indicates  that  /  must  be  quite  small. 

Rice  Institute 

Houston,  Texas 

May  10,  1922 

'  For  a  list  of  all  observations  see  J.  C.  McLennan,  Proc.  Roy.  Soc,  A,  100, 
217,  1921. 


INTERFEROMETER  OBSERVATIONS  OF  DOUBLE 

STARS^ 

By  PAUL  W.  MERRILL 

ABSTR-\CT 

Interfcromckr  observations  of  double  stars. — (i)  Reinsed  elements  of  the  orbh  of 
Capella  were  obtained  b}'  combining  the  previously  reported  measurements  of  Ander- 
son, slightly  corrected,  with  observations  made  on  ten  nights  from  October,  1920, 
to  April,  1921,  using  the  rotating  interferometer  attached  to  the  100-inch  telescope. 
The  chief  results  are:  ^=104.022  days;  a  =  &''o536o;  Oi-l-a2  =  126.63X10*  km; 
■!r  =  o*o632;  Wi  =  4.20;  W2  =  3.30-  The  average  residuals  are  1°  for  position  angle 
and  o''ooo7  for  separation.  (2)  k  Ursae  Majoris  was  independently  discovered 
as  a  double  and  was  measured  on  five  nights,  March  i  to  April  30,  1921.  The 
separation  decreased  from  o''o836  to  o''o772,  but  the  position  angle  changed  only  2°. 
One  component  is  brighter  by  perhaps  half  a  magnitude.  (3)  v-  Bootis  was  found  to 
be  difficult  to  measure  as  the  fringes  behaved  abnormally,  so  onh'  a  rough  measurement 
was  possible.  The  system  ma}-  be  complex.  (4)  Search  for  new  measurable  double 
stars.  Some  spectroscopic  binaries,  stars  with  composite  spectra,  variable  stars,  and 
some  bright  stars  taken  at  random — in  all  85  stars,  of  varying  magnitude  down  to  5.7 
(Table  IV) — were  examined  for  duplicity,  but  with  the  exception  of  six  doubtful 
cases,  5  Cancri.  10  Leonis  ]\Iinoris,  o  Leonis,  e  and  /  Ursae  Majoris,  and  v  Sagittarii, 
no  changes  in  fringe  visibihtj-  with  position  angle  of  the  interferometer  were  observed. 

Tests  by  Michelson  at  the  Yerkes  and  Mount  Wilson  observa- 
tories^ showed  that  even  in  poor  seeing  interference  fringes  can  be 
observed  in  star  images  with  sHt  separations  ranging  from  40  to 
nearly  100  inches.  Following  these  results  in  an  attempt  to  make 
the  interference  method  sufficiently  accurate  and  convenient  to 
justify  its  extended  use  in  the  measurement  of  double-stars,  Mr. 
Anderson  devised  a  new  t}'pe  of  stellar  interferometer  with  which 
settings  are  made  by  rotating  a  pair  of  fixed  slits.  This  instrument 
he  applied  with  great  success  to  the  determination  of  the  relative 
positions  of  the  components  of  Capella.^  His  measures  of  distance, 
on  five  nights,  ranged  from  o''o4i8  to  ©''0505,  while  the  position 
angles  were  shown  to  be  decreasing  at  a  rate  in  keeping  with  a 
revolution  period  of  104  days.  A  double-star  orbit  was  computed 
by  him,  using  the  spectroscopic  elements  previously  determined  at 
the  Lick  Observatory. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  240. 

^  Ml.  Wilsan  Contr.,  Xo.  184;  Astrophysical  Journal,  51,  257,  1920. 

3  M/.  Wilson  Contr.,  Xo.  185;  Astrophysical  Journal,  51,  263,  1920. 
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It  is  interesting  to  note  that  in  1900  J.  Miller  Barr  called  atten- 
tion to  the  desirability  of  attempting  the  observation  of  Capella  as 
a  double  star  by  interferometer  methods/ 

The  present  paper  is  a  record  of  further  applications  of  the 
rotating  t>'pe  of  interferometer  to  known  double  stars,  and  to  a  search 
for  new  doubles  of  small  angular  separation.  The  100-inch  Hooker 
telescope  was  used  in  all  the  observations,  and  practically  the  same 
procedure  as  that  described  by  Anderson  was  followed  throughout. 

The  constants  of  the  interferometer  were  re-determined  inde- 
pendently. The  factor  which  is  used  to  reduce  the  actual  separa- 
tion of  the  slits  to  their  corresponding  separation  in  the  Gauss  plane 
was  found  by  dividing  the  equivalent  focal  length  of  the  telescope, 
1606  inches,  by  28.00  inches,  the  distance  of  the  slits  from  the  focus. 
The  value  thus  obtained,  57.34,  was  checked  by  a  direct  determina- 
tion. At  the  upper  end  of  the  telescope  tube,  on  the  struts  sup- 
porting the  secondary  mirror,  were  placed  two  rectangular  pieces 
of  wood  of  the  same  shape  as  the  slits,  but  with  dimensions  slightly 
smaller  than  those  of  the  sHts  as  projected  in  the  Gauss  plane. 
Thus,  when  the  telescope  was  directed  to  a  bright  star,  by  removing 
the  eye-piece  and  placing  the  eye  at  the  focus,  the  blocks  could  be 
centered  in  the  slits,  leaving  lines  of  light  at  the  edges.  The 
separation  of  the  blocks,  divided  by  the  separation  of  the  slits, 
gives  the  factor  desired.  This  experiment  yielded  the  value  57.2, 
which  was  thought  to  be  a  trifle  small.  The  factor  adopted  for 
all  the  reductions  was  57.3,  which  falls  within  the  limits  of  uncer- 
tainty of  both  determinations. 

CAPELLA 
R.A.  i900  =  5''9'?3;  Dec.  i9oo=-f45°54';  Mag.  0.2;  Class  Go. 

Additional  interference  measures  of  Capella  have  been  made 
by  the  writer  on  ten  nights,  and  a  revised  orbit  has  been  cal- 
culated. 

As  the  series  of  observations  was  made  during  the  winter  months 
poor  seeing  was  frequently  experienced.  Although  the  observing 
routine  could  usually  be  carried  through  in  the  regular  way,  on  a 
few  occasions  the  conditions  became  so  bad  that  reliable  settings 

*  Astrophysical  Journal,  11,  248,  1900. 
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could  be  made  only  by  watching  patiently  and  utilizing  the  best 
moments.  The  nights  on  which  bad  seeing  prevents  interferometer 
observations  of  Capella  are  quite  rare.  This  is  not  true  to  the 
same  extent  of  fainter  stars. 

The  new  measures  of  Capella  appear  in  Table  I,  in  which  the 
third  column,  with  the  heading  Slits,  gives  the  separation  (in 
the  Gauss  plane)  of  the  sKts;    the  fourth  column,  t],  contains  the 


TABLE  I 

Observations  of  Capella 

Date 

P.S.T. 

Slits 

n 

$ 

p 

1920 

Oct.      5 .  .  .  . 

jghj^m 

1 74 .  2  cm 

46?65 

253-9 

474 

Nov.     3 .  . . . 

13  20 

14  05 
14  39 

142.8 

173.3 
203.6 

24-75 
41.90 

50.80 

164.8 
164.6 
163.8 

437 
440 

441 

1921 

Jan.     14. . . . 

7  36 

8  31 

9  08 
10  25 

142.  2 
172.6 
202. 9 
202.9 

30.12 

45-25 
52.65 
51-78 

263.5' 
262.9 
262.2 
261.  2 

461 
467 
461 

452 

Weight  i 

Jan.    31.... 

7  07 
7  19 
7  29 
7  46 

142.  2 
172.6 
202.9 
123.9 

43-45 
52.40 
58.82 
33-32 

213.7 
214.0 
214.8 
212.8 

550 
539 
540 
548 

Feb.      2 . . . . 

7   18 

7  52 

8  55 

172.6 
142.2 
202. 9 

52.67 
43  30 
58.07 

209.8 
208.6 
207.9 

542 
548 
529 

Weight  i 

Mar.     I .  .  .  . 

6  52 

7  10 
7  23 

172.6 
202.9 
232.8 

36.95 
47.00 

53-25 

106.0 
105.6 
106.  2 

411 
410 
407 

!Mar.     2 . . . . 

6  44 

6  52 

7  04 

202.9 
172.6 
232.8 

48.32 
39.22 

54-35 

lOI  .  2 
102.4 
lOI  .4 

421 
424 
418 

Mar.     3 

6  52 

7  08 
7  23 

172.6 
202.9 
232.8 

39-27 
48.10 

54-05 

98.1 
97.8 
98.4 

425 
419 

415 

Mar.  31.  .  .  . 

7  07 
7  23 
7  38 

172.6 
202.9 
142.2 

51.00 
56.60 
38.87 

15-0 
14.2 

14-3 

522 
508 
512 

Apr.      I .  .  .  . 

7  16 
7  35 
7  55 

142.  2 
172.6 
202.9 

37.50 
48.65 

56.32 

II. 4 

II. 4 
II. 7 

503 
498 
504 
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angle  of  projection  for  minimum  fringe  visibility;'  the  fifth  column, 
6,  the  position  angle  of  the  components;  and  the  sixth  column,  p, 
their  separation  in  units  of  one  ten-thousandth  of  a  second  of  arc, 
i.e.,  474=o'fo474.  The  effective  wave-length  was  taken  to  be 
5500  A. 

In  Table  II  are  collected  the  mean  values  for  each  night.  The 
weights  assigned  depend  principally  on  the  number  of  complete 
individual  observations.  The  total  number  of  settings  was 
increased  during  poor  seeing  in  an  attempt  to  give  approximately 
standard  accuracy  to  each  complete  observation.  Since  the  factor 
57.3  is  somewhat  smaller  than  that  used  by  Anderson  in  the 
first  observations,  it  was  decided  by  mutual  agreement  between 
him  and  the  writer  that  it  would  be  better  to  change  the  original 
reductions.  Hence  the  first  five  values  of  p  in  Table  II  are  larger 
by  2.4  per  cent  than  the  corresponding  figures  in  Contribution 
Xo.  185. 

TABLE  II 
Mean  Co-ordinates  of  Compoxents  of  C.\pella 


G.M.T. 


(i) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

(9) 
(10) 

(11) 
(12) 
(13) 
(14) 
(15) 
(16) 


[919  Dec. 
1920  Feb. 

Feb. 

Feb. 

Mar. 

Apr. 

Oct. 

Nov. 
[921  Jan. 

Jan. 

Feb. 

Mar. 

Mar. 

Mar. 

Mar. 

Apr. 


3O-05- 
13 -63- 
14.65. 
15.66. 

I5-63- 

23 • 63 . 

6.01. 

3-92- 
14.70. 
31.64. 

2.66. 

1.63. 

2.62. 

363. 
31.64. 

1.65. 


50 
i.o 

356.4 
242.0 
107.0 

2539 
164.4 
262.6 
213-8 
208.9 

105.9 

loi  .6 

98.1 

14-5 

ii-S 


0-C 


+  2.  2 
-[-1.6 

+0.5 
+  1.9 
-I-0.4 
-1-2.6 
-1.6 

—  O.  I 

-f-0.6 
-f-I.I 

-0.9 

—  I.I 

-0.4 

—  1.0 

—  1.0 


428 
469 

462 
454 
517 


474 
439 
461 

544 
542 
409 
421 
420 

514 
502 


0-C 


+  3 

-  7 

-  6 

-  6 
+  10 


-  7 

-  4 
+  5 
+  11 
+  14 

—  II 

~   5 

—  12 

+  7 

+  2 


Weight 


I 
z 

3 

1 
3 

I 
I 
I 
I 
I 
I 
I 
I 
I 


Anderson 
Anderson 
Anderson 
Anderson 
Anderson 
Anderson 


The  orbital  elements  deduced  by  Anderson  gave  a  fair 
representation  of  the  additional  observations  but  it  was  found 
possible  to  make  some  slight  improvements. 

'  The  out-of-step  appearance  of  the  fringes  shown  in  .Anderson's  laboratory 
experiments  (see  illustration  in  Mt.  Wilson  Conlr.,  Xo.  185)  was  not  obsers'able. 
-Accordingly  the  sensitive  method  of  fringe  bisection  could  not  be  used,  but  settings 
were  made  for  the  minima  of  visibility. 
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By  comparing  recent  spectroscopic  observations  at  ]Mount 
Wilson  with  those  made  at  the  Lick  Observatory  in  1900  San- 
ford^  has  found  that  the  original  figures  for  the  period,  104.022 
days,  are  ver>'  nearly  correct.  Accordingly  this  value  has  been 
used  throughout  the  present  computations. 

Preliminary  trials  showed  that  the  eccentricity  is  probably 
smaller  than  0.016  as  given  by  Reese.  Hence  it  did  not  seem 
necessary  to  vary  both  T  and  w.  The  date  2422596.79  was  chosen 
for  T  by  trial  and  retained  thereafter.  This  corresponds  to  a 
periastron  time  0.8  days  later  than  that  adopted  by  Anderson. 
Corrections  to  a  and  to  Q,  were  then  found  by  direct  algebraic 
processes.  Finally  a  least-squares  solution  was  carried  through 
for  the  elements  co,  i,  and  e.  This  yielded  very  small  corrections 
to  the  preliminary  values. 

The  adopted  elements  follow: 

r=J.D.  2422596.79 

P=  104.022  days,  angles  decreasing. 

a)=  ii4?30 

i=  — 4i?o8 

Q  =38^70 
e= 0.0086 
a  =  o'fo^T,6o 

To  these  may  be  added  the  following  quantities  found  by  com- 
bining the  foregoing  elements  with  the  spectroscopic  results : 

fli+02=  126,630,000  km     Wi  =  4.20 
7r  =  o''o632  ^2=3.30 

The  residuals  from  these  elements  are  given  in  Table  II.  They 
are  considerably  larger  than  one  might  expect  from  the  degree  of 
accordance  of  the  individual  observations  as  shown  by  Table  I. 
Moreover,  observations  made  on  successive  nights  exhibit  a 
tendency  toward  similar  residuals.  This  would  seem  to  mean 
either  that  there  are  systematic  errors  in  the  observations,  or  that 
the  best  orbital  elements  have  not  been  found,  or  that  the  orbit  is 
not  a  true  ellipse,  or  that  there  is  present  a  combination  of  two  or 
three  of  these  causes. 

'  Publications  Astronomical  Society  of  the  Pacific,  34,  1 78,  1922. 
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As  to  systematic  errors  it  must  be  admitted  there  are  possi- 
bilities of  slight  effects.  For  instance,  no  ready  direct  method 
was  found  of  checking  the  position  angle  circle  of  the  interferometer 
when  attached  to  the  telescope,  so  that  the  actual  position  angles 
of  the  slits  may  conceivably  have  differed  by  small  amounts  from 
the  angles  as  read  from  the  circle.  Again,  the  condition  of  the 
telescope  mirrors,  the  position  of  the  struts  supporting  the  secondary 
mirror,  the  settings  of  the  compensator,  the  exact  location  of  the 
focus,  the  condition  and  position  of  the  observer's  eyes,  may  have 
been  responsible  for  small  systematic  errors.  For  the  most  refined 
results  in  an  extensive  investigation  all  these  factors  should  receive 
attention. 

In  regard  to  the  orbital  elements  it  may  be  that  a  different 
set  of  values  would  give  smaller  residuals.  Indeed  it  has  been 
found  by  taking  T  =  24.22$6t,.']6,  co  =  o?o,  e  =  o.oi,  that  the  residuals 
in  p  are  considerably  reduced  while  the  d  residuals  are  somewhat 
increased.  With  a  circular  orbit  the  representation  is  also  very 
good.  This  indicates  that  as  far  as  the  interferometer  observations 
are  concerned  the  eccentricity  and  the  time  of  periastron  are 
practically  indeterminate.  As  compared  with  the  spectroscopic 
orbit  this  condition  doubtless  arises  from  the  flexibility  of  the 
double  star  orbit  due  to  the  inclusion  of  the  element  representing  the 
inclination  of  the  orbit  plane.  By  varying  the  orbital  elements 
arbitrarily  a  better  set  of  residuals  than  those  in  Table  II  could 
probably  be  found,  but  in  view  of  the  spectroscopic  data  there 
would  apparently  be  no  physical  justification  for  such  procedure  and 
it  has  been  thought  better  to  retain  the  elements  given  on  page  44 
until  future  observations  shed  more  light  upon  the  situation. 

One  curious  feature  appears  with  several  different  trial  sets  of 
orbital  elements,  namely,  that  the  early  observ'ations  persist  in 
giving  positive  residuals  for  6  (O  —  C) .  This  may  be  due  either  to 
a  systematic  difference  between  Anderson's  observations  and  the 
writer's,  or  to  perturbations  causing  the  position  angle  of  the  real 
node  to  decrease  with  time  at  the  rate  of  about  2?4  per  year,  or 
about  o?6  in  one  orbital  revolution.  The  physical  interpretation 
and  probability  of  such  a  perturbation  may  be  a  matter  of  interest 
to  mathematical  astronomers. 
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If,  from  the  orbit  adopted  in  this  paper,  we  compute  the  position 
angles  corresponding  to  the  Greenwich  observations'  in  1900  (mean 
places),  we  find  a  fairly  consistent  set  of  residuals  averaging  +18°. 
Compared  with  the  interferometer  observations,  this  residual 
would  be  removed  by  a  motion  of  the  node  of  o?9  per  year  in  the 
same  direction  as  that  suggested  by  the  residuals  of  the  inter- 
ference measures  themselves. 

Capella  presents  one  of  the  very  small  number  of  cases  in 
which  a  comparison  of  the  visual  and  spectroscopic  data  leads  to 
an  accurate  value  of  the  parallax.  The  value  found  in  the  present 
investigation,  o''o63,  agrees  well  with  the  mean  trigonometric 
determination,  0^067,  and  the  spectroscopic  value,^  o".o'j6. 

KURSAE  MAJORIS 
R.A.  i90o  =  8''56"^8,  Dec.  1900= +47°33';  Mag.  3.7;  Class  Ao. 

On  the  night  of  March  i,  192 1,  Mr.  Anderson  and  the  writer 
were  engaged  in  making  some  tests  in  connection  with  the  stellar 
interferometer  attached  to  the  Hooker  telescope,  of  a  special 
apparatus^  devised  by  the  former  to  produce  an  artificial  double 
star  of  known  separation  by  means  of  which  the  constants 
used  in  the  regular  reductions  might  be  checked.  It  consisted  of 
a  quartz  plate  two  and  a  half  millimeters  thick,  cut  at  45°  to  the 
optic  axis,  which,  when  mounted  in  the  converging  beam,  trans- 
formed a  single  star  into  a  double  star  having  a  separation  of 
12  microns,  which  corresponds  to  o''o6  at  the  Cassegrain  focus  of  the 
Hooker  telescope.  When  the  telescope  was  pointed  toward  k  Ursae 
Majoris  and  the  observations  were  begun,  anomalous  results  were 
obtained.  Instead  of  the  usual  four  minima  in  a  complete  revolu- 
tion, a  larger  number  appeared.  We  recognized  that  the  behavior 
corresponded  to  that  of  a  quadruple  star  and  surmised  that  the 
star  would  be  measurable  as  a  double  without  the  quartz  plate. 
Proceeding  at  once  to  verify  this  by  removing  the  quartz  plate 
and  making  settings  in  the  ordinary  manner,  we  determined  the 
position  angle  and  separation  to  be  25i?9  and  o''o836.     It  was  not 

'  Monthly  A'otices,  Royal  Aslroiiomical  Society,  61,  72,  1901. 

'Ml  Wilson  Contr.,  No.  199;  Astro  physical  Journal,  53,  34,  1921. 

i  Ml.  Wilson  Contr.,  No.  222;  Astrophysical  Journal,  55,  48,  1922. 
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until  a  few  days  later  that  we  learned  that  this  star  is  a  known 
double,  A  1585,  discovered  by  Aitken^  in  1907  when  its  separation 
was  about  twice  as  great.  This  incident  illustrates  the  fact  that  a 
close  quadruple  star  can  readily  be  detected  by  the  interference 
method. 

Subsequent  interferometer  measures  made  during  March  and 
April  192 1  showed  that  the  separation  was  decreasing  at  the  rate 
of  o''oo3  per  month,  and  the  position  angle  by  about  one  degree 
per  month. 

TABLE  III 

Measures  of  k  Urs.\e  Majoris 


Date 

1907-83 

190933 

I919. 2Q 

19  2 1     Mar.  I 

Mar.  2 

Mar.  31 

.\pr.  I 

Apr.  30 


Position  Angle 

Distance 

283?2 

o''2i 

281.4 

0.25 

264.9 

0.15 

251-9 

0.0836 

252. 5 

0.0833 

251-3 

o.oSoi 

250.7 

0.0796 

250.2 

0.0772 

Aitken,  micrometer 
Aitken,  micrometer 
Aitken,  micrometer 


In  good  seeing  the  fringes  are  quite  distinct  even  at  minimum 
visibility,  showing  that  the  components  are  not  equal.  The  magni- 
tude difference  is  perhaps  two  or  three  times  as  great  as  in  Capella, 
but  probably  does  not  much  exceed  one-half  of  a  magnitude. 

V^  BOOTIS 
R.A.  i900=i5^28'?2;  Dec.  i90o=-|-4i°i4';  Mag.  5.0;  Class  A2. 

At  the  suggestion  of  Dr.  Aitken  the  double  star  v'  Bootis, 
A  1634,^  was  placed  upon  the  observing  list.  This  close  double  of 
separation  o''i  or  less  had  been  found  to  be  a  difficult  object 
to  resolve  with  the  Lick  36-inch  refractor.  His  observations^ 
indicate  that  the  position  angle  has  decreased  from  237°  in  1907 
to  about  213°  in  1920. 

Examination  of  this  star  with  the  interferometer  showed  that 
the  visibility  changed  as  the  slits  were  rotated,  but  observations  on 

'  Lick  Observatory  Bidletin,  4,  168,  1908. 

'Ihid. 

3  Kindly  communicated  by  letter. 
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different  nights,  and  with  different  sHt  separations,  did  not  yield 
the  consistent  results  obtained  with  Capella  and  k  Ursae  Majoris, 
and  to  be  expected  of  any  double  star.  The  observations  were 
rather  difficult  on  account  of  the  faintness  of  the  image.  The 
regular  sized  slits  were  employed  although  it  might  have  been  an 
advantage  to  use  larger  ones. 

On  the  night  of  June  i8,  1921,  immediately  following  rather 
unsuccessful  attempts  at  measurement,  this  note  was  written: 

Seeing  and  visibility  are  good  but  settings  on  v^  Bootis  seem  almost  impos- 
sible. Fringes  are  certainly  visible  in  aU  position  angles  at  108.9,  142.2, 172.6, 
and  202.0  cm  (slit  separation).  It  is  a  question  of  small  differences  in  visibility; 
these  differences  seem  smaller  tonight  than  previously.  One  must  guard 
against  the  physiological  factor  that  fringes  appear  more  distinct  when  parallel 
to  the  line  joining  the  eyes.  This  may  cause  some  of  the  above  readings  to 
be  Lllusor\\  However,  I  believe  there  are  real  variations  in  visibility.  Perhaps 
the  star  is  triple  or  complex.  Sometimes  there  appear  to  be  regions  20°  to  30° 
wide  of  low  visibility.  There  appear  to  be  "shoulders"  in  the  visibility  curve; 
i.e.,  the  visibility  drops  off  on  rotating  5°-io°  but  does  not  return  at  once  on 
rotatmg  further.  Star  is  a  puzzle  so  far.  Perhaps  a  wide  double  with  one 
star  a  close  pair. 

Mr.  Humason  also  examined  this  star  on  the  same  evening,  June  18, 
192 1,  and  thought  the  variations  in  visibiHty  to  be  real. 

If  we  assume  the  object  to  be  a  double  star  the  most  probable 
result  deduced  from  all  the  settings  appears  to  be  ^  =  192°,  p  =o''o6i. 
This  depends  very  largely  on  observations  with  a  slit  separation 
of  142.2  cm.     The  mean  epoch  was  May  1921. 

EXAMINATION   OF    STARS   FOR   DUPLICITY 

A  number  of  stars  have  been  tested  for  evidences  of  duplicity 
by  looking  for  variations  in  the  visibility  of  the  fringes  as  the  slits 
were  rotated.  Slit  separations  up  to  200  cm  (80  inches)  were  used 
in  nearly  all  cases.  The  stars  in  Table  IV  exhibited  no  appreciable 
variation  of  fringe  visibility  with  position  angle  of  the  slits.  If 
these  stars  are  double,  their  components  could  not  have  been  as 
much  as  ©''03  apart  on  the  date  of  observation,  provided  their 
magnitudes  are  nearly  equal.  If  the  difference  in  magnitude  is 
greater  than  0.5,  changes  in  visibility  might  escape  detection 
unless   the  circumstances  were  especially  favorable.     The  stars 
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examined    include    spectroscopic   binaries,    stars   with    composite 
spectra,  variable  stars,  and  some  bright  stars  taken  at  random. 

TABLE  IV 

Stars  Apparently  Single 


Star 


0  Persci 

f  Tauri 

51  Aurigae.  .  .  . 
\^5  Aurigae .... 

a  Geminorum. 

ti  Geminorum. 
40  Lyncis 

d  Urs.  Maj. .  . 

e  Leonis 

7]  Leonis 

a  Leonis 

X  Urs.  Maj. .  . 

f  Leonis 

n  Urs.  Maj..  . 

p  Leonis 

46  Leo.  Min. .  . 

\P  Urs.  Maj.... 

5  Leonis 

$  Urs.  Maj...  . 

1/  Urs.  Maj..  . 

X  Urs.  iMaj..  . 
93  Leonis 

/3  Leonis 

/3  Virginis .... 

7  Urs.  !Maj. .  . 

8  Urs.  Maj..  . 

7  Corvi 

7]  \'irginis .... 
5  Corvi 

8  Can.  Ven. .  . 
5  Virginis.  .  .  . 

43  Com.  Ber. .  . 
20  Can.  \'en. .  . 

f  Urs.  Maj..  . 
17  Can.  Ven. .  . 

r  Bootis 

r;  Bootis 


Mag. 


var. 


o 

7 

3 

2.8 

2 

3 
3 
I 
6 
3 
5 
6 
2 
8 

9 

2 

6 

4-9 
7 
8 

5 

2 

8 

5 

4 

8 

o 

I 

3 

7 

3 

7 

4.0 

o 

5 
8 


R.A 

.  igoo 

3' 

iTy 

5 
6 
6 

7 

31-7 
31-7 

39-5 
28.2 

7 

39-2 

9 
9 

ISO 
26.2 

9 

40.  2 

10 

1.9 

10 

30 

10 

II .  I 

ID 

II .  I 

10 

16.4 

10 

27-5 

10 

47-7 

II 
II 

4.0 
8.8 

II 

12.9 

II 

131 

II 

40.8 

II 

42.8 

II 

44.0 

II 
II 

45 -S 
48.6 

12 

10.5 

12 

10.7 

12 

14.8 

12 

24.7 

12 

29.0 

12 

50.6 

13 

7.2 

13 

131 

13 

19.9 

13 

30.3 

13 

42.5 

13 

49-9 

Star 


d  Bootis.  .  .  . 

a  Bootis.  .  .  . 
A  Bootis .  .  .  . 

e  Bootis.  .  .  . 

p  Bootis.  .  .  . 

e  Bootis.  .  .  . 
109  Virginis.  .  , 

/3  Bootis .  .  .  . 

5  Bootis.  .  .  . 

L  Draconis.  . 

/3  Cor.  Bor.. 

v  Bootis.  .  .  , 

a  Cor.  Bor.. 

K  Serpentis. 

a  Scorpii.  .  . 

13  Herculis. . 

a  Herculis. . 

8  Herculis. . 

IT  Herculis. . 

o  Herculis. . 

d  Serpentis. 

a  Lyrae .  .  .  . 

/3  Lyrae .  .  .  . 
113  Herculis. . 

13  Cygni..  .  . 

5  Sagittae.  . 

77  Aquilae.  . 

31  Cygni 

32  Cygni.  .  .  . 
/3  Capricorni 

47  Cygni .  _.  .  . 

a  Equulei.  . 
14  Pegasi .  .  . 

5  Cephei .  .  . 

7)  Pegasi.  .  . 

o  Androm.  . 


Mag. 


R.A.  1900 


4.8 
o.  2 
4.8 

4-1 
3-8 

•  7,  5- 
3-8 
3-6 
3-5 


3 
3 

5 
2 

4 

I 
2.8 

•5,5-4 
3-2 

3-4 
3-8 

5-3 
o.  I 
Var. 
4.6 
•2, 5-4 
3.8 
Var. 
4.0 
4-2 
3-2 
4.8 

41 
50 
Var. 

3-1 
3-6 


5'P8 
II .  I 
138 
21.8 

275 
4  40.6 
41.2 
58.2 

II-5 
22.  7 

23 -7 
273 
30-5 
44.2 

233 

259 

10 

10 

II 


8     3 
8  22 


8  33 

8  46 

8  50 

9  26.  7 
9  42.9 
9  47-4 

20  10.5 

20  12.3 

20  15.4 

20  30.0 

21  10.8 

21  45-4 

22  25.4 
22  38.3 
22  57-3 


NOTES 

7^>28'P2,  a  Geminorum,  both  components,  2.0,  2.8. 

II   12.9,  ^  Urs.  Maj.,  both  components,  4.4,  4.9. 

13  19-9)  r  Urs.  Maj.,  both  components,  2.4,  4.0. 

14  40.6,  e  Bootis,  both  components,  2.7,  5.1. 

17  10. 1,  a  Herculis,  both  components,  3.5,  5.4. 

18  22.1,  d  Serpentis,  brighter  component,  5.3. 

19  26.9,  0  Cygni,  both  components,  3.2,  5.4. 
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Although  the  dates  of  observation,  sht  separations  employed, 
the  seeing,  and  notes  on  any  apparent  peculiarities  were,  of  course, 
recorded  in  the  observing  book  and  will  be  made  available  to 
anyone  interested  in  a  particular  star,  these  details  do  not  seem 
worth  publishing.  For  the  most  part  the  dates  of  observation  lie 
between  February  i  and  June  17,  192 1.  Several  stars  observed  by 
Anderson  about  a  year  earlier  are  included  in  Table  IV.  On 
a  few  nights  Mr.  Humason  alternated  with  the  writer  in  the  exami- 
nation of  stars  for  duplicity. 

Variations  in  visibiHty  for/  Ursae  Majoris  (R.A.  1900  =  9^1^9; 
Dec.  i90o  =  +52°o';  Mag.  4.5;  Class  A3p)  were  suspected  on  the 
night  of  April  30,  192 1,  but  a  complete  set  of  minima  as  for  a  double 
star  was  not  obtained  and  the  variations  were  not  definitely 
confirmed. 

The  following  stars  were  also  suspected  of  changes  in  visibility, 
but  the  reality  of  the  changes  is  doubtful.  They  do,  however, 
deserve  careful  re-examination,  which  it  is  hoped  other  observers 
will  give  them,  as  the  double  star  work  at  the  Mount  Wilson 
Observatory  has  been  discontinued. 


Mag. 

R.A.  1900 

5  Cancri 

lo  Leo.  Minor 

0  Leonis 

e  Urs.  Maj 

i;  Sagittarii 

4.2 
4.6 
3-8 

1-7 
4.6 

9  28.1 

9  35-8 

12  49.6 

19  16.0 

In  searching  for  doubles  with  the  interferometer,  poor  and,  in 
particular,  variable  seeing  is  a  great  disadvantage  and  renders 
conclusions  uncertain.  To  illustrate  this  the  following  quotations 
from  the  observing  record  may  be  of  interest. 


y  Bootis 
192 1  April    I 

June  16 

June  18 


R.A.  1900=  i4i>28'?i;  Dec.  1900= -t-38°45';  Mag.  3.0;  Class  F. 
Seeing  fair.     "Several   times  suspected  slight  variations  but 
cannot  make  any  settings.     Probably  single." 
Seeing  poor.     "\'isibility  \&xy  low  on  account  of  poor  seeing. 
Fringes  seen  only  by  rare  glimpses." 
Seeing  fair.     "Round." 
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yLyrae  R.A.  1900=  i8'>55'!'2;  Dec.  i9cx)= +32°33';  Mag.  3.3;  Class  A. 

1921  April  30    Seeing  good  but  rather  irregular.     "Suspect  slight  variation 

but  may  not  be  real." 
June  14    Seemg  poor  and  variable.     "Followed  around  at  142  cm  with 

some  suspicion  as  to  variability  (doubtless  due  to  variable 

seeing).     Followed  partly  around  at  173  cm  but  seeing  turned 

very  poor  and  fringes  disappeared." 
June  17     Seeing  poor.     "About  equally  distinct  in  all  position  angles 

at  142  cm  and  197  cm.     Fairly  well  seen  by  waiting  for  best 

moments." 

While  complete  disappearance  of  the  fringes,  as  for  a  close  double 
of  equal  components,  would  be  noticed  in  any  except  the  very 
worst  seemg,  small  variations  in  visibiHty  cannot  be  recognized 
with  certainty  in  poor  and  irregular  seeing.  Thus  the  suspected 
doubles  noted  in  preceding  paragraphs  may  be  spurious,  while 
some  of  the  stars  in  Table  IV  may  prove  to  have  small  variations 
in  visibility,  due  to  unequal  components,  which  were  overlooked 
by  the  writer.  The  brighter  the  star  the  less  the  difficulty  caused 
by  the  seeing. 

GENERAL   REMARKS 

In  the  Mount  Wilson  interferometer  the  slits  are  separated  by 
turning  a  divided  head,  the  readings  of  which  are  calibrated  in 
terms  of  the  actual  slit  separation.  For  systematic  double  star 
observations  it  would  probably  be  better  to  replace  this  design  by 
a  metal  plate  containing  pairs  of  slits  at  several  fixed  separations 
so  arranged  that  any  pair  could  be  easily  moved  to  the  center  of 
the  field,  the  others  remaining  covered.  Time  would  be  saved 
in  observing  and  the  possibility  of  errors  in  setting  and  read- 
ing the  separations  greatly  reduced.  The  separations,  moreover, 
would  not  be  subject  to  change  with  time  or  with  readjustment 
of  the  instrument,  unless  the  distance  of  the  plate  from  the  focus 
were  changed. 

The  accuracy  of  the  results  obtained  by  Anderson's  method  of 
rotating  the  apertures  and  the  convenience  with  which  it  can  be 
applied  are  so  great  as  to  make  it  probable  that  this  method  will 
become  very  important  in  the  future  of  double  star  astronomy. 
The  range  in  the  separations  and  magnitude  differences  of  the 
double  stars  to  which  it  can  be  successfully  applied  is,  of  course, 
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small,  but  the  interferometer  results  would  supplement  the  ordinary 
micrometer  measures  in  a  most  desirable  way,  making  it  possible 
to  follow  some  ver^^  close  and  especially  interesting  pairs  with 
highly  satisfactory  precision.  The  new  pairs  discovered  by  the 
interferometer  will  not  be  numerous  as  compared  to  those  now 
known  through  direct  observations,  but  they  are  likely  to  be  of 
very  great  individual  importance. 

The  present  investigation  has  been  greatly  facilitated  by  Mr. 
Anderson's  kindness  in  placing  his  experience  with  the  stellar 
interferometer  in  so  far  as  possible  at  the  disposal  of  the  writer, 
and  by  considerable  assistance  in  securing  and  recording  the 
observations.  This  kindness  is  gratefully  acknowledged,  as  well 
as  that  of  Mr.  Humason  in  aiding  with  the  observations  on  several 
nights. 

Mount  Wilson  Observatory 
April  1922 


A  DETERMINATION  OF  THE  WAVE-LENGTHS  OF  118 

TITANIUM  LINES  BY  MEANS  OF  THE 

INTERFEROMETER 

By  FREDERICK  L.  BROWN 

ABSTRACT 

Interferometer  measurements  of  the  wave-lengths  of  Ii8  titanium  lines  from  a  vacuum 
arc.  \\426j  to  6261  A. — Because  of  the  importance  of  the  titanium  spectrum  in  astro- 
physics, a  more  accurate  determination  of  the  wave-lengths  was  undertaken,  using  a 
Fabr>--Perot  interferometer  in  connection  with  a  Hilger  constant  deviation  spectro- 
graph. The  sources  of  light  were  two  water-cooled  vacuum  arcs,  one  for  the  titanium 
and  the  other  for  the  cadmium  lines.  In  order  that  both  spectra  might  be  photo- 
graphed simultaneously  an  image  of  the  Ti  arc  was  formed,  by  means  of  a  concave 
mirror,  at  the  center  of  the  Cd  arc,  thus  making  the  paths  through  the  optical  system 
the  same  for  both.  Two  etalon  separators,  g.8i  and  4.99  mm  thick,  were  used  to 
enable  the  phase  correction  to  be  determined  from  a  comparison  of  the  uncorrected 
wave-lengths  obtained  with  the  two  separators,  five  plates  being  made  with  each. 
In  reducing  the  measurements,  Kilby's  wave-lengths  were  used  as  a  point  of  departure 
and  the  Cd  line  6438.4696  as  standard.  Temperature  and  pressure-corrections  were 
negligible.  The  results  from  the  various  plates  agree  on  the  average  within  0.002 
or  0.003  A. 

Interferometer  measurements  of  the  wave-lengths  of  25  iron  lines  and  two  manganese 
lines  from  a  vacuum  arc  are  also  included,  flaking  allowance  for  the  pressure-shift 
as  given  by  Gale  and  Adams,  the  mean  deviation  from  the  results  of  Burns,  IVIeggers, 
and  ^Merrill  for  the  iron  lines  is  ±0.003  ^-  For  the  Mn  lines  XX  4783  and  4823,  the 
deviation  from  the  measurements  of  Goos  is  —0.020  A,  perhaps  a  pressure-effect. 

INTRODUCTION 

The  measurement  of  some  of  the  principal  lines  in  the  spectrum 
of  titanium  with  the  interferometer  was  undertaken  in  order  to 
supplement  the  data  already  available  on  this  important  element. 

The  first  measures  of  titanium  lines  were  made  by  Thalen  at 
Upsala  in  1868.^  Later,  Hasselberg,-  also  Exner  and  Haschek^ 
measured  a  large  number  of  lines  in  both  arc  and  spark.  Kilby/ 
at  Johns  Hopkins  in  1909,  measured  several  hundred  lines  between 
X  2800  and  X  6300  with  a  Rowland  grating,  interpolating  between 
the  iron  standards.     The  effect  of  pressure-shift  has  been  examined 

'  Thalen,  Nova  Acta  Reg.  Soc.  Sc.  Upsala,  Ser.  Ill,  6,  1868. 
^Hasselberg,  Astrophysical  Journal,  4,  116-134  and  212-233,  1896. 
3  Exner  and  Haschek,  Die  Spektren  der  Elemente  bei  Normalen  Druck,  191 1. 
*  Kilby,  Astrophysical  Journal,  30,  243-266,  1909. 
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by  Humphreys,  Haschek,  Gale,  and  Adanib;'  induction  and 
capacity  shifts  have  been  studied  by  Kent  and  Middlekauf;^  the 
Zeeman  effect  and  electric  furnace  spectra,  by  A.  S.  King;^  E.  J. 
Evans''  has  extended  the  measures  of  wave-lengths  down  to  X  7364; 
Kiess  and  Meggers^  down  to  X  9743 ;  and  various  other  observers 
have  studied  the  several  phases  of  the  arc  and  spark  spectra  of  this 
metal ;^  there  has,  however,  so  far  as  the  author  is  aware,  been  no 
previous  measurement  of  the  spectrum  of  titanium  with  the 
interferometer. 

The  value  of  titanium  as  a  comparison  spectrum  was  first 
pointed  out  by  Frost^  who  found  it  especially  good  for  solar  and 
stellar  work  on  account  of  the  wealth  of  bright  sharp  lines  in  the 
region  X  4200  to  X  5200.  Furthermore,  Jewell,^  studying  the 
chromosphere,  has  found  it  of  service  as  a  comparison  spectrum  in 
the  violet  and  ultra-violet  region. 

THEORY 

The  contest  between  the  grating  and  the  interferometer  as  the 
fundamental  method  for  wave-length  determination  was  decided 
in  favor  of  the  latter  through  the  masterly  work  of  Michelson.' 
In  the  hands  of  Fabry  and  Perot  the  interferometer  developed  into 
an  instrument  of  precision  and  of  great  experimental  possibilities. 
Used  in  connection  with  even  a  moderate  dispersion  piece  this 
device  makes  possible  the  accurate  measurement  of  a  large  number 
of  lines  on  a  single  photograph. 

'Humphreys,  Asirophyslcal  Journal,  6,  169-232,  1897;  Haschek,  ibid.,  14, 
181-201,  1901;   Gale  and  Adams,  ibid.,  35,  10-47,  1912,  and  37,  391-394,  1913. 

^'K.&nt,  ibid.,  17,  286-299, 1903;  22, 182-198, 1905;  27,  70-77,  1908;  Middlekauf, 
ibid.,  21,  1 16-150,  1905. 

3  King,  ibid.,  28,  300-314,  29,  76-83,  1908;  30,  1-13,  1909;  3i,  433-458,  1910; 
34,  225-250,  i9ii,etc. 

4  Evans,  ibid.,  29,  160-163,  1909. 

s  Kiess  and  Meggers,  Sci.  Papers,  Bureau  of  Standards,  No.  372,  1920. 

*  Kayser,  Handbuch  der  Spectroscopie,  6,  655-708,  1912. 
7  Frost,  Aslrophysical  Journal,  10,  207-208,  1899. 

*  Jewell,  iii'cf.,  II,  243-244,  1900. 

'  Michelson  and  Benoit,  Travattx  et  Memoirs  du  Bureau  Intern,  des  Poids  et 
Mesures,  11,  1895. 
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The  theor}-'  of  the  instrument  is  so  well  known  that  it  need  not 
here  be  given.  The  laboratory  equation  without  corrections  of 
any  kind  as  given  by  Pfund^  is : 

P  \^R]    SR'J 

where  X  is  the  wave-length  to  be  determined;  P  is  the  order  of 
interference  (approximately  -  ,  where  e  is  the  distance  between  the 

A 

etalon  plates)  for  the  bright  ring  measured;  D  is  the  linear  diameter 
of  this  ring;  R  is  the  effective  focal  length  of  the  optical  train  for 
light  of  wave-length  X;  and  Xj,  Ps,  Ds,  and  Rs  are  the  corresponding 
quantities  for  a  bright  ring  of  the  system  formed  by  the  standard 
red  cadmium  line. 

To  this  computed  value  of  X  two  principal  corrections  must  be 
applied,  one  for  phase,  the  other  to  reduce  the  computed  wave- 
lengths to  standard  conditions  of  pressure  and  temperature.  The 
wave-length  of  the  red  cadmium  ray  which  has  been  adopted  as  the 
primary  standard  by  the  International  Solar  Union^  is  6438.4696  A, 
the  etalon  space  being  filled  with  dry  air  at  760  mm  of  mercury  and 
15°  C,   and  the  radiation  produced  in  vacuum. 

DESCRIPTION   OF   APPARATUS 

I.  Source. — The  sources  of  radiation  in  the  present  experiment 
are  two  water-cooled  vacuum  arcs.  They  consist  of  two  concentric 
cylindrical  brass  vessels  so  arranged  as  to  give  a  fairly  large  chamber 
for  the  arc ;  the  space  between  the  walls  of  the  vessels  form  a  water 
jacket.  The  accompanying  diagram  (Fig.  i)  shows  a  vertical 
section  with  the  electrodes  in  place. 

The  heavy  cone-shaped  top  C  fits  snugly  against  the  upper 
ring  D  in  such  fashion  as  to  render  the  joint  air  tight  and  allow 
the  main  chamber  to  be  exhausted  through  a  side  tube. 

'  Fabry  and  Perot,  Aslrophysical  Journal,  15,  73-96  and  261-273,  1901. 

*  Pfund,  ibid.,  28,  197-211,  1908. 

3  Transactions  of  the  International  Union  for  Co-operation  in  Solar  Research,  2, 
109-137,  1907. 
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The  electrodes  are  held  in  place  by  two  insulating  frames,  HH, 
which  slide  up  and  down  a  pair  of  guides  and  are  operated  by 
means  of  a  right-  and  left-handed  screw  //  so  as  to  be  brought 
together  and  then  separated  to  any  desired  distance  after  the  arc 
has  started.  The  current  is  introduced  at  the  terminals  KK,  which 
are  connected  to  the  electrodes  by  stranded  copper  wire  incased  in 
short  lengths  of  clay  pipe-stem.     It  is  evident  from  the  diagram 


w 


Fig.  I 

that  the  entire  system  of  electrodes,  clamps,  etc.,  can  be  removed 
by  lifting  off  the  top. 

The  water  for  cooling  the  chamber  enters  the  outer  can  at  the 
bottom  through  A  and  leaves  at  the  top  through  B.  The  arc  is 
adjusted  so  that  the  light  from  it  passes  directly  out  of  the  windows 
WW.  The  long  tubes  keep  the  glass  from  becoming  soiled  and 
spattered  by  the  arc. 

A  vacuum  of  five  or  six  millimeters  of  mercury  could  be  main- 
tained very  easily.     The  arcs  worked  best  with  a  pressure  of  about 
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10  mm  for  Cd  and  about  40  mm  for  Ti.  Under  these  conditions  the 
Hght  is  steadier  and  brighter  than  under  a  pressure  of  only  one  or 
two  milUmeters.  They  were  suppUed  with  direct  current  from  a 
2  20- volt  generator,  the  titanium  arc  using  from  5  to  7  amperes  while 
the  cadmium  arc  took  from  0.5  to  2.0  amperes. 

The  electrodes  for  the  Cd  arc  were  carbon,  the  lower  one  being 
bored  out  and  filled  with  metallic  cadmium.  The  electrodes  for 
the  titanium  arc  were  small  wedge-shaped  pieces  of  metallic 
titanium  clamped  in  iron  jaws.  The  arc  was  usually  quite  steady, 
but  would  occasionally  jump  to  the  iron  clamps  thereby  introducing 
the  iron  impurity  lines  measured  on  some  of  the  plates.  The 
greatest  difficulty  with  the  cadmium  arc  arose  from  the  easy  vola- 
tilization of  the  metal  and  its  condensation  on  the  electrodes  and 
their  insulating  supports,  thus  producing  short  circuits  from  time 
to  time  that  required  the  removal  and  thorough  cleaning  of  the 
entire  apparatus.  The  cadmium  often  had  to  be  replenished  two 
or  three  times  during  a  single  exposure. 

The  vacuum  vessels  were  mounted  on  sliding  ways  so  that  by 
means  of  adjusting  screws  the  light  could  be  kept  accurately 
centered  on  the  diaphragm  of  the  etalon  even  when  the  arc  moved 
from  one  point  of  the  electrode  to  another. 

I  am  glad  to  remark  here  that  the  design  of  this  arc  is  due  to 
Professor  Henry  Crew  and  Dr.  George  V.  McCauley,^  and  that  the 
apparatus  was  made  with  great  accuracy  by  Mr.  F.  Kiing,  the 
mechanician  of  the  department. 

2.  Interferometer  and  optical  train. — The  interferometer  was 
made  by  Hilger  for  use  with  his  spectrograph.  The  plates  were 
cleaned  and  resilvered  by  a  modified  form  of  the  process  described 
by  Wood.^  The  deposit  was  good  over  the  central  area,  the  only 
portion  used,  and  gave  clear  sharp  rings.  The  same  portions  of 
the  mirrors  were  used  throughout  the  experiment. 

The  original  interferometer  has  a  quartz  etalon  of  9.81  mm 
separation,  in  addition  to  which  a  second  one,  of  4.99  mm  separa- 
tion, was  also  made  in  order  to  determine  the  phase  correction. 
A  diagram  of  the  optical  train  is  given  in  Figure  2. 

'  Crew  and  McCauley,  Astrophysical  Journal,  39,  29-38,  1914. 
*  Wood,  Physical  Optics,  2d  edition,  p.  281. 
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The  light  from  the  titanium  arc,  A ,  is  brought  to  a  focus  at  the 
center  of  the  cadmium  arc,  C,  by  the  concave  mirror,  B.  From 
here  on  the  two  pencils,  one  from  each  source,  travel  the  same  path. 

The  lens,  D,  collects  and  focuses  the  rays  on  the  diaphragm, 
E,  in  front  of  the  etalon  F.  At  G,  there  is  placed  an  achromatic 
lens  which  projects  the  ring  system  on  the  slit-plate  of  the  spectro- 
graph, of  which  H  is  the  collimator,  7,  the  prism  and  /,  the  camera. 

The  special  and  most  important  feature  of  the  arrangement  is 
the  use  of  the  concave  mirror,  B,  which  enables  one  to  use  both  arcs 
simultaneously.  In  this  way  the  optical  system  for  both  Cd  and  Ti 
is  identical  from  the  crater  of  the  Cd  arc  to  the  plate.     No  changes 


V- ^ 


Fig.  2 

being  required,  the  chances  of  shift  of  the  rings  on  the  plate  due 
to  alternate  exposures  is  entirely  eliminated.  This  important 
suggestion  was  made  by  Professor  Crew  who  had  used  a  similar 
arrangement  for  work  with  a  large  grating. 

3.  The  spectrograph  is  one  of  the  constant-deviation  prism  type 
made  by  Hilger.  The  collimator  and  camera  lenses  are  very  good, 
and  the  adjustments  on  the  camera  make  it  possible  to  secure  good 
definition  over  the  entire  range  of  the  plates. 

There  are  two  disadvantages  in  the  use  of  a  prism  for  this  work, 
namely,  its  low  dispersion  in  the  orange-red  region  and  the  absorp- 
tion of  the  short  wave-lengths.  However,  titanium  is  richest  in 
lines  shorter  than  5200,  and  the  use  of  glass  plates  in  the  inter- 
ferometer and  glass  lenses  in  the  rest  of  the  optical  train  cuts  out 
almost  as  much  of  the  ultra-violet  as  does  the  prism. 
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METHOD   OF   EXPERIMENT 

The  adjustment  of  the  optical  train  was  carried  out  in  the  usual 
manner,  care  being  taken  to  make  certain  that  the  image  of  the 
titanium  arc,  A ,  formed  by  the  concave  mirror,  B,  coincided  with 
the  center  of  the  cadmium  arc,  C,  and  that  the  light  from  both 
sources  followed  the  same  path  through  the  optical  train.  The 
diaphragm,  E,  not  only  delimits  the  portion  of  the  mirrors  used, 
thereby  sharpening  the  rings,  but  also  cuts  off  light  from  the  poles 
of  the  arc  and  allows  only  that  from  the  center  to  reach  the  plates 
of  the  etalon. 

The  photographic  plates  used  were  Wratten  and  Wainwright 
panchromatic,  34X45  inches;  to  make  them  more  sensitive  to  the 
red  and  faster  over  the  entire  range,  they  were  bathed  in  ammonia 
and  dried  in  an  air-current  shortly  before  exposure.^  The  camera 
gave  a  spectrum  whose  width  was  about  three-fourths  of  an  inch. 

When  the  adjustment  of  the  instrument  and  good  condition 
of  the  arcs  had  been  assured,  the  exposure  was  begun  and  the 
arcs  kept  running  for  some  three  hours.  Stopcocks  in  the  vacuum 
pump  line  allowed  one  arc  to  be  opened  to  the  air  and  its  electrodes 
replaced  without  disturbing  the  other  one.  In  this  way  the 
exposure  was  continuous,  and  during  the  major  portion  of  the  time 
both  sources  were  in  simultaneous  operation. 

On  a  great  many  plates  a  direct  exposure,  i.e.,  a  photograph 
without  the  etalon  was  put  on  the  plate,  either  above  or  below  the 
ring  system  which  was,  of  course,  in  the  middle.  These  direct 
exposures  required  only  a  few  seconds  and  were  added  after  the 
interference  fringes  had  been  photographed.  They  gave  a  con- 
venient comparison  spectrum  in  case  of  question  of  identification 
of  lines.  The  width  of  the  lines  on  the  photographic  plates  varied 
from  o.io  to  0.15  mm  for  the  interference  fringes;  for  the  direct 
exposures  it  was  of  course  much  narrower. 

The  list  of  plates  used  in  the  final  computation  is  given  in 
Table  I.  It  will  be  noticed  that  some  were  taken  in  July  and 
August  1920,  and  some  in  February  192 1.  The  set  of  plates 
made  with  the  4.99  mm  etalon  in  the  summer  of  1920  looked 
beautiful  and  gave  promise  of  good  results,  but  something  must 

'  Burka,  Journal  of  iJte  Franklin  Inslitule,  189,  25-46,  1920. 
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have  been  out  of  adjustment  and  escaped  detection,  for  the  wave- 
lengths computed  from  them  proved  to  be  inconsistent  among 
themselves  as  well  as  at  variance  with  the  values  given  by  the 
9.81  mm  etalon.  Consequently  the  separator  of  the  short  etalon 
was  reground  and  the  entire  apparatus  readjusted.     Two  addi- 


TABLE  I 

Plates  Measured 


Pate 

Number 

Date 

Time  of  Day 

Source 

Exposure 
Length 

Current 
Amps. 

Room 
Tempera- 
ture 

Atmos- 
pheric 
Pressure 

B63... 

1920  July  30 

9:00-12:00 

/Cd 
ITi 

3hrs. 
3 

I-2\ 

6-7/ 

24.5  c. 

745  mm 

B64... 

July  30 

2:30-  5:30 

/Cd 
ITi 

3 
3 

6-4} 

24-5 

744 

B75-. 

Aug.   7 

9:00-12:00 

rcd 

iTi 

2  + 
3 

j:;} 

25.0 

746 

B76... 

Aug.   7 

1:30-  5:00 

/Cd 
\Ti 

2:15 
3 

I-21 

5-7/ 

25.0 

745 

B88... 

1921  Feb.   5 

3:00-  6:00 

/Cd 
\Ti 

1:30 
2  + 

5-7/ 

20.0 

742 

B89... 

Feb.    8 

3:00-   5:00 

;cd 

\Ti 

1  + 

2  — 

I.} 

20.0 

745 

B90... 

Feb. 10 

2:00-  5:30 

/Cd 
\Ti 

2  + 

3  + 

i-7l 
5-7/ 

21.0 

742 

B  91..  . 

Feb. 1 2 

2:30-  5:30 

/Cd 
\Ti 

2  + 
3- 

o-5-i\ 
5-7/ 

22.0 

745 

B93-- 

Feb. 17 

2:30-  4:30 

/Cd 

iTi 

1:30 
2 

o.5-i\ 
5-7/ 

20.5 

754 

B98... 

Feb. 19 

2:30-  5:30 

/Cd 

iTi 

I 
2:30 

o-5-il 
5-7/ 

20.5 

757 

9 .  Si  mm  etalon  used  for  plates  Nos.  63,  64,  75,  76,  98. 
4.99  mm  etalon  used  for  plates  Nos.  88,  89,  90,  91,  93. 

tional  plates  with  the  long  etalon  were  also  made  as  a  check  and 
one  of  these  (No.  98)  was  measured  and  completely  reduced.  The 
new  set  of  plates  are  in  good  agreement  and  there  is  no  question 
but  that  the  difficulty,  still  unknown,  that  vitiated  the  first  set 
was  entirely  removed. 
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MEASUREMENT   OF   THE    PLATES 

The  plates  were  all  measured  at  the  Dearborn  Observatory  on 
a  Gaertner  engine  designed  for  stellar  parallax  plates.  Through 
the  kindness  of  Professor  Philip  Fox,  this  instrument  was  made 
available  and  greatly  facilitated  the  work,  since  it  has  two  mutually 
perpendicular  screws.  These  make  it  possible  to  measure  all  the 
rings  on  all  lines  without  touching  the  plate,  and  since  the  dis- 
persion is  not  large,  it  makes  identification  of  the  ring  systems  a 
simple  matter.  The  machine  is  equipped  with  half-millimeter 
screws  which  enable  one  to  read  settings  directly  to  o.ooi  mm. 

The  plate  was  placed  on  the  machine  so  that  the  spectral  lines 
were  perpendicular  to  the  horizontal  screw,  and  the  position  of 
each  good  line  was  located  by  means  of  this  screw.  This  position 
was  necessary  to  identify  the  line.  Then  by  use  of  the  other 
screw  the  diameters  of  the  different  rings  in  each  line  were  meas- 
ured. 

In  general,  three  settings  were  made  on  each  ring,  the  mean 
being  used  in  subsequent  computation.  For  the  fine  sharp  rings  of 
the  red  cadmium  and  other  similar  lines,  the  settings  on  any  one 
ring  are  almost  identical,  while,  for  very  wide,  hazy,  or  over- 
exposed ring  systems,  they  differ  by  as  much  as  three  or  four 
hundredths  of  a  millimeter.  For  the  ordinary  line,  the  two  inner 
rings  were  measured  except  when  the  innermost  ring  was  too 
small,  or  too  hazy,  in  which  case,  the  second  and  third  were  chosen. 
However,  for  the  four  cadmium  lines  and  for  ten  titanium  lines 
scattered  through  the  spectrum,  the  innermost  three  or  four  rings 
and  also  the  outermost  three  or  four  rings  were  measured.  These 
fourteen  special  lines  were  used  in  the  computation  of  R.  the 
effective  focal  length  of  the  optical  train.  As  a  further  precaution 
and  check,  these  special  lines  were  generally  measured  twice, 
once  before  the  general  lines  were  measured  and  again  afterward. 
The  different  values  of  the  ring  diameters  gave  an  idea  of  the 
setting  error  and  made  it  clear  that  for  many  rings  it  is  not  possible 
to  repeat  the  measures  closer  than  o.oi  mm;  for  sharp  rings  the 
deviation  is  less  than  half  this  amount.  Throughout  the  computa- 
tion all  figures  are  retained  to  o.ooi  mm  to  prevent  errors  from 
accumulating.     On  some  of  the  plates  a  few  iron  impurity  lines 
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show;  on  another  two  manganese  hnes  were  strong  enough  to 
permit  measurement. 

The  intensity  and  quality  of  each  ring  system  was  judged  and 
recorded  at  the  time  of  measurement.  The  author  used  o  to  20 
for  intensity  gradings,  but  in  the  final  table  the  means  of  his 
values  have  been  reduced  to  a  scale  of  o  to  10  to  agree  with  general 
usage.  The  quality  was  denoted  as  poor  (p),  fair(f),  good  (g),  very 
good,  (vg) ,  and  the  two  intermediate  ones  (fp)  and  (f g) . 

Frequently  it  was  not  possible  to  measure  an  entire  plate  at  one 
sitting  and  since  the  instrument  was  in  constant  use,  the  plate 
had  to  be  removed  between  times;  but  this  introduced  no  error 
into  the  results,  for  each  line  has  its  own  independent  ring  system, 
and  only  diameters  which  are  the  differences  of  settings  made  at 
the  same  time  are  used  in  the  computation. 

REDUCTION   or   MEASURES 

The  computation  was  carried  out  in  much  the  same  manner  as 
that  described  by  Pfund'  so  need  not  be  given  in  detail  here. 
Kilby's  wave-lengths^  for  the  titanium  lines  were  used  as  a  point 
of  departure.  The  exact  order  of  interference  was  determined  by 
the  method  of  Lord  Rayleigh,^  using  the  best  available  wave- 
lengths of  the  four  cadmium  lines.  Then  by  use  of  the  laboratory 
equation  given  earlier  in  this  paper,  the  uncorrected  wave-length 
of  each  line  on  each  plate  was  computed. 

CORRECTIONS 

I.  Phase  change. — The  next  question  is  the  correction  to  be 
applied  for  change  of  phase.  If  one  assumes,  according  to  the 
general  view,  that  change  of  phase  is  produced  by  waves  of  differ- 
ent length  penetrating  the  silver  film  to  different  depths,  then  it 
is  clear  that  one  has  a  different  etalon  distance  for  each  different 
line  on  the  spectrum. 

The  wave-lengths  computed  above  were  of  course  based  on  the 
assumption  that  the  etalon  distance  was  the  same  for  all,  namely, 

'  Pfund,  Astro  physical  Journal,  28,  197-21 1,  1908. 

*Kilby,  ibid.,  30,  243-266,  1909. 

i  Raylcigh,  Philosophical  Magazine,  11,  685-703,  1906. 
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its  effective  distance  for  the  standard  Cd  ray.  If,  however,  it  has 
a  different  value  for  the  blue  ray,  then  the  order  of  interference 
should  be  corrected  for  this  difference  in  path,  but  this  amounts  to  a 
correction  to  X.  Furthermore,  since  the  depth  of  penetration  of 
the  rays  is  independent  of  the  etalon  distance,  its  relative  value 
will  be  large  for  a  short  etalon  and  almost  negligible  for  a  very 
long  one.  For  the  case  in  hand  it  will  be  nearly  twice  as  great  for 
the  4.99  mm  as  for  the  9.81  mm  etalon.  In  fact  the  ratio  of  the 
two  distances  is  1.92+  and  since  the  correction  will  be  small  in  any 
case  we  may  without  appreciable  error  call  this  ratio  exactly  two. 
For  the  standard  ray  we  may  assume  that  the  phase  change  is 
zero  in  both  cases.  Consequently  the  uncorrected  values  of  X 
given  b\-  the  short  etalon  should  be  just  twice  as  far  from  the 
correct  value  as  those  given  by  the  long  one;  or  what  amounts  to 
the  same  thing,  the  difference  between  the  uncorrected  values  given  by 
the  two  etalons  is  equal  to  the  phase  correction  which  must  be  applied  to 
the  longer  etalon  values;  and  is  half  of  what  must  be  applied  to  the 
short  etalon  values. 
For  if 

X=X'+i 
for  the  long  etalon  and, 

X  =  X"+2(/ 

for  the  short  etalon,  then  subtracting, 

o  =  \"-\'+doxd=\'-\" 

where  X  is  the  correct  value ;  X'  and  X"  are  the  approximate  values 
given  by  the  long  and  short  etalon  respectively  and  d  is  the  phase 
correction  to  be  applied  to  the  long  etalon  values.  From  this  it  is 
evident  that  we  can  calculate  the  phase  correction  as  soon  as  pairs 
of  uncorrected  wave-lengths  from  the  two  etalons  are  known. 

The  values  of  this  correction  obtained  from  the  fourteen  special 
lines  w^re  plotted  against  wave-lengths.  Then  for  additional 
information  the  values  of  the  correction  for  all  other  lines  appearing 
on  all  ten  plates  were  grouped  by  zones  of  wave-length  and  the 
mean  correction  for  each  zone  plotted.  Through  this  double  set 
of  points  a  single  curve  was  drawn  and  the  phase  correction  given 
by  this  curve  was  applied  to  the  uncorrected  values  of  the  wave- 
lengths. 
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A  glance  at  the  curve  will  show  that  the  points  are  scattered 
principally  over  the  range  from  0.0040  to  0.0060  A,  between 
X  4200  and  X  5400  and  it  was  felt  that  the  straight  line  7  =  0.0050 
represented  as  well  as  any  curve  this  portion  of  the  graph.  From 
X  5400  to  X  6400  there  is  a  serious  lack  of  data  that  makes  the 
shape  of  the  curve  in  this  region  a  mere  guess.  Certain  it  is  that 
it  must  be  zero  at  X  6438  and  the  two  values  near  X  5900  give  the 
only  other  information. 


coiooMl 


60  00 


bSoo 


o       Values    f-ot*    S^etiol    Lines. 

•       V'oli/es    f-oV'  /teans    o^  Ottier  Lines. 

Fig.  3. — Phase  change  curve 

In  drawing  the  curve  the  values  of  X  4263  and  X4274  are  left 
out  of  consideration  because  these  lines  do  not  appear  on  all  the 
plates  and  are  difficult  to  measure  on  many  of  the  plates  where  they 
do  show.  Likewise,  the  values  of  Cd  4678  are  discarded,  for  the 
line  is  known  to  be  complex  and  it  is  so  close  to  the  stronger  line 
Ti  4681  that  it  is  very  hard  to  measure. 

2.  Still  another  correction  must  be  applied  in  order  to  reduce 
the  wave-lengths  to  standard  conditions  of  pressure  and  tempera- 
ture (760  mm  of  mercury  and  15°  C.)  for  the  air  in  the  etalon 
space.  The  maximum  value  of  this  correction  is  of  the  order  of 
o.ooi  A  and  it  was  felt  that  in  view  of  the  small  relative  size  of 
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this  error  compared  to  the  accidental  setting  error,  and  the  amount 
of  labor  required  to  compute  it  for  all  lines  on  all  plates,  it  might 
be  omitted  without  causing  appreciable  error  in  the  final  results. 

3.  In  the  case  of  the  standard  iron  lines  measured,  a  different 
kind  of  correction  must  be  considered,  before  comparing  the  values 
in  this  table -with  the  International  Standards.  These  standards 
are  obtained  from  a  Pfund  arc  operated  in  air  at  a  pressure  of  one 
atmosphere;  while  the  source  used  in  this  work  was  in  a  vacuum. 
One  would  expect  a  pressure-shift.     This  will  be  spoken  of  later. 

DISCUSSION  OF   RESULTS 

A  comparison  of  the  computed  values  of  the  wave-length  for 
any  one  line  given  by  the  short  etalon  plates  shows  them  to  be 
less  in  accord  among  themselves  than  the  values  given  by  the  long 
etalon  plates,  as  indeed  one  would  naturally  expect,  since  the 
order  of  interference  is  greater  for  the  long  etalon  than  for  the 
short.  Consequently  the  values  from  the  short  etalon  have  been 
given  a  weight  of  2,  while  those  from  the  long  etalon  have  been 
given  a  weight  of  3.  in  computing  the  mean  value.  The  final 
wave-length  for  any  line  given  in  Table  II  is  found  by  correcting 
each  plate  value  for  phase  change  and  taking  the  weighted  mean 
of  these  corrected  values. 

Table  II  gives  the  final  values  for  all  the  lines  measured  and  is 
arranged  as  follows:  Column  i  gives  the  weighted  mean  of  the 
plate  values  computed  in  this  work.  Column  2  gives  the  wave- 
length according  to  Kilby^  for  the  titanium  lines,  and  according  to 
Burns,  Meggers,  and  MerrilP  for  the  iron  lines,  and  according  to 
Goos^  for  the  manganese  lines  and  a  few  iron  lines  not  given  in  the 
Bureau  publication.  Column  3  gives  the  average  deviation  of  the 
individual  measures  from  the  mean.  Column  4  gives  the  number 
of  plates  on  which  the  line  was  measured.  Column  5  gives  the 
mean  value  of  the  intensity  on  a  basis  of  10.  Column  6  gives  the 
mean  value  of  the  quality  of  the  line.  Column  7  shows  the  differ- 
ence between  the  values  in  the  first  two  columns  taken  in  the  sense 

'  Kilby,  Astrophysical  Journal,  30,  243-266,  1909. 

^  Burns,  Meggers,  and  Merrill,  Sci.  Papers,  Bnreati  of  Standards,  No.  274,  1916. 

^  Goos,  Astrophysical  Journal,  35,  221-232,  1912;   37,  48-59,  1913. 
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TABLE  II 


Brown 

Wave-Length 

in  I.A. 

Kilby 
Wave- 
Length 
in  I.A. 

Mean 
Deviation 

No. 

Plates 
Measured 

Inten- 
sity 

Quality 
of  Lines 

Diff.  X 
Kilby - 
Brown 

Pressure - 

Shift  per 

Atm. 

Xotes 

Fe    4250.794.- 

•        -791 

I 

I 

fp 

-.003 

+  .003 

Fe    4260.474.. 

489 

.000 

2 

2 

f 

+  -015 

+  -Oo6 

4263.134. . 

142 

-003 

5 

3 

fg 

+  .008 

+  -003 

(i) 

Fe    4271 . 760.  . 

764 

-003 

5 

3 

fg 

+  .004 

+  .003 

4274.585. . 

600 

.002 

4 

3 

g 

+  -015 

(l) 

4282.696. . 

715 

.000 

2 

2 

g 

+  .019 

+  .003 

4286.006. . 

012 

.002 

8 

3 

fg 

+  .006 

+  •003 

4287.406. . 

412 

.004 

2 

2 

f 

+  .006 

+  -003 

4289.072. . 

080 

.001 

4 

3 

f 

+  .008 

+  -003 

4290.932. . 

936 

.002 

8 

3 

fg 

4- -004 

4294.103. . 

102 

I 

I 

JP 

—  .001 

+  -004 

4295-75I-  ■ 

755 

.002 

8 

3 

fg 

+  -004 

+  -003 

4298.666. . 

666 

.002 

10 

4 

fg 

.000 

+  -003 

(i) 

4305.910. . 

907 

.001 

9 

8 

fg 

-.003 

+  -003 

Fe    4307 ■ 899 • ■ 

910 

.002 

5 

3 

fg 

+  .011 

+  -003 

4314.800. . 

800 

.002 

10 

5 

g 

.000 

+  .002 

(i) 

4318.630. . 

635 

.002 

5 

2 

fg 

+  -005 

4321.652.. 

659 

.002 

2 

3 

g 

+  .007 

Fe    4325.762.. 

770 

-003 

4 

5 

fg 

+  .008 

+  -003 

4337-9I5-- 

915 

.004 

2 

2 

fg 

.000 

+  002 

Fe    4383.544- ■ 

548 

.002 

6 

8 

vg 

+  .004 

+  .003 

4395-036. . 

037 

.003 

3 

3 

fg 

+  .001 

+  -003 

4404.276. . 

273 

-003 

5 

4 

g 

-.003 

+  •003 

Fe    4404.749.. 

752 

.002 

4 

7 

g 

+  .003 

+  .003 

Fe    4415.124.. 

127 

.004 

3 

4 

g 

+  -003 

+  .002 

4417.275.  . 

278 

-003 

4 

4 

g 

+  -003 

+  .003 

4427.098. . 

102 

.001 

10 

7 

g 

+  .004 

+  .002 

(l) 

4440.345- • 

343 

I 

3 

vg 

—  .002 

+  .004 

4443  -  799 ■• 

801 

.003 

4 

4 

fg 

+  .002 

+  .003 

4449-143- ■ 

127 

-003 

10 

7 

g 

—  .016 

+  .004 

4450.893. . 

902 

-005 

2 

3 

fg 

+  -009 

+  .004 

4453.308.. 

323 

.003 

3 

5 

g 

+  -OI5 

+  .005 

4455-319- 

324 

.005 

2 

3 

fg 

+  -005 

+  .005 

4457-427.. 

427 

.002 

10 

7 

g 

.000 

+  .005 

4465 . 807 . . 

803 

.002 

8 

3 

g 

—  .004 

+  .003 

4468.493. . 

493 

.001 

5 

4 

fg 

.000 

-f  .006 

4471.239. . 

235 

.002 

8 

3 

g 

—  .004 

+  -003 

4481.259.  . 

267 

.002 

7 

5 

fg 

+  .008 

+  -003 

4489 . 089 . . 

096 

.002 

9 

5 

g 

+  .007 

+  .004 

4496. 146. . 

150 

.003 

9 

4 

g 

+  .004 

4501.269. . 

271 

.002 

9 

3 

g 

+  .002 

+  .006 

4512.734- • 

736 

.002 

10 

7 

g 

+  .002 

+  -004 

4518.024. . 

026 

.002 

10 

8 

g 

+  .002 

+  .004 

4522.797.  . 

803 

.002 

10 

7 

g 

+  .006 

+  .004 

(11) 

4527.305.. 

315 

.002 

10 

7 

g 

+  .010 

+  004 

(i) 

4544-689. . 

700 

.002 

10 

7 

^'g 

+  .011 

+  .004 

4548.767. . 

772 

.002 

7 

9 

g 

+  -005 

+  -004 

(12) 

4552-454- • 

400 

.002 

10 

7 

g 

+  -004 

4555-485- ■ 

498 

.002 

10 

7 

vg 

+  ■013 

+  .004 

4563-757- • 

765 

-003 

9 

3 

fg 

+  .008 

+  -004 

4571.970.. 

981 

.002 

:o 

6 

g 

+  .011 

+  .006 

4617. 270. . 

268 

.002 

10 

8 

vg 

—  .002 

+  -004 
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TABLE  U— Continued 


Brown 

Wave-Length 

in  I.A. 

Kilby 
Wave- 
Length 
in  I.A. 

Mean 
Deviation 

No. 

Plates 

Measured 

Inten- 
sity 

Quality 
of  Lines 

Diff.  X 

Kilby - 

Brown 

Pressure- 
Shift  per 
Atm. 

Notes 

4623.098. . 

.098 

.002 

10 

6 

vg 

.000 

+   003 

4629.337.. 

335 

.002 

10 

4 

g 

—  .002 

4- -005 

4645.194. . 

188 

.001 

2 

4 

g 

—  .006 

4-. 005 

4650.016.  . 

017 

.003 

2 

3 

fg 

+  .001 

+   005 

4656.468. . 

474 

.002 

5 

7 

g 

+  .006 

+  .002 

4667 . 5S5 . 

589 

.001 

5 

7 

g 

+   004 

+   003 

Cd    4678.155.  . 

152 

•003 

10 

6 

g 

-.003 

(l),(2) 

4681 .909. . 

914 

.003 

10 

8 

g 

+   005 

+  .002 

(I) 

4691.334. . 

341 

.003 

10 

4 

g 

+  -007 

+   005 

4698.763. . 

790 

.002 

9 

3 

g 

+  .027 

+  -005 

4710. 187. . 

194 

.002 

10 

3 

g 

+  .007 

4- -005 

4722.603. 

621 

.001 

4 

3 

g 

-f  .018 

4- -005 

(3) 

4723.171. . 

179 

.001 

4 

3 

g 

+  .008 

+  -005 

(3) 

4742.790. . 

801 

.003 

10 

5 

Vg 

+  .011 

4-. 005 

4778.263. . 

271 

I 

2 

g 

+  -008 

4-006 

Mn  4783.415.  . 

437 

I 

I 

fg 

4-. 022 

4792.484- • 

499 

.002 

4 

2 

fg 

+  ■015 

Cd    4799.915.. 

911 

.002 

10 

9 

g 

—  .004 

(0,(4) 

4805.418. . 

434 

.003 

9 

3 

fg 

+  .016 

4-. 009 

4820.412. . 

420 

.002 

10 

4 

vg 

+  .008 

•4-.  004 

:Mn  4823.507.  . 

526 

I 

3 

vg 

4-019 

4840.874. . 

878 

.002 

10 

7 

vg 

+  -■004 

+  .001 

4856.012. . 

013 

-003 

10 

6 

vg 

+  .001 

-I-.004 

4868.261. . 

286 

.003 

6 

3 

fg 

+  -025 

4-. 003 

4870. 129. . 

141 

.003 

7 

5 

fg 

+  .012 

+  .004 

4885.082. . 

093 

.002 

10 

7 

vg 

+  .011 

+  .003 

Fe    4890.773- ■ 

771 

.001 

3 

3 

g 

—  .002 

4-.  009 

(5) 

Fe    4891 .490. . 

510 

.001 

3 

3 

g 

+  .020 

+  -007 

(5) 

4899.911. . 

925 

.003 

10 

7 

vg 

+  .014 

+  .002 

(i) 

49I3-6I7- - 

625 

.002 

10 

6 

vg 

4- -008 

+  003 

Fe    4920.509.. 
4928.339. . 

521 
357 

I 

4"  012 

4-  001 

.003 

9 

3 

"fg" 

+  .018 

1  .  \j\^  A 
4- -004 

4938.291. . 

306 

I 

3 

g 

+  ■015 

Fe    4957.594.. 

612 

.001 

5 

4 

g 

+  .018 

4- -Oil 

4981.734- - 

746 

.002 

9 

10 

g 

4". 012 

+  -003 

4991.065. . 

077 

.002 

9 

9 

g 

-I-.012 

+  .004 

4999.502. . 

512 

.002 

9 

9 

g 

4". 010 

+  004 

5007.211. . 

218 

.003 

9 

9 

g 

+  .007 

4- -003 

5014.283. . 

262 

.002 

3 

7 

g 

—  .021 

4- -003 

5016.165. . 

174 

.005 

3 

3 

f 

+  .009 

4- -003 

5020.023. . 

045 

.002 

3 

4 

g 

+  .022 

+  -005 

5022.864. . 

872 

.006 

3 

5 

f 

+  .008 

4-. 004 

5024.831. . 

853 

.002 

3 

4 

fg 

+  .022 

+  -003 

(6) 

5025.589. . 

580 

.002 

3 

4 

fg 

—  .009 

(6) 

5039-953- - 

962 

.003 

5 

6 

fg 

+  .009 

5064.656. . 

659 

.003 

10 

7 

vg 

+  -003 

+  .002 

5071-475- - 

490 

I 

5 

fg 

4--015 

4". 010 

Cd    5085.823.. 

822 

.002 

lO 

8 

vg 

—  .001 

(i),(7) 

5113-444- ■ 

441 

-003 

7 

3 

g 

-.003 

4-. 004 

5120.419. . 

429 

.003 

10 

3 

g 

4--OIO 

+  .001 

5145-463- - 

470 

.002 

4 

3 

fg 

4- -007 

4-004 

5147.487. . 

476 

I 

4 

vg 

—  .009 

+  .002 
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TABLE  II — Continued 


Brown 

Wave-Length 

in  I.A. 


5152 
Fe    5167 

5173 
5192 
S2IO 

5224 

5224 

Fe  5232 

5255 

5265 

Fe  5269 

Fe  5270 

5283 
Fe  5324 
Fe  5328 
Fe  5371 
Fe  5397 
Fe  5405 

5409 
Fe  5429 
Fe  5446 
Fe  5455 

5477 

5512 

5514 

5514 

5565 

Fe  5615 

5644 
5662 

5675 
5S04 
5866 

5899 
5922 

5953 
5965 
5978 
6085 
6091 
6126 
6258 
6258 
6261 


185 
491 

744 
970 
386 

304 
946 
940 
811 
971 
536 
372 
441 
180 
040 
494 
135 
776 
614 
700 
916 
613 
697 
526 
350 
536 
477 

643 
136 

155 

413 
264 

451 
292 

109 
160 
825 
541 
224 
172 
213 
099 
700 
097 


Kilby 
Wave- 
Length 
in  I.A. 


184 
495 
744 
978 
394 
323 
960 

957- 

824 

968 

532 
360 

448 

195 
044 

497 
132 

781 
625 
701 
920 
614 
732 
538 
364 
541 
507 
661 
181 
211 

474 
388 
508 
338 
160 
205 
862 
582 

247 
188 

239 
no 
708 
096 


Mean 
De\'iation 


.003 
.003 
.002 
.002 
.001 


.002 
.003 
.003 
.003 
.002 
.002 
.003 


.002 
.002 
.003 
.002 


.004 
.003 
.003 

.002 
.002 
.001 
.004 
.003 
.004 

.003 
.002 
.004 
.006 
.004 


No. 

Plates 

Measured 


4 

2 
10 
10 
10 

I 
I 
I 

4 
6 

5 
5 
3 
2 

4 
I 

I 
I 
I 
I 
I 
I 
I 
5 
5 
5 
4 
I 
10 
6 

3 

I 

10 


10 

10 

10 

I 

2 

3 
4 
3 
3 


Inten- 
sity 


2 

3 
3 

5 
5 
3 

I 

3 
4 
3 
3 
2 

3 
3 
I 

5 
7 
7 
5 
3 
3 
4 

3 

2 

2 

5 
4 

2 

3 
3 
3 
4 
3 
3 
5 

6 

5 


Quality 
of  Lines 


g 
vg 
vg 
vg 


fg 

g 
g 

vg 
vg 

g 
f 

g 

vg 

g 
g 
g 
g 
g 

fp 

f 
g 
g 
g 
g 
g 
g 

fg 
fg 
fg 

g 
g 

fg 

g 
g 

fg 

g 


g 

f 


Difif.  \ 

Kilby - 

Brown 


—  .001 
+  .004 

.000 
+  .008 
+  .008 
+  .019 
+  .014 
+  .017 

+  ■013 
-.003 

—  .004 

—  .012 
+  .007 
+  .015 
+  .004 
+  •003 
-.003 
+  .005 
+  .Oil 

+  .001 

+  .004 

+  .001 

+  .035 

+  .012 
+  .014 
+  ■005 
+  .030 
+  .018 

+  ■045 
+.056 
+  .061 


+  .057 
+  .046 
+  ■051 

+  •045 
+  .037 
+  .041 
+  •023 
+  .016 

+  .026 
+  .011 

+  .008 

—  .001 


Pressure- 
Shift  per 
Atm. 


+  .002 


+  •003 
+  .002 
+  .002 


+  .014 
+  .036 
+  .021 
+  .003 


+  •015 
+  •004 
+  .004 
+  .004 
+  .003 
+  .002 
+  .004 
+  .004 
+  .004 


+  .006 
+  .006 
+  .007 
-H.006 
-\-  .016 
+  .004 
+  .029 
+   031 


+  004 
+  .004 
+  .006 
+  .003 
+  ■005 
+  .002 
+  .003 
+  .006 
+  .002 
+  .009 
+  .008 
+  .009 


Notes 


(l) 

(13) 

(13) 


(8) 
(8) 


(9) 
(9) 
(9) 


(14) 
(i) 


(10) 
(10) 
(10) 


NOTES 

Fe  values  in  second  column  are  taken  from  the  values  of  Burns,  Meggers,  and 
Merrill. 

The  wave-lengths  of  the  j\In  lines  and  of  a  few  Fe  lines  not  given  in  foregoing 
reference  are  taken  from  Goos. 
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(i)  Special  line.    Mean  of  all  values. 

(2)  Meggers'  value,  4678.1504. 

(3)  Close  double.  These  two  lines  show  only  one  ring  system.  Measured  on 
long  etalon  only. 

(4)  Meggers'  value,  4799.9139. 

(5)  Close  double.     Only  one  ring  system.    Measured  on  short  etalon  plates  only. 

(6)  Close  double.  These  two  lines  show  only  one  ring  system.  Measured  on 
short  etalon  plates  only. 

(7)  Meggers'  value,  5085.8230. 

(8)  Close  double.     Onh^  one  ring  system.    Measured  on  short  etalon  plates  only. 

(9)  and  (10)  These  three  lines  show  only  one  ring  system  on  the  long  etalon 
plates.  On  the  short  etalon  plates  they  are  distinct.  Values  given  here  are  from 
short  etalon  only. 

(11)  Misprint  in  Kilby,  given  as  4522.303,  corrected  from  Kayser's  Handbiich. 

(12)  Error  in  Kilby  corrected  from  Kayser's  Handbiich. 

(13)  Two  distinct  systems  of  rings  on  short  etalon  plate  B  90. 

(14)  Evidently  a  typographical  error  in  Kilby. 

Kilby  minus  Brown.  Column  8  contains  the  pressure-shift  per 
atmosphere  as  given  by  Gale  and  Adams'  for  Fe  and  Ti.  Column  9 
refers  to  notes  at  the  end  of  the  table. 

An  examination  of  column  3  shows  that  the  mean  deviation 
for  most  of  the  lines  is  0.002  or  0.003  -^5  dividing  this  by  the 
square  root  of  the  number  of  plates  measured  we  have  an  approxi- 
mate value  for  the  probable  error.  For  the  large  majority  of  the 
lines  this  is  of  the  order  of  o.ooi  A.  From  these  considerations  it  is 
evident  that  the  values  in  the  table  compare  favorably  with  other 
determinations  of  wave-length  by  interference  methods.^ 

The  table  includes  four  pairs  of  very  close  lines,  each  pair  show- 
ing a  single  ring  system.  Three  of  the  pairs  showed  only  on  the 
short  etalon  plates;  one  was  measured  on  the  long  etalon  plates 
only.  As  it  was  impossible  to  decide  which  one  if  only  one  of  the 
two  lines  was  responsible  for  the  ring  system,  the  values  as  deter- 
mined ior  both  lines  of  each  pair  are  given  in  the  table.  They  are 
probably  interesting  rather  than  valuable.  There  also  appear  in 
the  table  two  sets  of  triplets  in  the  orange-red  region.  Here  the 
prism  has  low  dispersion  and  on  the  long  etalon  plates  only  a  single, 
wide  ring  system  appears  for  each  set  of  triplets.     In  both  cases, 

'  Gale  and  Adams,  Astrophysical  Journal,  35,  10-47,  191 2. 

^  Fabr>'  and  Buisson,  Journal  de  Physique,  August,  1913;  Transactions,  Solar 
Union,  3,  139-140,  1910;  4,  46-48,  1913. 
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however,  the  short  etalon  plates  show  a  ring  system  for  each  line. 
The  values  given  in  the  table  are  therefore  taken  from  the  short 
etalon  plates  only. 

The  differences  of  wave-length  between  Kilby's  values  and 
mine  are  for  the  most  part  small  and  these  small  differences  may 
well  be  due  to  pressure-shift.  It  is  assumed  that  Kilby's  arc  was 
operated  at  atmospheric  pressure  since  he  mentions  no  vacuum. 
In  the  orange  and  red  regions,  however,  the  differences  are  some- 
times as  much  as  0.050  A,  but  no  explanation  can  be  given  by  the 
present  author  as  his  own  values  agree  among  themselves  within  a 
few  thousandths  of  an  angstrom. 

The  differences  shown  in  column  7  for  the  iron  lines  are  some 
large,  some  small,  but  whether  large  or  small  most  of  them  agree  in 
sign  and  magnitude  with  the  pressure-shift  given  by  Gale  and 
Adams  and  are  to  be  expected  from  the  fact  that  my  arc  was  worked 
in  vacuum.  In  so  far  as  they  do  not  agree  they  point  out  more 
clearly  the  need  of  further  work  on  the  iron  arc  in  vacuo. ^ 

The  two  manganese  lines  show  large  differences  but  here  again 
pressure-shift  is  probably  the  cause.  Humphreys,^  grouping  all 
iron  lines  together  and  all  manganese  lines  together,  finds  that  on 
the  average  the  iron  lines  are  shifted  0.025  A  by  a  change  of  pres- 
sure of  1 2  atmospheres  while  the  manganese  lines  are  shifted  0.033  A 
by  the  same  change  in  pressure. 

In  the  case  of  cadmium,  two  of  the  three  lines  agree  well  with 
the  latest  values  of  Meggers.'  The  other,  X  4678,  differs  by 
0.005  A-  However,  the  means  of  the  values  given  by  the  long  and 
the  short  etalon  differ  by  this  amount  and  as  pointed  out  in  the 
discussion  of  the  correction  for  phase  the  line  is  known  to  be  com- 
plex and  is  very  hard  to  measure  especially  on  the  short  etalon  plates. 

In  conclusion  the  author  wishes  to  express  his  sincere  thanks  to 
Professor  Crew  and  to  Professor  Fox  for  their  constant  interest  and 
many  helpful  suggestions  throughout  the  course  of  this  work. 

Northwestern  University 
April  1922 

'  St.  John  and  Babcock,  Astrophysical  Journal,  53,  260-299,  1921. 
^  Humphreys,  ibid.,  6,  169-232,  1897. 

3  These  values  are  not  yet  published  but  were  made  available  through  the  kindness 
of  the  author. 
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MAJORANA'S  THEORY  OF  GRAVITATION 

ABSTRACT 

Consequences  of  }fajorana's  gravitational  results. — The  more  ob\aous  objections  to 
these  results  are  removed  if  account  is  taken  of  the  relativity  of  the  gravitational 
field  and  we  suppose  that  the  absorbing  ejfeci  is  zero  for  a  freely  falling  body.  In 
fact  a  confirmation  of  these  results  would  give  a  direct  demonstration  of  the  principle 
of  equivalence.  Nevertheless,  other  very  formidable  difficulties  arise  if  we  attempt  to 
construct  a  complete  theory  on  this  basis.  If  the  results  are  correct  it  should  be 
possible  to  construct  a  perpetual-motion  machine. 

With  reference  to  Professor  Russell's  paper  on  "Majorana's 
Theor}'  of  Gravitation"  {Astro physical  Journal,  54,  334),  it  may 
not  be  out  of  place  to  consider  from  a  different  point  of  view 
what  theoretical  deductions  would  have  to  be  drawn  if  the  pro- 
visional experimental  results  were  confirmed.  Russell's  results 
take  a  different  aspect,  if  account  is  taken  of  the  relativity  of  the 
gravitational  field.  Clearly  a  body  can  only  be  expected  to  absorb 
the  gravitational  field  which  is  relative  to  itself,  and  not  the  field 
which  is  relative  to  something  else.  If  the  body  of  a  man" absorbs 
i/'K  of  the  field  passing  through  him,  the  absorption  by  "the  man 
in  the  Lift"  will  be  i/K  of  the  enhanced  or  reduced  field  which  he 
experiences  in  the  lift,  and  not  i/K  of  the  ordinary  G.  Now  the 
particles  of  a  planet  are  all  falling  freely,  so  that  (except  for  the 
minute  tide-raising  force)  the  sun's  field  relative  to  them  is  zero,  and 
no  absorption  takes  place  because  there  is  nothing  to  absorb;  the 
rear  part  of  the  planet  is  not  screened  by  the  front  part.  In  brief, 
the  mercury  in  Majorana's  experiment  absorbs  because  it  is  not 
allowed  to  fall;  the  planet  does  not  absorb  because  it  is  allowed  to 
fall.  It  is  scarcely  too  much  to  say  that  a  confirmation  of  Major- 
ana's  result,  coupled  with  the  absence  of  such  an  effect  for  the 
planets  as  shown  by  Russell,  would  give  a  direct  demonstration  of 
the  principle  of  equivalence. 

Since  the  outer  parts  of  the  sun  and  planets  are  not  allowed  to 
fall  relatively  to  the  inner  parts,  the  effective  mass  as  measured  by 
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the  gravitation-exerting  power  on  surrounding  objects  would  be 
less  than  the  "true"  mass,  quite  in  accordance  with  Majorana's 
and  Russell's  formulae. 

While  the  more  obvious  objections  to  Majorana's  results  are 
removed  by  this  consideration,  it  seems  that  other  very  formidable 
difficulties  arise  if  we  attempt  to  construct  a  complete  theory  on 
this  basis;  so  that,  although  confirming  the  principle  of  equivalence, 
Majorana's  absorption  would  be  far  from  acceptable  to  gravita- 
tional theory  as  a  whole.  It  may  be  remarked  that  since  the 
supposed  absorption  must  be  coupled  with  the  condition  that  the 
body  is  not  allowed  to  fall,  it  may  be  attributed  to  the  cause  which 
prevents  a  fall.  That  is  to  say,  the  stresses  (which  hold  up  the 
body)  exert  a  gravitational  field,  which,  superposed  on  the  ordi- 
nary attraction  of  the  masses,  modify  the  gradient  of  the  field  in  a 
way  which  is  interpreted  as  absorption.  Einstein's  theory  admits 
that  stresses  as  well  as  masses  exert  gravitation,  and  a  very  minute 
absorption  by  a  supported  body  would,  I  think,  be  consistent  with 
his  theory;  but  his  results,  based  on  the  conservation  of  energy 
and  momentum,  are  of  a  far  smaller  order  of  magnitude  than 
Majorana's.  This  is  not  surprising  since,  if  Majorana's  theory  is 
correct,  it  should  be  easy  to  construct  a  perpetual-motion  machine. 

A.  S.  Eddington 
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REVISION  OF  THE  SERIES  IN  THE  SPECTRUM 

OF  STRONTIUM 

By  F.  a.  SAUNDERS 

ABSTRACT 

Series  of  triplets  and  singlets  in  the  spectrum  of  strontium. — These  series  belong  to 
the  neutral  atom  of  Sr.  Their  remarkable  similarity  to  the  corresponding  series  of 
Ca,  which  have  previously  been  critically  studied,  was  of  great  assistance  in  working 
out  the  structure.  The  present  study  is  based  on  measurements  of  spectrograms, 
from  ultra-violet  to  infra-red,  taken  by  Randall,  King,  and  the  author,  of  light  from  a 
great  variety  of  sources,  including  sparks,  arc  in  air  and  in  vacuo,  tube-resistance 
furnace  and  red-hot  quartz  discharge  tube  containing  very-  pure  Sr  vapor.  Revised 
wave-lengths  are  given  for  most  of  the  i8o  lines  from  0.22  to  3.06  m,  including  some 
seventy  new  lines.  The  limits  of  all  the  series  hav'e  been  more  accurate!}'  found,  and 
the  various  "terms"  have  been  calculated.  Details  are  given,  with  tables,  of  four 
type  series  of  triplets  and  four  of  singlets,  four  combination  series  in  the  triplet  system, 
three  in  the  singlet  system,  and  five  inter-system  combination  series.  Of  the  twenty 
series  here  mentioned,  some  are  ven,'  faint  and  are  represented  by  one  term  only,  and 
about  half  are  believed  to  be  new.  Evidence  is  also  presented  of  the  existence  of  new 
types  of  singlet  series  corresponding  to  formulae  (iP)  —  (mX),  (ip)  —  {mX),  (iP)  —  (wl), 
etc.  The  terras  are  all  large,  so  that  the  series  cannot  be  of  the  sort  suggested  by 
Sommerfeld. 

A>;i'  type  of  series  of  singlets' in  the  spectrum  of  calcium. — Three  singlet  lines  are 
found  to  correspond  accurately  to  (iP)  — (wX),  {ipi)  —  (mX)  and  (ipiJ  —  dnX)  where 
(mX)  is  8584.8.  This  points  to  the  existence  of  series  similar  to  those  last  mentioned 
for  Sr. 

The  spectra  of  Ba  and  Ca  have  recently'  been  critically  examined 
in  the  attempt,  only  partially  successful,  to  arrange  all  of  their 
lines  into  series.  The  present  article  is  to  give  an  account  of 
similar  results  for  Sr.     As  before,  attention  is  here  directed  to  the 

'  Astropkysical  Journal,  51,  23,  1920,  and  52,  265,  1920. 
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spectrum  of  the  normal  atom  only,  excluding  those  series  (pairs), 
which  are  due  to  the  atom  (Sr+)  in  an  ionized  condition.  These  will, 
it  is  hoped,  be  the  subject  of  a  later  communication. 

The  spectrum,  thus  restricted,  consists  of  series  of  triplets  and  of 
singlets,  and  these  form  two  systems.  Each  system  contains  at 
least  four  types  of  series,  with  combination  series  formed  from 
these;  and  there  are  combinations  also  formed  between  the  two 
systems.  The  amazing  similarity  between  the  spectra  of  Ca  and 
of  Sr,  extending  as  it  does  down  to  the  minutest  details,  makes  it 
easy  to  deduce  the  structure  of  one  from  that  of  the  other.  Ryd- 
berg'  has  indeed  laid  the  two  down  in  parallel  columns,  and  the  new 
data  admit  of  like  treatment. 

The  observations  upon  which  the  present  work  is  based  com- 
prise photographs  taken  with  grating  and  with  prism  instruments 
of  a  great  variety  of  sources.  Of  the  greatest  value  in  this  connec- 
tion have  been  some  of  the  admirable  oven  spectra  taken  by 
Dr.  A.  S.  King,  and  kindly  sent  to  me  for  study.  These  were  spectra 
of  a  mixture  of  Sr  and  Ba,  and  on  this  account  the  weaker  Sr  lines 
did  not  appear,  but  the  plates  were  very  useful  on  account  of  their 
high  dispersion  (up  to  1.86  A  per  mm)  and  their  sharpness. 
Many  close  doubles  were  thus  separated.  The  use  of  the  oven 
under  reduced  pressure  also  made  it  possible  to  obtain  as  sharp  fine 
hues  certain  Sr  hnes  which  are  usually  (e.g.,  arc  in  air)  very  much 
broadened.  To  supplement  these  plates,  I  took  others,  using  as 
source  a  red-hot  quartz  tube,  well  exhausted,  and  supplied  with 
metalHc  Sr,  through  whose  vapor  a  discharge  from  a  small  10,000- 
volt  transformer  was  passed.  The  metal  I  owe  to  the  kindness  of 
Dr.  B.  L.  Glascock,^  who  prepared  it  with  great  care,  so  that  it  is 
almost  entirely  free  from  impurities,  and  contains,  in  particular, 
almost  no  Ca.  The  spectrum  of  this  source  is  in  striking  contrast 
to  the  ordinary  Sr  spectrum,  through  the  absence  of  the  usual 
oxide  bands,  and  the  sharpness  of  all  the  Hnes.  The  oven,  more- 
over, encourages  certain  Hnes,  of  King's  temperature  Classes  I  and 
II,  which  I  find  to  belong  to  the  singlet  system  of  series,  and  on  this 
account  very  many  new  ones  were  observed.     For  work  in  the 

'  Wied.  Ann.,  52,  119,  1894. 

'  See  Journal  of  the  American  Chemical  Society,  32,  1222,  1910. 
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visible  part  of  the  spectrum  I  am  indebted  to  the  Rumford  Fund 
Committee  for  a  grant  which  enabled  me  to  construct  a  large 
Littrow  form  of  glass  spectrograph,  which  gives  excellent  spectra, 
on  a  fairly  large  scale  (10  inches  for  the  visible  spectrum)  and 
makes  it  possible  to  carry  the  search  for  faint  lines  down  into  the 
beginning  of  the  infra-red.  I  am  also  indebted  to  Dr.  Meggers,  of 
the  Bureau  of  Standards,  for  a  small  quantity  of  dicyanin  for  this 
purpose. 

Other  sources  also  have  been  used,  such  as  the  arc  in  air  and 
in  vacuo  and  the  spark  under  a  variety  of  conditions.  Professor 
H.  M,  Randall's  recent  study  of  the  arc  spectrum  of  Sr  (unpub- 
lished), concerning  the  progress  of  which  he  has  kindly  kept  me 
informed  by  letter,  has  been  of  great  service.  The  correct  arrange- 
ment of  lines  in  series  is  that  which  leads  accurately  to  combination 
Knes,  which  frequently  lie  in  the  infra-red;  and  it  has  been  possible 
to  settle  many  doubtful  points  only  through  such  tests.  Advantage 
has  also  been  taken  of  the  observations  of  Hampe,'  Lorenser,^ 
C.  F.  Meyer,^  and  Meggers.'' 

The  results  are  presented,  as  before,  with  the  same  notation, 
under  the  headings  of  the  individual  series.  All  wave-lengths 
are  on  the  international  system.  The  numeration  (values  of  m) 
chosen  in  my  tables  differs  from  that  used  by  Fowler  in  his  Report 
Oft  Series  in  Line  Spectra  (1922)  only  in  respect  to  the  fundamental 
series  in  both  singlet  and  triplet  systems.  My  values  of  m  for 
these  series  must  be  increased  by  2  to  bring  them  into  agreement 
with  those  of  Fowler. 

THE   TRIPLET   SYSTEM 

Principal  series  of  triplets:  {is)  —  {mp). — The  first  member  of 
this  series  is  shared  with  the  sharp  series  of  triplets;  its  lines  are 
XX  7070.28,  6878.12,  6791.06.  The  corresponding  terms  {ip) 
are  31026.8,  31421.1,  31608.0.  The  second  triplet  was  found 
by  Randall,  but  its  place  was  predicted  through  the  combination 
series  {id)  —  {mp),  given  below.     The  predicted  wave-lengths  are 

^  Zeitschrift.  wiss.  Phot.,  13,  348,  1914. 

^Tubingen  dissertation,  1913. 

^  Astro  physical  Journal,  45,  93,  1917. 

*  Scientific  Papers  of  Bureau  oj  Standards,  No.  312,  19 18. 
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XX  20259;  20698;  20762;'  and  those  observed  by  Randall  XX  20263; 
20705;  20767.  The  third  triplet  can  be  calculated  in  the  same 
manner  and  should  be  at  XX  9595;  9624;  9637.  Randall  has 
observed  one  Hne  at  X  9597.  The  fourth  triplet  has  not  been 
positively  identified;  its  strongest  line  should  be  near  X  7873,  but 
it  is  probably  extremely  faint. 

Sharp  series  of  triplets:  {ip)  —  {ms). — Table  I  gives  the  wave- 
lengths of  the  Unes  of  this  series,  together  with  the  wave-number 
differences  within  each  triplet,  which  should  remain  constant. 
The  ''terms"  are  also  given.  The  last  four  lines  are  believed  to  be 
new.  The  series  is  of  medium  strength,  well  developed  in  arc  and  in 
oven  spectra. 

TABLE  I 


Sharp  Series  of  Triplets,    (ip)  —  (ms) 


XI.A. 


Ai/i 


XI.A. 


Aki 


Limits  31026  8;  31421.1;  31608.0 


XI.A. 


Terms 


7070 
4438 
3865 
3628 

3504 
3430 
3382 


28 

03 

46 

33 
04 
16 
10 


395- 

394 

395- 

393 

391 

394- 

394- 


0 

6878 

0 

4361 

5 

3807 

7 

3577 

9 

3456 

I 

3384 

0 

3337 

.  12 

•74 
.24 
.20 

■56 
■39 

■65 


186.2 
186.8 
186.8 
188.9 
187.6 


6791 .06 

4326.47 
3780.3s 

3553  19 
3434  28 


16886.8 
8500.9 
5163-2 

3473-4 
2498.0 
1882.0 
1467.7 


I 
2 

3 
4 
5 
6 

7 


Diffuse  series  of  triplets:  (ip)  —  (md). — ^This  is  the  most  obvious 
series  in  the  spectrum  of  Sr,  and  contains  some  very  strong  lines. 
Of  the  lines  given  in  Table  II  some  fifteen  are  beheved  to  be  new, 
and  most  of  the  lines  have  been  redetermined  on  plates  taken 
from  vacuum  sources,  where  the  lines  lose  their  characteristic 
diffuseness  and  become  accurately  measurable.  The  complexity 
of  the  triplets  is  thus  disclosed,  and  there  appears  a  trace  of  the 
same  abnormality  in  the  spacing  of  these  complexities  as  was 
noted  in  the  corresponding  series  in  Ca,  though  the  observations 
are  here  less  complete.  The  "curve  of  residuals"  also  takes  a 
form  somewhat  like  that  for  Ca  and  given  in  Figure  i  of  the  Ca 
article  referred  to  above.^ 


•  See  footnote  on  p.  78. 


^  Aslrophysical  Joiinitil,  52,  265,  1920. 
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Diffuse  Series  of  Triplets.   (ip)  —  {md) 

Limits  Saue  as  in  Sharp  Series 

XI.A. 

Avt 

X  I.A. 

Ay, 

XI.A. 

Terms 

m 

30665 

30109.7 

29225.0 

394  7 
394  3 

27355-3 
26914.5 

187.1 

26023.6 

27606.0 
27706.4 
27766.0 

1 

4971-65 
4967  93 
4962.31 

394-2 
394  0 

4876.06 
4872.51 

186.7 

4832.08 

10880.5 
10903.3 
10918.3 

2 

4033-19 
4032.39 
4030.39 

394-2 
394-3 

3970.05 
3969.27 

186.9 

3940.81 

6222.2 

6234.5 
6239.4 

3 

3653 -93 
3653  26 

186.9 

3629.14 

4051.0 
4056 . 5 
4061 . I 

4 

3706.74 
3705-98 

395-0 

3500. II 
3499-69 

186.8 

3477.37 

2850.6 

2855-1 
2858.7 

5 

3548.65 
3548.09 

394-2 

3390.67 

2116.4 
2120.5 
2123.7 

6 

3458.47 
3457  98 

394-2 

3411-94 

3336.13 

1634.0 

1638.4 
1641.7 

- 

3356.69 

3401.22 

1300.3 
1307.0 

8 

3363-84 
3363 ■ 04 

395  0 

3319-72 

1060.5 
1065.4 

9 

3336.58 
3336.13 

392-7 

3293 -42 

3316.32 

881.5 

10 

■ 

"Covered"  by  other  strong  lines 

1 1 

3289  74 

638.0 

12 

3280.54 

552-8 

13 

Fundamental  series  of  triplets:  {id)  —  {mf). — This  series  was 
first  found  by  Fowler.  It  has  been  remeasured  and  several  close 
pairs  resolved  in  it.  From  X  3852  on,  all  the  Hnes  are  new.  Its 
triplets  are  complex,  like  those  of  the  corresponding  Ba  series,  but 
very  close. 


78 


F.  A.  SAUNDERS 


TABLE  III 


FuNT)AiiENT.\L  Series  OF  Triplets.     (id}—(,mf) 

Limits  27606.0;   27706.6.1;  27766.0 

\IA. 

Ai<i 

XIA. 

Al'2 

XI.A. 

Terms 

m 

4893.12 
4892.69 
4892.03 

100.3 
100.5 

4869 . 19 
4868 . 74 

59-7 

4855.08 

7170.2 
7172.9 
7174.6 

I 

4319.12 
431903 

58.7 

4308.07 

45587 
4559-6 
4560.4 

2 

4337-89 

4337-70 

100.6 

4087.46 

99-5 

4070.88 

59.2 

4060.92 

3147.6 

3 

3950.65 

100. 1 

3935- 10 

59-7 

3925.86 

2301. I 

4 

3866.98 

99-8 

3852.11 

60.1 

3843-12 

1753.5 

5 

3811.94 

99.6 

379750 

59-5 

3788.94 

1380.5 

6 

377376 

99-6 

3759-62 

59-3 

3751-26 

1115-3 

7 

3746.13 

99.7 

3732.  IQ 

60.4 

3723.80 

919.7 

8 

^72:; .  24 

769.6 

9 

3708.87 

651.2 

10 

COMBINATION   SERIES   IN   THE   TRIPLET   SYSTEM 

Series  {id)  —  {mp). — If  we  subtract  the  three  terms  i2p),  which 
are  11952.2,  12056.9,  and  12071.5  (or  12098.2?')  from  the  three 
terms  (id)  given  above,  we  obtain  nine  wave-numbers  of  which  six 
give  real  Hnes  in  a  group  in  the  red,  first  completely  observed  by 
Lorenser.  This  group  is  the  second  member  of  this  series,  the  first 
being  the  first  of  the  diffuse  series  triplets,  taken  with  negative  sign 
i.e.,  —  (i^)  +  (i^).  The  third  member  of  this  series  is  composed  of 
a  group  of  six  lines  at  XX  4729.52;    4713.96;    4707.10;    4703.93; 

'There  is  a  curious  difficulty  here.  The  term  1207 1.5  corresponds  to  a  line, 
X  6369.91,  in  the  group  (id)  —  (2p),  which  has  the  right  intensity,  but  is,  by  analogy 
with  Ca,  too  close  to  the  next  group  line,  X  6363.88.  The  corresponding  (is)  —  (2p) 
line  is  X  20767,  which  appears  (Randall)  to  have  the  correct  intensit}-.  If,  however, 
we  were  to  consider  X  6380.72  as  the  true  line  in  the  (id)  —  {2p)  group,  we  should  also 
find  a  (is  -  2/>)  line  at  X  20882  in  the  right  position  and  of  a  tolerable  intensity;  but  a 
new  objection  arises  from  the  fact  that  X  6380.72  appears  to  belong  also  to  another 
group  of  lines,  whose  series  significance  is  not  yet  clear,  and  observations  on  the  Zee- 
man  effect  (Paschen;  unpublished)  indicate  that  this  classification  is  correct.  Hence, 
since  analogy  is  a  less  trustworthy  guide,  I  ha\-e  discarded  this  second  alternative. 
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4700.75;  4693.89;  which  yield  terms  (3/?)  as  follows:  6467.8; 
6498.7;  6513. 1.  By  means  of  these  the  third  triplet  of  the  principal 
series  was  calculated.  The  fourth  member  of  the  series  may 
begin  with  a  Hne  at  X  4269.20,  but,  if  so,  others  of  this  group  are 
too  faint  to  have  been  observed. 

Series  {2d)  —  {mJ). — This  series  is  represented  by  a  triplet  in 
the  infra-red  at  XX  26947;  26806;  26714,  given  by  the  combination 
{2d)  — (if).  The  next  member  does  not  appear,  doubtless  on 
account  of  faintness. 

Series  {2p)  —  (md).- — This  series  is  also  represented  by  a  triplet 
in  the  infra-red  at  XX  17446;  171 70;  17137,  given  by  the  combina- 
tion {2p)  —  ($d).     The  next  member  is  not  found. 

Series  {2p^  —  {ms). — ^One  hne,  X  28964,  appears  to  be  the  com- 
bination {2p^)  —  {2s).  No  others  have  been  found.  This  com- 
bination was  not  found  in  Ca.  The  region  in  which  it  Hes  in  Ba 
has  not  yet  been  investigated.     It  is  probably  real. 

THE    SINGLET   SYSTEM 

Principal  series  of  singlets:    {iS)  —  {mP). — This  series  is   the 

one  formerly  called  5Z,i.'     Its  later  lines  have  been  measured, 

and  the  lipiit  much  more  accurately  obtained.     Table  IV  gives 

numerical  data  of  this  series.     The  terms  there  given  are  averages 

obtained  from  this  series  and  the  combination  series  {iD)  —  (mP) 

given  below  (p.  82). 

TABLE  IV 

System  of  Singlet  Series 


Princip.^l 
(i5)-(mP) 

Sharp 
(iP)-{mS) 

Diffuse 
(iP)-(mD) 

Fundamental 
{iD)-(.mF) 

m 

X  I.A. 

Terms 

XI.A. 

Terms 

X  I.A. 

Terms 

X   I.A. 

Terms 

I..  . 
2..  . 

3  ■- 

4... 

6... 
7..  . 

4607 
2931 
2569 
2428 

2354 
2307 
2275 

2253 
2237 
2226 

34 
88 

50 
ri 

32 
39 
29 
32 
65 
38 

24227.1 
I1827.5 
7019.0 
4753-5 
3463 -4 
2598.8 
1989 . 2 
1559-8 
1251 .0 
1022.0 

-4607.34 
I1242.3 
5970.10 
5165-45 
4783-93 
4582.91 

4463-31 

45925 -6 

I 5334 -5 
7481.6 

4873-1 
3329.6 
2412.8 
1828.3 

-C6.45m) 
7621.54 
5543-42 

4965  -  54 
4688.59 
4527.29 

25776.3 
IIIIO.O 

6192.4 

4093 ■ 7 
2904.7 
2145.0 

5156 
4678 
4406 
4252 
4158 
4096 
4052 
4021 

3997 
3978 

07 
35 
OS 
97 
49 
14 
47 
02 
16 
47 

6387.0 
4406 . 9 
3086 . 8 
2269.9 
1735.8 
1370.0 
1106.9 

913-9 
765.6 
648.1 

8 

9.. . 

10.. . 

^  Astro  physical  Journal,  32,  153,  1910. 
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Sharp  series  of  singlets:  {iP)  —  {mS). — There  is  the  same 
difficulty  in  discovering  this  series  as  arose  in  the  case  of  Ca,  and 
the  arrangement  given  in  Table  IV  must  be  regarded  as  tentative, 
especially  as  regards  the  last  three  lines.  X  4783.93  appears  on  one 
of  my  plates  as  a  wing  on  the  strong  line  X  4784.39,  from  which  it 
is  not  clearly  resolved;  and  there  is  some  question  whether  a 
faint  hne  at  X  4585.92  should  not  be  put  in  place  of  X  4582.91.  The 
last  four  lines  given  in  the  table  are  new,  and  indicate  to  what 
an  extent  the  oven  brings  out  the  lines  of  these  rather  retiring 
series. 

Difuse  series  of  singlets:  {iP)  —  {mD). — In  harmony  with  the 
arrangement  already  adopted  in  Ba  and  Ca,  the  term  25776.3,  which 
occurs  as  the  limit  of  the  two  series  formerly  called  SL2  and  SLt,,  is 
considered  to  be  iD,  the  first  term  of  the  diffuse  series.  The 
second  hne  in  this  series  should  he  at  the  edge  of  the  infra-red, 
and  the  choice  shown  in  Table  IV  must  be  regarded  as  somewhat 
uncertain.  There  are  several  good  hnes  in  this  neighborhood,  and  a 
selection  among  them  is  difficult.  Lacking  Stark-effect  observa- 
tions to  guide  us,  we  must  turn  to  combinations  which  would  result 
in  consequence  of  our  choice.  A  number  of  such  combinations 
occur,  but  in  no  case  is  their  arrangement  precisely  similar  to  the 
case  of  Ca.  The  choice  for  the  second  line  of  the  series  seems  to  He 
between  X  7621.54  and  X  7673.11,  both  of  which  give  interesting 
combinations.  As  far  as  the  combinations  go,  X  7673.11  is  more 
hke  the  Ca  hne  selected  for  this  place  (X  7326.10),  but  it  fits  less 
well  into  the  "curve  of  residuals "'  for  the  series.  It  is  not  now 
possible  to  make  a  final  decision  on  this  point.  The  rest  of  the 
series,  however,  seems  fairly  certain,  and  the  form  of  the  curve  of 
residuals  is  exactly  like  the  one  for  the  same  series  in  Ca. 

Fundamental  series  of  singlets:  {iD)  —  {mF). — This  is  the  series 
formerly  known  as  SLt,.  Its  lines,  given  in  Table  IV,  are  remeas- 
ured  with  much  greater  precision,  and  six  new  ones  have  been 
added.  Its  terms  are,  as  usual  with  this  type,  not  far  from  those 
of  the  series  in  hydrogen. 

Indications  of  new  types  of  singlet  series. — Both  Ca  and  Sr  show 
a  few  strong  lines  which  do  not  fit  into  the  conventional  series 
scheme,   as  above  outhned,   and  yet  which  show,   through  their 
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Zeeman  effect  and  their  temperature  classification,  so  far  as  known, 
that  they  belong  to  the  singlet  system.  Sommerfeld  has  suggested, 
following  an  indication  given  earher  by  Paschen,  that  there  are  more 
than  four  types  of  series;  and  the  new  types  should  approach  more 
and  more  nearly  to  the  hydrogen  type.  Apparently  their  terms 
can  never  be  large,  and  must  be  less,  in  fact,  than  those  of  the 
fundamental  series.  Any  indications,  therefore,  of  the  existence 
of  new  types  of  series  whose  terms  are  not  small  enough  to  harmonize 
with  Sommerfeld 's  suggestion,  would  be  of  considerable  interest, 
as  tending  to  show  that  these  spectra  contain  greater  complexities 
than  the  present  atomic  model  suggests.  Such  terms  we  may 
call  (mX),  (niY),  etc.,  without  attempting  to  specify  what  sort  of 
series  they  may  belong  to. 

If  (wX)  =8964.5,  I  find  that  {iP)  —  {mX)  leads  exactly  to 
X 6550.25  (calculated  t'=  15262.6;  observed,  15262.4);  {ipt)  —  (mX) 
leads  to  X  4531.32  (calculated  1^=22062.3;  obsers'ed,  22062.4); 
{ip^  —  {viX)  leads  to  X  4451.80  (calculated  ^  =  22456.6;  observed. 
22456.3);  {ipj)—mX)  leads  to  X  4414.87  (calculated  t'  =  22643.5; 
obser\'ed,  22644.5,  but  some  doubt  as  to  whether  this  is  a  true  Sr 
line).  The  corresponding  term  in  Ca  is  8584.8,  and  {iP)  —  (mX), 
(ipi)  —  {mX),  {ip^  —  {mX)  there  lead  to  observed  lines  at 
XX  5857.48;  3935.36;  and  3918.90,  respectively,  with  great  accu- 
racy.    I  cannot  find  a  second  term  for  this  series. 

If  (wF)  =  11198.2,  then  (iP)  — (mF)  leads  to  X  7673.11  (calcu- 
lated 1^  =  13028.9;  observed,  same),  and  {ip^  —  {7nY)  to  X  5041.85 
(calculated  z^  =  19828.6;  observ^ed,  19828.5). 

If  (wZ)  =8765.2,  then  iiP)  —  {mZ)  leads  to  X  6465.79  (cal- 
culated j'=i546i.9;  observed,  15461.8);  {ipj)  —  (mZ)  leads  to 
X  4491.01,  a  faint  oven  line  (calculated  »'=  22261.6;  observed, 
22260.5,  perhaps  an  accidental  agreement)  and  (1^2)  — (wZ)  leads 
to  X  4412.62  (calculated  1^  =  22655.9;   observ^ed,  22656.0). 

Several  of  the  lines  involved  in  these  combinations  are  new  and 
fairly  strong  in  the  oven  spectra. 

All  of  these  terms  are  large,  and  it  seems  unavoidable  to  con- 
clude that  if  they  belong  to  new  types  of  series,  as  one  would 
expect  from  the  existence  of  the  foregoing  combinations,  such 
series  cannot  be  of  the  sort  contemplated  by  Sommerfeld. 
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COMBINATION   SERIES   IN   THE   SINGLET   SERIES 

Series  {iD)  —  {mP). — This  is  the  series  formerly  called  SL2. 
Its  lines  have  been  remeasured,  and  three  new  ones  found.  The 
revised  wave-lengths  run  as  follows :  XX  7167.29;  5329.82;  4755.57; 
4480.54;  4313-18;  4202.81;  4128.24;  4076.32;  4038.53-  The 
corresponding  terms  have  been  given  in  Table  IV  on  page  79.  This 
is  the  strongest  of  the  combination  series  of  the  singlet  system,  and 
is  very  well  brought  out  in  oven  spectra. 

Series  {iS)  —  {mD). — -This  is  a  faint  series,  whose  existence 
seems  certain,  in  spite  of  rather  defective  observations.  The  first 
line  occurs  at  X  4961.50  and  was  found  by  Dr.  King  precisely  in  its 
predicted  position,  on  one  of  his  high  dispersion  plates,  and  clearly 
separated  from  its  strong  neighbor  X  4962.31  of  the  diffuse  triplet 
series.  The  second  member  should  appear  at  X  2871.43.  A  faint, 
diffuse  hne  appears  in  the  arc  in  air  near  X  2871.00  which  is  probably 
the  Hne  in  question.  The  third  member  has  not  been  found, 
but  a  faint  Une  at  X  2389.3  may  be  the  fourth  member  of  the  series. 

Series  {2S)  —  {mP). — One  line  of  this  series  seems  to  have  been 
found  by  Randall,  namely  (25)  — (2P);  calculated  X  28505; 
observed,  28516.     The  agreement  is  not  very  satisfactory. 

INTER-SYSTEM   COMBINATION   SERIES  . 

Series  {iS)  —  {mp^. — This  series  is  weU  known,  on  account  of 
the  importance  of  its  first  fine  in  connection  with  radiation  poten- 
tials. This  line  is  at  X  6892.60,  as  was  first  pointed  out  by  Lorenser. 
The  second  was  found  in  oven  spectra  at  precisely  the  calculated 
place,  X  2951.71.  The  third  Hne  is  too  faint  to  be  visible  on  any 
of  my  photographs. 

Series  {2S)  —  {mp-^. — The  first  fine  of  this  series  may  be  the 
line  observed  by  Randall  at  X  30482,  though  the  calculated  position 
is  1 2  A  lower. 

Series  (iD)  —  (mp). — One  triplet  of  this  series  occurs,  (iD)  —  (2P) 
or  at  least  two  of  its  fines,  at  XX  7232.24  and  7287.44,  reasonably 
near  their  calculated  positions.  The  third  fine  (iZ))  — (2^3)  should 
coincide  with  X  7309.46,  which  is  too  strong,  relative  to  the  others, 
to  be  formed  from  this  combination.  Perhaps  there  are  two  fines, 
not  resolved,  at  this  place. 
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Series  {ip)  —  (mS). — Since  (ip)  has  three  values,  this  combina- 
tion calls  for  three  series,  of  which  only  one  appears,  namely 
{ip2)  —  (mS)  and  that  very  imperfectly.  The  combination 
(i/>2)  — (35)  leads  to  X  4175.84,  a  faint  line  in  oven  spectra, 
with  an  accuracy  of  about  o.i  A. 

Series  (i/>)  —  (mD). — Lines  occur  at  {1P2)  —  (sD)  and  {1P2)  —  {4D), 
XX  3962.61  and  3658.23,  both  new  oven  lines,  the  first  rather  strong. 
The  agreement  with  calculation  is  satisfactory,  the  differences  being 
less  than  o.i  A.  No  other  line  of  the  series  could  be  found. 
Another  hne,  X  4025.52,  of  the  same  character,  seems  to  be 
{iPi)  —  (t,D),  and  possibly  the  combination  (i/)i)  — (4Z))  also  occurs, 
at  X  371 1.90,  which  is  a  faint  oven  line.  It  seems  likely,  there- 
fore, that  both  series  (ipi)  —  {mD)  and  {ip^  —  {mD)  occur.  If 
{ip^  —  {mD)  occurs,  it  must  be  much  fainter  than  the  others. 
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FURTHER   EVIDENCE   ON  THE   BRIGHTNESS   OF  THE 
STARS  OF  THE  NORTH  POLAR  SEQUENCE^ 

By  FREDERICK  H.  SEARES  and  MILTON  L.  HUMASON 

ABSTRACT 

Mount  Wilson  photographic  and  photo-visual  scales  of  magnitude. — These  scales 
were  based  wholly  on  plates  made  with  the  6o-inch  reflector  and  as  there  was  some 
question  as  to  photographic  magnitudes  brighter  than  the  tenth,  and  photo-visual 
magnitudes  fainter  than  the  eighth,  additional  data  have  recently  been  secured  with 
the  lo-inch  Cooke  refractor.  Exposures  both  with  and  without  a  wire  screen  which 
absorbs  3.02  magnitudes  were  made  on  54  plates.  Taking  the  photographic  magni- 
tude of  each  star  to  be  o^ig  C  less  for  the  lo-inch  than  for  the  60-inch,  where  C  is  the 
color-index,  and  the  photo-\asual  magnitude  to  be  the  same  for  both,  the  investigation 
reveals  no  appreciable  error  in  the  photographic  scale  and  shows  it  to  be  homogeneous 
from  the  fourth  to  the  fourteenth  magnitude;  and  the  slight  correction  of  +o')'o5 
indicated  for  the  photo-visual  scale  near  the  ninth  magnitude  is  not  confirmed  by  more 
reliable  exposure-ratio  results  to  be  reported  elsewhere.  The  original  scales  are 
therefore  retained. 

Revised  magnitudes  of  stars  of  the  Polar  Sequence. — The  plates  also  enable  correc- 
tions to  be  given  to  the  photographic  magnitudes  of  45  stars  and  to  the  photo-visual 
magnitudes  of  28  stars.  These  average  =to¥o3  and  ±o¥o4,  respectively,  for  the  two 
scales.  The  larger  photographic  corrections  are  in  substantial  agreement  with  those 
recently  found  at  Greenwich  by  Jones. 

The  following  pages  summarize  a  recent  investigation  of  the 
brightness  of  stars  near  the  North  Pole,  undertaken  in  connection 
with  the  work  of  the  International  Commission  on  Stellar  Magni- 
tudes. Certain  results  of  the  earlier  investigation^  had  not  yet 
been  fully  confirmed  by  observations  made  elsewhere,^  and,  as  the 
original  measures  had  been  wholly  with  the  60-inch  reflector,  it 
seem.ed  desirable  that  additional  data  be  secured  with  an  entirely 
different  instrument. 

The  question  at  issue  related  mainly  to  the  photographic 
magnitudes  of  stars  brighter  than  the  tenth  magnitude.  From  the 
tenth  to  the  fifteenth  or  sixteenth  magnitudes  there  was  evidence 
that  the  scale  had  been  well  determined;    but  between  the  sixth 

'  Contribtilions  from  the  Mount  Wilson  Observatory,  No.  234. 

^  Mt.  Wilson  Contr.,  No.  97;  Astrophysical  Journal,  41,  206,  1915. 

3  Besides  short  series  of  measures  by  Parkhurst  and  Schwarzschild,  King's  results, 
Harvard  Annals,  76,  No.  10,  were  in  agreement  with  Mount  Wilson.  Jones's  observa- 
tions, Monthly  Notices,  82,  21,  1921,  which  are  also  in  excellent  agreement,  appeared 
after  the  present  investigation  was  begun. 
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and  tenth  magnitudes  there  remained  an  unexplained  difference 
of  a  quarter  of  a  magnitude  between  the  Harvard  and  Mount 
Wilson  results. 

Visual  magnitudes  of  the  stars  of  the  Polar  Sequence  have  been 
measured  at  the  Harv-ard  Observatory  to  the  thirteenth  magnitude. 
Besides  these  and  the  Mount  Wilson  photo-\dsual  results  published 
simultaneously  with  the  photographic  magnitudes  in  Ml.  Wilson 
Contribution  No.  97,  there  is  no  evidence  bearing  on  the  visual  or 
photo-\'isual  scale  of  the  stars  in  the  polar  region  fainter  than  the 
eighth  magnitude.  Further  investigation  of  this  scale  was  therefore 
also  desirable. 

The  instrument  used  for  the  present  investigation  was  the 
lo-inch  Cooke  refractor  of  45  inches  focal  length,  which  represents 
a  radical  change  in  conditions  as  compared  with  the  60-inch 
reflector.  Its  relatively  small  aperture  impHes  an  entirely  different 
relation  between  diffraction  pattern  and  resulting  photographic 
image  of  a  star;  its  small  focal  length  means  minimized  influence 
of  atmospheric  tremor;  its  large  field  results  in  small  corrections 
for  distance  error  (for  a  compact  group  of  stars  at  least);  while 
its  large  color  equation  presents  an  extreme  example  of  the  difference 
in  the  color-sensibility  that  may  affect  the  instrumental  equipment. 

The  reduced-intensity  exposures  were  made  with  a  wire  screen 
absorbing  about  three  magnitudes,  placed  in  front  of  the  objective. 
As  usual,  equal  multiple  exposures,  arranged  in  a  symmetrical 
sequence  (for  example:  full  aperture,  screen,  screen,  full  aperture), 
were  made  on  each  plate,  the  exposures  for  different  plates  ranging 
from  I  to  32  minutes  in  order  that  stars  of  widely  differing  brightness 
might  be  accurately  measured. 

The  longer  exposures  for  photographic  brightness  extend  several 
magnitudes  below  the  questionable  portion  of  the  scale.  This 
greatly  simplified  the  reductions;  for  since  the  photographic  scale 
below  the  tenth  magnitude  may  be  accepted  as  reliable,  the  magni- 
tudes in  this  region  could  be  used  to  determine  the  absorption 
produced  by  the  screen.  Moreover,  as  will  appear  shortly,  a  series 
of  photographs  covering  a  wide  range  in  exposure  time  affords  a 
simple  means  of  testing  the  homogeneity  of  the  scale  without 
actually   calculating    the   magnitudes   of   individual   stars.     This 
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calculation  is  eventually  necessary,  but  it  is  convenient  to  see  in 
advance  if  a  divergence  in  scale  is  to  be  expected. 

The  photographs  were  taken  and  measured  by  Humason. 
For  much  of  the  calculation  connected  with  their  reduction  we  are 
greatly  indebted  to  Miss  Joyner.  For  the  determination  of  the 
photographic  scale  43  plates  were  available.  The  investigation  of 
the  photo-visual  scale,  which  depends  on  only  11  plates,  could  be 
much  abbreviated,  since  the  results  are  supplemented  by  inde- 
pendent evidence  obtained  by  combining  the  adopted  photographic 
magnitudes  with  values  of  the  color-indices  derived  by  the  method 
of  exposure  ratios.  To  restrict  the  labor  as  much  as  possible, 
only  stars  of  the  Polar  Sequence  were  measured.  Corrections  for 
distance  from  the  center  of  the  plate  were  neglected,  since  the 
distances  themselves  are  small.  Only  a  few  of  the  brighter  stars 
are  more  than  a  degree  or  two  from  the  Pole,  and  these  were  brought 
to  the  center  of  the  plate  by  shifting  the  telescope  before  making 
the  screen  exposures. 

The  measurement  of  each  photograph  yielded  two  series  of  scale 
readings,  one  for  full-aperture  and  one  for  screen  exposure.  These 
were  first  used  to  determine  the  screen  constant  and  to  test  for 
homogeneity  the  scales  of  Contribution  No.  97. 

Since  these  scales  refer  to  the  color-system  of  the  reflector,  the 
individual  magnitudes  must  be  reduced  to  the  system  of  the  lo-inch 
refractor  before  they  can  be  used  with  the  latter  instrument  or 
compared  with  results  obtained  with  it.  The  differences  in  the 
color-sensibility  of  different  telescopes  (together  with  the  photo- 
graphic plate)  are  of  the  same  order  as  those  in  the  visual  color- 
perception  of  different  observers.  In  careful  work  these  instru- 
mental peculiarities  cannot  be  neglected,  but  in  practice  the  data 
necessary  for  reduction  to  a  normal  system  of  color  are  usually 
lacking.  It  is  not  difficult  to  determine  the  relative  color-equation 
of  two  instruments,  but  the  second  essential — the  color  of  the  star 
whose  brightness  is  to  be  determined — ^is  generally  unknown,  and 
the  comparison  of  results  obtained  with  different  instruments  then 
means  little  unless  the  relative  color  equations  are  small.  In  the 
present  case,  however,  the  colors  of  the  stars  are  known. 
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The  chief  instrumental  source  of  the  color-equation  lies  in  the 
violet  and  ultra-violet  absorption  occurring  in  the  optical  system. 
Since  light  of  these  colors  plays  little  part  in  forming  a  photo-visual 
image,  the  relative  color-equations  for  photo-visual  magnitudes  are 
much  smaller  than  those  for  photographic,  as  long  as  the  same 
brand  of  plate  and  the  same  filter  are  used.  In  the  present  instance 
we  adopt  pro\-isionally  for  the  reduction  to  the  system  of  the 
lo-inch  refractor' 

'»io  =  W6o— o.ig  C  (Photographic)  (i) 

Wio  =  W6o  (Photo- visual)  (2) 

where  m^o  and  C  are  magnitudes  and  color-indices  given  in  Contri- 
bution No.  97.  The  resulting  values  of  w,o  are  in  the  second 
column  of  Tables  III  and  VI. 

These  magnitudes  were  plotted  against  the  two  series  of  scale 
readings  (full-aperture  and  screen  images,  respectively)  derived 
from  each  plate.  In  the  ideal  case  of  perfectly  accurate  magni- 
tudes and  no  errors  of  observ^ation,  the  plotted  points  would  define 
two  parallel  curves,  whose  separations,  measured  parallel  to  the 
magnitude  (ordinate)  axis,  would  be  equal  to  the  value  of  the  screen 
constant.  Actually  the  behavior  of  the  curv^es  indicates  the  de- 
gree of  homogeneity  in  the  given  scale.  In  the  present  case  the 
photographic  scale  below  the  tenth  magnitude  is  known  to  be 
substantially  correct,  and  we  should  expect  the  curves  in  this  region 
to  be  sensibly  parallel.  The  screen  constant  is  determined  from 
this  portion  of  the  data. 

Detailed  results  for  the  differences  in  the  ordinates  of  the  curves 
are  given  for  individual  plates  in  Tables  I  and  II,  omitting  only 
those  whose  screen  exposures  show  but  one  or  two  stars  each. 
The  first  column  indicates  the  ordinate  (magnitude)  of  the  full- 
aperture  curve  from  which  the  distance  between  the  curves  was 
measured.  The  values  of  the  separation  for  every  half -magnitude 
are  shown  in  the  body  of  the  tables  in  the  form  of  deviations  from 
an  even  three  magnitudes.  Thus  the  first  value  in  Table  I  for  plate 
517,  exposure  32  w,  indicates  a  separation  of  3.10  mag.,  measured 

'  Scares  and  Hubble,  Mt.  Wilson  Contr.,  No.  187;  Astrophysical  Journal,  52,  8, 
1920. 
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TABLE  I 
Screen  Constant,  Photographic  Data 


Mag. 

32'" 

i6'» 

8« 

4OT 

2"! 

S17 

52s 

S08 

S09 

479 

493 

494 

495 

496 

478 

489 

490 

491 

492 

477 

485 

486 

o  o 

+  8 
+10 
+  10 
+   9 
+  10 
+  10 
+  10 
+  6 

0 

0 

—  2 

0 
—    2 

+  5 
+  12 
+  18 
+  18 
+20 
+i6 

+  4 

+  2 
0 

+  2 

+4 
+4 
+  2 

+5 
+6 

+4 
+3 

-30 

-18 

—  8 
+  3 
+  4 
+  3 

0 

—  4 

—  4 

+    2 

0 
0 

-3 
0 
0 
+6 
+9 
+4 

+3 
0 

-   3 
0 
+  3 
+  8 
+  13 
+14 

+  9 
+  2 

0 

-7 
—4 

-s 

-4 
—  1 
+  2 
+8 

-7 

-4 

—3 

0 

+5 
0 

-4 
-5 

-4 

+8 

0    <; 

+10 
+  6 
+  2 

-  1 

-  5 

-  5 

-  10 

-  9 

-  9 

-  4 
0 

-5 
-5 
-6 

-s 

-5 

—  I 

—  2 

—  4 

7 

-s 

+23 
+20 
+  16 

+  14 
+17 
+  20 
+17 

+  10 
+  10 
+  10 

+11 
+  10 
+  11 
+  14 
+  20 
+20 
+20 

+  21 
+  4 
+  11 

+20 
+13 
+  8 
+  S 
+  4 
+  10 
+14 

+  16 

+  8 

0 

+10 
+  7 

+  4 
+   I 
+  6 
+  10 
+  10 

+  10 

c 

—   2 

+  5 

+  ' 

10.5 

—  3 

110. 

+  8 

+  I 

7 

-16 

-  17 
-16 

-  8 

-  4 

-  2 

-  7 
+  9 

—  2 

+10 

+  4 
0 

-  2 

-  6 

+  5 
+IS 
+20 

+  6 

-  4 

—  2 

12.0 

~4 

12    5     

—  I 

13  0 

—  I 

lA    < 

I  ^  0 

Mean 

S.C 

—    2 

+  4 

-5 
+7 

+  7 
-   5 

+  i6 
-14 

+  14 
—  12 

+10 
-  8 

+  6 

-   4 

+10 
-  8 

t^ 

-  5 
+   7 

+  2 
0 

+  2 
0 

—  I 
+3 

—  2 

+4 

0 
+  2 

Mag. 

2/w 

l'» 

No. 

Mean(i) 

Mean  (2) 

487 

488 

476 

481 

482 

483 

484 

Sio 

Sii 

512 

513 

SI4 

9-0 

9-5 

10. 0 

10. s 

II  .0 

11  .5 

12.0 

+  4 
+  3 
+  4 
+   S 
+  8 
+  10 
+  13 
+  15 

+20 

0 

0 

+  I 

0 

—  2 

—  I 
+  4 
+  10 

+15 

0 

+6 
+6 
+6 
+4 
—4 

+  15 
+  11 
+   7 
+  4 
0 

~   5 

-i8 

-  9 
0 

+  I 
0 
0 

—  2 

~3 

—  2 

0 

+3 

+2 

0 

0 

+6 

-12 

-  7 

—  2 
+  2 
+  2 

+  2 
+  2 
+  2 

+14 
+  14 
+  9 
+   2 
+   2 
+  5 
+   4 

+22 
+  10 

—  2 

—  II 

—  II 

-13 

—  12 

—  2 
3 

+   2 

—  2 

—  9 

—  20 

-23 

+5 
+  7 
+7 
+9 
+4 
+  2 
—4 

+15 
+  13 
+  18 
+  20 
+22 
+20 
+22 

21 

27 
27 
27 
28 
29 
27 
21 

18 

13 

9 

3-00 
3.03 
3.04 
3 -04 
3  03 
3 -03 
3  04 
3.0s 

3-04 
3.00 
3.00 
X  .02 

3.00 
3  02 
3  02 
3.02 
3  02 
3  02 
3  -03 

12. s 

13.0 

3  .04 

3  .02 

.  .  . 

2.98 

14.0 

2  .97 

3  -OS 

ic  ,0 

2    !       ^ . 00 

3  .12 

Mean 

S.C 

+  9 

-   7 

+  3 
—    I 

+3 
—  I 

+  5 
-   3 

-   4 
+  6 

0 
+  2 

—   I 

+  3 

+   7 
-  5 

—    2 

+  4 

-  8 

+  10 

+4 
—  2 

+  19 
-17 

253 

3.03 

3.02 

TABLE  II 
Screen  Constant,  Photo-visual  D.a.ta 


32'" 

16"* 

8»J 

No. 

Mean  (i) 

Mag. 

526 

527 

543 

S39 

54<^ 

541 

542 

53S 

—  4 

—  2 
+   5 

+  23 

536 

S37 

538 

Mean  (2) 

9.0.... 

9  5-    •■ 
10. 0. . .  . 
lo.s.... 
II  .0... . 
U.S.... 
12.0...  . 
12.S.... 

+  5 
+6 
+5 
+5 
+4 
+2 
+2 
+4 

+4 
—  2 

—  II 
-IS 
-14 

—  10 

—  5 

—  I 
0 

+   2 

-  6 

-  6 

-  9 

-14 
-14 

-  to 

0 

+   7 

+6 

+4 
+  2 
+3 
—  I 
-6 

-   5 
0 

+  7 
+  10 

+  14 
+  8 

0 

+  2 
+9 

-6 

+4 
+6 
+4 
+4 
+8 
+8 

-14 
-    4 
+   7 
+13 
+20 

+1 

0 

0 

+S 

+6 

+  2 
+   4 
+  6 
+  10 

+   7 

3 
3 

2.98 
3  00 
3.02 
3.04 

3   06 
2.99 
3   01 
3.04 

2.98 
2.99 
3  02 
3  04 
3.05 
3  00 

3    06 
3   09 

Mean 
S.C. 

-   7 
+  9 

-  6 

+  8 

+  1 
+  1 

+  6 
-   4 

+2 
0 

+6 
-4 

+  7 
—   5 

+  4 
—    2 

+2 
0 

+  6 

-    4 

68 

3.02 

3  .02 
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from  the  point  on  the  full-aperture  curve  whose  ordinate  is  magni- 
tude 1 1.5.  For  plate  508,  on  the  other  hand,  the  separation  for 
the  same  ordinate  is  2.95  mag. 

Restricting  our  attention  for  the  moment  to  the  photographic 
scale  (Table  I),  we  note  that  the  two  values  just  given  depend  upon 
stars  whose  mean  magnitudes  are  11.5  and  8.5,  respectively,  those 
of  the  latter  value  having  been  reduced  to  an  apparent  brightness 
of  1 1.5  by  the  use  of  the  screen.  Were  the  magnitudes  of  these 
stars  as  given  in  Contribution  No.  97  certainly  dependable,  the 
numbers  3.10  and  2.95  could  be  accepted  at  once  as  approximations 
for  the  screen  constant.  But  since  we  assume  the  scale  to  be 
known  only  for  stars  fainter  than  magnitude  10,  it  follows  that 
only  values  of  the  separation  of  the  curv^es  for  ordinates  13.0  and 
fainter  are  available  for  the  calculation  of  the  constant. 

We  note,  however,  that  the  means  of  the  quantities  in  each 
line  of  Table  I,  which  are  given  in  the  last  column  but  one  under 
the  heading  ''Mean  (i),"  are  very  nearly  constant.  There  is  no 
evidence  of  a  progressive  change,  and  this  shows  at  once  that  the 
photographic  scale  of  Contribution  No.  97  is  sensibly  homogeneous, 
for,  no  matter  what  portion  of  this  scale  between  the  sixth  and 
fifteenth  magnitudes  is  used,  we  find  appreciably  the  same  value 
of  the  screen  constant.  Assuming  the  scale  to  be  correct  from 
the  tenth  magnitude  downward,  that  between  the  sixth  and  tenth 
magnitudes  must  also  be  substantially  correct.  In  the  mean, 
the  photographic  data  in  Table  I  give  the  following  result: 

Stars  between  mags.   6  and  10,  Aw  =  3.03  (207  values)  1  , 

Stars  between  mags.  10  and  15,  Aw  =  3.02  (  46  values)  J 

The  value  3.02  mag.  is  therefore  adopted  for  the  screen  constant. 
There  is  so  httle  progressive  change  in  the  values  of  Mean  (i)  that 
the  treatment  of  the  photographic  data  reduces  itself  to  a  simple 
combination,  arranged  to  diminish  as  much  as  possible  the  acci- 
dental errors  in  the  indi\ddual  magnitudes. 

The  agreement  in  the  values  of  Mean  (i)  for  the  photo-visual 
results  shown  in  Table  II  is  nearly  as  satisfactory.  The  irregu- 
larities are  a  little  larger  and  there  seems  to  be  a  small  progressive 
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change,  but  the  number  of  plates  included  in  each  mean  is  much 
smaller  than  in  Table  I.     From  all  the  data  in  Table  II, 

Stars  between  mags.  6  and  12.5,  Aw  =  3.o2  (68  values)  (4) 

wliich  is  the  same  as  the  adopted  constant  found  from  the  photo- 
graphic data.  We  conclude,  therefore,  that  the  photo-visual  scale 
is  very  nearly,  if  not  quite,  homogeneous;  moreover,  (4)  shows 
that  in  the  mean  it  is  consistent  with  the  photographic  scale,  and 
hence  should  be  substantially  correct.  We  shall  examine  the 
small  progressive  change  in  the  values  of  Mean  (i),  Table  II,  in 
a  later  paragraph. 

The  individual  values  of  Aw  in  both  Tables  I  and  II  show  the 
influence  of  appreciable  systematic  errors  which  are  pecuHar  to  a 
plate.  The  means  for  the  separate  plates  shown  at  the  bottom  of 
the  tables  range  from  2.92  to  3.19  (plates  512  and  514)  and  2.93 
to  3.07  (plates  527  and  535),  respectively,  with  an  average  deviation 
of  dzo.05  mag.  This  is  only  to  be  expected  from  observations 
which  depend  upon  multiple  exposures.  Fluctuations  in  atmos- 
pheric conditions,  the  absorption  of  water  vapor  by  the  photo- 
graphic film,  and  a  variety  of  other  factors  combine  to  produce  an 
effective  value  of  the  screen  constant  for  each  plate  which  differs 
more  or  less  from  the  true  value.  The  disturbance  can  be  rendered 
accidental  by  increasing  the  number  of  plates,  as  in  the  present 
investigation,  where  its  influence  upon  the  adopted  constant  is 
very  small. 

The  effect  upon  the  magnitudes  of  indi\'idual  stars  will  be  more 
serious,  however,  unless  special  precautions  are  taken,  for  some  of 
the  stars  appear  on  a  few  plates  only.  The  difficulty  can  be  avoided 
by  reducing  each  plate  with  its  effective  constant;  but  we  must 
first  see  whether  this  will  modify  the  scale.  This  may  be  determined 
by  appl}dng  to  each  value  of  A  w  in  each  column  the  corresponding 
systematic  correction  in  the  last  lines  of  Tables  I  and  II,  the  correc- 
tions being  the  difference  between  3.02  and  the  mean  Aw  for  the 
plate  in  question.  The  horizontal  means  of  the  results  thus  found 
are  given  under  the  heading  '*  Mean  (2), "  and  represent  what  would 
have  appeared  under  Mean  (i),  had  the  effective  Aw  for  each  plate 
been  equal  to  3.02.     The  revised  values  are  sensibly  the  same  as 
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those  of  Mean  (i),  which  shows  that  the  scale  will  not  be  altered 
by  reducing  the  indi\ddual  plates  with  their  effective  constants. 
By  so  proceeding  the  errors  in  the  individual  magnitudes  are 
appreciably  diminished. 

Since  Table  I  gives  no  evidence  of  appreciable  error  in  the 
photographic  scale  of  Contribution  No.  97,  the  determination  of  the 
magnitudes  is  a  simple  matter.  It  is  only  necessary  to  read  from 
the  full-aperture  curves  referred  to  above,  with  scale  reading  as 
argument,  the  magnitude  of  each  star,  and  subtract  from  those 
interpolated  with  readings  of  images  obtained  with  the  screen,  the 
values  of  the  effective  constant.  Since  the  effective  constant 
cannot  be  determined  when  only  one  or  two  screen  images  appear, 
several  photographs  of  bright  stars  were  reduced  with  the  mean 
constant  3.02  mag. 

Each  of  the  magnitudes  thus  found  yields  a  correction  to  the 
corresponding  magnitude  given  in  Contribution  No.  97.  The  results 
are  summarized  in  Table  III,  which  shows  the  mean  correction 
derived  from  each  group  of  plates,  classified  according  to  exposure 
time.  The  second  column  of  the  table  gives  the  magnitude  from 
Contribution  No.  97,  reduced  to  the  color-system  of  the  lo-inch 
refractor.  The  headings  of  the  six  following  columns  indicate  the 
exposure  and  the  number  of  plates  in  each  group.  The  corrections 
in  the  body  of  the  table  are  given  separately  for  full-aperture 
(left-hand  series)  and  screen  exposures.  The  number  of  values 
included  in  each  mean  correction  is  usually  the  same  as  the  nimiber 
of  plates  in  the  group,  except  in  the  case  of  the  i -minute  plates. 
For  these  the  number  varies  from  i  to  24,  with  an  average  of  9. 
Individual  corrections  in  excess  of  0.3  mag.,  4  in  a  total  of  954, 
were  rejected.  The  weighted  means  from  all  the  data  and  the  total 
numbers  of  values  appear  in  the  last  two  columns. 

The  corrections  for  stars  i,  4,  t^s,  and  ir,  and  for  the  faintest 
stars  in  the  Hst  are  of  relatively  low  weight.  The  largest  among 
the  corrections  of  high  weight  is  —0.08  mag.  The  average  devia- 
tion of  a  single  magnitude  is  ±0.070  mag.  The  simple  mean  of  the 
corrections  based  on  five  or  more  determinations  is  ±0.028  mag. 
The  probable  reality  of  the  larger  corrections  is  indicated  by  the 
agreement  shown  in  Table  IV  with  similar  corrections  foimd  by 
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Jones/  the  quantities  in  parentheses  being  the  approximate  relative 
weights  within  the  respective  series.     There  are  only  two  cases  of 

TABLE  III 
Corrections  to  Photographic  Magnitudes 


Star 


I. 

4- 
2;. 

S. 
3-s 

If, 

6. 

7- 

2f 

8. 

3r 

9. 
10. 

4r 
II. 

'  12. 

Sr 

4S 

13- 

6r, 

14- 
7'' 
SS. 

IS- 
6s. 

&r. 
16. 
17. 
18., 
19. 

20. , 
21. . 
iir. 
22. . 

23- 

I2f. 
24.. 
2S-. 

8s. 

26.. 

9S. 
27.. 
10^. 
11^. 


Pg. 


4-39 
S-90 
6.43 
6.45 
6.58 

6.32 
7.10 
7-43 
7.64 
8.28 

8.69 
8.87 
9. II 
9.04 
9.69 

10.03 
9.8s 
10.17 
10.50 
10.22 

10.90 
10.74 
10.89 
11 .16 
II  .26 

11.25 

li-SS 

11  .76 

12  .20 
12.61 

12.92 

1317 
13.00 
13.32 

13  SO 

13.58 
13.82 
13-99 

14  36 

14  47 

14.58 
14.80 
15.14 
15.13 


Exposure  and  Number  of  Plates 


o 
+  10 
+  I 

-  6 
o 

-14 

—  20 
-16 
-19 

—  4 

-  4,-  8 
+  12,+  7 

-  3 

-  3,+  8 

—  2 

+  2,+  6 

-  9,       o 
0,+l9 

+11, +11 
o 

+    2 

-  3 


+18 
+  6 

+  2 
+  7 
+  4 

—  10 
-13 

-16 

—  6 
+16 

—  2 


i6»»,  2 


+  9 

+   I 


+  4 

-  8 

+  5 
+  10 

+  4 
+  2 
+  8 

—  II 
,-  6 


8'».  5 


+  9 
+  6 


-  5 

-  5 
+  3 

+  2 

+  5 

+  3 

o,  +11 

+11,-   5 

+   I, +10 


,  -10     -   5 

+  8 

—  10 
,-  6 


-10, + 
+  4,- 


+  6,+  2 
-  9 


o, 
+  I 
+  5 
+  9 
+  2 

+  4 

—  2 

—  4 

—  4 
+12 


-   4 


—    2 

+  5 


o 
o 
+   l,+  9 
—    2,  —10 
+  4,+   2 


—  4,  —22 
+   7,-3 


+  7 
+   I 

+  5 
o 

+  I 
o 

+  I 

—  4 

—  I 

+  10 
+  7 
+  6 


-    4 
■II 


+    I 

+  3 
+  I 
+  10 

+  7 
+10, +14 
—   7, +10 

+  I 
-3,-1 


—  o,  —  o 
+  7,+  2 
+  5,       o 

—  1 
-2,+  I 


—  3 

—  I 


+  8 

+  4 


+ 


+  4 
+  11 


+   4 
-   5 


+   2 

-  4 

-  5 
o 


+  5, +10 
-  4,+  6 
+  3,+  2 
+  3,-8 


-  3 

-  I, 
+  3 
+   2 
+   2 

-  10 

+  I 
+  12 
+  5 

-  4 

-  4 

-  3 
+  6 
+  2 

-  2 

-  9 


-  6 


itn 


24 


+   7 
+14 

—  2 

—  10 

—  6 

+  9 
+  14,  o 
+  8,+  4 

—  9,+  6 

+  2,       o 

—  6,-  I 
+  3,-    2 

—  2,-   4 
+  I,-    3 

—  4 

—  2 

+  3 
+    2 

+  7 

—  I 

—  II 

—  I 

—  12 

+  8 
o 

o 
o 

+  I 

—  7 


No. 


4 

4 
25 
20 

5 

6 
26 
36 
31 

34 

38 
54 
57 
35 
49 

46 
30 
38 
35 
38 

37 
35 
14 
33 
24 

29 
22 
29 
23 
18 

16 
II 

7 
8 
8 

2 
7 
4 

2 

3 

2 
2 
2 

2 


Mean 
Conn. 


+  7 
+  14 
+  1 

-  5 

-  6 


+ 
+ 
+ 

+ 


o 

+  5 
+  I 

—  I 

—  I 

—  4 
+  I 
+  I 

—  1 

o 


+ 
+ 

+ 

+ 
+ 


+ 


+    2 
O 

+  4 

—  lo 

—  10 

-16 

—  6 
+16 

—  2 


an  actual  difference  in  algebraic  sign,  which  shows  a  close  accordance 
between  the  recent  Greenwich  investigation  and  that  reported  here. 


'  Loc.  cit. 
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For  the  seven  red  stars  of  high  weight,  ir  to  8r  inclusive,  there 
are  two  zero  differences,  four  of  o.oi  mag.,  and  one  of  0.02  mag. 
This  confirms  the  reahty  of  the  large  color  equation  of  the  lo-inch 
refractor  for  photograpMc  magnitudes,  and  shows  that  the  adopted 
coefficient  in  equation  (i)  is  sensibly  correct. 

TABLE  IV 
Comparison  with  Corrections  Found  by  Jones 


Sur 

Table  ni 

Jones 

Star 

Table  III 

Jones 

ir 

14 

+9(  6) 
-8(37) 
+6(33) 
+6(  7) 
-6(  5) 
+5(54) 

+  Il(    11) 
—  10(109) 

+  5(  96) 
+  7(     8) 
+   i(     9) 
+  io(  33) 

5 

12 

-5(20) 
-4(46) 
-4(14) 
+3(34) 
+3(29) 

+  I(    26) 

0(113) 
—  6(108) 

IC 

5^ 

8 

17 

iir 

+3(  39) 

+  2(    56) 

3S 

0 

V 

The  corrections  in  the  last  column  of  Table  III  may  be  combined 
with  the  magnitudes  in  the  second  column  to  form  weighted  mean 
values  referred  to  the  system  of  the  lo-inch  refractor,  or  with  the 
photographic  magnitudes  of  Contribution  No.  97,  to  obtain  a  revised 
system  for  the  60-inch  reflector.  Other  data  are  available,  however; 
and  the  final  results,  based  on  all  the  material  which  has  been 
accumulated,  are  given  in  the  following  Contribution  No.  235. 

Turning  now  to  the  photo- visual  magnitudes,  consider  first  the 
small  progressive  change  in  the  screen  constant  indicated  by  the 
last  two  columns  of  Table  II.  This  suggests  that  the  photo-visual 
scale  requires  a  slight  readjustment.  The  smoothed  values  of  the 
constant  are  given  in  the  second  column  of  Table  V,  and  it  is 
readily  seen  that  each  of  these  would  become  equal  to  the  adopted 
mean,  were  the  original  scale  modified  by  the  quantities  shown  in 
the  third  column  of  the  table.  Thus,  since  the  first  value  of  Am 
depends  upon  the  difference  in  brightness  of  stars  whose  mean 
magnitudes  are  6.0  and  9.0,  respectively,  corrections  of  0.00  and 
+0.05  at  these  two  points  of  the  scale  would  increase  the  observed 
value  from  2.97  to  3.02.  Again,  the  last  value  of  Am  depends 
upon  stars  of  mean  magnitude  9.5  and  12.5.  Corrections  of  -Fo.o4 
and  +0.01,  respectively,  give  the  required  reduction  of  0.03  from 
3.05  to  the  adopted  mean.  The  maximum  correction  is  +0.05 
mag.  in  the  vicinity  of  magnitude  9. 
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These  results,  however,  scarcely  justify  a  change  in  the  original 
scale,  for  the  divergence  in  question  arises  almost  wholly  from  two 
of  the  eleven  plates,  Nos.  535  and  536,  both  of  which  show  large 
differences  in  gradation  between  the  full-aperture  and  the  screen 
exposures  (see  Table  II) .  There  is,  moreover,  additional  evidence. 
The  colors  of  the  stars  near  the  Pole  have  been  extensively  observed 
by  the  method  of  exposure  ratios,  and  since  we  now  have  reason  to 
believe  that  the  photographic  scale  for  the  brighter  stars  is  reliable, 
it  is  clear  that  the  photo-visual  scale  may  be  independently  estab- 
lished by  combining  photographic  magnitudes  with  color-indices 
derived  from  the  exposure  ratios.  This  material  is  discussed  in 
Contribution  No.  235,  but  the  results  are  summarized  in  the  last 
four  columns  of  Table  V,  the  significant  quantities  appearing  under 
the  heading  "Corrn.  (2)." 

TABLE  V 

Scale  Corilections 


Pv.  Mag. 

A»M 

Scale 
Corrn.  (i) 

Pv.  Mag. 

Scale 
Corrn.  (2) 

No.  Stars 

Rel.  Weight 

60          .  .  .  . 

0 

+  2 

+3 
+4 
+4 
+5 
+5 
+4 
+3 
+3 
+  2 
+  2 
+  2 
+  1 

30 

S-4 

6.5 

8.0 

95 

10.4 

II.  1 

12.4 

13-5 

14-3 

15-4 

16.  2 

16.9 

-3 

+3 

0 

-7 
-9 

—  I 

—  I 
+3 
+3 
+  1 

—  I 

+3 
-2 

2 
4 
5 
5 
6 

5 

5 

14 
22 
28 
40 
31 
49 

3 
4 

6.^; 

7.0 

7. 

7    c 

4 

80 

10 

8  ■; 

22 

90 

95 

10. 0 

IO-5 

II. 0 

II-5 

12.0 

12.5 

2.97 
3.00 
3.02 
303 

3-04 
3-05 
3-05 
305 

14 
38 

22 

17 

10 

7 
6 

With  the  exception  of  the  values  for  8.0  and  9.5  it  will  be  noted 
that  these  corrections  are  small  and  in  general  accidental  in  char- 
acter. Further,  the  two  large  corrections  are  opposite  in  sign  to 
the  values  of  Corrn.  (i).  In  view  of  these  results,  which  are  of 
good  weight,  it  appears  that  Corrn.  (i)  is  of  the  order  of  the 
uncertainty  affecting  its  determination,  and  may  be  disregarded. 
Nor  does  Corrn.  (2)  itself  afford  any  certain  basis  for  a  change 
in   the   opposite   direction.     The   exposure-ratio   obser\^ations   in 
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these  two  groups  are  not  well  distributed,  and  most  of  the  difference 
can  be  traced  to  three  or  four  stars.  A  small  systematic  effect  is 
certainly  present,  but  as  between  the  two  series  of  magnitudes  and 
the  exposure  ratios,  its  source  cannot  be  located.  The  photo-visual 
scale  of  Contribution  No.  97,  as  well  as  the  photographic,  is  therefore 
adopted  unchanged. 

The  problem  of  photo-visual  magnitudes,  provisionally  at  least, 
is  therefore  also  one  of  diminishing  the  accidental  errors  of  the 
original  values  in  Contribution  No.  97.  Proceeding  as  for  the 
photographic  data,  we  find  the  results  given  in  Table  VI. 

TABLE  VI 
Photo-visual  Magnitudes  of  Polar  Sequence  Stars 


Star 

Pv.  Mag. 
Cont.  97 

Sums  of 
Deviations 

+,- 

No. 

Corrn. 

Star 

Pv.  Mas. 
Cont.  97 

Sums  of 
Deviations 

-1-,- 

No. 

Corrn . 

2S 

2r 

c 

6.33 
6.35 
6.47 
7.0s 
7-S2 
7.56 
8.13 
8.26 
8.6s 
8.81 
9.07 

9.21 

9. S3 
9.80 

5,76 

8,73 

9,38 

32,18 

80,    7 

36,12 

24.34 

23,12 

0,31 

54,11 

19,46 

8l,22 

69,   8 
7,82 

II 
II 
n 
II 
10 
II 

7 
6 
3 
7 
12 

13 
13 
II 

-0M06 

—  6 

—  3 
+        I 
-t-        7 
+        2 

—  I 
-1-        2 

—  10 
-t-       6 

—  2 
+       5 
+       5 
—0.07 

4^ 

ir 

13 

8r 

14 

6s 

IS 

16 

17 

18 

iir 

19 

21 

20 

9 
9 
10 
10 
10 
10 
10 
11 
II 
II 
12 
12 
12 
12 

83 
90 

37 
44 
54 
73 
89 
23 
28 

89 
06 
28 
48 
SI 

35,    27 

0,114 

29,    17 

55,    II 

SO,      0 

0,    17 

17,   30 

24,      7 

39,      0 

II,      2 

8,     0 

0,    39 

16,      0 

0,    io 

II 

3 

2 

3 

2 
2 

-hoMoi 

—  10 
+  I 
+  4 
+        5 

-  8 

6 

7 

ir 

8    

AT 

5''    

9 

+  2 
+  6 
+  3 
+  4 
-  13 
+       8 

10 

6r 

II 

12 

The  magnitudes  in  the  second  column  are  taken  directly  from 
Contribution  No.  97.  The  third  column  contains  the  sums  of  the 
positive  and  negative  deviations  for  the  11  pjates;  the  fourth 
column,  the  total  number  of  values;  and  the  fifth,  the  mean  correc- 
tions to  the  magnitudes  in  the  second  column.  Thus  the  first 
correction  is  (-1-5  — 76)/ii  =  —  6. 

Neglecting  three  rejected  corrections  which  exceed  0.3  mag., 
we  find  for  the  mean  of  the  231  remaining  deviations  ±0.065.  The 
weighted  algebraic  mean  of  the  final  corrections  for  the  red  stars 
is  less  than  0.0 1  mag.  This  shows  that -for  photo-visual  magnitudes 
the  color-systems  of  the  lo-inch  refractor  and  the  reflector  are 
identical,  and  justifies  the  assumption  expressed  by  equation  (2). 

As  in  the  case  of  Table  III,  the  corrections  may  be  combined 
with  the  original  magnitudes  to  form  revised  values.     Those  finally 
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adopted,  like  the  photographic  results,  also  depend  on  data  drawn 
from  other  sources  and  are  given  in  Contribution  No.  235. 

In  resume,  the  investigation  with  the  lo-inch  refractor  reveals 
no  appreciable  error  in  the  photographic  scale  of  Contribution  No.  97 
between  the  fourth  and  fourteenth  magnitudes.  The  photo- 
visual  scale  has  been  examined  between  magnitudes  6.3  and  12.5. 
A  maximum  correction  of  +0.05  mag.  near  the  ninth  magnitude  is 
suggested,  but  independent  data  of  higher  weight  do  not  confirm 
this  result.  The  original  scale  is  therefore  adopted.  The  correc- 
tions to  the  magnitudes  of  Contribution  No.  97  for  accidental  error 
(5  or  more  values)  average  ±0.03  and  ±0.04  mag.,  respectively, 
for  the  two  scales.  The  larger  corrections  for  the  photographic 
scale  are  in  substantial  agreement  with  those  recently  found  at 
Greenwich  by  Jones. 

Mount  Wilson  Observatory 
February  1922 


REVISED  MAGNITUDES  FOR  STARS  NEAR  THE 

NORTH  POLE^ 

By  FREDERICK  H.  SEARES 

ABSTRACT 

Revised  magnitudes  and  color-indices  for  stars  near  the  North  Pole. — Numerous 
comparisons  with  the  polar  standards  have  incidental!)'  given  extensive  material  for 
determining  the  errors  affecting  the  standards  themselves.  The  results  for  55  stars 
(Table  I)  lead  to  revised  magnitudes  which  are  averaged  with  previously  reported 
results  obtained  mth  the  60-inch  reflector  and  the  lo-inch  Cooke  refractor  to  give 
the  adopted  values  listed  in  Table  VIII.  This  table  also  gives  the  corresponding 
color  indices  from  magnitudes  and  from  exposure-ratios  for  these  and  37  other  polar 
stars,  all  based  on  the  color  system  of  the  60-inch  reflector  and  the  accessory 
equipment. 

Exposure-ratio  method  of  determining  color-indices  has  been  previously  described. 
A  discussion  of  the  results  of  177  exposures  including  stars  of  photo- visual  magnitude 
ranging  from  2  to  17.3,  indicates  that  the  average  deviation  of  a  single  determination 
is  =fco.  12  magnitude,  about  half  of  which  is  due  to  the  mean  systematic  error  of  the 
plate,  and  that  in  general  the  probable  error  is  about  30  per  cent  less  than  in  the  case 
of  a  color-index  derived  by  combining  a  photographic  and  a  photo-visual  magnitude. 
Normal  points  for  the  calibration  curve,  color-index  as  a  function  of  log  E,  determined 
by  observations  on  2 16  stars,  are  given  in  Table  IV  and  the  adopted  values  in  Table  V. 

Differential  error  between  photo-visual  and  photographic  scales  of  magnitude. — 
Although  the  exposure-ratio  color  scale  is  calibrated  by  measurements  on  stars  of 
known  color  index,  systematic  errors  in  the  two  magnitude  scales  upon  which  the 
color  scale  depends  were  eliminated  by  using  stars  with  a  wide  range  of  magnitude. 
Hence  the  exposure-ratio  scale  is  independent  of  the  magnitude  scales  and  may  be 
used  to  test  the  differential  error  between  them.  The  data  (Table  VII)  show  agree- 
ment to  within  =>=  0**03  from  photo- visual  magnitude  3  to  17,  except  for  a  few  stars 
near  magnitude  9  for  which  the  mean  difference  is  o^og. 

The  following  pages  bring  together  the  results  of  several  investi- 
gations bearing  upon  the  magnitudes  of  stars  near  the  North  Pole. 
The  basic  determination  of  both  photographic  and  photo-visual 
scales  is  that  of  Mt.  Wilson  Contribtition  No.  97,^  which  depends 
entirely  upon  observations  with  the  60-inch  reflector.  These 
results  refer  to  the  color-system  of  that  instrument  as  used  with  the 
photographic  plates^  and  a  certain  yellow  filter  habitually  employed 
in  photometric  work  at  Mount  Wilson. 

To  diminish  the  effect  of  accidental  errors,  the  individual 
magnitudes  of  about  fifty  of  the  stars  in  Contribution  No.  97  have 
been  combined  with  a  large  amount  of  material  obtained  inci- 
dentally in  connection  with  an  entirely  different  investigation. 

■  Contributions  from  the  Mount  Wilson  Observatory,  No.  235. 

^  Astro  physical  Journal,  41,  206,  1915. 

^  Seed's  Gilt  Edge,  27's  and  30's,  and  Cramer's  Instantaneous  Isochromatic. 
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The  revised  magnitudes  are   on  the   scale  and   color-system   of 
Contribution  No.  97. 

At  various  times  during  the  last  six  years  numerous  measures 
of  the  colors  of  stars  near  the  Pole  have  been  made  by  the  method 
of  exposure  ratios.  The  method  must  be  calibrated  upon  stars  of 
known  color-index,  but  this  can  be  accomplished  in  such  a  manner 
that  systematic  errors  in  the  magnitude  scales  upon  which  the  colors 
themselves  depend  do  not  enter  into  the  caKbration  curve.  Colors 
found  from  exposure  ratios  are  thus  essentially  independent  of  the 
scale,  and  may  therefore  be  used  to  test  for  differential  error  between 
photographic  and  photo-visual  scales,  since  in  the  mean  there  should 
be  no  difference  between  the  colors  found  by  the  two  methods. 
A  discussion  of  these  data  shows  excellent  agreement  to  the  seven- 
teenth photo-visual  magnitude,  except  for  a  few  stars  near  the 
ninth  magnitude  for  which  the  mean  difference  is  0.09  mag. 

Observations  made  at  Greenwich,  Harvard,  and  Potsdam 
confirm  the  substantial  accuracy  of  the  photographic  scale  of 
Contribution  No.  97  to  the  sixteenth  photographic  magnitude. 

A  recent  investigation  made  at  Mount  Wilson'  with  the  lo-inch 
Cooke  refractor  affords  further  e\ddence  on  both  the  scales.  The 
photographic  scale  is  again  confirmed.  The  photo-\dsual  results 
are  less  reliable,  but,  considered  in  connection  with  the  measures 
of  colors,  show  that  the  scale  of  Contribution  No.  97  must  also  be 
close  to  the  truth. 

These  several  investigations  are  combined  to  form  a  system  of 
magnitudes  embodying  all  the  data  bearing  on  standard  polar  stars 
thus  far  collected  at  Mount  Wilson.  The  final  results,  which  are 
on  the  color-system  of  the  reflector  and  the  accessory  equipment 
mentioned  above,  represent  the  contribution  of  this  observatory 
to  the  report  of  the  International  Commission  on  Stellar  Magni- 
tudes for  1922. 

I.      REVISION   TO   DIMINISH   ACCIDENTAL   ERROR 

In  detennining  the  magnitudes  of  faint  stars  in  the  Selected 
Areas^  it  has  been  necessary  to  make  a  large  number  of  comparisons, 

'  Scares  and  Humason,  Mt.  Wilson  Contr.,  No.  234.  Astrophysical  Journal,  56, 
84,  1922. 

^  See  recent  "Annual  Reports  of  the  Director  of  the  Mount  Wilson  Observatory," 
Year  Book  oj  the  Carnegie  Institution  of  Washington. 
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both  photographic  and  photo-visual,  with  the  polar  standards  of 
Contribution  No.  97.  Since  the  comparisons  were  intended  only  to 
establish  the  zero  point  of  the  magnitudes  in  the  Selected  Areas, 
and  not  the  scale,  the  exposures  were  short,  2"^  and  3*",  respectively. 
They  afford,  nevertheless,  extensive  material  for  the  reduction  of 
the  accidental  errors  affecting  the  polar  standards  themselves. 

We  are  here  concerned  only  with  exposures  on  the  Pole  of  which 
there  are  two  on  each  plate.  As  a  part  of  the  reduction,  the  scale 
readings  for  these  had  been  plotted  against  the  adopted  standards  in 
the  usual  manner.  The  de\'iations  of  individual  stars  from  the 
smooth  curves  defined  by  the  plotted  points  represent  the  combined 
influence  of  the  accidental  errors  in  the  standards  and  the  errors 
affecting  indi\ddual  plates.  In  the  mean  the  latter  are  accidental, 
whereas  the  former  enter  systematically  into  the  observed  de\da- 
tions  from  the  curv^es  and  should  be  brought  to  Hght  by  forming 
the  algebraic  mean  of  a  large  number  of  such  deviations. 

Table  I  summarizes  the  results  of  this  re\dsion.  The  second, 
third,  and  fourth  columns  contain  the  mean  systematic  de\dation 
for  each  star,  obtained  as  just  explained,  and  the  number  of  values 
upon  which  each  mean  depends.  The  deviations  are  the  corrections 
required  by  the  magnitudes  in  Contribution  No.  97  to  bring  them 
into  agreement  with  the  results  of  the  polar  comparisons.  The 
fifth  and  sixth  columns  give  the  revised  magnitudes.  These  are 
means  of  the  values  in  Contribution  No.  97  and  those  derived  from 
the  polar  comparison  plates,  formed  with  weights  equal  to  the 
respective  numbers  involved.  The  last  two  columns  give  the 
revised  color-indices  and  the  total  numbers  of  individual  observa- 
tions for  each  star. 

A  few  corrections  are  large  and  indicate  cases  of  more  or  less 
serious  discordance.  Most  of  these  are  the  result  of  low  weight  in 
one  determination  or  the  other.'  For  example,  the  photographic 
magnitude  of  star  439  given  in  Contribution  No.  97  is  clearly  in 
error  by  a  large  amount  and  is  rejected  outright.  Again,  star  358 
shows  a  difference  of  0.47  mag.  in  the  photo-visual  magnitudes. 
Here  both  determinations  are  uncertain,  and  the  adopted  mean  is 

'  Note  that  the  numbers  of  values  included  in  the  means  in  Conlrihution  No.  97 
are  equal  to  the  differences  in  corresponding  quantities  in  the  fourth  and  last  columns 
of  Table  I. 
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TABLE  I 
Magnitudes  and  Colors  Derived  with  6o-Inch  Reflector 
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TABLE  I — Continued 
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of  little  value.  Occasionally,  a  difference  is  large  although  numer- 
ous observations  enter  into  each  of  the  values  combined  to  form 
the  re\'ision.  Star  22  is  an  example,  with  a  difference  of  0.15  mag. 
The  most  plausible  explanation  is  a  small  error  in  the  distance 
correction.  The  star  is  at  the  edge  of  the  useful  field ;  the  exposures 
for  the  polar  comparison  plates  were  always  the  same,  while  those 
for  the  original  investigation  were  varied.  Errors  in  distance 
correction  tend  to  neutrahze  each  other  in  the  latter  case  because 
the  photographic  image  varies  in  size  from  plate  to  plate,  whereas 
there  is  no  compensation  in  magnitudes  derived  from  the  com- 
parison photographs.  On  this  account  the  value  from  the  polar 
comparisons  has  been  given  hah  weight.  In  general,  however, 
the  differences  are  as  satisfactory  as  can  be  expected  from  results 
derrv'ed  with  a  reflector  of  focal  ratio. 

It  should  be  noted  that  the  revision  concerns  only  the  accidental 
errors  affecting  the  original  magnitudes.  The  reliability  of  the 
scales  is  a  separate  question,  discussed  partly  in  Contribution  No. 
234  and  partly  in  the  following  sections  of  this  paper. 


2.   COLORS  OF  POLAR  STARS  FROM  EXPOSURE  RATIOS 

The  method  of  exposure  ratios  for  measuring  a  star's  color  has 
been  described  briefly  in  previous  communications.'     The  term 

^  Ml  Wilson  Comm.,  Nos.  2,2>,  38,  59;  Proc.  Nat.  Acad.  Sci.,  2,  521,  1916;  3,  29, 
191 7;  5,  232,  1919.  The  second  of  these  contains  provisional  results  of  the  investi- 
gation discussed  in  this  section. 
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"exposure  ratio"  is  used  to  designate  the  logarithmic  ratio  of 
exposure  times  (symbol,  log  E)  which  produce  blue  and  yellow 
images  of  the  same  size.  This  quantity  can  ob\dously  be  used  as  a 
measure  of  color. 

Experience  shows  that  for  a  given  star  the  values  of  log  E  from 
plates  of  the  same  emulsion  are  nearly  constant.  The  systematic 
differences  in  the  means  from  groups  of  5  or  6  plates  each  are  usually 
neghgible.  Observations  are  now  generally  arranged  in  such  a  way 
as  to  check,  if  not  actually  determine,  the  zero  p  oint  for  each  plate, 
but  in  the  beginning  a  direct  control,  beyond  that  of  accordance 
with  other  plates,  was  not  ordinarily  applied,  the  errors  being 
minimized  by  multiplying  the  number  of  plates.  In  the  case  of 
bright  stars,  which  must  be  observed  individually,  it  is  now  custom- 
ary to  photograph  several  objects  on  the  same  plate,  which  greatly 
facilitates  the  reduction  to  a  homogeneous  system.  In  so  far  as 
possible,  the  same  emulsion  was  used  in  all  the  earlier  measures. 
When  a  change  became  necessary,  the  constant  for  reduction  to  a 
uniform  system  was  carefully  determined. 

To  translate  values  of  log  E  into  color-indices,  which  is  an  impor- 
tant step  in  giving  them  physical  meaning,  stars  of  known  color- 
index  must  be  measured.  Inasmuch  as  the  stars  in  the  polar 
region  are  the  basis  of  the  Mount  Wilson  photometric  system, 
they  have  been  extensively  observed  for  this  purpose.  The  result- 
ing data  give  not  only  the  desired  relation  between  color-index  and 
log  E,  but  also  an  independent  determination  of  the  colors  of  the 
individual  stars.  The  exposures  for  the  yellow  images  range  from 
8^  to  64™,  and  results  are  now  available  for  an  interval  of  about  16 
magnitudes,  the  lower  limit  being  approximately  17  of  the  photo- 
visual  scale.  The  details  of  interest  in  the  present  connection  are 
as  follows: 

Series  a. — ^About  150  plates;  yellow  exposures  mostly  16^  and 
32^,  on  stars  brighter  than  the  eleventh  magnitude,  ob- 
served with  images  of  standard  size.  A  few  plates  of  longer 
exposure  extend  the  series  to  the  thirteenth  photo-visual  magni- 
tude. 

Series  h. — Nine  plates  with  yellow  exposures  of  I28^  The 
faintest  stars  observed  are  of  about  the  fourteenth  magnitude. 
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Series  c. — Three  plates  with  yellow  exposures  of  8"",  three  of  lo*", 
and  two  of  30"".     The  limiting  magnitudes  range  from  15.5  to  16.9. 

Series  d. — Nine  plates  with  yellow  exposures  ranging  from  8* 
to  5".  Only  17  stars  between  9.0  and  12.5  were  included,  however, 
because  the  longer  exposures  were  made  with  reduced  apertures. 
This  group  of  plates,  along  with  several  others  included  in  the  vari- 
ous series,  was  made  under  unusual  conditions  to  test  various  details 
of  the  method  which  are  of  no  interest  in  the  present  connection. 

Series  e. — Four  plates,  each  including  10  to  15  stars  brighter 
than  the  tenth  magnitude,  observed  individually  with  yellow 
exposures  of  8^  to  32*  and  a  standard  size  of  image.  In  addition, 
observations  with  yellow  exposures  of  from  32^  to  128^  were  made  at 
the  beginning  and  end,  to  include  stars  between  magnitudes  lo.o 
and  12.5.     The  results  supplement  and  strengthen  those  of  series  a. 

Series  J. — Two  plates  with  yellow  exposures  of  64™  each.  The 
limiting  magnitude  is  17.3  photo-\'isual. 

Lack  of  space  prevents  a  detailed  presentation  of  the  reduction 
of  these  data,  which  has  involved  much  time  and  several  revisions 
as  the  results  have  accumulated.  The  discussion  is  therefore 
limited  to  a  general  statement  of  procedure,  with  extracts  from  the 
reduction  sheets  showing  the  accordance  attained,  supplemented 
by  a  collection  of  results,  made  particularly  from  the  standpoint 
of  their  bearing  on  the  magnitude  scales. 

The  earlier  observations  were  restricted  to  stars  brighter  than 
the  eleventh  photo-visual  magnitude,  because  of  the  ease  with  which 
certain  systematic  errors  could  thereby  be  eliminated.  It  is  well 
known  that  a  photographic  image  produced  by  yellow  hght  usually 
grows  at  a  different  rate  from  one  produced  by  blue  light;  the  value 
of  log  E  therefore  depends  to  some  extent  upon  the  size  of  the 
images  from  which  it  is  derived.  Differences  in  photographic 
gradation  for  light  of  different  wave-lengths  seem  to  depend  upon 
a  number  of  factors.  In  practice  these  are  hard  to  control,  and 
the  most  satisfactory^  results  are  obtained  when  the  observations 
are  arranged  in  such  a  way  as  to  eliminate  the  disturbance  or  to 
permit  its  determination  for  each  plate. 

In  the  case  of  the  prehminary  measures  this  was  accomplished 
by  reducing  all  the  stars  to  a  standard  intensity  with  the  aid  of 
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screens  and  diaphragms  and  by  using  an  essentially  constant  series 
of  exposures  throughout.  Those  for  the  yellow  images  were  i6 
and  32  seconds,  although  a  few  photographs  with  exposures  ranging 
from  I  to  4  minutes  were  subsequently  added.  The  latter  gave 
results  for  bright  stars  already  observed  with  short  exposures,  as 
well  as  for  fainter  stars,  the  overlap  being  sufficient  to  determine 
the  zero-point  and  the  correction  to  be  applied  for  gradation.  In 
practice  the  two  corrections  were  combined.  The  differences  in 
log  E  for  stars  within  the  overlapping  region,  when  arranged  in 
order  of  photo-visual  magnitude,  define  a  curve  which  could  be 
extrapolated  for  an  interval  of  one  or  two  magnitudes  without 
danger  of  serious  error. 

The  discussion  of  the  data  of  series  a  carried  the  results  to  the 
thirteenth  magnitude.  To  extend  them  to  still  fainter  stars,  the 
procedure  just  described  was  appKed  in  succession  to  the  plates 
of  series  b,  c,  and/  in  the  order  of  increasing  exposure  time.  Series 
d  and  e,  which  control  and  strengthen  the  results  of  series  a,  were 
inserted  and  reduced  in  the  order  indicated  by  the  series  notation. 
The  adopted  values  of  Cg,  the  color-index  derived  from  log  E,  and 
the  number  of  determinations  upon  which  each  depends  are  given 
in  the  eighteenth  and  nineteenth  columns  of  Table  VIII,  although 
results  for  a  few  stars,  mostly  of  low  weight,  not  included  in  the 
final  collection  of  data,  appear  in  Table  VI. 

The  plates  of  series/  show  many  faint  stars  for  which  individual 
results  are  not  printed,  although  the  means  for  groups  of  these 
stars  appear  in  some  of  the  statistical  comparisons  (see  Table  IV, 
for  example). 

The  question  as  to  how  much  the  values  of  log  E  for  faint  stars 
have  been  affected  by  errors  incident  upon  the  extrapolation  of  the 
correction  curve  for  gradation  is  important.  The  results  for  a  single 
plate  are  systematically  in  error  by  small  amounts  at  least;  but  for 
a  series  of  plates  these  errors  become  accidental.  An  examination 
of  the  residuals  for  series  c,  in  the  interval  14.  i  to  15.7,  shows  that 
the  effect  on  the  mean  must  be  small.  Although  some  of  the  plates 
of  series  b  contribute  results  for  two  or  three  stars  falling  within 
the  interval  mentioned,  the  gradation  curves  for  series  c  are  in  fact 
extrapolations  from  13.7.     The  systematic  deviations  of  individual 
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plates  from  the  mean,  ex}:)ressecl  in  hundredths  of  a  magnitude, 
are 

Systematic  deviation  —  q     —   i     —  8     +6     +8     +4     —5     +10 
No.  of  stars 13         13         20         11         19         16         5  4 

The  average  is  ±0.064  mag.,  whence  the  probable  value  of  the 
systematic  error  in  the  mean  color-indices  derived  from  log  E  for 
stars  in  this  interval  is  of  the  order  of  ±0.02  mag.  This  could 
have  been  depressed  to  a  still  lower  value  by  adding  more  plates, 
but  the  precision  is  sufficient  for  the  present  purpose. 

As  a  further  indication  of  accordance,  it  may  be  added  that  from 
the  same  data  the  average  deviation  for  a  single  value  of  log  E, 
including  systematic  errors,  corresponds  to  ±0.118  mag.  For  stars 
in  the  interval  between  the  tenth  and  thirteenth  magnitudes,  on 
the  other  hand,  the  agreement  is  as  shown  in  Table  II,  which 
compares  the  mean  results  for  each  star  as  derived  from  series  a 
to  e.  The  table  gives  the  deviations  in  log  E  in  units  of  the  third 
decimal  and  the  number  of  values  upon  which  each  difference 
depends.  There  is  here  Httle  evidence  of  residual  systematic 
error;  and  since  o.oio  in  log  E  is  equivalent,  on  the  average,  to 
0.028  mag.,  the  accidental  de\dation3  are  also  satisfactory.  The 
combined  effect  of  both  types  of  error  is  indicated  by  the  average 
of  the  43  deviations  based  on  7,  8,  or  9  observations  each,  whose 
value  is  ±0.013  in  log  E,  or  ±0.036  mag. 

Finally,  an  examination  of  some  of  the  bright  stars  in  series  a, 
which  were  obsers^ed  indi\'idually  with  a  standard  size  of  image, 
throws  Light  upon  the  fluctuations  in  the  relative  blue  and  yellow 
sensitiveness  of  different  plates.  Since  for  these  stars  no  attempt 
was  made  to  determine  the  zero-point  correction  for  individual 
plates,  the  average  deviations  include  the  full  effect  of  this  error, 
combined  with  the  accidental  error  of  estimating  the  value  of  log  E. 
Further,  the  mean  log  E  usually  depends  upon  two  or  even  three 
different  emulsions.  The  results  have  been  referred  to  a  standard 
emulsion,  but  the  reduction  constants  are  affected  by  an  uncertainty 
which  also  enters  into  the  average  deviations. 

The  results  for  15  of  these  stars  which  have  been  extensively 
observed  are  shown  in  Table  III.     The  second  and  third  columns 
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give  the  number  of  plates  and  of  emulsions  used.  In  every  case 
the  observations  extend  over  a  period  of  more  than  a  year,  and  many 
of  the  later  measures  were  made  with  the  original  emulsion  with 
which  the  observ'ations  were  begun.     There  are  small  systematic 

TABLE  II 

Deviations  in  log  E  for  Different  Series 

Unit  =  0.001  in  log  E;  No.  of  Values  in  Parentheses 


Star 


7r 

SS 

13- 
8r 

14- 

350- 
6s 

IS- 
16. 

17- 
18. 

345- 
iir 

427. 
7S 

172. 
19. 

362. 
i2r 
21 . 
20. 

151- 

378. 
22. 

389- 

23- 


Pv. 

Mag. 

9 

90 

10 

06 

10 

37 

10 

44 

10 

55 

10 

71 

10 

73 

10 

89 

II 

21 

II 

28 

II 

89 

12 

05 

12 

07 

12 

05 

12 

04 

12 

24 

12 

24 

12 

27 

12 

47 

12 

48 

12 

53 

12 

66 

12 

81 

12 

85 

12 

90 

13 

00 

(31) 
(35) 
(14) 
(15) 
(24) 
(24) 
(12) 
(15) 

.  (3) 
28  (  6) 
16  (  4) 
(11) 
(15) 
(  i) 
(18) 


—  I 

—  I 
+  6 

—  8 
+  10 
+  5 
-32 


-  3 
-63 

+  5 


+20  (  9) 
+  7  (19) 


+21   (18) 
+  19  (16) 

+  17  (13) 


Series 


—  II 

(9) 

+  5 

(9) 

+  18 

(3) 

+  10 

(6) 

+23 

(9) 

-  5 

(7) 

+  21 

(8) 

+  23 

(6) 

—  I 

(8) 

-  3 

(9) 

—  I 

(9) 

—  10 

(7) 

+  17 

(9) 

+  6 

(8) 

+  11 

(9) 

+42 

(I) 

-  9 

(9) 

0 

(9) 

+  22 

(9) 

-  4 

(6) 

-23 

(8) 

+37 

(3) 

-  8 

(6) 

0 

(5) 

-  8 

(7) 

+  8 

(6) 

+25 

o 


+  7 

-  5 
+  11 

-  6 

-  12 
+  6 
+53 
+25 
-36 

-  6 

+  19 

+  14 
+  28 

-  9 

-27 

-  10 
+  13 
-17 

-  9 
-24 
+  8 
+  18 
-25 


+  6  (9) 
-   2  (9) 


+  16  (9) 
+  16  (9) 
-23  (7) 

-  9  (9) 

-  4  (9) 


+  52  (3) 
+  17  (5) 
-  5  (5) 
-30  (6) 


+  13   (5) 
+  6  (5) 


+42  (5) 


+30  (8) 
+  15  (7) 


-59  (6) 
+26  (6) 


+  24  (4) 
-  9     (4) 


+   2  (6) 


+   7  (4) 
+43   (4) 


■37   (4) 


differences  affecting  groups  of  plates  of  nearly  the  same  date,  but 
little  evidence  of  actual  changes  in  the  color-properties  of  an  emul- 
sion with  increasing  age.  The  average  deviations  for  a  single  plate 
in  the  fourth  column  show  considerable  fluctuation;  their  mean  is 
±0.106  mag.  From  other  evidence  it  seems  likely  that  this  error 
is  to  be  about  equally  divided  between  the  neglected  plate  constants 
and  the  uncertainty  in  estimating  the  value  of  log  E. 

As  mentioned  above,  it  is  now  customary  to  determine  the 
plate  constant  by  comparison  with  standard  fields,  either  directly 
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or  indirectly,  which  increases  the  precision  appreciably.  The 
results  just  discussed  show,  however,  that  even  when  the  variations 
in  color-sensitiveness  from  plate  to  plate  are  neglected,  the  exposure 
ratios  lead  to  values  of  the  color  which  are  at  least  comparable  in 
accuracy  with  those  found  by  other  methods  of  direct  color- 
measurement.  The  errors  given  above  are  of  the  same  order,  for 
example,  as  those  affecting  individual  magnitudes  in  the  general 
run  of  photometric  work.  The  uncertainty  of  a  color-index 
derived  by  combining  a  photograpMc  and  a  photo-visual  magnitude 


TABLE  III 
Average  Deviation  in  Color  Index.    Bright  Stars 


Star 


10. 
13- 
14- 

IS- 

20. 

IS 

5s 
6s 


No.  Obs. 

No.  Em. 

A.D. 

mag. 

23 

2 

=^0135 

14 

I 

092 

24 

2 

084 

IS 

2 

097 

18 

2 

105 

39 

3 

097 

35 

2 

III 

12 

I 

=±=0 

062 

Star 


7s 
ir 
Sr 
7T 
8r 
I  or 
iir 


No.  Obs. 

No.  Em. 

16 

2 

13 

I 

9 

2 

31 

2 

IS 

I 

8 

I 

ts 

2 

A.D. 


mag. 
±0. 124 
.119 

•093 
.099 
.072 

.138 
=^o.iS5 


should  therefore  be  greater  than  that  of  a  value  from  log  E  in  the 
ratio  of  about  1.4  to  i.  This  is  a  fair  statement  of  the  advantage 
of  the  method  of  exposure  ratios  from  the  standpoint  of  precision. 

The  calibration  curve  for  the  transformation  of  log  E  into 
color-index  has  been  revised  several  times.  The  first  approxima- 
tion, which  differs  little  from  the  adopted  relation,  was  obtained 
from  series  a  by  first  arranging  the  mean  values  of  log  E  for  each 
star  in  the  order  of  increasing  color-index  as  given  in  Contribution 
No.  97  and  then  forming  the  means  of  log  E  and  of  color-index  for 
groups  of  stars  within  narrow  limits  of  color.  Accidental  irregular- 
ities were  eliminated  by  plotting  the  results  and  drawing  a  smooth 
curve.  This  curve  represents  the  relation  by  means  of  which 
values  of  log  E  may  be  expressed  in  the  customary  form  as  color- 
indices. 

Since  most  of  the  groups  include  stars  scattered  over  a  wide 
range  in  brightness,  the  errors  in  the  photographic  and  photo-visual 
scales,  which  of  course  appear  in  the  color-indices,  are  almost 
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completely  neutralized.  In  the  present  case,  in  which  the  scale 
errors  are  known  to  be  small,  their  effect  upon  the  mean  relation 
between  color-index  and  log  E  is  negUgible.  Values  of  the  color 
calculated  from  log  E  should  therefore  be  free  from  errors  in  the 
scales,  and  when  compared  with  the  original  color-indices  arranged 
in  order  of  increasing  magnitude  must  bring  to  hght  any  differential 
error  in  the  scales  themselves. 

TABLE  IV 

Normal  Points  for  Relation  between  Color-Index  and  log  E 


mag. 


0.04. 
0.26. 

0.43- 
0.58. 
0.67. 
0.71. 
0.81. 
0.88. 
0.99. 
0.99. 
1.06. 
1. 15. 
1. 19. 
1.23. 
I-34- 
I-59- 


Sum. 


log£ 


040 
109 
186 
229 
268 

319* 
299 

367* 

389 

365* 

412* 

410* 

444 
464* 
485* 
546 


mag. 
+0.03 

—  I 

+  2 

—  r 
o 

10 


+ 

~  5 

+  7 

+  2 

-  4 

+  2 


+ 


7 
I 

I 

3 
-0.08 


Pv.  Interval 


5 

5 

2 

II 

10 

15 
12 

15 

8 

14 
15 
15 

9 
15 
15 

5 


-  8.8 
-10.6 

-12.5 
-15-2 
-16.9 
-16.8 
-15.6 
-17.0 


16. 

I?- 

■17 

■17 

■16, 

■^7- 


■17-3 
12.0 


No.  Stars 


10 
15 
15 
22 

15 
18 

15 
15 
15 
17 
15 
15 

5 


216 


*  Supplementary  faint  stars  from  series/. 

To  obtain  the  last  approximation  for  the  reduction  curve,  the 
method  just  described  was  appKed  to  the  data  from  all  the  series 
as  summarized  in  Tables  VI  and  VIII,  including  the  shght  revisions 
of  color-index  given  in  Table  I.  The  results  are  shown  in  Tables 
IV  and  V.  The  former  gives  the  normal  points  and  their  represen- 
tation by  the  adopted  curve  in  Table  V.  Table  IV  also  gives  seven 
supplementary  points  based  upon  105  faint  stars  between  photo - 
visual  magnitudes  14.8  and  17.3,  which  appear  only  on  the  two 
plates  of  long  exposure  in  series/.  Although  of  much  lower  weight, 
these  points  show  substantially  the  same  change  in  log  E  with  color- 
index  as  the  brighter  stars.  The  average  deviations  of  the  two 
series  of  normal  points  in  Table  IV  from  the  adopted  curve  are 
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zbo.026  and  ±0.049  niag.,  respectively.  The  average  for  the 
points  in  the  first  approximation,  referred  to  the  final  curve,  is 
dbo.028  mag.  This  appro.ximation,  it  will  be  recalled,  was  based 
exclusively  upon  series  a,  which  includes  only  stars  brighter  than 
the  thirteenth  magnitude.  The  large  residual  of  —0.08  for  the 
last  point  in  Table  IV  arises  mainly  from  the  star  345,  magnitude 
12.05,  which,  in  view  of  the  numerous  measures,  is  seriously  dis- 
cordant. (See  Table  VIII,  last  column.)  No  explanation  suggests 
itself,  except  possibly  systematic  error  in  the  estimates  caused  by 
the  proximity  of  the  brighter  object,  No.  350,  magnitude  10.71. 

TABLE  V 
Color-Index  and  Logarithm  of  Exposure  R.\tio 


CI. 

log£ 

Diff.  for  o.or  in' 
logfi 

CI. 

log£ 

Diff.  for  0  01  in 
logB 

mag. 

—  0.2 

0.0 

+0.2 

0.4 

0.6 

0.8 

8.940 
9-ors 
9.090 
9.165 
9.240 
9315 

mag. 

0.026 
.027 
.027 
.027 
.027 

0.028 

mag. 

0.8 

I.O 

1.2 

1-4 

1.6 

1.8 

9315 
9-385 
9-450 
9-513 
9-573 
9  632 

mag. 

0.028 
.030 
-031 
•033 
■034 

0-035 

The  absence  of  blue  stars  from  the  fainter  objects  is  noteworthy, 
and  confirmatory^  of  earher  results.  Among  the  supplementary 
stars  from  series/  there  is  none  with  a  color- index  less  than  0.6  mag. 

From  the  ordinates  of  the  adopted  relation  between  c  olor-index 
and  log  E  given  in  Table  V,  it  appears  that  the  curve  is  nearly 
linear.  The  zero-point  for  log  E  is  of  course  arbitrary.  For  com- 
parison with  the  provisional  relation  between  log  E  and  spectral 
type  given  in  Figure  i,  Mt.  Wilson  Communications,  No.  59,'  a 
correction  of  —0.07  must  be  applied  to  the  values  of  log  E  in 
Table  V.  This  comparison  leads  to  a  result  of  importance,  namely, 
the  relation  of  the  color-indices  of  the  Mount  Wilson  photometric 
system  to  spectral  type.  Pro\isional  values  of  the  equivalents 
are  listed  in  Table  XII,  Contribution  No.  226.  Detailed  results 
and  revised  equivalents  will  be  given  in  a  later  paper. 

The  data  of  Table  V  were  used  to  calculate  the  color-indices 
for  individual  stars  whose  values,  Cg,  appear  in  Tables  VI  and 

'  Proc.  Nat.  Acad.  Sci.,  5,  232,  1919. 
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VIII.  Subtracted  from  the  values  of  €„  found  by  comparing 
photographic  and  photo-visual  magnitudes,  these  lead  to  the 
differences  in  the  last  column  of  the  tables.  These  differences 
should  be  judged  in  connection  with  the  number  of  separate  deter- 
minations of  the  photographic  and  photo-visual  magnitudes 
(sixteenth  colmnn,  Table  VIII)   which  enter  into  the  observed 

TABLE  VI 

Observations  of  Color 
(Stars  not  included  in  Table  VIII,  mostly  of  low  weight) 


No. 

Conlr.  Q7 

Exposure  Ratios 

fn          e 

H.A.  48 

Pg. 

^m 

No. 

^e 

No. 

126 

139 

142 

143 

146 

154 

159 

163 

164 

172 

202 

205 

214 

215 

218 

258 

283 

295 

301 

336 

342 

368 

15-58 
15-30 
14.60 

16.35 
14-52 

14-95 
15.20 

15-13 
16.02 

13-85 
16.12 

15-97 
15-39 
15-47 
15-47 
16.07 

14.87 

15-57 
16.23 
14.92 
14-86 
15-78 

0-93 
1-34 
0.89 
0.84 
0.96 

0.59 
0.70 
1.20 
0.99 
1. 61 
0.71 
0.89 
0.73 

"1 
1.36 

0.85 

1-37 
0.64 
0.66 

0.95 
0.77 
1.30 

2,    4 
2,    7 
2,11 

7,  2 
2,10 

8,  9 

16,  4 

1,  3 
18,   5 

2,  I 

27,  4 
II,   4 

9,  7 
10,   3 

17,  8 
6,   4 

28,  3 
32,   5 
26,    2 

26,   5 

26,  3 

2,   3 

1.08 
1.20 
0.72 
0.68 
0.62 
0.48 
0.79 
0.82 
0.86 

1.38 
0.78 
0.78 
0.48 
1-34 
1.38 
0.64 
1.24 
0.66 
0.74 
0.77 
0.64 
1 .  21 

3 
4 
5 
7 
5 
5 
3 
3 
3 
4 
3 
3 
3 
3 
10 

3 
4 
8 

3 
5 
5 
3 

-15 

+  14 
+17 
+16 

+34 
+  11 

-  9 
+38 
+  13 
+  23 

-  7 
+  11 
+  25 
+44 

-  2 
+  21 

+  13 

-  2 

-  8 
+  18 
+  13 
+  9 

color-indices,  and  of  Cg  (nineteenth  column).  Well-observed  stars 
usually  show  a  satisfactory  agreement,  although  there  are  some 
unexpectedly  large  values.  The  case  of  No.  345  (12.05)  has 
already  been  mentioned.  No.  427  (also  12.05)  should  also  show 
better  agreement  than  it  does.  A  similar  difference  for  No.  172 
(12.24),  on  the  other  hand,  is  not  at  all  surprising,  and  this  is  also 
true  of  the  four  differences  approximating  0.4  mag.,  all  but  one  in 
Table  VI.  These  latter  results  might  have  been  rejected  at  once 
because  of  imcertainty,  but  they  have  been  retained  to  show  that 
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the  values  already  published  in  Contribution  No.  97  are  open  to  sus- 
picion. Superficially,  one  would  expect  a  smaller  difference  for 
star  2  (5.28);  its  case  is  exceptional  in  that  the  values  of  log  E  for 
series  a  and  e  are  discordant  by  about  0.4  mag.,  owing  probably 
to  an  unfavorable  combination  of  neglected  plate  constants.  The 
persistent  negative  sign  shown  by  the  Polar  Sequence  stars  near 
the  fifteenth  magnitude  disappears  when  the  differences  for  the 
H.A.^^  stars  of  the  same  brightness,  in  the  latter  part  of  Table  VIII, 

TABLE  VII 
Comparison  of  Color-Indices  from  Magnitudes  and  from  Exposure  Ratios 


Pv.  Mag. 

Series  a 

Series  a-f 

^m-^e 

No.  Stars 

No.  log  E 

m        € 

No.  Stars 

No.  log  E 

30 

5-4 

6.5 

8.0 

95 

10.4 

II.  I 

12.4 

n,.K 

mag. 
-f-0.02 

+       3 
0 

-  5 

-  8 

-  I 
+       I 
-ho.  04 

2 

4 

5 

5 
6 

5 
6 
8 

42 
21 

14 

25 

65 
ri2 

51 
109 

mag. 
-0.03 

+       3 
0 

—  7 

—  9 

—  I 

—  I 
+       3 
+       3 
+        I 

—  I 

+       3 

—  0.02 

2 
4 
5 
5 
6 

5 
5 
14 
22 
28 
40 
31 
49 

46 
36 
34 
39 
103 
217 

143 
379 
216 

14.  ^ 

167 

I*;  .4. 

105 
68 

16.2 

16.0 

59 

Sums.  .  . 

41 

439 

216 

1,612 

are  also  taken  into  account.     The  systematic  difference  near  the 
ninth  magnitude  is  discussed  in  the  following  section. 


3.      CORRECTIONS   TO   PHOTO-VISUAL   SCALE 

It  should  be  repeated  that  the  two  methods  of  deriving  color- 
indices  are  independent,  and  that  the  values  obtained  from  log  E 
are  essentially  free  from  differential  errors  in  the  magnitude  scales, 
as  may  be  seen  from  the  limits  of  brightness  for  the  stars  included 
in  the  normal  points  of  Table  IV  (fourth  column).  The  values 
of  the  differences  C^-  Ce,  when  combined  into  means  for  groups  of 
stars  within  narrow  limits  of  magnitude,  should  therefore  indicate 
the  relative  error  in  the  scales.     Since  the  photographic  scale  may 
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be  accepted  as  substantially  correct,  it  follows  that  the  means  may- 
be regarded  as  corrections  to  the  original  photo-visual  scale  of 
Contribution  No.  97. 

Table  VII  shows  the  results  found  in  this  manner,  both  pro- 
visionally from  series  a  and  finally  from  the  data  in  Tables  VI  and 
VIII  supplemented  by  the  faint  stars  appearing  in  series  /  alone. 
The  means  depend  upon  weights  approximately  proportional  to  the 
number  of  values  of  log  E,  unless  Cm  is  much  less  reHable  than 
usual.  Technically,  this  is  not  the  best  method  of  procedure,  but 
practically  the  final  dift'erences  are  httle  affected  by  the  system  of 
weighting  or  the  grouping.  It  is  noteworthy  that  the  provisional 
corrections  to  the  photo-visual  scale  given  in  the  second  column  of 
Table  VII,  as  far  as  they  go,  are  in  close  agreement  with  those  in 
the  fifth  column  based  upon  much  more  extensive  data. 

With  the  exception  of  differences  of  —0.07  and  —0.09  at  magni- 
tudes 8.0  and  9.5,  the  corrections  are  insignificant,  and  show  that 
within  very  small  limits  of  error  the  photographic  and  photo-visual 
scales  of  Contribution  No.  97  are  mutually  consistent  as  far  as  the 
seventeenth  photo-visual  magnitude  (about  18  photographic). 
The  two  discordant  points  indicate  a  small  local  systematic  error, 
but  its  source  cannot  certainly  be  located. 

The  investigation  with  the  lo-inch  refractor^  makes  a  negative 
correction  to  the  photo-visual  scale  rather  improbable.  At  the 
same  time,  the  exposure-ratio  observations  are  not  very  uniformly 
distributed,  and  some  of  them  may  be  systematically  affected  by 
neglected  plate  constants.  For  the  present  it  seems  best  to  let 
the  magnitude  scales  stand  as  they  are,  and  to  regard  the  results 
from  exposure  ratios  as  a  check  which  establishes  the  mutual 
consistency  of  the  scales  within  a  few  hundredths  of  a  magnitude. 

4.      COLLECTION   OF   RESULTS.      ADOPTED   MAGNITUDES 

The  various  results  on  the  magnitudes  and  colors  of  stars  near 
the  Pole  can  now  be  brought  together  and  combined  into  means. 
These  results  include:  (a)  the  original  determination  in  Table  IX 
of  Contribution  No.  97,  made  with  the  60-inch  reflector;    {b)  the 

^  Loc.  cil. 
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determination  with  the  lo-inch  Cooke  refractor,  in  Tables  III  and 
VI  of  Contribution  No.  234;  {c)  the  revision  for  the  reduction  of 
accidental  error,  discussed  in  section  i  above;  and  {d)  the  values 
of  the  color-indices  found  from  exposure  ratios. 

Assuming  the  photographic  scale  of  (a)  to  be  correct  between 
magnitudes  10  and  15,  (6)  confirms  the  photographic  scale  of  ic) 
between  magnitudes  6  and  14,  and  the  photo-visual  scale  between 
6  and  12;  {d)  shows  that  the  two  scales  are  mutually  consistent 
to  the  seventeenth  photo-visual  magnitude,  with  a  maximum  differ- 
ence of  0.09  mag.  at  the  ninth  magnitude. 

The  essential  details  of  the  combination  of  these  results  are  in 
Table  VIII.  The  stars  of  the  Polar  Sequence,  arranged  in  order 
of  photographic  magnitude,  are  given  as  far  as  Nos.  35  and  165, 
where  the  revisions  cease.  The  latter  part  of  the  table  includes 
30  additional  stars  in  order  of  the  H.A.  48  number. 

The  data  in  the  first  three  and  the  eighth  and  ninth  columns  are 
copied  directly  from  Table  IX,  Contribution  No.  97.  The  results 
from  {b)  are  in  the  fourth  and  fifth,  and  tenth  and  eleventh  columns, 
and  have  been  transcribed  directly  from  the  last  two  columns  of 
Tables  III  and  VI,  respectively,  of  Contribution  No.  234.  Those 
from  (c)  are  in  the  sixth  and  seventh,  and  twelfth  and  thirteenth 
columns,  and  have  been  taken  from  Table  I  above.  The  algebraic 
signs  are  such  that  when  the  differences  are  added  algebraically  to 
the  magnitudes  of  Contribution  No.  97  they  give  the  results  of  the 
various  revisions. 

The  final  magnitudes  are  in  the  fourteenth  and  fifteenth  columns. 
These  are  the  means  of  the  results  in  columns  two  to  seven,  and 
eight  to  thirteen,  respectively,  weighted  according  to  numbers  of 
values  involved  in  each,  excepting  that  the  polar-comparison 
values  for  star  22  have  received  half  the  usual  weight.  Resulting 
color-indices,  Cm,  and  the  total  numbers  of  observations  are  in  the 
sixteenth  and  seventeenth  columns.  The  results  from  exposure 
ratios  in  the  eighteenth  and  nineteenth  columns  have  already  been 
discussed. 

With  the  exception  of  the  stars  in  Table  IX  of  Contribution 
No.  97  not  included  in  the  revision,  which  stand  as  they  are, 
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Table  VIII  above  summarizes  all  of  the  work  done  at  Mount  Wilson 
on  the  magnitudes  and  colors  of  stars  near  the  Pole.  The  table 
itself  gives  httle  indication  of  the  labor  which  Hes  behind  it,  the 
great  burden  of  which  in  the  measurement  and  reduction  of  the 
plates  has  fallen  upon  Miss  Richmond  and  Miss  Joyner  of  the 
Computing  Division.  I  am  deeply  indebted  to  them  for  their 
part  in  an  investigation  which  could  not  have  been  completed 
without  generous  assistance. 

Mount  Wilson  Observatory 
March  1922 


ON  THE  SPECTRUM  OF  NEUTRAL  HELIUM' 

By  LUDWIK  SILBERSTEIN 

ABSTRACT 

Quantum  theory  of  spectrum  lines  of  neutral  helium. — No  attempt  has  hitherto  been 
made  to  account  for  any  of  these  lines  because,  since  the  neutral  atom  has  two  electrons 
besides  the  nucleus,  the  theoretical  explanation  is  generally  supposed  to  depend  on 
the  solution  of  the  problem  of  three  bodies.  But  while  we  do  not  possess  a  general 
solution  of  this  problem,  particular  solutions  arc  known  and  it  is  of  interest  to  see 
what  results  they  gi\c.  For  the  case  of  permanent  coUinearity  of  the  three  bodies, 
we  get  a  spectral  formula  of  the  Balmer  type,  v  =  {^()N /%)  {i/n'—i/m^),  but  this 
represents  none  of  the  observed  lines.  If,  however,  we  assume  that  the  mutual 
perturbation  of  the  electrons  is  negligible,  the  formula  comes  out  tf  =  .\N[i/n\—\/m\ 
+  i/«2— i/wll;  and  if  the  proper  integral  values  are  taken,  up  to  o  for  the  w's  and 
up  to  32  for  the  w's,  this  formula  gives  84  out  of  the  11 1  observed  lines,  in  general 
within  a  fraction  of  an  angstrom.  Although  the  resulting  classification  does  not  cor- 
respond to  the  usual  series  arrangement,  the  success  of  the  formula  suggests  that 
the  force  between  intra-atomic  electrons  may  be  much  less  than  that  given  by  the 
Coulomb  law. 

It  is  but  too  well  known  that,  up  to  the  present,  the  quantum 
theory  of  spectrum  emission  has  proved  utterly  unable  to  deal  satis- 
factorily with  any  spectra  but  those  of  atomic  hydrogen  and,  what 
essentially  is  the  same  thing,  of  ionized  helium.  It  being  generally 
admitted  that  the  neutral  helium  atom  consists  of  a  nucleus  and 
two  electrons,  the  notoriously  prohibitive  nature  of  the  general 
problem  of  three  bodies  was  invoked  by  the  leading  spectroscopists 
as  a  sufficient  excuse  for  not  as  much  as  attempting  to  account 
theoretically  for  a  single  one  out  of  the  hundred  and  odd  lines 
observed  in  the  emission  spectrum  of  that  element.'  The  more  so, 
of  course,  in  the  case  of  atoms  containing  three  or  more  electrons. 
But  though  it  be  true  that  we  are  as  far  as  ever  from  possessing  a 
general  solution  of  that  famous  problem  (not  Sundman's,  of  course) 
in  anything  like  a  practicable  form  for  the  purpose  in  hand,  yet 
some  particular  solutions  are  known,  simple  enough  to  be  treated 
at  once  by  the  quantitizing  method  of  modern  spectroscopy,  and 

'  Communication  No.  1^6  from  the  Research  Laboratory  of  the  Eastman  Kodak 
Company. 

'Thus,  e.g.,  Sommerfeld,  passing  from  hydrogen  to  neutral  helium,  appeals  to 
Goethe's  Faust  ("Hier  stock  ich  schon,  wer  hilft  mir  weiter  fort  ?")  and  concludes  the 
section  by  consoling  himself  with  the  fact  that  "so  also  were  the  astronomers,  in  spite 
of  centuries  of  attempts,  unable  to  solve  satisfactorily  the  three-body  problem." 
Alombau  und  Spektrallinien. 
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it  has  seemed  worth  while  to  try  the  possibiHties  in  this  direction 
and  thus,  perhaps,  to  break  the  spell  which  has  hitherto  paralyzed 
all  desire  of  attacking  the  non-hydrogenic  spectra. 

At  first  the  writer  thought  of  applying  the  well-known  particular 
solution  of  the  problem  of  three  bodies  given  by  Lagrange  as  long 
ago  as  1772.  But  the  corresponding  spectrum  formula,  which  is 
easily  deduced,  proved  impotent  to  cover  as  much  as  a  single 
observed  line  of  neutral  helium.  In  fact,  what  of  Lagrange's 
solution  remains  for  the  purpose  in  hand  is  the  case  of  permanent 
collinearity  of  the  three  bodies,  the  two  electrons  describing  (apart 
from  relativistic  refinements)  equal  and  coplanar  ellipses  around  the 
nucleus  as  one  of  the  foci,  with  overlapping  major  axes  and  the  other 
foci  situated  on  opposite  sides  of  the  nucleus.'  Each  electron  is 
then  easily  seen  to  move  as  if  it  had  only  the  charge  —  |  e  (instead 
of  —e)  and  as  if  the  other  electron  were  absent.  The  total  energy 
of  the  system  is  found  at  once  to  be,  with  a  as  major  semi-axis, 

7e^_     49     2ir^moe^ 

where  n'  and  n"  are  the  azimuthal  and  the  radial  quantum  numbers 
defining  any  stationary  state,  and  the  remaining  symbols  have 
their  usual  meaning.  Writing  n  =  n'-\-n"  for  the  total  quantum 
number  and  introducing  the  Rydberg  constant,  N  =  27r^moe*/ch^,  we 

have 

^^_49  ^4N/k 
32       n^ 

Bohr's  older  model  of  the  passive  (non-emitting)  He  atom  cor- 
responds to  the  case  n  =  n'  =  i{n"  =  6),  when  both  electrons  describe 
the  same  circle;  it  gives  E=  —\^-Nhc,  whence  also  the  familiar 
(and  somewhat  too  large)  ionization  potential,  which  need  not  de- 
tain us  here.  By  the  last  energy  formula,  with  n  for  the  final  and  m 
for  the  initial  quantum  number,  we  have  the  spectrum  formula 

8      \«^    my  ' 

'  This  is  but  a  special  case  of  any  number  of  equal  ellipses  distributed  symmetrically 
around  the  nucleus,  as  used  by  Lande  and  others  for  a  coarse  representation  of  the 
higher  atoms  for  X-ray  purposes. 
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which  is  of  the  simple  Balmer  type,  each  frequency  v  being  merely 
that  of  ionized  hcHum  magnified  j|  times.  Since  in  the  present 
case  there  is  no  wobbling  of  the  nucleus,  we  have  to  take,  instead 
of  the  usual  He  value,  N  =  N^,  i.e.,  about  109737  cm-'.  Ulti- 
mately, therefore,  the  spectrum  formula  corresponding  to  the  class 
of  collinear  solutions  becomes 

^=6721^0  — 

Now,  if  one  may  judge  from  a  week's  personal  experience  spent 
over  a  multitude  of  trials,  this  formula  does  not  cover  any  of  the 
observed  helium  lines,  at  least  as  tabulated  in  Fowler's  last  Report.^ 
The  nearest  "hit"  was  w  =  4,  w  =  7,  giving  Xair  =  3535,  but  even  this 
was  full  two  angstroms  below  the  nearest  observed  line  which  is  at 
about  X  =  3537.  Of  course,  one  felt  from  the  outset  that  by  such 
an  extremely  narrow  class  of  solutions,  as  are  the  collinear  ones, 
one  could  not  reasonably  expect  to  cover  more  than  a  very  small 
part  of  all  the  observed  lines,  perhaps  one  or  two  only.  But  the 
formula  refused  to  yield  a  single  one. 

In  fine,  the  collinear  solutions,  though  rigorous,  do  not  represent 
any  of  the  observed  lines  of  neutral  helium.^ 

Such  being  the  case,  the  idea  occurred  to  me  that  one  might 
perhaps  be  more  successful  with  some  broader,  though  only  approxi- 
mate, solutions  of  the  three-body  problem,  and  as  such  the  most 
simple,  nay  trivial,  class  of  motions  suggested  itself,  namely  those 
in  which  the  mutual  perturbation  of  the  two  electrons  is  practically  nil 
or  negligible.  At  first  the  idea  seemed  almost  repugnant,  through 
its  very  banality,  but  on  trial  it  proved  surprisingly  useful,  as  will 
appear  hereafter. 

As  a  matter  of  fact,  we  have  no  good  evidence  that  the  electrons, 
especially  as  trabants  of  the  nucleus  within  the  atom,  do  act  upon 
each  other  at  all,  and  some  bold  modern  physicist,  encouraged  by 
the  recognized  prohibition  to  radiate,  might  deny  the  electrons 

'  A.  Fowler,  Report  on  Series  in  Line  Spectra,  Phys.  Soc.  London,  1922,  pp.  93-94. 
I  have  taken  account  also  of  some  special  papers  quoted  by  Fowler. 

^  This  result  throws  even,  in  the  writer's  opinion,  a  flood  of  doubt  upon  the  admis- 
sibility of  Bohr's  older  model  of  the  passive  He  atom,  which  belongs  to  the  same 
class  of  solutions,  as  already  mentioned. 
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the  right  to  interact  while  they  are  busy  obeymg  the  orders  of  the 
central  body  driving  them  around  on  stationary  orbits.  But  it 
is  safer  to  put  the  restriction  as  above,  i.e.,  as  an  approximate 
assumption.  Whether  at  all  and  how  often  such  cases  of  practically 
negligible  mutual  perturbation  actually  occur  within  the  atom  of 
helium  (and  similarly  in  other  atoms),  cannot  be  decided  before- 
hand, but  only  by  experience.  If  the  corresponding  spectrum 
formula  works  and  covers  some  of  the  observed  lines,  it  can  be 
reasonably  inferred  that  such  comparative  independence  of  the 
electrons  does  occur,  statistically,  in  a  good  number  of  individual 
atoms.  If  no  lines  are  covered,  the  conclusion  will  be  that  such  a 
state  of  things  does  not  occur  at  all  or  only  very  sporadically. 

The  spectrum  formula  corresponding  to  this  class  of  motions 
can  be  written  down  at  once.  If  «i,  W2  (and  similarly  Wi,  m^  be 
the  total  quantum  numbers  of  the  first  and  the  second  electrons, 
the  total  energy  of  the  system  in  any  stationary  state  is  simply  the 
sum  of 

£1= ;—     and     L.— ;— . 

The  required  formula  is,  therefore, 


i'  =  4iV 


2  2  2  2    I     J  \^ ) 

n\    nl    ml    ml] 


where  n^,  etc.,  are  four  independent  integers,  fixing  the  final  and  the 
initial  state,  or,  introducing  a  conveniently  short  symbol  for  the 
bracketed  expression, 

/wi,  m2\  I     s 

v=\N\ — '- —  I.  (la) 

We  shall  also  speak  of  the  spectrum  line  having  this  frequency  as 
"the  line  ^1,^2/^1,^2."  This  formula  amounts,  obviously,  to 
putting 

v=Vx-\rVi,  (2) 

where  v^^v^.  are,  apart  from  a  possible  slight  difference  of  iV^,  the 
frequencies  of  any  two  lines  of  ionized  helium,  observed  or  only 
theoretical.     This  would  then  be  a  new  kind  of  the  combination 
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principle:  the  sum  of  frequencies  belonging  to  one  atomic  system 
(ionized  helium)  giving  the  frequency  for  another  system  (neutral 
helium). 

As  to  the  value  of  N,  it  is  certainly  not  rigorous  to  take  that 
found  experimentally  for  ionized  helium  or  that  (but  slightly  differ- 
ent) used  by  empirical  spectroscopists  for  neutral  helium.  To  be 
accurate,  somewhat  different  values  of  N  should  be  used  for  different 
lines,  according  to  the  nature  and  the  mutual  configuration  of  the 
two  pairs  of  orbits  (influencing  the  amount  of  wobbling  of  the  nu- 
cleus), and  these  being  unknown,  one  would  have  to  adopt  some 
statistically  computed  compromise  value.  But  such  niceties  may  be 
postponed  to  a  future  opportunity,  and  since  for  the  present  it  will 
be  enough  to  write  all  wave-lengths  to  four  or  five  figures,  we  shall, 
without  much  ado,  adopt  in  formula  (i)  the  value  A' =  109723.2 
used  for  He+  in  Fowler's  Report,  the  more  so  as  in  using  the  form 
(2)  it  will  be  convenient  to  take  directly  z^i  and  v^  as  given  by  Fowler 
(p.  95)  for  the  observed  frequencies  of  ionized  helium.  Thus  we 
shall  have  ultimately,  in  cm.~'. 

In  what  follows  Xo  will  be  written  for  the  wave-length  in  vacuo, 
the  reciprocal  of  v,  and  X  for  Xgir .  All  observed  values  will  be 
quoted  from  Fowler's  Report,  where  the  wave-lengths  are  in  LA. 
For  the  present  no  other  material,  scattered  in  special  papers  (and 
doubtful  as  to  the  origin  of  the  lines),  will  be  taken  into  account. 

Passing  now  to  try  out  the  formula  (3)  or  (2),  let  us  notice  that 
any  line  of  the  type  Wi,  Wa/w,  n  will  be  an  additive  combination 
of  two  members  of  one  and  the  same  series  of  ionized  helium.  But 
we  shall  have  also  interesting  cases  of  «i=|=«2,  when  the  addends 
belong  to  different  He+  series,  not  necessarily  both  observed,  and 
yet  give  rise  to  an  observed  He  line. 

Lines  of  the  type  m^,  m^/^.  2,  i.e.,  derivable  from  the  Lj-man 
series  of  He''',  need  not  detain  us  here,  since  they  all  fall  between  698 
and  498,  a  region  thus  far  not  sufficiently  explored. 

For  the  same  reason,  though  to  a  lesser  extent,  we  may  omit  for 
the  present  the  He  lines  derivable  from  Fowler's  or  the  principal 


124  LUDWIK  SILBERSTEIN 

series  of  He"*",  these  lines,  of  the  ty^&  mi,  ^2/  3,  3,  stretching  all 
beyond  1903  A  into  the  ultra-violet. 

Let  us,  therefore,  pass  at  once  to  lines  of  the  type 

nil,  ni2 
4,4 

i.e.,  derivable  from  the  Pickering  series.  We  can  now  use  directly 
the  formula  (2)  adding  up  pairs  of  Pickering  frequencies.  Thus, 
and  writing  (5),  (6),  etc.,  for  the  values  of  Wi  or  Wa,  we  find  the 
following  interesting  results : 

5^14  (5)   9875-1 

4,4  (14)  25191.8 

"=35,067;  .-.  Xo=285i.7 

-0.8 


X=285o.9; 


the  nearest  line  observed  (Fowler,  p.  94)  has  X  =  2851,  and  is  tabu- 
lated among  the  combination  lines  of  neutral  helium; 

5,  20  (5)       9875-1 

4,4  (20)  26333.6 

^=36,209;  X=276i. 8— 0.8=2761.0, 

nearest  line  observed  for  He  {loc.  cit.)  X  =  276i; 

5,  25  (5)      9875-1 

4,4  (25)  26728.7 

^^  =  36,604;  X=2732. 0-0. 8=2731. 2, 

nearest  line  observed  for  He  {loc.  cit.)  X  =  2732. 

These  three  agreements  are  remarkably  close.     The  next  but 
one  theoretical  line  is 

i'  =  4iVr'^f^j  =36,713.3;  X  =  2723. 8-0. 8=  2723.0, 

the  nearest  He  line  {loc.  cit.),  observed  by  Merton,  being  X  2722. 

Notice  that  we  could  take  also  Wi  =  W2,  which  would  mean 

simply  doubling  the  frequency  of  a  Pickering-series  member,  i.e. 
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taking  Vi  =  v,.  But  none  of  these  theoretical  lines  m,  w/4,  4  fits  an 
observed  He  line,  even  the  nearest  hit  (5,5/4,4)  with  1^  =  19,750 
being  too  distant  from  the  observed  He  line  1^  =  19,931. 

We  will  thus  content  ourselves  with  the  three  or  four  good  results 
derived  from  the  Pickering  series  alone,  and  pass  on  to  consider  a 
few  lines  of  the  type 

i.e.,  combinations  of  the  members  of  the  Pickering  series  with 
those  of  a  purely  theoretical  He+  series  Vi  =  ^N{i/ $^—  i/mi"),  never 
observed.  Notwithstanding  the  latter  circumstance,  neutral  helium 
shows  at  least  three  lines  agreeing  admirably  with  the  theoretical 
lines  of  this  type.     In  fact,  we  have,  always  by  formula  (3), 

^-^j  =  0.0623765,  i'=27,377,  X=3652. 8-1. 0  =  3651. 8, 

the  nearest  observed  He  line  being  3652.0,  tabulated  in  the  sharp 
doublet  series.     Next, 


^flY 


=  0.0712620,  i/  =  3i,276,  X=3i97. 3-0. 9  =  3196. 4, 

the  nearest  observed  He  line  being  3196.7    (principal,    iS  —  mP, 
loc.  cit.),  and  finally, 

-^)  =  o.o7i952i,  ^=31,579,  X  =  3i66. 6-0. 9  =  3165. 7, 
5>  4  / 

which  covers  the  observed  He  line  3166  (combin.,  loc.  cit.).     [See 
also  the  combination  (4. 15/3.6)  in  the  table  below.] 

To  close  this  preliminary  report  on  well-fitting  lines  it  may  be 
well  to  quote  at  least  two  examples  in  which  both  of  the  addends 
{vi  and  v^  are  purely  theoretical.     The  first  of  these  is 

^—j  =0.0509467,  j/=22,36o,  X  =  4472. 25-1. 25  =  4471. 00, 
5>  5  / 

with  the  nearest  observed  He  line  at  X  =  447 1.48  (diffuse  doublet 
series,  loc.  cit.,  p.  93),  and  the  second,  which  has  seemed  interesting 
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as  it  concerns  an  infra-red  line, 


.    ..     =0.0110658,     i/  =  4856.7, 

which  agrees  fairly  well  with  the  observed  He  line  (sharp,  iP  —  mS) 
at  j/  =  4857.3. 

Whether  these  nine  or  ten  lines  of  neutral  helium  can  also  be 
covered  by  some  other  pairs  of  initial  and  final  states  of  the  system, 
in  which  the  interaction  of  the  electrons  is  taken  into  account,  must 
for  the  present  remain  an  open  question.  For  no  such  solutions 
are  known  or  likely  to  be  forthcoming  soon.  In  the  meantime  one 
would  be  justified  to  conclude  from  these  results  that  there  is  a 
good  deal  of  mutual  independence  of  the  two  electrons  within  the 
radiating  helium  atom,  which  is  particulary  surprising  in  the  case 
of  such  small  orbits  (of  both)  as  those  corresponding  to  the  quantum 
number  4.  A  quantitative  estimate  of  the  perturbations  to  be 
expected  on  the  ordinary  repulsion  law  between  the  electrons, 
together  with  possible  conclusions  concerning  those  theoretical 
lines  that  do  deviate  from  the  observed  ones  by  a  few  angstroms, 
will  occupy  our  attention  in  a  future  publication. 

In  much  the  same  way  one  could  try  to  cover  some  lines  of 
lithium  (without  awaiting,  of  course,  an  amputation  of  two  of  its 
three  limbs  or  electrons)  by  three  pairs  of  terms,  i.e.,  by  the  formula 
v  =  gN{mi,  W2,  m^/tii,  W2,  n^),  and  some  spectrum  lines  of  the  higher 
atoms  by  four,  five  and  more  pairs  of  terms.  But  the  larger  the 
number  of  electrons,  the  less  likely  are  the  states  of  their  compara- 
tive independence.  Moreover,  the  larger  the  number  of  indepen- 
dent term  pairs,  the  less  convincing  will  be  even  a  thorough  fitting, 
so  that  it  does  not  seem  worth  while  to  push  the  procedure  much 
beyond  lithium.  At  any  rate  the  case  of  neutral  hehum  has  seemed 
the  most  interesting  one,  and  an  analogous  treatment  of  lithium  is 
now  in  progress. 

Rochester,  N.Y. 
July  4,  1922 

ADDENDUM 

Since  the  foregoing  was  sent  to  the  Editors  of  the  Astrophysical 
Journal,  I  have  subjected  all  the  observed  spectrum  lines  of  neutral 
helium  to  a  kind  of  arithmetical  sieve  which  enabled  me  to  sweep 
the  field  with  comparative  ease.     The  result  was,  much  to  my  own 
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surprise,  that  practical!}'  the  whole  spectrum  of  helium  is  covered 
by  the  proposed  formula 


\  Hi'n2 

in  the  majority  of  cases  within  a  fraction  of  an  angstrom,  the  same 
value  N,  namely  109723.2,'  being  used  throughout. 

The  numerical  results,  ordered  for  the  present  according  to  the 
total  quantum  numbers  defining  the  final  slate  {iii-n^,  are  given  in 
the  following  tables,  with  the  calculated  and  the  observed  wave- 
number  V  in  the  second,  and  the  excess  5X  of  the  calculated  over  the 
observed  wave-length,  in  angstroms,  in  the  third  column.  The 
last  column  gives  the  empirical  qualifications  of  the  observed  lines, 
with  the  abbreviations 

P=principal,  S  =  sharp,  D  =  difTuse,  F  =  fundamental,  d  =  doublet  system, 
s  =  singlet  system,  C  = '"combination," 

and  with  the  intensities,  where  available,  expressed  by  the  bracketed 
numbers.  The  whole  observed  material  is  taken  from  Fowler's 
Report,  already  quoted,  with  the  only  addition  of  v  21866  (X  4572), 
observed  by  Stark  in  a  strong  electric  field, ^  thus  making  a  total  of 
III  observed  lines.  The  initial  and  final  orbit  numbers  are  given 
in  the  first  column.  Spectrum  lines  of  the  type  {m/n)  can  mani- 
festly be  interpreted  as  corresponding  either  to  a  jump  of  one 
electron  from  m  to  n,  while  the  other  electron  remains  on  any  sta- 
tionary orbit,  or  else  as  corresponding  to  a  jump  of  one  electron 
from  m  to  any  integer  x,  and  of  the  other  electron  from  x  to  w, 

m\      /m'x\      /nt'X 


^n  I  \n'X/  \x"n  ^ 
Such,  for  instance,  is  the  line  (6/3),  written  {6-n/^'n),  and  simi- 
larly for  the  remaining  five  lines  of  this  type.  They  are  interesting 
inasmuch  as  they  might  also  be  produced  by  ionized  helium,  as  far 
as  mere  arithmetic  goes.  All  other  lines  are  of  the  irreducible  t^-pe 
Wi'Wz/Wi'Mz-  That  the  classification  according  to  Wi,  »2  lacerates 
the  usual  empirical  classification  (principal,  sharp,  etc.)  may  be 
regrettable  but  need  not  detain  us  here.     Moreover,  now  and  then, 

'  This  was  fixed  provisionally  and  may  still  be  slightly  retouched,  but  not  until 
one  comes  to  consider  the  relativistic  refinements  and  the  dynamics  ot  the  wobbling 
of  the  nucleus. 

'  Annalen  der  Physik.,  56,  577,  1918. 
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TABLE  I 


flftti 

V  calc. 
v  obs. 

s\ 

v  calc. 
vobs. 

s\ 

13. n 
4.n 

24,834 
24,830 

26,076 
26,078 

26,524 
26,526 

26,781.5 
26,781.6 

26,943 
26,938 

-0.6 
+0.4 

+0.3 

+0.01 

-0.7 

D.d. 

(5) 
D.s. 

(i) 
D.s. 

(i) 
S.d. 

w 

C.d. 

8.15 

4-5 

36,178 
36,171 

-0-5 

P.d. 

(2) 

18.  n 
4.n 

22. n 
4-n 

26. n 
4.n 

30. n 

5-14 
4.6 

5-i6 
4.6 

715 
4.6 

II. 15 

19,827 
19,824 

20,352 
20,358 

28,715 
28,716 

34,045 
34,050 

35,346 
35,337 
36,015 
36,000 

37,078 

37,079 

37,341-6 

37,342-7 

37,695 
37,683 

-0.9 

+  1-5 
+0.1 

+  0-S 

-0.7 
—  1.2 
+0.1 

+0.1 
-0.9 

C.s. 
C.s. 
S.d. 

4.n 

4.6 
II  .26 

C.d. 

4-9 

33,472 
33,480 

37,536 
37,5375 
37,794 
37,798 

+0.6 
+0.1 
+0.3 

C.d. 

P.d. 

(i) 

P.d. 

P.d. 

35 
4.18 

4.6 
12.28 

(4) 

3-5 
4.  20 

4.6 
16.23 

C.d. 
P.d. 

3-5 

4.6 
17.24 

(i) 

4- 1'> 

31,576 
31,576 

0.0 

C.d. 

P.d. 

3-6 

4.6 
20.23 

(i) 

28,053 
28,058 

28,577 
28,574 

+0.7 
-0.4 

S.d. 

(i) 
D.d. 

(i) 

P.d. 

4.14 
3-7 
4.16 
3-7 

4.6 

6. 10 

4-7 

8.19 

4-7 

8.25 

4-7 

8.26 

4-7 

8.27 

4-7 

8.28 

4-7 

9.14 

4-7 
9.26 

4-7 
15-30 

19,807 
19,805 

28,314 
28,316.5 

28.827.9 
28,827. 

28,881 
28,883 

28,928 
28,921 

28,970 
28,977 
28,730 
28,736 
30,320 

30,324 
33,950 
33,945 
35,399 
35,401 

-0.5 

-0-3 

0.0 

+0.3 

-0.8 

+0.8 
+0.6 
+0.4 
-0.4 
+0.. 

S.s. 
(2) 

5-18 
3-8 
425 
3-8 

4.19 
3-8 

36,713 

36,711 

27,490.6 

27,4893 

26,977.0 

26,982.4 

-015 
—0.  2 
+0.7 

P.d.        i 

(i) 

C.d. 

D.d. 

(3) 

D.d. 

(i) 

C.s. 

D.d. 

(i) 

D.d. 

(i) 

C.s. 

D.d. 

(i) 
P.s. 

514 
4-4 
5.20 
4-4 

5-25 
4-4 

35,067 
35,064 
36,208.7 
36,203 

36,603 
36,592 

-0.2 

0.0 
-0.8 

C.d. 
C.d. 

C.d. 

6.9 

27,377 
27,374 
31,276 
31,274 

-0.35 

s.d. 

(i) 

P.s. 

(i) 
P.d. 

45 
6.17 

4-7 
28.32 

(6) 

4-S 

03 

(i) 

4-7 

C.d. 
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TABLE  I— Continued 


m. 

•  Wlj 

nfta 

7.18 

4 

8 

9 

12 

4 

8 

9 

18 

4 

8 

9 

20 

4 

8 

9 

21 

4 

8 

9 

27 

4 

8 

10 

II 

4 

8 

10 

14 

4 

8 

10 

18 

4 

8 

10 

20 

4 

8 

II 

14 

4 

8 

12 

13 

4 

8 

12 

14 

4 

8 

13 

28 

4 

8 

14 

14 

4 

8 

14 

18 

4 

8 

16 

20 

4 

8 

16 

19 

4 

8 

II 

24 

•  calc. 
Kobs. 


23 

23 

25 
25 

27 
27 

27 
27 

27 
27 
28 
28 

26 
26 

27 
27 
28 
28 

28 
28 

28 
28 
28 
28 

29 
28 

31 
31 

29 
29 
30 
30 

31 
31 

31 
31 


28 
28 


977 
980 

822.5 
820.5 

516 
508 

773 

775 

874.9 

874.1 

268 

266 

272 

269 

661 

665 

545  o 

544-4 

802 

795 

422.3 

422.6 

644 
640 
001 
997 
132 
129 

810 
802 

695 
687 

476.9 

472.4 

358 
361 


460.0 
461 .6 


&\ 


+0.5 
-0.3 
-0.9 
+0.2 
—  o.  I 

-0.3 

-0.6 

+0.6 

—0.07 

-0.8 

+0.04 


-0-5 
-0.3 
-0.9 
-1.4 

-0.45 
+0.3 


+0.  20 


S.s. 

(i) 

D.s. 

(i) 
D.d. 

(2) 
S.d. 

(i) 

C.d. 

S.d. 

(i) 
D.s. 

(i) 
P.s. 

(3) 
S.d. 

(i) 
D.d. 

(0 
s.d. 

(i) 
S.d. 

(i) 
P.s.l 

(2) 
P.s. 

(1) 

p.s. 

(l) 

p.s. 

(l) 

p.s. 

P.d. 

(8) 


D.d. 

(i) 


6.16 
5.5 
6.28 
5-5 

hll 

5.5 

7   19 

5-5 

7.21 

5-5 

7-25 

5-5 


8.24 

5.6 

10.  20 

11.22 

12.27 

T^ 
13-20 

5.6 
13.22 

5.6 

13  24 

5.6 
14. 20 

14.  21 

15-15 

5-6 

18.24 
5-6 


20.25 
5-7 

22.24 
5-7 


'calc. 
Kobs. 


21 
21 
22 
22 
22 
22 

24 

24 

25 
25 


22 
22 

24 
24 

25 
25 
26 
26 

26 
26 

26 
26 

26 
26 

26 
26 

26 
26 

25 
25 

27 
27 


24 
24 

24 
24 


205 -5 
210.8 

360.1 

357-7 

527  4 
518. 6 

938-6 
935-2 

159 

157 

452 
460 


128 

125 

261 . 1 

260.3 

213 

215 

098 

103 

053 
047 

244 
247 

388.4 
395-2 

411 

413 

513-0 

513-7 

846.0 

848.9 

630.6 
632 


713 
710 

843 -9 
843  -  96 


6\ 


+  1-2 


— o. 


+0.3 


-0.5 


—  o. 


+  1-3 


-0.5 
—  o.  16 

+0.3 

+0.85 

-0.9 
+0.3 

+1.0 

+03 
+0.1 

+0.4 

+0., 


-0.6 


+O.OI 


s.d. 

(i).  (3) 

D.d. 

(6) 
S.s. 

(i) 
D.s. 

(i) 

C.s. 

D.s. 

(i) 


C.d. 

S.d. 

(3) 

P.s. 

(4) 

C.d. 

S.s. 
(i) 

C.s. 

S.s. 

(i) 

D.s. 

(i) 
S.s. 

(i) 

S.d. 

(i),  (2) 

C.s. 


C.d. 

S.s. 

Ci) 
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TABLE  I — Continued 


nti'Wi 

v  calc. 
v  obs. 

8\ 

Wi»  Wj 

V  calc. 
vobs. 

S\ 

tii'tti 

til- til 

14.14 
5-8 

19,935 
19,932 
21,869 
2 1  ,  866 

22,804 

22,802 

-0.9 

-0.7 
-0.6 

P.s. 

(6) 

C* 
C.s. 

9.24 
6.7 

14,968 
14,970 

+  0.9 

D.s. 

(6) 

16.23 
5-8 

22.25 
5-8 

10.15 

7-14 

4856.7 
4857 -3 

61' 
-0.6 

P.s.  (20) 
also  S.s. 

23.11 
8.9 

7819.2 
7819-9 

Sp 
-0.7 

9-15 
6.6 

17,014.0 
17,014-3 

+  0.1 

D.d. 

(i),  (10) 

F.d. 
(i) 

*  Line  X  4572  observed  by  Stark  in  an  electric  field  of  28500  volt/cm.  Not  contained  in  Fowler's 
Report. 

a  good  portion  of  an  empirical  series,  such  as  "P.s."  at  «i-W2  =  4.8, 
reasserts  itself. 

These  are,  thus  far,  84  different  observed  lines  of  helium.  Of 
the  27  observed  lines  thus  left  unaccounted  for  the  infra-red  ones 
could  not,  up  to  the  present,  be  covered  within  less  than  5v  =  ^  10, 
without  exceeding  n  =  g  for  the  final  orbits.  Of  the  remaining 
lines  I  have  thus  far  succeeded  in  covering  a  few  more  within  less 
than  2  angstroms,  while  fourteen  show  a  difference  of  2  to  3,  and 
one  of  about  5  angstroms.  The  corresponding  numerical  details 
may  be  omitted  for  the  present. 

Thus,  to  say  the  least,  over  eighty  out  of  the  1 1 1  observed  lines 
of  He  are  well  represented  by  the  aforesaid  formula  whose  struc- 
ture is  such  as  if  the  two  electrons  did  not  influence  each  other  at  all, 
each  being  acted  upon  only  by  the  nucleus. 

At  first  one  might,  perhaps,  expect  this  formula  to  represent 
only  such  lines  as  correspond  to  a  passage  from  an  initial  to  a  final 
state  in  both  of  which  the  two  electrons  are  on  the  whole  so  distant 
from  each  other  that  their  initial  energy  required  by  the  Coulomb 
law, 

^=e'/r^2, 

is  negligibly  small.  If  this  were  so,  then  the  well-fitting  cases 
would  be  simply  as  many  approximate  solutions  of  the  three- 
bodies  problem  in  its  sanctioned  form  (Coulomb's  law  for  each 
pair),  and  there  would  be  nothing  very  surprising  in  those  coin- 
cidences.    But  this  is  by  no  means  the  case.     On  the  contrary, 
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the  energy  neglected,  or  rather  deliberately  disregarded  by  the 
writer,  in  all  these  cases  would  amount,  in  terms  of  v,  to  several 
thousand  units,'  and  the  amounts  neglected  in  the  initial  and 
the  final  states  by  no  means  compensate  each  other — and  even 
if  they  did,  the  considerable  force  of  interaction  would  in  each 
case  have  modified  thoroughly  the  orbits  themselves,  spoiling 
the  fitting  altogether.  If  there  is  at  all  any  repulsion  between  the 
two  electrons,  then,  to  make  it  compatible  with  the  eighty  results 
obtained,  it  can  scarcely  amount  to  more  than  one- ten- thousandth 
of  the  Coulomb  force.  To  say  the  least,  we  are  entitled  to  strongly 
suspect  the  validity  of  anything  like  the  usual  repulsion  law  between 
the  electrons  within  an  atomic  system.  Evidence  of  the  same 
kind  is  afiforded  by  the  spectrum  of  lithium  for  which  the  writer 
has  recently  found  several  remarkably  close  coincidences  with 

v^gNi 

to  be  described  at  an  early  opportunity.  As  a  matter  of  fact,  there 
is  (apart  from  a  few  slightly  defective  computations  of  ionization 
potentials)  no  experimental  evidence  for  the  Coulomb  repulsion 
between  intra-atomic  electrons,  anyhow.  On  the  other  hand  its 
denial  gave  us  a  huge  majority  of  the  spectrum  lines  of  helium,  not 
a  single  one  of  which  has  been  accounted  for  by  models  based  on 
such  a  repulsion  nor,  in  fact,  in  any  other  way. 

In  conclusion  it  may  be  well,  in  anticipation  of  possible  objec- 
tions, to  notice  that  the  results  obtained  can  by  no  means  be  ex- 
plained away  as  so  many  chance  coincidences.  In  fact,  a  laborious 
computation  of  all  the  theoretical  lines  of  the  aforesaid  type  with 
the  restriction  to  w<8  and  w<20,  which  need  not  be  reproduced 
here,  has  shown  that  the  probability  of  only  twenty  of  our  tabu- 
lated lines  (in  the  interval  v=  22,000  to  38,000)  hitting  the  observed 
lines  within  the  actual  bv  by  mere  chance  is  less  than  io~".  And 
if  some,  at  least,  of  the  remaining  sixty  items  are  taken  into  ac- 
count, the  odds  against  a  chance  hit  will  be  found  to  be  enormous. 

August  2, 1922 

•  E.g.,  for  states  such  as  (4.4)  it  amounts  as  a  simple  computation  will  show,  to 
more  than  13,500  waves  (units  of  v). 


THE  VARIABLE  DOUBLE  STAR  X  OPHIUCHP 

By  C.  H.  GINGRICH 

ABSTRACT 

Variable  double  star  X  Ophmchi. — ^From  direct  measurements  by  Hussey  and 
later  by  Van  Biesbroeck  it  is  known  that  the  two  components  of  this  interesting  sj'stem 
are  about  o".2  2  apart  and  were  in  a  nearly  north  and  south  line  in  1921,  and  that  the 
north  component  is  v^ariable.  During  192 1  van  Maanen  made  16  plates  to  deter- 
mine the  parallax,  which  came  out  o'' 000 ±0'' 007.  These  plates  have  since  been 
measured  in  declination  to  see  whether  any  displacement  of  the  combined  image  due  to 
the  variation  in  relative  brightness  of  the  components  could  be  detected.  With 
reference  to  exposures  made  near  a  maximum  of  the  combined  light,  a  mean  displace- 
ment of  about  o''i5  to  the  south  was  found  for  a  group  of  eight  exposures  made  about 
midway  between  maximum  and  minimum.  This  result  is  in  agreement  with  the 
previous  conclusions  mentioned  above.  On  the  plates  measured  there  was  no 
evidence  of  elongation  of  the  image. 

This  interesting  and  rather  exceptional  object,  whose  position 
for  1900  is  a  =  i8^33™24%  5=+8°44',  was  noted  as  variable  first 
by  Espin  in  1886.  It  is  included  in  the  list  of  variable  stars  in 
Harvard  Annals,  55,  22,  as  star  183308,  and  is  there  assigned  a 
range  in  magnitude  from  6.5  to  9.0  in  a  period  of  335  days.  Its 
spectral  classification  is  Md.  Subsequent  study  of  the  variability 
of  this  star  by  Mr.  Leon  Campbell  of  the  Harvard  College  Observa- 
tory based  upon  mean  light  curves  extending  over  the  interval 
from  the  year  1904  to  the  year  1921  indicates  that  the  range  is 
from  magnitude  6.7  to  8.8  in  a  period  of  337  days;  M  —  m  = 
189  days,  m—M=  148  days. 

Hussey  in  1900  discovered  that  this  object  is  a  double  star, 
the  components  being  separated  by  o!'2  2  in  position  angle  195? 2. 
It  appears  as  Hu  198  in  the  hst  of  double  stars  published  by  him 
in  the  Astronomical  Journal,  21,  35  (No.  485),  1900. 

Merrill,  without  realizing  that  the  star  was  double,  noticed  that 
the  spectrum  of  this  object  changed  to  such  an  extent  from  time  to 
time  as  to  suggest  that  there  were  two  sources  of  light,  and  that  at 
certain  times  the  one  predominated  and  at  other  times  the  other. 
Through  correspondence  with  Van  Biesbroeck,  of  the  Yerkes 
Observatory,  it  was  learned  that  in  his  program  of  remeasuring 

•  Contributions  from  the  Mount  Wilson  Observatory,  No.  238. 
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all  the  double  stars  discovered  by  Hussey  his  attention  had  been 
attracted  to  this  object  by  its  deep  orange  color,  and  that  he 
was  measuring  the  pair  and  observing  the  light  variation  for  the 
purpose  of  determining  which  of  the  components  was  responsible 
for  the  variation  of  the  pair  or  whether  both  components  were 
variable.  The  mean  results  of  six  measures  which  he  made  in 
1920  are 

1920.668     171?!     o''2i8. 

Later  Van  Biesbroeck  furnished  a  light  curve  of  the  pair  from 
estimates  of  magnitude  extending  from  July,  1920,  to  October, 
192 1,  covering  more  than  one  period  of  the  variable,  and  showing 
the  date  of  a  maximum  to  be  1921,  May  5.  He  also  deduced  the 
conclusion  from  estimates  of  relative  brightness  of  the  two  com- 
ponents that  the  "north  preceding  star  is  the  variable  one." 

In  May,  192 1,  van  Maanen  completed  a  series  of  plates  for 
determining  the  relativ^e  parallax  of  this  object,  and  from  them 
deduced  the  following  result: 

TT  =  o''oOO ± o'f 007,  IXa  =  0''000 ± 0''020. 

Van  Maanen  and  Merrill  suggested  that,  since  the  image 
is  undoubtedly  displaced  because  of  the  relative  change  in  bright- 
ness of  the  components,  it  would  be  desirable  to  measure  the 
plates  of  the  parallax  series  in  order  to  discover  the  amount  and 
direction  of  this  displacement  and  thereby  obtain  an  independent 
determination  of  the  distance  between  the  two,  and  also  an 
indication  as  to  which  was  varying. 

Since  the  plates  were  taken  within  the  period  during  which 
Van  Biesbroeck  made  his  measures,  which  show  the  stars  to 
be  nearly  in  a  north  and  south  line,  it  was  immediately  clear 
that  the  displacement  due  to  variation  in  magnitude  would  be 
almost  entirely  in  declination.  Consequently  the  plates  were 
arranged  for  measurement  with  the  stereocomparator  in  the 
same  pairs  that  van  Maanen  had  used  for  the  parallax  measures, 
but  were  measured  in  declination  instead  of  in  right  ascension 
as  he  had  done.  As  the  plates  had  been  taken  for  maximum  paral- 
lax displacement  in  right  ascension  they  were  of  necessity  extremely 
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unfavorable  to  parallax  determination  in  declination,  but,  as 
van  Maanen  had  already  shown  the  relative  parallax  to  be  very 
small,  this  feature  was  of  no  special  importance  for  the  present 
purpose. 

It  should  perhaps  be  stated  that  on  the  plates  measured 
there  was  no  eAddence  of  elongation  of  the  image  and  that  con- 
sequently the  settings  were  made  so  as  to  bisect  the  image  result- 
ing from  the  combined  light  of  the  pair. 

I  used  the  light  curve  derived  by  Van  Biesbroeck  for  obtain- 
ing the  magnitude  of  the  pair  at  the  times  when  the  several 
plates  were  taken  and  assumed  the  magnitude  at  minimum  to  be 
the  magnitude  of  the  invariable  component,  and  by  use  of  the 
formula 

log  b„=\og  6^-4/10  {n—m) 

given  in  Young's  General  Astronomy,  page  509,  constructed  the 
following  table  of  values: 

TABLE  I 


Plate  No. 


Ratic 

)  OF  Light  Intensity 

Date 

Combined 
Mag. 

Mag. 

Var./Inv. 

Inv. /Comb. 

1920,  May  15 

7-1 

2.98 

0.25 

7- 

25 

7.0 

3-37 

23 

7- 

Aug.    7 

8.0 

0.74 

58 

8. 

8 

8.0 

0 

74 

58 

8. 

20 

8.2 

0 

45 

69 

9- 

21 

8.2 

0 

45 

69 

9- 

22 

8.2 

0 

45 

69 

9- 

1921,  Apr.   13 

7.2 

2 

63 

28 

7- 

May     I 

7.0 

3 

37 

23 

7- 

13 

7.0 

3 

37 

0 

23 

7- 

2675 

2699 
2802, 
2814 

2819 
2831 
2846 
3083 
3100. 
3II2 


•  4 
•3 

•  9 
•9 

•5 
•5 
■S 
.6 

3 

•3 


By  using  data  determined  by  Campbell  and  by  Van  Biesbroeck 
it  was  found  that  the  star  was  at  maximum  brightness  on  1920, 
June  2,  and  1921,  May  5,  and  at  minimum  brightness  on  1919, 
November  25;  1920,  October  28;  and  1921,  September  30.  The 
mean  date  of  the  first  two  plates.  May  20,  is  only  thirteen  days 
before  the  maximum  of  June  2,  and  the  mean  date  of  the  last 
three,  April  29,  is  only  seven  days  before  the  maximum  of  May  5. 
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The  mean  date  of  the  remaining  five  plates,  August  18,  is  seventy- 
one  days  before  the  minimum  of  October  28. 

In  the  reductions  of  the  measures  the  factors  in  the  next  to  the 
last  column  in  Table  I  were  taken  to  represent  the  proportionate 
displacement  of  the  image  from  the  position  of  the  variable  star 
toward  the  position  of  the  invariable  one.  It  is  probable  that  the 
displacement  of  the  image  of  the  combined  light  due  to  variation 
in  one  of  the  components  does  not  take  place  rigorously  according 
to  the  law  implied  in  this  method.  However,  in  the  absence  of 
accurate  knowledge  at  this  point  this  assumption  is  the  best  which 
can  be  made  as  a  working  hypothesis. 

At  first  that  part  of  Van  Biesbroeck's  measured  distance 
between  the  stars,  namely  o''2i8,  indicated  by  the  assumption 
just  referred  to,  was  applied  to  the  measured  quantities  in  a  direc- 
tion consistent  with  the  conclusion  that  the  north  star  is  the 
variable  one,  and  the  residual  quantities  were  used  for  determining 
parallax  and  proper  motion  in  declination.  However,  because 
of  the  small  parallax  factors  already  referred  to  and  because  of 
the  short  interval  of  time  involved,  the  probable  errors  of  these 
determinations  were  so  large  as  to  make  the  values  entirely  unre- 
liable and  practically  meaningless.  Next  an  equation  was  formed 
for  each  pair  of  plates  with  the  distance  between  the  stars,  as  well 
as  the  parallax  and  proper  motion,  left  as  unknown.  The  same  fac- 
tors as  before  were  used  as  coefficients  of  the  unknown  distance  5. 
A  least-squares  solution  of  these  equations  led  to  the  following 
results: 

7r=— o'fo88±o'fo92;  m5=  —  o''o37±o''o2  2;  5  =  o'f348±o''o25. 

Inasmuch  as  this  computed  distance  differs  considerably  from 
the  distance  measured  di-rectly,  corrections  based  upon  the  com- 
puted distance  were  applied  to  the  plate  measures  as  before  and  a 
new  determination  of  the  parallax  and  proper  motion  made. 
The  results  were 

7r=  —  o'foi2=toTio2;  iJLi=  —  o''o30=to'foi5. 

These  values  of  tt  and  fXi  are  at  least  possible,  but  the  probable 
errors  make  it  unsafe  to  attach  very  much  weight  to  them,  espe- 
cially in  the  case  of  the  parallax  value. 
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It  was  then  decided  to  remeasure  the  plates  by  comparing 
each  available  exposure  with  a  given  exposure  chosen  as  the 
standard,  in  order  to  detect  the  displacement  from  this  standard 
position.  The  exposure  on  the  plate  numbered  3100  was  chosen 
as  standard  because  the  date  of  the  exposure,  192 1,  May  i,  so 
nearly  coincided  with  the  date  of  the  observed  maximum,  192 1, 
May  5.  In  all,  fifteen  exposures  were  compared  with  this  standard, 
and  equations  formed,  coefficients  for  x,  /X5  and  b  (distance)  deter- 
mined by  the  same  method  as  before  being  used.  The  following 
results  were  obtained: 

x  =  +o''oo2±o''o63;  ^5=  — o''ooi=*=o''oi2;  5=  — o''385±o''o24. 

The  value  of  the  parallax  agrees  well  with  that  obtained  by 
van  Maanen  by  measuring  these  plates  in  right  ascension,  as 
already  stated.  Even  though  the  time  interval  is  short  the  prob- 
able error  of  the  determined  proper  motion  is  small,  and  hence 
the  value  of  jus  may  be  relied  upon  with  some  degree  of  confidence. 
As  for  the  value  of  the  distance,  the  sign  shows  the  dis- 
placement to  be  to  the  south  of  the  standard  position,  and,  since 
the  standard  exposure  was  made  at  a  period  of  maximum,  a  time 
when  the  variable  star  was  dominant,  this  fact  furnishes  inde- 
pendent confirmation  of  the  conclusion  by  Van  Biesbroeck  that 
the  north  star  is  the  variable  one.  The  numerical  value  requires 
further  consideration.  The  displacements  obtained  from  the 
several  plates  are  shown  in  Table  II. 

TABLE  II 


Plate  Nos. 

Displacement 

Plate  Nos. 

Displacement 

-o':oi5 

-  -035 
+  -039 
+   -003 

-  .126 

-  -115 

-  .168 
—0  .190 

283I1— 3it)0 

— 0T154 

28313-3100 

-  -194 

-  .165 

2600.— "2  TOO 

2846,-^100 

2600^—2  TOO 

2846-,-^IOO 

-     .167 

^RoPr— 2  TOO 

^08^1-^100 

-  -035 

—  .002 

0 So 7,-2  TOO 

?o8^-.— ^100 

■^Rt  ■!  -—■J  TOO 

?ioo  —^100 

.000 

•?ii2  —^100 

—  0  .018 

\J                    ^ 

It  has  been  shown  that  the  relative  parallax  and  proper  motion 
of  this  object  are  very  small,  and  their  effect  in  displacing  the 
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image  is  therefore  negligible.  Hence  the  measured  displacements 
may  be  considered  as  due  to  the  relative  change  in  magnitude 
alone.  The  mean  displacement  of  the  first  four  and  the  last 
four  e.xposures,  all  of  which  were  made  very  near  to  a  period  of 
maximum  brightness,  is  — ofooS;  the  mean  displacement  of  the 
remaining  eight  exposures,  which  were  made  within  an  interval  of 
fifteen  days,  although  seventy-one  days  before  minimum,  is  — o!' 160. 
There  is  therefore  a  measured  displacement  of  —  o''i52  in  the 
interv^al  from  near  maximum  to  seventy-one  days  before  minimum. 
As  the  time  during  which  this  displacement  took  place  is  only 
one-half  the  interval  from  maximum  to  minimum,  one  might  be 
led  to  conclude  that  a  displacerhent  of  twice  this  amount  would 
result  from  plates  taken  at  minimum.  As  the  distance  between 
the  stars  obviously  cannot  be  less  than  the  measured  displacement, 
this  conclusion  would  indicate  a  distance  fairly  accordant  with 
the  computed  value  obtained  above.  Table  I,  however,  would 
contradict  such  a  conclusion  in  that  it  shows  that  on  the  mean 
date,  August  18,  of  the  second  group  of  plates  the  invariable  con- 
tributes more  than  twice  as  much  light  as  the  variable,  instead  of 
only  an  equal  amount,  as  would  seem  to  be  required  if  the  resultant 
image  is  to  have  a  position  midway  between  the  extremes. 

It  seems,  therefore,  impossible  to  reach  a  definite  conclusion 
because  of  uncertainty  in  two  respects:  first,  the  exact  magnitude 
of  the  invariable  star  upon  which  depend  the  relative  amounts  of 
fight  contributed  by  the  two  components  at  the  times  of  the 
exposures  and,  second,  the  effect  of  variable  intensities  upon  the 
position  of  the  resulting  image.  Both  of  these  difficulties  would 
vanish  in  a  case  in  which  we  knew  that  the  variable  was  entirely 
ineffective  at  minimum  and  completely  dominated  the  formation 
of  the  image  at  maximum,  and  if  we  had  one  series  of  plates  at 
maximum  and  another  at  minimum.  The  latter  condition  is 
not  fulfilled  in  this  instance,  and  it  is  probable  that  the  former  is 
not.  The  assumption  of  8.6  as  the  magnitude  of  the  invariable 
leads,  as  is  seen  in  Table  I,  to  the  conclusion  that  the  invariable  star 
is  responsible  for  one-fourth  of  the  total  light  at  maximum  and  for 
all  of  the  light  at  minimum.  It  does  not  seem  likely  that  the 
variable  becomes  so  faint  at  minimum  as  to  be  entirely  without 
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any  effect  in  the  formation  of  the  image  at  that  time.  Even 
though  it  may  contribute  a  part  of  the  light,  it  may,  however, 
be  such  a  small  percentage  as  to  be  ineffective  in  displacing  the 
measured  center  of  gravity.  In  that  case  the  computed  value  for 
the  distance  between  the  stars,  o''385,  would  be  too  large.  On  the 
other  hand  the  measured  displacement,  ©''152,  although  apparently 
more  than  half  the  distance  between  the  stars,  is  somewhat 
smaller  than  the  distance.  The  true  value  for  the  distance  would 
therefore  lie  between  these  two  limits.  A  number  of  suppositions 
might  be  made  which  would  lead  from  the  foregoing  conclusion 
to  a  value  almost  identical  with  the  value  obtained  by  Van 
Biesbroeck  from  direct  measurement.  We  may  therefore  say,  in 
conclusion,  that  this  investigation  shows  without  any  doubt  that 
the  north  star  is  the  variable  one,  and  if  it  does  not  confirm  the 
value  for  the  distance  between  the  stars  it  most  certainly  does  not 
contradict  it.  The  writer  expects  to  continue  the  study  of  this 
pair  by  securing  plates  at  maximum  and  at  minimum. 

The  suggestions  by  Mr.  van  Maanen  and  Mr.  Merrill  during 
this  work  were  of  great  help  and  were  thoroughly  appreciated  by 
the  writer.  Valuable  assistance  was  rendered  also  by  Mrs.  Marsh, 
of  the  Computing  Division,  who  checked  the  computations  in  the 
early  part  of  the  study. 

Mount  Wilson  Observatory 
May  1922 


PARALLAXES  OF  STARS  IN  THE  REGION  OF 

B.D.+31°643' 
By  C.  H.  GINGRICH 

ABSTRACT 

Diffuse,  irregular  nebula,  and  stars  around  B.D.+ji°64j — A  photograph  made 
by  Hubble  with  the  loo-inch  reflector  is  reproduced.  From  a  series  of  plates  taken  by 
van  Maanen  with  the  6o-inch  reflector,  the  parallaxes  and  proper  motions  of  20  stars 
with  reference  to  six  or  seven  among  them  which  appear  not  to  be  related  to  the  nebula, 
were  determined.  Five  of  these  have  color-indices  from  o.  74  to  o  95  in  excess  of 
normal  and  seem  to  be  involved  in  the  nebula.  The  mean  of  the  parallaxes  of  these 
five  stars  is  0^0095=^0'' 006.  This  is  therefore  taken  to  be  the  parallax  of  the  nebula, 
equivalent  to  a  distance  of  350  light  years  from  the  sun. 

The  star  B.D.+3i°643  is  of  special  interest  because  it  is 
apparently  imbedded  in  the  densest  part  of  a  diffuse,  irregularly 
shaped  nebula  extending  over  the  region  surrounding  this  star. 
The  photograph  of  this  region  published  herewith  is  reproduced 
from  a  negative  made  by  INIr.  Hubble  with  the  100-inch  Hooker 
telescope,  November  g,  1920,  and  kindly  loaned  to  me  for  this 
purpose.     The  exposure  time  of  this  negative  was  180  minutes. 

A  series  of  plates  of  this  same  region,  taken  by  Mr.  van  Maanen 
with  the  60-inch  reflector  as  a  part  of  his  regular  parallax  program, 
was  begun  in  December,  19 19,  and  finished  in  January,  1922. 
The  stars  which  appear  on  the  parallax  plates  are  numbered  on 
the  photograph  (Plate  I),  except  the  brightest  star,  whose  image 
was  too  large  for  measurement.  The  one  designated  as  tt  is  the 
star  B.D.-f  3i°643.  Mr.  van  Maanen  gave  me  these  plates  to 
measure  in  ordei  to  find  out  whether,  on  the  basis  of  the  parallaxes, 
the  stars  could  be  classified  in  two  groups,  the  one  containing 
those  stars  which  belong  to  the  nebula  and  the  other  those  which 
do  not. 

Another  basis  for  a  separation  into  such  groups  had  already 
been  suggested  by  Mr.  Hubble,  namely,  a  comparison  of  color- 
index  with  spectral  type.  He  had  noticed  that  in  the  case  of 
certain  of  the  stars  the  color-index  was  larger  than  would   be 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  239. 
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accounted  for  by  the  spectral  type,  which  led  hiin  to  the  conclusion 
that  the  excessive  redness  was  due  to  the  absorption  of  the  blue 
light  by  surrounding  nebulous  matter. 

In  Table  I  the  first  column  gives  the  numbers  assigned  to  the 
stars  on  the  parallax  plates  and  corresponding  to  the  numbering 
on  Plate  I;  the  second  and  third  columns  give,  respectively,  the 
distances  of  the  various  stars  from  the  central  star  in  right  ascension 
and  declination,  in  minutes  of  arc;    the  next  five  columns  were 

TABLE  I 


No. 

X 

y 

Photo. 
Mag. 

Spec- 
trum 

Observed 
Color- 
Index 

Normal 
Color- 
Index 

Color- 
Excess 

TT  (Mean) 

MaCMean) 

TT 

o.'o 
-14.8 

-  9.0 

-  7.6 

-  5-5 

-  5-2 

-  3-2 

-  2.7 

-  2.2 

-  2.1 

-  0.7 

-  0.5 
+    0.3 
+    0.7 
+    2.9 
+    3-2 

+  3-4 
+   7.1 
+   7.1 
+  11. 1 

o.'o 
+  7.7 

0.0 

-2.5 
-2.7 

-0.3 
—  2.2 

+  1.2 

+0.4 
+0.1 

-3-4 
+0.3 
-3-0 
+S.8 
+7.1 
+9.5 
+0.7 
-9.2 

+7.5 

9.07 

B6 

+0.65 

—  0  .14 

0.79 

-  8 
+  67 

-  17 
+   13 
+  31 
+  28 
+     8 
+     2 

-  14 
+  28 

+     5 

-  5 
+  32 

-  44 
+   24 
+   50 
+  100 

0 

-  36 
+  34 

-  14 

-  56 

-  34 
+   25 

-  10 

-  15 
+     4 
+    10 

-  5 
+   22 

-  5 

-  9 

+  75 

-  8s 

+  115 

+  75 
+  210 

+   15 

2 

3 

4 

5 

6 

7 

8 

II. 81 

10.19 

10.31 

12.32 

12.08 

14. 6± 

12. 14 

12.32 

11.42 

10.80 

14-5=*= 
14. 8± 

14.3=*= 
11.99 
14.0='= 
14.22 
9.40 

"m 

B8 

A2 
F2 

+    .59 

+    .42 
+    .48 
+    .71 
+    .65 

-  .07 

-  .07 
+    .07 
+    .48 

•49 
•55 
.64 
.17 

9 

lO 

II 

12 

13 

u 

15 

i6 

T  7 

Ai 
B9 
B9 
B9 

+    .82 
+    .71 
+    .92 
+    .80 

+    .03 

-  -03 

-  -03 

-  -03 

•  79 

•  74 
•95 
•83 

Ao 

+    .96 

.00 

.96 

i8 

ko' 

+  1  .02 
+  1.53 

—  162 

19 

+  1.48 

0.05 

+  29 

supplied  by  Mr.  Seares  and  Mr.  Hubble  from  material  now  being 
prepared  for  pubHcation  by  them;  the  last  two  columns  give 
the  final  mean  values  of  parallax  and  proper  motion  in  right 
ascension,  expressed  in  thousandths  of  a  second  of  arc.  These 
last  quantities  will  be  explained  more  fully  later. 

The  plates  were  arranged  in  pairs  and  measured  with  the 
new  stereocomparator  of  the  Mount  Wilson  Observatory  according 
to  the  method  developed  by  van  Maanen  and  fully  described 
by  him  in  Mount  Wilson  Contribution  No.  iii.  For  comparison 
stars  those  were  chosen  which,  according  to  the  color-index  cri- 
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terion,  had  no  connection  with  the  nebula.  As  was  to  be  expected, 
this  selection  resulted  in  having  as  comparison  stars  those  situated 
at  some  distance  from  the  nebula  and  consequently  located  at  con- 
siderable distances  from  the  center  of  the  plate.  It  was  accordingly 
advisable  to  use  quadratic  terms  in  the  reductions.  However,  as 
the  exclusion  of  the  stars  which  may  be  connected  with  the  nebula 
left  only  seven  stars  available  for  that  purpose,  the  six  plate 
constants  could  not  be  determined  with  great  accuracy.  Two 
other  solutions  were  therefore  made,  omitting  the  quadratic  terms. 
The  number  of  comparison  stars  in  the  first  solution  was  seven 
and  in  the  later  ones  six  and  four,  omitting  those  so  far  from  the 
center  as  to  show  unsymmetrical  images  on  some  of  the  plates. 

The  fact  that  the  number  of  comparison  stars  available  was 
small  is  probably  not  a  matter  of  mere  accident.  On  the  parallax 
plates  certain  regions  are  easily  noticeable  in  which  no  stars 
appear.  It  therefore  seems  likely  that  the  nebula  so  conspicu- 
ous in  certain  parts  of  the  field  extends  faintly  over  perhaps  the 
entire  region  of  the  parallax  plates  with  the  result  that  the  light 
of  the  fainter  stars  is  absorbed  or  scattered  by  it.  This  conclusion 
is  confirmed  on  the  basis  of  the  total  number  of  stars  on  the  parallax 
plates.  According  to  Groningen  Publications  No.  27,  the  total 
number  of  stars  would  indicate  that  the  faintest  stars  appearing 
are  of  magnitude  12.3  approximately,  whereas  as  a  rule  stars  as 
faint  as  magnitude  13.7  appear  on  the  plates.  In  other  words  we 
should  normally  expect  to  find  more  than  three  times  as  many 
stars  on  plates  at  the  galactic  latitude  of  this  field  as  are  actually 
found  on  these. 

Moreover,  as  will  be  seen  in  Table  II,  no  definite  classification 
of  the  stars  into  nebulous  and  non-nebulous  is  possible  on  the  basis 
of  the  parallaxes  found. 

The  values  of  parallax  and  proper  motion  in  right  ascension 
for  each  of  the  stars  from  each  of  the  three  reductions  are  shown 
in  Table  II.  The  first  values  resulted  from  a  solution  including 
quadratic  terms  and  using  stars  i,  2,  3,  7,  17,  18,  19  as  comparison 
stars;  the  second,  not  including  quadratic  terms  and  employing 
stars  2,  3,  7,  17,  18,  19  as  comparison  stars;    the  third  is  like  the 
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second  except  that  only  four  comparison  stars  were  used,  2,  3, 
7,  17-  The  results  are  expressed  in  thousandths  of  a  second 
of  arc. 

In  order  to  determine  the  weights  to  be  assigned  to  each  of  these 
sets  of  values  the  arithmetical  means  of  the  three  were  formed  and 
the  deviations  from  the  means  noted.  These  deviations  indicated 
that  weights  i,  i,  2  should  be  used.  Adopting  these  weights  the 
mean  values  of  x  and  jua  given  in  the  last  two  columns  of  Table  I 
were  obtained.  The  mean  probable  error  of  all  the  parallaxes  is 
=bo''oi3  and  of  all  the  proper  motions  is  dszo'loig.     These  values 
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are  unusually  large  because  stars  i,  16,  18,  and  11  are  more  than 
10'  from  the  center,  the  limit  usually  set  for  parallax  determina- 
tions, and  hence  not  well  suited  for  measurement.  Excluding 
these  stars  from  the  computation,  we  find  the  mean  probable  error 
of  the  remainder  of  the  parallaxes  to  be  zbo^'oog,  and  of  the  proper 
motions  dro.oio. 

A  direct  examination  of  the  original  negative  from  which  the 
accompanying  plate  has  been  made  would  indicate  that  the  stars 
numbered  i,  2,  3,  7,  14,  15,  17,  18,  and  19  are  not  connected  with 
the  nebula;  that  those  numbered  8,  13  are  probably  involved  in 
it;    and  that  those  numbered  tt,  9,  10,  11,  12,  16  are  apparently 
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enmeshed  in  it.  There  is  no  nebulosity  visible  about  the  stars  4, 
5,  6,  but  their  color-indices  are  such  as  to  lead  one  to  suspect  the 
presence  of  nebulous  matter. 

Selecting  from  Table  I  those  stars  which  to  all  appearances  are 
imbedded  in  the  nebula,  omitting  the  one  numbered  16  because 
of  uncertainty  due  to  its  distance  from  the  center  of  the  plate  and 
from  the  other  stars  of  the  group,  we  have  for  the  five  stars,  t, 
9,  10,  II,  12,  a  mean  relative  parallax  of  +©''0104.  Two  other 
stars,  those  numbered  3  and  6,  have  about  the  same  parallax  as 
the  mean  just  found.  The  latter,  as  already  stated,  should  prob- 
ably be  included  among  the  five  because  of  the  evidence  furnished 
by  its  color-index;  as  for  the  former,  no  evidence  of  connection 
with  the  nebula  or  with  the  group  is  indicated  other  than  that  of 
its  parallax. 

We  are  therefore  led  to  the  conclusion  that  the  mean  relative 
parallax  of  the  five  stars  and  hence  the  parallax  of  the  nebula 
of  which  they  almost  certainly  form  a  part  is  +o''oio4.  By 
applying  to  this  the  correction  of  —  o!'ooo9  derived  by  van 
Maanen^  to  reduce  it  to  absolute  parallax  we  find  as  the  absolute 
parallax  of  the  nebula  +o''oo95.  This  value  of  the  parallax  indi- 
cates a  distance  from  the  sun  of  about  350  light-years. 

The  very  bright  star  in  the  photograph  is  0  Persei.  Two 
determinations  of  the  parallax  of  this  star  have  been  made:  one 
at  the  Sproul  Observatory,  +©''035;  the  other  at  the  Allegheny 
Observatory,  +o''oo3.  The  mean  of  these  shows  a  value  not 
greatly  at  variance  with  the  parallax  found  for  the  nebula. 

The  double  star  4  and  5  is  listed  as  number  1832  in  Burnham's 
General  Catalogue  and  is  there  assigned  a  separation  of  11 ''14  in 
position  angle  i28?6.  Measures  extending  from  the  year  1868 
to  the  year  1903  show  no  change  in  either  of  these  quantities. 

The  central  star B.D. +3 1^643, designated  on  the  plates  used  as  tt, 
is  also  a  double  star.  It  is  numbered  1836  in  Burnham's  General 
Catalogue  and  consists  of  two  stars  of  nearly  the  same  brightness 
and  only  o''45  apart  in  1880.  Measures  from  the  year  1891  to  the 
year  1893  indicate  a  slight  progressive  increase  in  the  distance.     On 

^  Ml.  Wilson  Contr.,  No.  237. 
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the  scale  of  our  plates  the  two  components  combine  to  form  a  single 
symmetrical  image. 

This  investigation  would  have  been  entirely  impossible  at  this 
time  had  it  not  been  for  the  series  of  plates  taken  by  Mr.  van 
Maanen.  and  in  a  sense  therefore  these  results  are  due  to  him. 
Furthermore,  his  large  experience  in  parallax  work  was  heavily 
drawn  upon  throughout  this  work,  and  numerous  constructive 
suggestions  were  cheerfully  made  by  him. 

The  writer  wishes  also  to  express  his  hearty  appreciation 
of  the  willing  and  generous  co-operation  of  Mr.  Scares  and 
Mr.  Hubble  in  the  ways  already  indicated. 

Mount  Wilson  Observatory 
April  1922 
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Photograph  taken  by  F.  Kllerman  in  igr4,  during  Kapteyn's  last  visit 

to  Mount  \\'ilson. 
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J.  C.  KAPTEYN,  1851-1922 

By  a.  van  MAANEN 

In  Amsterdam,  on  June  18,  Jacobus  Cornelius  Kapteyn,  since 
192 1  retired  professor  of  astronomy  and  director  of  the  Astro- 
nomical Laboratory  at  Groningen,  died  at  the  age  of  seventy-one 
years.     In  him  astronomy  loses  one  of  its  foremost  pioneers. 

Kaptejm  was  born  January  19,  1851,  at  Barneveld,  a  small 
village  where  his  father  had  a  well-known  boarding  school.  Of  the 
fifteen  children  of  this  family  several  became  leaders  in  the  scientific 
world  in  Holland.  From  1869  to  1875  Kapteyn  was  a  student  at 
the  University  of  Utrecht,  where  his  principal  teachers  were  Buys 
Ballot  and  Grinwis,  so  that  it  is  no  wonder  that  his  doctoral  thesis 
was  in  physics:  "Onderzoek  der  Trillende  Platte  Vliezen."  Just 
at  this  time,  however,  the  position  of  observer  at  the  Leiden  Observa- 
tory was  vacant,  and  Kapteyn  applied  for  and  obtained  the  position. 
By  this  accidental  circumstance  astronomy  secured  the  privilege  of 
counting  Kapteyn  as  one  of  its  workers  and  before  long  as  one  ot  its 
foremost  leaders.  His  ability  was  soon  recognized,  and  at  the  age 
of  twenty-seven,  which  for  Holland  is  extremely  young,  he  was 
appointed  full  professor  in  astronomy  at  the  University  of  Gron- 
ingen. On  entering  ofiice,  February  20,  1878,  his  opening  address 
had  as  subject:   "The  Parallax  of  the  Fixed  Stars." 
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The  problem  of  the  stellar  distances  was  naturally  of  first  impor- 
tance to  him,  whose  ideal  was  to  throw  some  light  on  the  structure 
of  the  universe.  We  do  not  know  when  this  idea  began  to  ripen  in 
Kapte^^n's  mind,  but  it  probably  dates  from  the  time  that  he  decided 
to  devote  his  life  to  astronomy.  And  no  better  man  could  be  found 
to  push  astronomy  ahead  along  these  lines,  because  Kapteyn  had 
two  qualities  which  were  needed  for  such  investigations:  he  could 
grasp  a  great  problem  and  at  the  same  time  both  could  and  was 
willing  to  devote  much  time  to  essential  details.  These  two 
qualities  show  up  through  all  his  life  and  we  see  him,  never  losing 
view  of  the  greatest  of  astronomical  problems,  the  structure  of  the 
universe,  and  at  the  same  time  working  with  painstaking  assiduity 
to  develop  and  improve  the  methods  of  securing  the  necessary  data. 
Of  this  part  of  his  work  no  better  example  can  be  given  than  the 
succession  of  new  methods  that  he  developed  to  obtain  stellar  dis- 
tances. In  1882  the  parallaxes  of  only  thirty-four  stars  were  known, 
the  best  results  being  due  to  heliometer  observations,  especially 
by  Gill  and  Elkin  at  the  Cape  of  Good  Hope. 

When  Kapteyn  came  to  Groningen  his  appointment  was  to  the 
professorship  in  astronomy,  calculus  of  probabilities,  and  theo- 
retical mechanics,  but  he  found  no  observatory  at  his  disposal. 
Good  mathematician  as  Kapteyn  was,  his  heart  was  drawn  more 
toward  the  practical  side  of  his  science,  and  during  the  first  years  in 
Groningen  he  tried  hard  to  secure  funds  for  an  observatory,  with 
a  six-inch  heliometer  as  its  principal  instrument.  In  the  beginning 
his  efforts  seemed  to  promise  success,  and  ground  for  the  observa- 
tory was  bought  a  little  outside  of  the  city,  but  funds  for  the  erection 
of  the  buildings  were  not  forthcoming  until  many  years  later,  by 
which  time  Kapteyn  in  his  unique  astronomical  laboratory  had 
founded  an  establishment  which  satisfied,  better  than  an  observa- 
tory could  have  done,  the  needs  of  this  wonderful  combination  of 
the  practical  and  the  theoretical  astronomer. 

Lack  of  an  opportunity  for  observational  work  was,  however, 
keenly  felt  by  Kapteyn  during  the  early  years  of  his  professorship, 
and  he  requested  Professor  H.  G.  van  de  Sande  Bakhuyzen  to  let 
him  use  the  meridian  circle  of  the  Leiden  Observatory  during  his 
vacations.     The  request  was  granted  and  Kapteyn  planned  a  care- 
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ful  program  for  the  observation  of  stellar  parallaxes;  he  introduced 
the  differential  method  of  observations  in  right-ascension,  thus  deriv- 
ing parallaxes  for  fifteen  stars,  which  in  accuracy  competed  with 
those  yielded  by  the  heliometer,  while  the  observations  required 
less  time.  His  thorough  discussion  of  the  method  and  of  these 
observations  in  Volume  VII  of  the  Annals  of  the  Leiden  Observatory 
is  one  of  the  many  contributions  from  his  hand  which  will  be  recorded 
among  the  classics  of  astronomy. 

But  it  was  clear  that  for  a  solution  of  his  great  problem  paral- 
laxes must  be  determined  more  rapidly.  In  1889,  at  the  conference 
of  the  Carte  du  Ciel,  Kaptejn  outlined  an  ingenious  scheme  for  meas- 
uring the  parallaxes  of  a  large  number  of  stars  by  means  of  photog- 
raphy. The  plan  is  extremely  simple  in  theory:  on  the  same  plate 
three  exposures  are  made  at  the  epoch  of  maximum  parallactic 
displacement;  half  a  year  later,  at  the  minimum,  six  other  exposures 
are  made  on  the  same  plate,  and  three  again  at  the  following  maxi- 
mum; after  development  the  plate  shows  twelve  images  of  each 
star  which  in  practice  are  arranged  as  follows : 

a  h 


Max.  Min.  Max. 

Fig.  I. — Arrangement  of  exposures  for  the  determination  of  stellar  parallaxes 
according  to  Kapteyn's  plan. 

The  distances  a  and  h  are  then  measured  and  reduced  by  a  simple 
process;  and  yield,  with  respect  to  the  mean  parallax  of  all  the  stars 
measured,  the  parallax  of  every  star  visible  on  the  plates.  The 
method  was  put  into  practice  by  Kapteyn  and  Dormer  and  the  first 
results  were  published  in  1900  as  Number  i  of  the  Publications  of  the 
Astronomical  Laboratory  at  Groningen,  a  remarkable  series  of  publica- 
tions which  has  contributed  much  to  the  development  of  astron- 
omy in  the  last  twenty  years. 

While  similar  results  for  different  fields,  mostly  in  collaboration 
with  De  Sitter,  appear  in  the  Groningen  Publications,  we  soon  per- 
ceive a  change  in  his  policy  of  attack  on  the  general  problem.     The 
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change  from  parallaxes  to  proper  motion,  however,  is  more  apparent 
than  real,  and  is  founded  on  the  practical  fact,  that  by  using  the 
proper  motions  we  can  base  the  parallaxes  on  the  ever  increasing 
base  line  of  the  sun's  motion  through  space,  and  on  the  theoretical 
fact,  that  for  the  structure  of  the  universe  it  is  not  at  all  necessary 
to  know  the  distances  of  individual  stars,  but  the  mean  distances  of 
groups  of  stars  for  different  magnitude,  spectral  type,  and  galactic 
latitude.  The  problem  has  two  requirements:  an  accurate  determi- 
nation of  the  sun's  motion  through  space  and  a  knowledge  of  the  dis- 
tribution of  proper  motion  for  an  increasingly  great  number  of  fainter 
and  fainter  stars.  Along  both  lines  the  Groningen  Puhlicaiions  re- 
veal how  much  Kapteyn  advanced  our  knowledge.  And  it  is  in  just 
such  work  as  this  that  Kapteyn's  double  aptitude  for  recognizing 
great  problems  and  at  the  same  time  perceiving  the  practical  diffi- 
culties, was  of  the  greatest  usefulness.  Kapteyn  would  work  out  a 
new  method  which,  with  the  proper  material,  would  give  the  desired 
results;  but  he  would  at  the  same  time  also  apply  his  method  to  the 
material  available,  even  when  it  was  scanty  and  h'kely  to  yield  only 
defective  results.  This,  however,  had  the  advantage  of  showing 
at  once  where  the  method  itself  could  be  improved  and  what  data 
w^ould  be  most  needed.  We  see  him  follow  this  means  of  attack 
in  all  his  problems,  by  successive  steps  coming  ever  closer  to  the 
laws  governing  the  structure  of  the  universe. 

Incidentally  the  investigations  on  proper  motion  led  Kapteyn 
to  his  discovery  of  the  two  star  streams,  which,  rightly,  was  recently 
selected  by  Eddington  as  one  of  the  five  greatest  astronomical 
events  of  the  last  hundred  years,  a  discovery  which  has  revolution- 
ized our  ideas  of  the  structure  of  the  universe.  In  deriving  the 
solar  motion  Kapteyn  was  struck  by  the  divergency  of  the  results 
of  former  investigators.  In  these  researches  it  was  usually  assumed 
that  the  motus  peculiaris  of  the  stars  was  at  random,  a  natural 
hypothesis,  since  with  the  enormous  distances  of  the  stars  from  one 
another  it  was  difficult  to  see  why  there  should  be  any  relation 
between  the  individual  motions  of  different  stars.  Yet  stars  mov- 
ing together  in  pairs  or  even  in  large  groups  were  known.  As  early 
as  1896,  however,  Kapteyn  had  noticed  that  the  distribution  of 
motion  was  not  at  random,  but  it  was  not  until  1904  that  he  showed 
that  there  is  a  fundamental  pecuHarity  in  these  motions  and  that 
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they  are  not  moving  even  approximately  in  a  haphazard  way. 
Instead  of  moving  in  all  directions,  as  a  random  distribution 
would  require,  the  stars  tend  to  move  in  two  preferential  directions. 
That  this  tendency  was  so  long  overlooked  by  those  who  were 
working  on  a  determination  of  the  solar  motion  is  principally  due  to 
the  fact  that  they  used  the  mean  motions  of  all  the  stars  in  certain 
parts  of  the  sky.  Kapteyn,  however,  went  to  work  in  a  different 
way,  plotting  the  proper  motions  for  limited  regions  of  the  sky.  If 
for  convenience'  sake  we  assume  all  the  stars  in  a  certain  region  to 
be  located  in  the  same  point  5  of  the  sphere,  then  with  a  random 
distribution  of  the  motus  peculiaris  alone,  we  find  about  the  same 
number  and  about  the  same  total  motion  in  each  direction.  A 
motion  of  the  observer,  such  as  we  have  as  a  result  of  the  sun's 
motion  through  space,  will  add  to  each  star  a  parallactic  motion  in 
the  direction  of  the  antapex.  While  this  of  course  will  disturb  the 
symmetry  of  the  motions  around  the  point  S,  we  still  will  have  bi- 
lateral symmetry,  the  line  of  s>Tnmetry  evidently  passing  through 
the  point  5"  and  the  apex.  This  evident  condition  of  bilateral  sym- 
metry would  probably  furnish  the  best  means  of  determining  the 
apex,  as  these  lines  of  symmetry  for  the  different  parts  of  the  sky 
must  all  intersect  in  two  points,  the  apex  and  the  antapex.  In 
applying  this  idea  to  the  proper  motions  of  about  2400  Bradley  stars, 
divided  into  twenty-eight  regions,  Kapteyn  derived  the  distribu- 
tion of  the  proper  motions  corresponding  to  the  center  of  the  areas. 
The  whole  of  the  material  was  thus  embodied  in  twenty-eight  figures, 
like  those  in  Figure  2,  each  of  which  shows  at  a  glance  the  distribu- 
tion of  the  proper  motions  for  one  particular  region  of  the  sky. 
This  Figure  2  is  the  same  as  the  one  shown  by  Kapteyn  at  the  Cape 
meeting  of  the  British  Association  for  the  Advancement  of  Science 
in  1905.  Not  to  overburden  the  plate,  only  ten  of  the  twenty-eight 
regions  are  included.  If  the  hypothesis  of  random  distribution  were 
true,  all  these  figures  should  be  symmetrical  with  respect  to  the  line 
through  the  center  of  each  field  and  the  apex.  It  is  clear  that  this 
is  not  the  case:  each  figure  shows  two  preferential  deviations. 
Kapteyn  showed  that  the  assymetry  as  shown  in  the  figure  can  be 
explained  neither  by  an  uncertainty  in  the  precession,  nor  by  system- 
atic errors  in  the  proper  motions,  nor  by  an  erroneous  position  of 
the  apex.    As  all  the  lines  of  favored  directions  for  the  two  sets 
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seem  to  converge,  approximately,  to  two  points,  some  140°  apart, 
the  one  7°  south  of  a  Orionis,  the  other  a  few  degrees  south  of 
ri  Sagittarii,  Kapteyn  came  to  the  conclusion  that  we  must  have  to 
do  with  two  star  streams,  parallel  to  the  lines  joining  our  solar 
system  and  the  two  points  mentioned. 


Fig.  2. — -Distribution  of  proper  motion  in  different  parts  of  the  sky  which  led  to 
Kapteyn's  discovery  of  the  star-streams. 


It  is  evident  that  such  a  discovery  as  that  of  the  star  streams 
would  revolutionize  the  ideas  of  the  structure  of  the  universe.  But 
at  the  same  time  it  pointed  out  the  necessity  of  collecting  an  increas- 
ing amount  of  data,  in  order  to  secure  more  reliable  measures  and 
especially  data  for  the  fainter  stars.  It  was  clear  that  the  desire 
for  such  data  could  be  satisfied  only  by  the  thorough  co-operation 
of  several  institutions  according  to  a  well-organized  plan.  Kapteyn 
certainly  was  the  right  man  to  start  such  an  organization.  Through 
his  work  he  had  come  into  contact  with  most  of  the  leading  astron- 
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omers  all  over  the  world.  His  visits  to  America  in  1904  and 
South  Africa  in  1905  gave  splendid  opportunity  for  discussing  his 
plans  with  a  number  of  eminent  astronomers.  In  order  to  enable 
those  who  showed  an  interest  in  the  matter  to  judge  more  thoroughly 
of  the  details,  KaptexTi  worked  out  a  provisional  plan;  the  result 
was  a  great  deal  of  discussion  and  many  useful  suggestions.  In 
1906  Kapte\Ti  published  his  famous  Plan  of  Selected  Areas.  This 
pamphlet  gives  briefly  but  clearly,  as  only  Kapteyn  could  give 
it,  a  program  for  the  further  attack  on  the  structure  of  the  uni- 
verse. It  includes  not  only  the  general  plan  but  also  in  careful 
detail  the  methods  of  securing  the  necessary  data :  magnitude,  proper 
motion,  parallax,  class  of  spectrum,  and  radial  velocities  for  the 
stars  in  252  well-selected  regions.  In  the  first  and  second  reports 
(191 1)  Kapteyn  was  able  to  announce  the  formation  of  a  committee 
to  share  the  responsibility  of  advancing  this  plan.  Its  membership 
included  Gill,  Pickering,  Hale,  Kiistner,  Schwarzschild,  Dyson, 
Adams,  and  Kapte>Ti,  and  it  is  sad  to  state  that  with  Kapteyn 
one-half  of  its  members  have  already  gone  forever.  Yet  the  whole 
astronomical  world  is  so  convinced  of  the  need  of  such  a  co-operative 
plan  that  it  will  undoubtedly  be  continued. 

Next  to  the  motions  of  the  stars,  their  distribution  in  space 
interested  Kapte}!!  most  keenly.  In  this  connection  he  derived  the 
two  well-known  laws:  the  density-law  and  the  luminosity-law, 
the  former  giving  the  density  of  stars  per  unit  of  volume  and  the 
change  in  the  density  with  distance  from  the  sun,  and  the  latter, 
the  percentage  of  stars  equal  in  luminosity  to  the  sun,  and  of  those 
10  times,  100  times,  etc.,  as  bright  or  as  faint.  Both  are  statistical 
laws ;  they  do  not  give  the  distance  and  brightness  of  the  individual 
stars,  but  how  many  stars  there  are  at  a  certain  distance  and  of  a 
certain  brightness.  By  successive  steps  these  researches  led  Kap- 
teyn to  a  conception  of  the  distribution  of  the  stars  in  space;  they 
indicate  that  the  stars  are  contained  in  a  nearly  ellipsoidal  universe 
with  an  axial  ratio  of  5.1  with  a  decrease  in  the  density  away  from 
the  center  and  with  the  sun  at  a  distance  of  about  650  parsecs  from 
the  center.  In  his  last  long  paper  on  the  subject,  which  with  the 
modesty  of  the  really  great,  was  called  "A  First  Attempt  at  a  Theory 
of  the  Arrangement  and  Motion  of  the  Sidereal  System,"  Kapteyn 
had  the  satisfaction  of  giving  a  beautiful  exposition  of  his  life-work. 
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If  a  longer  life  had  been  granted  to  him,  undoubtedly  we  would 
have  seen  him  elaborate  his  beloved  subject;  yet  as  it  is,  it  must 
have  been  a  great  satisfaction  to  him  to  reach  this  goal. 

At  about  the  time  Kapteyn  was  spending  his  vacations  in  Leiden 
for  the  purpose  of  making  his  determinations  of  stellar  parallaxes, 
he  became  acquainted  and  was  soon  on  terms  of  warm  friendship 
with  the  man  who  was  then  the  leader  in  practical  astronomy, 
David  Gi]],  director  of  the  observatory  at  the  Cape  of  Good 
Hope.  The  story  of  the  Cape  Photographic  Durchmusterung  is  well 
knowTi  to  every  astronomer.  The  difficulties  met  by  Gill  and 
Kapteyn  would  have  ■  disheartened  most  men.  Kapteyn's  famous 
letter  of  1886  to  Gill,  offering  his  help  in  the  following  words, 
"However,  I  think  my  enthusiasm  for  the  matter  will  be  equal  to 
(say)  six  or  seven  years  of  such  work"  has  been  widely  quoted.  It 
took  about  double  that  time,  yet  his  enthusiasm  did  not  fail,  and 
the  Cape  Photographic  Durchmusterung  was  completed  with  a 
thoroughness  and  accuracy  which  could  be  obtained  only  by  two 
such  masters.  If  we  had  no  other  work  from  his  hand,  Kapteyn's 
name  would  still  take  an  honorable  place  in  astronomical  literature 
and  would  be  mentioned  with  those  of  Argelander,  Schonfeld,  and 
Gould,  names  which  every  astronomer  honors  with  gratitude.  Yet 
in  addition  to  this  we  have  his  discovery  of  the  star  streams,  his 
plan  of  selected  areas,  his  founding  of  the  Groningen  Astronomical 
Laboratory,  now  called  "Astronomical  Laboratory  Kapteyn," 
which  at  the  recent  meeting  of  the  International  Astronomical 
Union,  Baillaud  duly  called  one  of  the  three  things  which  in  his 
fifty  years  of  astronomical  life  had  revolutionized  his  science; 
and  above  all  we  have  Kapteyn's  investigations  on  the  structure 
of  the  universe. 

Truly  Kapteyn  belonged  among  the  few  really  great  men,  whose 
death  creates  a  vacancy  which  cannot  be  filled. 

It  seems  superficial  to  enumerateiiere  the  many  honors  bestowed 
on  him  during  his  life.  For  completeness,  however,  we  must  men- 
tion them:  Kapteyn  received  the  honorary  degree  of  D.Sc.  from  the 
Cape  of  Good  Hope;  of  D.Sc.  from  Harvard  University;  of  LL.D. 
from  Edinburgh;  he  received  the  gold  medal  of  the  Royal  Astro- 
nomical Society,  the  Watson  and  the  Bruce  medals  and  the  prix  de 
Pontecoulant ;  he  was  chevalier  of  the  Legion  of  Honor  of  France,  of 
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the  Netherlands  Lion;  he  had  the  order  "  Pour  le  Merite,"  and  was 
commander  in  the  Dutch  order  of  Oranje-Nassau.  Kapteyn  was 
elected  a  member  or  associate  of  the  following  academies:  Royal 
Astronomical  Society,  American  Philosophical  Society,  National 
Academy  of  Sciences  of  Washington,  Imperial  Academy  of  St. 
Petersburg,  Royal  Academy  of  Dublin,  Royal  Academy  of  Edin- 
burgh, British  Association,  Royal  Swedish  Academy,  Royal  Society 
of  Sciences  of  Upsala,  American  Society,  the  Academy  of  Sciences 
in  Paris,  the  Royal  Society  of  London,  the  Academy  of  Sciences  in 
Finland,  and  of  the  Royal  Physical  Association  in  Lund. 

All  through  his  life  Kapteyn  made  friends;  when  he  was  young, 
among  the  older  people,  when  older,  among  each  new  generation 
with  which  he  came  in  contact.  It  was  not  difhcult  to  become  his 
friend;  he  saw  always  the  best  qualities  in  every  person,  the  rest 
did  not  exist  for  him.  There  was  always  an  atmosphere  of  happi- 
ness around  him,  in  his  daily  life  as  well  as  in  the  scientific  assemblies, 
where  he  was  the  center  of  gravity.  His  departure  will  be  keenly 
felt  in  the  astronomical  world,  but  not  there  alone:  many  others 
will  mourn  the  ending  of  this  noble  and  happy  life. 

Especially  in  America,  Kapteyn  had  numerous  friends.  From 
1908  to  1 9 14  he  came  to  this  country  every  summer  to  spend  a 
few  months  at  the  Mount  Wilson  Observatory,  of  which  institution 
he  was  Research  Associate,  Kapteyn  and  Mrs.  Kapteyn  thoroughly 
enjoyed  their  American  trips,  and  these  visits  were  no  less  appreci- 
ated by  all  with  whom  they  came  in  contact. 

Mrs.  Kapteyn  was  born  Catharina  EHsabeth  Kalshoven,  and 
they  were  married  in  1879.  Their  married  life  was  singularly 
happy,  and  she  has  been  devoted  to  the  welfare  of  her  husband  and 
children,  two  daughters  and  a  son:  Jacoba  Cornelia,  wife  of  Pro- 
fessor W.  Noordenbos,  of  Amsterdam;  Henriette,  wife  of  Professor 
E.  Hertzsprung,  of  Leiden;  and  Gerrit  Jacobus  Kapteyn,  who  is  a 
mining  engineer. 

How  truly  are  his  characteristics  described  by  his  friend  Huiz- 
enga  in  the  July  number  of  the  Gids:  "When  the  right  biographer 
for  Kapteyn  is  found,  the  'Life  of  Kapteyn'  will  be  one  of  the  most 
beautiful  books  that  can  be  written." 

Mount  Wilson  Observatory 

Pasadena,  California 

August  1922 


1/ 


VISIBLE  AND  INFRA-RED  RADIATION 
OF  HYDROGEN 

By  FREDERICK  SUMNER  BRACKETT 

ABSTRACT 

Infra-red  spectrum  of  hydrogen  to  4.5  fi. — The  radiation  from  the  central  section 
of  a  long  discharge  tube,  such  as  the  one  used  by  Wood  to  extend  the  Balmer  series 
to  the  twentieth  term,  was  analyzed  by  means  of  a  rock-salt  prism  spectrometer,  and 
readings  were  taken  with  an  extremely  sensitive  vacuum  thermo-junction.  Besides 
some  unidentified  lines  (Fig.  i),  five  members  of  the  Paschen  series,  three  of  them 
new,  were  observed  at  the  wave-lengths  corresponding  to  the  formula  v  =  N{i/7,^  — 
j/m^),  where  m  =  4,  5,  6,  7,  8;  also  the  first  two  members  of  a  new  series  corresponding 
to  v  =  N{i/4^—i/m^),  where  w  =  5,  6,  were  observed  at  4.05  and  2.63 /u.  According 
to  the  Bohr  theory  these  two  series  are  due  to  electrons  falling  from  outer  orbits  into 
the  third  orbit  and  fourth  orbit  respectively. 

Variation  of  the  relative  intensity  of  Balmer  and  Paschen  series  lines  of  hydrogen 
with  the  current. — For  the  long  discharge  tube  used,  the  first  Paschen  line  was  found  to 
increase  in  intensity  more  rapidly  than  Ha,  as  the  current  was  increased  from  one- 
ninth  to  one-half  ampere  through  a  section  7  mm  in  diameter. 

INTRODUCTION 

Two  lines  due  to  hydrogen  were  observed  by  Paschen'  at  the 
wave-lengths  18,751  A  and  12,818  A.  According  to  the  Bohr 
theor>^  these  are  due  to  an  electron  falHng  into  the  third  from  the 
fourth  and  fifth  stable  orbits  in  the  hydrogen  atom. 

In  view  of  the  very  low  intensities  of  these  spectral  lines  observed 
by  Paschen,  the  detection  of  a  series  due  to  an  electron  falling  into 
the  fourth  from  orbits  of  greater  quantum  number  has  been  con- 
sidered improbable.  In  fact  the  lines  mentioned  above,  forming 
the  first  two  members  of  the  Paschen  series,  were  so  faint  that  in 
order  to  observe  them  Paschen  found  it  necessary  to  set  the  spectro- 
graph in  the  correct  position  according  to  the  wave-length  predicted 
by  Ritz  in  consequence  of  his  combination  principle. 

By  using  a  very  long  hydrogen  tube  Professor  Wood^  found  it 
possible  to  abolish  the  secondary  spectrum  from  the  central  posi- 
tion of  the  tube,  and  photograph  the  lines  of  the  Balmer  series 
down  to  the  twentieth  member.  From  the  standpoint  of  the  Bohr 
theor}',  this  increase  in  the  intensity  of  the  higher  members  of  the 

'  Annalen  der  Physik,  27,  537,  1908. 

^Proceedings  of  the  Royal  Society,  97,  455,  1920;  Philosophical  Magazine,  42, 
729,  1921. 
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B aimer  series  might  be  attributed  to  increasing  the  probabiUty  of 
transitions  between  the  orbits  of  higher  quantum  numbers.  That 
being  the  case,  we  should  expect  an  increase  in  the  intensity  of 
b'nes  of  other  series  which  are  also  due  to  transitions  of  the  electron 
between  orbits  of  higher  quantum  numbers. 

That  this  proved  to  be  the  case,  and  to  a  degree  far  greater 
than  anticipated,  is  the  essential  feature  underlying  the  success 
of  the  present  investigation. 

APPARATUS 

The  hydrogen  tube  of  pyrex  glass,  used  as  the  source,  was  about 
one  meter  in  length.  A  central  portion  25  cm  long  was  viewed 
end  on  through  an  elbow  in  the  tube.  This  portion  of  the  tube 
was  7  mm  in  diameter  (inside  dimension) .  This  small-size  tubing 
was  also  used  for  a  distance  of  about  10  cm  on  either  side  of  the 
portion  viewed.  The  remainder  of  the  tube  was  made  of  larger 
diameter  in  order  to  reduce  the  resistance  as  much  as  possible. 
The  electrodes  were  of  thin  aluminum  foil  rolled  into  hollow 
cylinders  8  cm  long  by  2  cm  in  diameter. 

Hydrogen  was  introduced  through  a  capillary  sealed  in  near 
one  electrode.  The  tube  was  exhausted  by  a  Gaede  mercury 
pump,  communicating  with  the  tube  near  the  other  electrode. 
During  observ^ation  the  pump  was  run  continuously,  the  pressure 
depending  upon  the  balance  between  the  pump  and  the  capillary 
intake. 

Alternating  high  potential  was  supplied  by  a  6600-volt  5- 
kilowatt  transformer  operating  on  a  iio-volt,  60-cycle  primary 
circuit.  The  potential  difference  applied  across  the  tube  was 
varied  by  introducing  resistance  into  the  primary.  The  highest 
current  maintained  through  the  tube  was  a  little  more  than  half 
an  ampere. 

The  dark  space  about  the  electrodes  was  about  3  mm  in  length, 
the  positive  column  occupying  almost  the  entire  length  of  the  tube. 
Striation  appeared  only  in  the  portions  of  the  tube  of  larger  diam- 
eter, the  central  constricted  portion  being  occupied  by  apparently 
continuous  luminosity.  The  secondary  spectrum  was  noticeable 
only  near  the  electrodes.     Throughout   the  greater  part  of  the 
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tube,  the  B aimer  lines  appeared  with  great  brilHancy  against  a 
practically  black  background  when  the  tube  was  viewed  through 
a  direct-vision  prism. 

The  dispersion  apparatus  was  a  rock-salt  monochromator  of 
the  Wadsworth  type.  Concave  mirrors  of  60-cm  focal  length  were 
used  for  both  collimator  and  telescope.  The  clear  aperture  of  the 
prism  was  about  4  cm  in  diameter.  Light  only  traversed  the  prism 
once,  the  simple  form  of  apparatus  being  chosen  in  order  to  avoid 
scattered  light.     The  slit  widths  were  about  i  mm. 

The  detecting  apparatus  consisted  of  a  single-junction  vacuum 
thermo-couple,  of  the  type  constructed  and  previously  used  by 
Professor  Pfund  for  measurement  of  stellar  radiation.  This  was 
connected  in  series  with  a  d'Arsonval  galvonometer  of  sensibility 
about  5X10"'°. 

A  scale-distance  of  three  meters  was  used,  giving  altogether 
an  arrangement  of  extreme  sensibility. 

The  light  from  the  second  slit  was  concentrated  upon  the  black- 
ened strip  of  the  thermo-junction  by  means  of  a  short-focus  con- 
cave mirror.  Both  mirror  and  thermo-junction  were  protected 
by  an  asbestos  housing.  The  leads  to  the  galvanometer  were 
carried  through  a  metal  conduit,  grounded  to  prevent  electro- 
static effects.  The  galvanometer  case,  posts,  etc.,  were  heavily 
covered  with  cotton  batting.  The  stability  of  this  arrangement 
proved  very  satisfactory,  deflections  being  rehable  to  o.i  mm. 

RESULTS 

Part  I.  Distribution  of  intensity. — Figure  i  shows  the  distribu- 
tion of  intensity  of  radiation  due  to  hydrogen  in  the  infra-red 
between  wave-lengths  0.5  ju  and  4.5  m- 

In  this  diagram  intensities  have  been  plotted  as  the  ordinates 
measured  in  millimeters  of  deflection  of  the  galvanometer.  It  has 
been  shown  that  intensities  are  proportional  to  galvanometer 
deflections  for  this  thermo-couple  for  small  deflections  such  as  are 
obtained  here.  The  abscissae  are  simply  micrometer  turns  of  the 
monochromator.  The  dispersion-curve  based  on  five  known 
points  of  the  monochromator  is  shown  superposed.     Its  ordinates 
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are  wave-lengths  in  microns  indicated  on  the  right.     In  order  to 
read  the  wave-length  of  any  point  on  the  intensity-curve  it  is 
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merely  necessary  to  find  the  point  of  the  dispersion-curve  having 
the  same  abscissa  and  read  its  ordinate  at  the  right. 
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The  maximum  occurring  at  4.05=^.03  jj.  and  the  second  one  at 
2. 63=1=. 02  jx  are  the  first  two  members  of  a  new  series  predicted 
from  the  Bohr  theory  by  the  formula 

i/X=  109,677.7  (1/4^— i/w^);  w  =  5.6. 

That  is,  they  are  attributed  to  an  electron  falling  into  the  fourth 
from  the  fifth  and  sixth  stable  orbits  of  the  hydrogen  atom  accord- 
ing to  Bohr's  model. 

The  largest  maximum  occurring  at  1.88  fx  is  the  first  line  of  the 
Paschen  series.  It  will  be  noted  that  it  has  an  intensity  greater 
than  Ha  (the  last  maximum  on  the  left)  in  the  ratio  of  about  4 
to  3.  The  next  four  maxima  are  the  next  four  members  of  the 
Paschen  series. 

The  identity  of  the  succeeding  maxima  is  uncertain.  Other 
lines  are  certainly  present  which  do  not  belong  to  the  Paschen 
series.     The  second  maximum  is  probably  Pf . 

These  Hnes  of  the  Paschen  series  are  predicted  from  the  Bohr 
theory  by  the  formula 

i/X  =  109,677.7  (1/3^-i/m^);  w  =  4,  5,  6,  7,  8,  (9),  10. 


Line 

Observed  Wave- 
Length 

Calculated  Wave- 

Length 

Pa 

(1.88  m) 
(i.28m) 
1 .09=*=  .01  11 

I  .OI=fc  .01  IX 

o.95±  .01  /u 

I  .875  /Ll 

P^ 

Vp 

I  .282  n 
I  .  094  fi 

P5 

I  .005  IX 

Pe 

0.95SM 

The  dispersion- curve  from  which  the  wave-lengths  have  been 
determined  is  based  upon  five  known  points:  4.4  ju  and  2.7  /x  of 
the  Bunsen  flame  (shown  by  dotted  lines — scale  reduced  100  times) 
and  the  three  known  hydrogen  lines  Pa,  P/3,  and  Ha.  The  values 
thus  obtained  should  be  quite  satisfactory  for  purposes  of  identi- 
fication, but  of  course  have  no  great  value  from  the  standpoint  of 
accurate  wave-length  measurement. 

In  view  of  the  great  intensity  of  the  Paschen  lines  it  is  not 
surprising  that  many  lines  were  readily  observed  which  under 
ordinary  conditions  of  excitation  would  not  be  detected.     The 
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readings  shown  on  Figure  i  were  taken  in  sequence,  without  setting 
upon  known  wave-lengths.  The  identity  of  the  maxima  was  not 
realized  until  the  dispersion-curv^e  was  later  plotted. 

Part  II.  Variation  of  intensity  with  current. — As  it  was  noticed 
that  the  appearance  of  the  tube  changed  decidedly  with  change 
in  current,  a  set  of  intensity  readings  was  taken  on  the  first  lines 
of  three  series — the  Balmer,  the  Paschen,  and  the  new  series,  when 
the  current  through  the  tube  was  varied  from  one-sixth  of  an 
ampere  to  over  one-half  an  ampere.  The  curves  obtained  are 
shown  in  Figure  2. 


Fig.  2 


The  ordinates  are  intensities  in  millimeter  deflections  of  the 
galvanometer,  and  the  abscissae  are  current  strengths  through 
the  primar}'  of  the  transformer.  The  current  through  the  tube 
is  found  with  sufficient  accuracy  by  dividing  by  60.  Readings  on 
a  of  the  new  series  are  not  shown  for  currents  greater  than  20 
amperes  primary,  one-third  ampere  secondary,  as  radiation  from 
the  glass  tube  itself  rendered  them  uncertain.  No  such  effect  was 
observed  for  lower  currents  or  wave-lengths  less  than  3.5  /x.  As  a 
further  precaution  the  tube  was  run  only  during  the  time  of  actual 
reading. 


i6o  FREDERICK  SUMNER  BRACKETT 

From  this  diagram,  Figure  2,  it  will  be  noticed  that  although  all 
three  lines  increase  in  intensity  with  increasing  current.  Pa  increases 
by  far  the  most  rapidly.  Further  readings  (dotted  portion  of  the 
curve)  showed  that  at  currents  less  than  7  amperes  primary  (about 
one-ninth  ampere  secondary)  Ha  was  more  intense  than  Pa. 

At  a  current  of  23  amperes  through  the  primary  we  have  the 
ratio  of  the  intensity  of  Pa  to  Ha  a  little  more  than  4  to  3.  Accord- 
ing to  the  Bohr  theory  the  energy  lost  by  an  electron  undergoing 
transition  from  the  fourth  to  the  third  orbit  of  the  hydrogen  atom 
will  be 

Wpa=(i/3^-i/4^)  Nh  =  7/i44Nh/ 

while  that  lost  in  transition  from  the  third  to  the  second  orbit 
would  be 

WHa=(i/2^-i/3^)  Nh=2o/i44Nh, 

Wpa/WHa=7/20. 

So  the  energy  given  out  by  an  electron  in  transition  from  the 
fourth  to  the  third  orbit  is  only  seven- twentieths  of  that  given  out 
by  an  electron  falling  from  the  third  to  the  second  orbit.  Hence, 
in  order  to  have  Pa  more  intense  than  Ha  in  the  ratio  4:3,  there  must 
be  more  atoms  radiating  Pa  than  Ha  in  the  ratio  of 

4X20    80 

3X7  ~2l' 

In  view  of  the  greater  stability  of  the  orbits  of  smaller  quantum 
number  and  taking  into  account  the  principle  of  selection,  we  see 
that  this  is  incompatible  with  what  would  be  expected  if  radiation 
were  resulting  only  from  recombination  of  the  atom  and  electron 
after  ionization.  We  must  therefore  conclude  that  to  a  large  extent 
radiation  in  such  a  long  hydrogen  tube  arises  from  inelastic  collision 
without  ionization.  In  such  a  case  we  may  have  an  abnormal 
concentration  of  energy  in  certain  wave-lengths  which  would  not 
be  the  case  for  recombination  after  ionization,  inasmuch  as  the 
probability  of  an  electron  stopping  in  an  orbit  of  high  quantum 
number  is  much  greater,  where  it  is  simply  ejected  to  that  orbit  or 
one  of  slightly  greater  quantum  number,  than  in  the  case  where  it 
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is  returning  from  oo  .  This  no  doubt  explains  to  a  large  extent  the 
peculiar  characteristics  of  the  "long  hydrogen  tube,"  both  in  regard 
to  the  unusual  intensity  of  the  infra-red  lines  and  also  the  higher 
members  of  the  Balmer  series. 

All  atoms  which  contribute  to  the  radiation  of  the  first  Paschen 
line  are  left  necessarily  with  the  electron  in  the  third  orbit,  whence 
it  must  proceed  either  to  the  second  or  the  first  orbit  unless  it  is 
ejected  to  some  orbit  of  greater  quantum  number  by  inelastic 
collision.  Since  considerably  less  than  one-fourth  of  these  atoms 
contribute  to  the  radiation  of  Ha,  we  must  conclude  either  that 
the  second  member  of  the  Lyman  series  is  radiated  with  great 
intensity,  or  that  there  must  be  multiple  collisions  to  a  large  extent 
in  such  a  tube. 

It  should  be  noticed  that  the  higher  members  of  the  Paschen 
series  occur  in  a  region  readily  studied  by  photographic  methods, 
plates  hypersensitized  by  means  of  dicyanin  being  sensitive  to  i.o  /i. 
This  work  will  be  carried  out  in  the  near  future. 

CONCLUSION 

1.  The  first  two  lines  of  a  new  series  have  been  observed  at 
wave-lengths  4.05=^.03  jj.  and  2.63=^.02  11,  due,  according  to  Bohr's 
theory,  to  an  electron  falHng  into  the  fourth  from  the  fifth  and  sixth 
rings  of  the  hydrogen  atom. 

2.  Three  and  probably  four  additional  members  of  the  Paschen 
series  have  been  observed.    , 

3.  The  first  Paschen  line  is  more  intense  than  Ha  in  the  ratio 
4:3  under  the  conditions  prevailing  in  the  long  tube  for  great  current 
densities. 

In  this  work  I  have  been  much  indebted  to  Dr.  Pfund,  who 
proposed  the  problem  and  constructed  the  thermo-junction,  the 
remarkable  sensibility  of  which  rendered  the  work  possible. 

It  gives  me  great  pleasure  to  express  my  appreciation  to  him, 
to  Professor  Wood  for  his  interest  and  many  suggestions,  and  to 
Dr.  Ames  for  his  generous  support.  \/> 

Johns  Hopkins  University 
June  1922 
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A  GENERAL  STUDY  OF  DIFFUSE  GALACTIC  NEBULAE' 

By  EDWIN  HUBBLE 

ABSTRACT 

Suggested  classification  of  nebulae. — Since  the  time  of  the  Herschels,  photography 
and  spectroscopy  have  revolutionized  the  study  of  nebulae.  The  classification  here 
suggested  is  based  upon  the  fundamental  differences  between  galactic  and  non- 
galactic  nebulae.  Galactic  nebulae  are  subdivided  into  planetary  and  diffuse  (lumi- 
nous and  dark),  and  non-galactic  into  spiral,  elongated  (spindle  and  ovate),  globular, 
and  irregular.  The  characteristics  of  each  are  discussed.  The  belief  expressed  by 
Curtis  that  all  non-galactic  nebulae  are  spirals  is  not  justified  by  the  facts. 

Distribution  of  diffuse  nebulae. — As  shown  in  Figure  i  these  nebulae  are  con- 
centrated along  two  belts.  One  is  the  Milky  Way  and  the  other  is  approximately 
the  belt  of  bright  helium  stars  which  defines  the  local  cluster.  Very  few  seem  to 
occur  in  the  vast  regions  between  the  Milky  Way  clouds  and  the  local  cluster. 

Spectral  characteristics  of  galactic  nebulae  and  of  associated  stars. — (i)  Diffuse  nebu- 
lae. Some  preliminary  results,  obtained  with  slitless  spectrographs  of  various  disper- 
sions, are  presented  for  sixty-two  nebulae  outside  the  Magellanic  clouds,  including  the 
twenty-one  whose  spectra  were  previously  known.  They  fall  into  two  groups  (Tables  I 
and  II) :  Group  i  contains  thirty-three,  giving  predominantly  continuous  or  absorp- 
tion spectra;  and  Group  2,  twenty-nine,  giving  predominantly  emission  spectra. 
The  members  of  the  "continuous"  group  have  generally  a  smooth,  cloudy  structure  and 
most  of  them  are  found  in  our  local  cluster,  while  those  of  the  emission  group  are 
more  likely  to  be  filamentous  and  wispy  and  to  lie  in  the  Milky  Way  clouds.  In  the 
emission  spectra  the  Nj  and  N2  lines  are  much  weaker  in  comparison  with  H/3  than 
in  spectra  of  normal  planetaries.  (2)  Stars  associated  with  diffuse  nebulae  have  been 
studied  with  slit  spectrographs  attached  to  the  Mt.  Wilson  reflectors  (Tables  III 
and  IV).  Stars  involved  in  nebulae  having  continuous  spectra  are  nearly  all  of  type 
Bi  or  later;  but  stars  involved  in  emission  nebulae  nearly  always  have  spectra 
earlier  than  Bi,  rarely  showing  any  bright  lines.  (3)  Stars  associated  with  planetary 
nebulae  show  a  corresponding  relation.  In  fact,  there  is  a  steady  progression  in 
type  from  the  Wolf-Rayet  stars  involved  in  small  planetaries,  through  those 
involved  in  large  planetaries,  to  the  stars  of  t>'pes  Oe5-Bo  associated  with  extended 
diffuse  nebulae  of  Group  i  and  the  stars  of  type  B  i  and  later  associated  with  diffuse 
nebulae  of  Group  2.  A  detailed  discussion  shows  that,  with  the  exception  of  the 
Cygnus  loop  and  perhaps  three  other  difficult  or  doubtful  cases,  each  galactic  nebula 
has  associated  with  it  one  or  more  stars  of  a  type  conformable  to  its  own  spectral 
type.  (4)  This  definite  relation  between  the  spectra  of  the  nebulae  and  of  the  asso- 
ciated stars  suggests  that  the  source  of  luminosity  of  the  nebtilae  is  the  radiation  from 
those  stars.  According  to  this  view,  the  nebulosity  has  no  intrinsic  luminosity  but 
either  is  excited  to  emission  by  light  from  a  star  of  earlier  type  or  merely  reflects  light 
from  a  star  of  later  type.  From  a  consideration  of  the  nebulosity  around  Rigel  it 
appears  that  this  luminosity  may  be  excited  at  a  distance  of  twenty  light-years. 

Nature  of  diffuse  nebulosity. — From  the  foregoing  results  the  nebulosity  seems  to 
consist  of  clouds  of  matter,  molecules,  dust,  or  perhaps  larger  particles,  not  hot  enough 
to  be  self-luminous,  but  visible  because  of  light  excited  by  or  reflected  from  involved  or 
neighboring  stars.  Nebulae  with  continuous  spectra  seem  usually  more  opaque  than 
those  giving  emission  spectra.  Whether  the  association  of  such  stars  and  nebulae  is 
permanent  or  temporary  is  not  yet  known,  but  may  be  determined  by  studies  of  the 
radial  velocities. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  241. 
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Uncatalogued  nebulae. — Five  are  listed:  Table  I,  Nos.  4,  5,  15,  and  21;  Table  II, 
No.  15.  The  third  is  a  bright  cometary  nebula  with  a  thirteenth-magnitude  star  at 
the  apex;  a  =  6''3Ti;  5  = +  i8''42' (1920). 

Radial  velocities  of  five  stars  associated  with  galactic  nebulae. — Results  are  given  for 
stars  associated  with  N.G.C.  1514,  6514,  6523,  and  7635.  Of  these  B.D.  —  23''i38o4 
and  Boss  4560  are  binaries. 

CLASSIFICATION   OF   NEBULAE 

The  classification  of  nebulae  from  visual  observations  was  of 
necessity  based  upon  resolvability,  brightness,  size,  and  form. 
Thus  Sir  William  Herschel  distinguished  between  clusters  and 
nebulae  and  devised,  for  the  latter,  three  classes  for  brightness,  a 
fourth  for  definite  form,  and  a  fifth  for  extra  large  size.  It  is  true 
that  he  mentioned  in  his  discussions  the  terms  "milky  nebulosity," 
"nebulous  stars,"  and  "stellar  nebulae";  that  his  penetrating 
genius  recognized  the  existence  of  nebulous  fluid  in  the  nebulous 
stars  and  probably  in  such  milky  nebulae  as  the  great  one  in 
Orion,  in  contrast  to  the  stellar  nebulae  or  burred  stars  which  he 
considered  as  distant  clusters;  that,  in  short,  he  did  realize  a  dis- 
tinction between  planetaries  and  diffuse  nebulae  on  the  one  hand 
and  on  the  other  the  non-galactic  nebulae;  but  throughout  his 
researches  he  adhered  strictly  in  catalogues  and  descriptions  to 
the  five  classes :  bright,  faint,  very  faint,  small  with  definite  borders, 
and  exceedingly  large.  This  formal  classification  was  elaborated 
by  the  simple  system  of  abbreviation,  still  in  general  use,  by  which 
each  object  was  described  in  considerable  detail. 

Sir  John  Herschel  developed  his  father's  system.  His  genera- 
tion had  discarded  Sir  William's  idea  of  a  nebulous  fluid,  as  a 
direct  result  of  the  resolution  of  nebula  after  nebula  by  Lord 
Rosse's  great  mirrors.  Even  the  Orion  nebula,  last  stronghold 
of  the  nebulous  fluid  advocates,  had  been  announced  as  resolved 
by  the  ParsonstowTi  observers,  and  the  central  star  in  N.G.C.  1514, 
the  great  brightness  of  which  as  compared  to  the  surrounding  nebu- 
losity had  led  Sir  William  to  his  belief  in  a  nebulous  fluid,  was  being 
explained  not  as  a  single  star  but  as  an  exceptionally  compact  cluster 
of  stars. 

This  state  of  affairs  led  Sir  John  Herschel'  to  avoid  the  discus- 
sion of  physical  distinctions  among  nebulae  and  to  elaborate  his 

'  Cape  Results  (1847),  p.  137. 
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father's  formal  classification  in  an  ingenious  manner.  All  nebulous 
objects  were  divided  into  regular  and  irregular,  and  the  latter 
alone  into  nebulae  and  clusters,  according  to  the  difficulty  of 
resolving  them. 

Regular  nebulous  objects  were  classified  according  to  magnitude, 
brightness,  roundness,  condensation,  and  resolvability,  with  five 
degrees  of  each  expressed  by  numbers.  Thus  a  bright  globular 
cluster  would  be  22322,  meaning  large,  bright,  round,  condensed, 
and  resolved.  A  small  spindle  might  be  classed  as  43435,  small, 
faint,  elongated,  considerably  brighter  center,  irresolvable. 

Irregular  nebulae  were  classed  as  subregular,  compact,  branch- 
ing, convoluted,  cellular,  fissured,  and  cometic,  although  Sir  John 
remarks  that  these  objects  are  so  diverse  that  each  one  might  well 
represent  a  separate  class.  Each  subdivision  was  arranged  in 
five  orders  of  magnitude  and  brightness. 

Here  again  is  a  tendency  to  distinguish  between  galactic  and 
non-galactic  objects,  for  the  regular  nebulae,  although  including  the 
planetaries,  for  the  most  part  make  up  the  non-galactic  nebulae, 
while  the  irregular  are  in  general  galactic  nebulae. 

This  system  of  classification  did  not  win  a  general  acceptance 
because  of  its  very  elaboration  and  also  because  of  the  subsequent 
introduction  of  spectroscopy  and  photography.  The  new  methods 
of  research  revolutionized  the  study  of  nebulae  and  the  basis  of 
nebular  classification.  Sir  William  Herschel's  ideas  were  restored 
in  part  at  least,  for  the  existence  of  nebulous  fluid  in  the  form  of 
gas  or  dust  clouds  in  the  planetaries  and  diffuse  nebulae  became  a 
recognized  fact.  The  old  question  of  resolvability  is  now  restricted 
to  spirals  and  the  kindred  small  non-galactic  objects.  There  has 
slowly  emerged  a  general  recognition  of  the  fundamental  difference, 
hinted  at  by  the  Herschels,  between  planetaries  and  diffuse  galactic 
nebulosities  and  the  objects,  spirals  and  others,  that  swarm  in 
regions  of  high  galactic  latitude. 

Curtis  has  expressed  this  new  point  of  view  by  dividing  nebulae 
into  three  classes — planetaries,  diffuse,  and  spirals.^  In  explanation 
of  the  term  "spiral"  he  states:  "It  is  my  belief  that  all  the  many 
thousands  of  nebulae  not  definitely  to  be  classed  as  diffuse  or  plane- 

'  Adolfo  Slahl  Lectures  (1919),  p.  98. 
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taries  are  true  spirals  and  that  the  very  minute  spirals  appear  as  tex- 
tureless  discs  or  ovals  solely  because  of  their  small  (apparent)  size."' 

His  argument  for  the  truly  spiral  nature  of  all  these  non-galactic 
nebulae  is  this:  ''Were  the  great  Nebula  in  Andromeda  situated 
five  hundred  times  as  far  away  as  at  present,  it  would  appear  as  a 
structureless  oval  o '.  2  long,  with  very  bright  center,  and  not  to  be 
distinguished  from  the  thousands  of  very  small  round  or  oval 
nebulae  found  wherever  spirals  are  found.  There  is  an  unbroken 
progression  from  such  minute  objects  up  to  the  great  Nebula  in 
Andromeda  itself.  I  see  no  reason  to  beheve  that  these  very  small 
nebulae  are  of  a  different  type  from  their  larger  neighbors."^ 

This  argument  is  a  daring  extrapolation  and  is  not  justified  by 
our  present  knowledge  of  nebular  forms.  Only  a  few  hundred  of 
the  thousands  of  nebulae  photographed  show  distinct  traces  of 
spiral  arms.  Objects  of  the  most  diverse  forms,  were  they  removed 
to  the  proper  distances,  would  appear  as  faint  "textureless  discs  or 
ovals"  on  the  photographic  plate.  Curtis'  extrapolation  is  not 
w^arranted  unless  all  the  larger  objects  examined  show  positive 
evidence  in  favor  of,  or  at  least  no  evidence  against,  a  truly  spiral 
structure. 

Now  the  well-known  irregular  nebulae,  N.G.C.  2366,  4214,  and 
4449,  are  unquestionably  non-galactic  and  of  considerable  size,  but 
by  no  stretch  of  the  imagination,  nor  by  any  orientation,  can  these 
objects  be  termed  true  spirals.  Yet  many  true  spirals  are  recog- 
nized, which  have  diameters  a  tenth  and  less  the  diameters  of  these 
nebulae.  It  is  possible  of  course  to  consider  the  irregular  objects 
as  rare  exceptions  to  the  general  run  of  non-galactic  nebulae. 

Stronger  evidence  of  non-spiral  forms  is  found  in  a  class  of 
objects  which  may  be  termed  globular  nebulae.  Some  of  the 
brighter  examples  of  this  type  are  M  49,  60,  84,  86,  and  87,  which 
average  about  two  minutes  of  arc  in  diameter.^  Repeated  attempts 
with  the  IOC-inch  reflector  under  excellent  observing  conditions, 
using  exposure  times  from  one  minute  to  nine  hours,  have  failed 
to  show  any  trace  or  suggestion  of  spiral  structure  in  the  objects 
mentioned.     M  32,  the  smaller   and   brighter   companion   of  the 

'  Publications  of  the  Lick  Observatory,  13,  12,  1918.        *  Loc.  cit. 
3  M  60  and  M  87  are  shown  in  Plate  III. 
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Andromeda  nebula,  is  a  slightly  elongated  variant  of  the  globular 
type  which  also  fails  to  show  spiral  characteristics  under  the 
resolving  power  of  the  loo-inch  reflector.  A  long  list  could  be 
compiled  of  non-galactic  nebulae  with  diameters  over  a  minute  of 
arc  which  show  no  indication  of  spiral  structure  under  the  highest 
resolving  power  available.  The  number  is  comparable  to  that  of 
the  known  spirals.  A  progression  in  size  of  these  globular  objects 
can  readily  be  formed  running  from  diameters  of  over  two  minutes 
of  arc  down  to  the  limits  of  photographic  plates.  Toward  the 
lower  end  of  the  sequence  they  merge  into  the  spirals  so  that  the 
two  tj^es  become  completely  indistinguishable  (Plate  III). 

These  globular  nebulae  may  be  considered  as  belonging  to  the 
same  family  as  the  spirals — distribution,  velocities,  spectra,  non- 
stellar  nuclei,  and  symmetry  of  form  suggest  as  much — but  there 
is  no  shadow  of  evidence  for  calling  them  spirals  in  fact. 

Curtis'  classification,  however,  is  easily  the  most  significant  that 
has  been  proposed  up  to  date,  and  with  some  modifications  would 
be  acceptable  as  a  system  the  general  use  of  which  should  be  urged. 
There  appears  to  be  a  fundamental  distinction  between  galactic 
and  non-galactic  nebulae.  This  does  not  mean  that  the  latter  class 
must  be  considered  as  "outside"  our  galaxy,  but  that  its  members 
tend  to  avoid  the  galactic  plane  and  to  concentrate  in  high  galactic 
latitudes.  The  distinction  seems  to  be  fundamental  in  a  physical 
sense  as  well  as  in  distribution.  Galactic  nebulae  are  in  general 
associated  with  stars;  even  the  dark  nebulosities  are  detected  by 
their  obscuration  of  stars.  Non-galactic  nebulae  show  no  effect 
on  stellar  distribution  in  their  neighborhood  and  have  no  stars 
definitely  associated  with  them  save  those  occasional  novae  which 
have  flared  up  in  a  few  spirals.  The  distinction  can  also  be  traced 
in  form,  texture,  velocity,  and  spectrum,  with  little  if  any  overlap. 
In  fact,  one  can  say  that  in  no  case,  except  possibly  the  Magellanic 
clouds  and  the  similar  object  N.G.C.  6822,  is  there  any  question, 
from  its  photographic  appearance  alone,  as  to  the  class  to  which 
an  individual  nebula  belongs. 

Once  this  major  division  is  recognized,  the  subclasses  of  galactic 
nebulae  follow  directly.  They  are  planetaries  and  diffuse  nebulae. 
Diffuse  nebulae  can  be  divided  into  luminous  and  non-luminous 
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or  dark  nebulae.  More  detailed  classification  of  these  groups  will 
depend  upon  form,  spectrum,  and  relation  to  stars,  and  can  well 
be  left  to  special  investigators. 

Subdivision  of  non-galactic  nebulae  is  a  much  more  difi&cult 
problem.  At  present  and  for  many  years  to  come  their  classifica- 
tion must  rest  solely  upon  the  simple  inspection  of  photographic 
images,  and  will  be  confused  by  the  use  of  telescopes  of  widely 
differing  scales  and  resolving  powers.  Whatever  selection  of  types 
is  made,  longer  exposures  and  higher  resolving  powers  will  surely 
cause  a  reclassification  of  many  individual  nebulae,  although  the 
true  spiral  once  recognized  as  such  will  maintain  its  class  with  all 
more  powerful  instruments,  and  irregular  and  globular  t>pes  are 
not  usually  subject  to  change.  Only  a  very  low  percentage  of 
nebulae,  and  these  the  smaller  ones,  which  appear  globular  with 
24-inch  apertures,  resolve  themselves  into  spirals  or  reveal  ansae 
with  a  100-inch  aperture. 

Globular  nebulae  have  already  been  mentioned.  The  few 
known  irregular  nebulae  are  chaotic  forms  with  non-stellar  nuclei 
and  coarse  granular  texture,  and  with  spectra  and  radial  velocities 
similar  to  those  of  the  spirals.  Examples  are  N.G.C.  2366,  4214, 
and  4449.  They  are  easily  distinguished  from  diffuse  nebulae  by 
their  non-stellar  nuclei  and  their  texture,  although  analogies  have 
sometimes  been  drawn  between  these  irregular  nebulae  and  the 
Magellanic  clouds. 

The  gap  between  spirals  and  globular  types  is  filled  with  the 
elongated  nebulae.  There  are  two  distinct  varieties  of  these,  the 
one  probably  spirals  on  edge  and  the  other  akin  to  globular  nebulae. 
They  may  be  termed,  respectively,  spindles  and  ovate.  The 
former,  with  sharp  nuclei  and  tapering  ansae,  are  familiar  to  all 
observers.  The  latter  deserve  some  further  comment.  Examples 
of  the  ovate  type  are  M  32  and  M  59.  They  are  similar  to  the 
globular  nebulae  in  all  save  their  elongated  forms.  Both  are  to 
be  described  as  large  and  bright,  yet  even  the  100-inch  under  the 
finest  observing  conditions  with  both  long  and  short  exposures 
reveals  no  trace  or  suggestion  of  spirality  in  either  nebula.  What- 
ever their  past  or  future,  their  present  state  is  not  that  of  true  spirals 
within  the  limits  set  by  our  observational  data. 
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Spindles  and  ovate  types  merge  into  one  another  with  decreasing 
linear  size  of  the  images  on  the  plates,  and  the  resulting  confusion 
detracts  from  the  value  of  the  distinction  for  small  objects  or  small- 
scale  photographs.  As  a  matter  of  fact  each  system  of  classifica- 
tion that  can  be  devised  for  non-galactic  nebulae  will  favor  a  certain 
range  of  resolving  powers.  The  present  one  favors  the  largest 
reflectors.  It  is  a  compromise  between  Curtis'  generalization  and 
Wolf's  specialization.' 

Some  light  on  the  validity  of  this  classification,  and  a  scale  for 
standardizing  results  from  instruments  of  various  dimensions,  for 
statistical  purposes  at  least,  can  be  derived  from  photographs  of 
rich  fields  of  nebulae  made  with  telescopes  of  different  apertures 
and  equivalent  focal  ratios,  and  with  one  telescope  and  differing 
exposure  times.  Classification  of  the  nebulae  for  each  exposure 
will  indicate  the  percentage  of  objects  of  each  type  which  are 
changed  from  one  type  to  another  with  increasing  exposure  and 
resolving  power.  Preliminary  investigations  along  this  line  have 
already  been  made,  apertures  from  lo  to  loo  inches  being  used. 

The  classification  proposed  for  general  use,  together  with 
typical  objects  for  each  class,  is  as  follows: 

Examples 

I.  Galactic  nebulae 

1.  Planetary  N.G.C.  7662 

2.  Diffuse 

a)  Luminous  N.G.C.  1976 

h)  Dark  Barnard  86 

II.  Non-galactic  nebulae 

1.  Spiral  M  loi  (N.G.C.  5457,  8) 

2.  Elongated 

a)  Spindle  HV  24  (N.G.C.  4565) 

b)  Ovate  M  59  (N.G.C.  4621) 

3.  Globular  M  87  (N.G.C  4486) 

4.  Irregular  N.G.C.  2366 

DISTRIBUTION    OF    GALACTIC    NEBULAE 

The  distribution,  spectra,  and  radial  velocities  of  planetaries 
are  now  well  known,  due  largely  to  the  investigations  carried 
out  at  the  Lick  Observatory.     Large  planetaries  are  distributed 

I  Wolf's  classification  of  non-galactic  nebulae  is  to  be  found  in  Publicationen  des 
Astro physicalischen  InstUuts  Konigstuhl-Heidclbfrg,  Band  III,  No.  5,  1909. 
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more  or  less  uniformly  over  the  sky,  while  the  small  ones  concentrate 
sharply  along  the  Milky  Way  and  are  especially  numerous  between 
eighteen  and  twenty  hours  of  right  ascension.  It  is  reasonable  to 
suppose  that  the  apparent  diameters  and  nuclear  magnitudes  are 
rough  indications  of  distance  and  that,  when  real  distributions 
are  determined,  the  vertical  deviations  from  the  galactic  plane 
will  prove  to  be  relatively  small.  Radial  velocities  of  ninety-six 
planetaries  corrected  for  the  solar  motion  average  30  km  or  about 
five  times  the  average  for  B  stars.  Their  spectra  are  almost 
purely  emission,  the  continuous  spectrum  being  entirely  neg- 
ligible except  for  the  region  on  the  more  refrangible  side  of  the 
head  of  the  hydrogen  series.  The  ratio  of  intensities  between 
the  Ni,  N2,  and  Hj8  images  is  10:3:1,  with  few  exceptions. 

Much  less  is  known  concerning  the  diffuse  galactic  nebulae. 
Their  distribution  in  the  sky  is  certainly  not  a  simple  concentration 
along  the  galactic  plane.  Figure  i  represents  the  distribution  in 
galactic  co-ordinates  of  all  objects  of  this  class,  excepting  those 
between  galactic  longitudes  200°  and  300°  which  are  too  far  south 
to  be  observed  from  Mount  Wilson.  Two  distinct  belts  are  defined 
- — the  Milky  Way,  and  a  belt  inclined  at  about  20°  to  the  Milky 
Way.  This  latter  belt  has  approximately  the  same  nodal  points 
as  those  of  the  bright  helium  stars,  although  the  inclination  is 
considerably  greater  than  that  usually  given  for  the  stars.  The 
data  are  not  sufficient  to  determine  a  value  for  the  dip. 

Such  a  distribution  emphasizes  the  relation  between  diffuse 
nebulosity  and  early  type  stars.  The  high  inclination  of  the 
nebular  belt  suggests  that  these  objects  are  comparable  in  distance 
w^ith  the  brightest  of  the  B  stars  and  for  the  most  part  lie  on  the 
inner  side  of  the  ring.  There  is  some  evidence  that  the  diffuse 
nebulae  are  concentrated  in  the  local  cluster  and  in  the  Milky  Way 
clouds,  and  that  vast  regions  between  the  two  are  practically  devoid 
of  nebulae.  If  this  were  not  the  case,  we  should  expect  to  find  the 
gaps  between  the  two  belts  more  generally  filled,  and  also  a  greater 
dispersion  among  the  galactic  nebulae.  Perhaps  the  strongest 
point  in  favor  of  such  a  distribution  is  the  absence  of  nebulae 
with  large  positive  galactic  latitudes  between  longitudes  80°  and 
200°.     In  all  these  1 20  degrees  of  longitude  only  one  diffuse  nebula 
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has  a  latitude  greater  than  +2°.  This  object  is  B.D.  +23°i3oi 
at  +3?5,  announced  by  Barnard  as  a  nebulous  star.  The  spectrum 
is  B9,  photo-visual  magnitude  7.0,  and  hence  it  is  probably  rela- 
tively near.  The  greatest  deviation  from  either  plane  is  in  the 
isolated  group  of  dark  and  luminous  nebulosity  in  Corona  Australis, 
which  includes  the  variable  nebula,  N.G.C.  6729.  The  distance 
of  the  group  is  of  the  order  of  one  hundred  parsecs/  so  that  it  lies 
well  within  the  local  cluster,  and  its  anomalous  position  in  the  sky 
must  be  due  to  perspective.  The  vertical  distance  from  the 
galactic  plane  is  about  thirty  parsecs. 
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Fig.  I. — Distribution  of  diffuse  nebulae  in  galactic  co-ordinates 

There  is  a  decided  tendency  for  diffuse  nebulae  to  cluster. 
This  is  more  pronounced  among  nebulae  with  predominantly 
continuous  spectra  than  among  those  with  emission  spectra, 
and  usually  is  accompanied  by  extensive  dark  nebulosity.  Dark 
nebulae  tend  to  follow  the  double  distribution,  although  the  scatter- 
ing is  greater  and  the  gaps  between  the  two  belts  are  more  generally 
filled  than  is  the  case  with  the  luminous  diffuse  nebulae. 


SPECTRA   OF   DIFFUSE   NEBULOSITIES 

Published  results  list  emission  spectra  for  thirteen  diffuse 
nebulae  as  against  continuous  or  absorption  spectra  for  eight." 

'  A  distance  of  three  hundred  light-years  is  derived  from  the  luminosity  law  applied 
to  nebulous  stars  in  the  obscured  areas,  and  from  movements  of  luminosity  in  the 
nebula  N.G.C.  6729  on  the  assumption  that  such  movements  have  the  velocity  of 
light. 

'  This  leaves  out  of  consideration  the  nebulae  in  the  Alagellanic  clouds. 
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This  has  somehow  led  to  a  presumption  that  an  emission  spectrum 
is  a  general  characteristic  of  diffuse  galactic  nebulae. 

Slit  spectrograms  of  such  faint  objects  will  accumulate  so 
slowly  that  it  seems  worth  while  to  publish  now  some  results  from 
a  preliminary  survey  with  slitless  spectrographs.  Such  instru- 
ments readily  distinguish  spectra  which  are  predominantly  emission 
from  those  predominantly  continuous,  although  faint  emission 
images  on  a  strong  continuous  background  cannot  always  be 
detected.  Absorption  lines  are  usually  concealed  in  slitless  spectra 
and  the  term  "  absorption  spectrum  "  can  be  applied  in  general  only 
to  slit  spectra.  Several  such  spectra  have  been  reported  by  Slipher 
and  Pease,  so  that  pure  absorption  spectra  of  diffuse  nebulosities 
are  as  well  established  in  fact  as  pure  emission  spectra  of  others. 
Indeed,  it  may  be  considered  as  better  established,  for  it  is  more  prob- 
able that  all  bright-line  nebular  spectra  have  some  faint  continuous 
background  than  that  faint  bright  lines  have  been  overlooked  in 
absorption  spectra  of  nebulae.  The  term  "emission"  will  be  used 
in  discussing  slitless  spectra  as  an  equivalent  to  "bright  line" 
in  slit  spectra;  the  term  "continuous,"  where  neither  bright  nor 
dark  lines  can  be  seen;  the  term  "absorption,"  where  dark  lines 
can  actually  be  detected  in  either  slit  or  slitless  spectra.  An  un- 
broken series  can  readily  be  arranged  from  the  slitless  spectrograms, 
running  from  emission  with  no  perceptible  continuous  spectrum 
to  continuous  with  no  emission.  There  is  probably  an  uncertain 
number  of  objects  listed  as  "continuous"  in  which  faint  emission 
images  are  present  and  not  recognized,  but  in  every  case  of  previ- 
ously known  emission  on  a  continuous  background,  the  slitless 
spectra  show  unmistakable  irregularities  in  distribution  of  density. 
In  view  of  the  uncertainty,  however,  the  method  adopted  is  to 
list  the  nebulae  as  giving  predominantly  continuous  or  predomi- 
nantly emission  spectra,  and  to  call  attention  in  notes  to  combina- 
tions of  characteristics. 

The  various  instruments  employed  in  the  survey  are  listed 
below  and  each  is  designated  by  a  letter,  by  which  it  will  be  referred 
to  in  the  course  of  this  paper.  It  will  be  noticed  that  the  range 
in  the  relation  of  scale  to  dispersion  is  sufficiently  wide  to  accommo- 
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date  itself  to  nebulae  of  all  sizes.     Seed  30  plates  were  used  through- 
out with  exposures  ranging  from  two  to  nineteen  hours. 

A.  Focal-plane  spectrograph  with  slit  removed,  attached  to  60-inch  reflector, 
primary  focus.  Collimator  and  camera  lenses  about  6-inch  focus.  Dis- 
persion, HjS  to  He=5.omm. 

B.  15°  objective  prism  on  lo-inch  Cooke  astrographic  lens,  focus  45  inches. 
H/8  to  He  =  5.3  mm. 

C.  6°  objective  prism  on  lo-inch  Cooke  lens.     H/3  to  H€=  1.8  mm. 

D.  39°  objective  prism  on  4-inch  lens,  7-inch  focus,  H/3  to  He  =  4.1  mm. 

E.  25°  objective  prism  on  4-inch  lens,  7-inch  focus,  H/3  to  He=2.5  mm. 

F.  25°  objective  prism  on  kinematograph  lens  F/1.8,  3-inch  focus.  H/3  to 
He=  i.o  mm. 

Results  from  the  survey  are  collected  in  two  tables,  one  com- 
prising nebulae  which  give  predominantly  continuous,  and  the 
other,  those  which  give  predominantly  emission  spectra.  Nebulae 
whose  spectra  were  previously  known  are  included  for  the  sake 
of  completeness  and  are  starred  to  indicate  this  fact.  One  nebula 
has  thus  been  included  which  is  too  far  south  to  be  observed  from 
Mount  Wilson — N.G.C.  3372,  the  nebulosity  around  77  Carinae. 
The  two  lists  should  contain  all  diffuse  galactic  nebulae  for  which 
spectrographic  data  are  available,  excepting  those  in  the  Magellanic 
clouds.  The  tables  give  in  the  first  column  a  list  number;  in  the 
second,  the  catalogue  designation  of  the  nebula;  the  third  and 
fourth  columns  give  galactic  longitudes  and  latitudes;  the  fifth 
column,  a  rough  indication  of  size  on  a  scale  of  i  to  5,  the  numbers 
increasing  with  the  size;  the  sixth  column,  the  instruments  em- 
ployed; the  seventh,  remarks  and  references. 

Table  I  contains  thirty- three  objects  having  continuous  spectra, 
eight  of  which  were  previously  known  as  such.  Of  the  latter, 
four  give  pure  absorption  spectra — the  Pleiades,  M  78,  p  Ophiuchi, 
and  N.G.C.  7023.'  N.G.C.  1977  and  the  two  variable  nebulae, 
N.G.C.  2261  and  6729,  give  faint  bright-line  images  as  well,  and 
one,  N.G.C.  2245,  is  known  only  through  an  objective  prism 
spectrogram. 

»  Slipher  reports  that  in  the  spectrum  of  N.G.C.  7023,  "Bright  H^  seems  to  be 
present  but  not  so  obviously  emissive  as  in  the  star"  (Publications  of  the  Astronomical 
Society  of  the  Pacific,  30,  63,  1918).  The  involved  star  has  bright  reversed  hydrogen 
lines.     H/3  does  not  show  on  a  spectrogram  of  the  nebula  made  by  Pease. 
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TABLE  I 
Diffuse  Nebulae  with  Continuous  Spectra 


No. 


6.. 

7- 
8.. 

9- 
10., 

II.. 

12.. 
I3-- 

14.. 

IS- 

l6. 
17- 
18., 
19. 
20.. 

21.. 
22.. 

23- 
24. 

25- 

26. 

27- 
28. 

29. 

30 

31- 

32. 
33- 


Object 


N.G.C.  1333 
I.e.  348 

Pleiades* 


N.G.C. IS79 
I.e.  2087 

N.G.C.  1788 
I.e.  2118 

N.G.C.  1977* 

2023 
2068* 


2183 


I.e.  446 

447 

N.G.C. 2245* 

2247 
2261* 


I.e.  4592 
4601 

4603 

4604* 

4605 
N.G.C.  6726,; 

N.G.C.  6729* 

6914 
7023* 

7129 

I.e.  5146 


Galactic 


Longi- 
tude 


126° 
128 

134 
136 

141 

132 
141 
171 
175 
175 

173 
173 
172 

181 
158 

168 
168 
169 
169 
171 

193 
312 
322 
323 

319 
320 

320 

327 

327 

52 

72 

73 
62 


Lati- 
tude 


—  21  o 
-175 

—  22  .0 
-iSS 

-17.0 

—  9.0 

—  14.0 

-24-5 

—  26.0 

—  19.0 

-16.5 

—  14.0 
-130 

—  II  .0 

—  o.s 

+  o.s 

0.0 

+  o.s 

—  1 .0 

+  1.5 

—  IS 

+17.0 
+23.0 

+21  .0 


+  17 
+  18 

+  16 
-17 


-17-5 

-  4-5 

+  14.0 


+ 


9.0 
6.5 


Size 


Instru- 
ment 


C 
A,  B,  C, 

C 
B,C 

B,  e 

C 

B,e 

A,  B,  C, 

B,D,E 

B,C 

A,  B,  C 

B,  D,  E 
B,  D,  E 

A,  B 

A,  B 

B,C 

B.C 

B,C 

B 

A,  B,  C 

B,C 

B,  F 
B,e,F 

B,e 

B,  e,  F 

B,  C,  F 

B,  e,  F 
B,  C 

B,  e 

B,C 
B,C 

A,  B,  C 
C 


Remarks 


Also  listed  as  I.C.   1985.     B.D.   -|-3i°643, 

involved 
See  Slipher,  Lowell  Bull.,  No.  55,  1912 
Uncatalogued  nebula,  a  =  4'>i4™;    5=+28°2' 

(1920) 
Uncatalogued      nebula,    a  =  4''22'?i;        5  = 

-f-24°32'  (1920) 


Great  nebulosity  north  preceding  Rigel 

Dark    helium    and  bright    hydrogen.     See 
Slipher,  A.S.P.,  31,  22,  1919 

Nebulosity  around  B.D.  —  2°i34S 

See  Slipher,  A.P.S.  31,  212,  1919 

a  =  5''45'?s;  5=-|-i°  (1920).  Brightest  por- 
tion of  great  "spiral"  in  Orion 

a  =  6i'3"i;    5=-t-i8°42'  (1920).    Comet  neb- 
ula uncatalogued 
Also  listed  as  I.C.  2167 
Also  listed  as  I.C.  2169 
See  Ap.J.,  44,  196,  1916 

Faint  emission  on  strong  continuous  spec- 
trum.    See  Lowell  Bull.,  No.  81 

Uncatalogued  nebula  about  B.D.  — i2°i77i 

Nebulosity  about  x  Scorpii 

Nebulosity  about  v  Scorpii 

Nebulosity  about  B.D.  — I9°43S9  and  B.D. 
-I9°436i 

Nebulosity  about  B.D.   —24*12684 

Nebulosity  about  p  Ophiuchi.  See  Lowell 
Bull.,  No.  75,  1916 

Nebulosity  about  22  Scorpii 

Nebulosity  about  B.D.  — 37''i3023  and  B.D. 
-37°I3024 

Faint  emission  on  strong  continuous  spec- 
trum.    See  Lowell  Bull.,  No.  81 


Slipher,    A.S.P.,    30,    63, 
A.S.P.,  27,  240,  191S 


1918;        Pease, 


NOTES 

4.  Photograph  by  Barnard,  Astrophysical  Journal,  25,  219,  1907.  This  may  be  I.C.  359  whose 
position  is  given  as  5™  preceding  and  30'  south.     No  nebulosity  is  seen  in  that  position. 

5.  In  one  of  the  dark  lanes  in  Taurus. 

7.     In  one  of  the  dark  lanes  in  Taurus.     See  Barnard,  Astrophysical  Journal,  25,  218,  1906. 

9.  Faint  extensions  of  this  nebula  stretch  south  and  west  to  end  in  a  faint  obscuring  cloud  more 
than  35°  from  the  galactic  plane. 

II.  Wolf,  Aslronomische  Nachrichten,  180,  152,  1909,  describes  this  as  gaseous  emission,  but  his 
observations  undoubtedly  apply  to  I.C.  434.     See  note  on  the  latter  nebula  following  Table  II. 

13.     This  is  the  brightest  portion  of  the  great  loop  encircling  the  belt  and  sword  of  Orion. 

15.  A  bright  uncatalogued  nebula  similar  to  N.G.C.  2245.  A  thirteenth-magnitude  star  is  at  the 
apex  of  the  cometary  form.  It  is  surprising  to  find  that  so  bright  an  object  has  been  overlooked 
by  observers. 

21.  Attention  was  called  to  this  uncatalogued  object  in  Union  Observatory  Circular,  No.  7,  1911. 

22.  See  Barnard's  photograph  in  Astrophysical  Journal,  23,  144,  1906. 
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These  nebulae  show  a  decided  tendency   toward  clustering, 
and  can  be  divided  as  follows : 


Number 


Taurus  group 1-7 

Orion 8-14 

Monoceros 15-21 

Scorpius 22-27 

Corona  Australis 28-29 

Cygnus 30-33 

Their  distribution  in  the  sky,  although  afifected  by  this  grouping, 
is  clearly  not  a  simple  concentration  along  the  galactic  plane. 
In  Figure  2  they  are  plotted  in  galactic  co-ordinates,  and  it  is  at 
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Fig.  2. — Distribution  of  diffuse  nebulae 
a.  Nebulae  with  emission  spectra 
h.  Nebulae  with  continuous  spectra 

once  evident  that  most  of  them  favor  the  tilted  plane  of   bright 
helium  stars.     The  Monoceros  group  and  the  isolated    pair  in 
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Corona  Australis  are  the  only  exceptions.  The  latter,  as  has 
been  mentioneci.  is  relatively  near;  in  fact,  it  is  among  our  very 
nearest  nebulous  neighbors,  and  therefore  can  be  properly  assigned 
to  the  local  cluster.  The  Monoceros  group,  on  the  other  hand, 
may  be  truly  galactic  as  judged  by  its  position,  the  small  size  of 
its  components,  and  the  faintness  of  the  stars  involved. 

Table  II  contains  twenty-nine  nebulae  with  emission  spectra, 
thirteen  of  which  were  previously  recognized  as  such.  These 
objects  show  a  greater  preference  for  the  galactic  plane  and  less 
of  a  tendency  to  congregate  into  groups.  They  all  lie  close  to  the 
Milky  Way,  except  the  Cygnus  nebula  (N.G.C.  6960,  6992),  N.G.C. 
1499,  5128,  and  the  Orion  group.  The  largest  objects  in  the 
galactic  plane,  however,  fall  at  the  nodal  points  of  the  belt  of 
helium  stars  and  might,  from  their  position  alone,  be  placed  in 
either  plane  with  equal  reason.  Starting  from  an  assumption 
of  double  distribution,  it  is  quite  possible  to  divide  the  emission 
nebulae,  assigning  all  five  of  the  largest  sizes,  five  out  of  thirteen 
of  the  graded  sizes  4  and  3,  and  three  out  of  eleven  of  the  two 
smallest  sizes,  to  the  inclined  plane.  This  distribution  of  sizes 
fits  very  well  with  the  known  fact  that  the  local  cluster  of  helium 
stars  is  nearer  than  the  Milky  Way  clouds,  and  with  the  distribu- 
tion in  sizes  of  the  "continuous"  nebulae.  Those  assigned  to  the 
galactic  plane  have  a  very  small  dispersion  and  a  mean  galactic 
latitude  of  — 1?6,  which  is  exactly  the  latitude  of  the  galactic 
circle  as  determined  by  Nort.'  So  close  an  agreement  was  of 
course  unexpected,  and  lends  some  justification  to  the  rather  arbi- 
trary division  of  nebulae  between  the  two  planes. 

A  study  of  the  relative  intensities  of  the  monochromatic  images 
in  Table  II  leads  to  the  interesting  generalization  that  hydrogen  in 
the  extended  nebulae  as  represented  by  H/3  is  much  stronger  com- 
pared to  Ni  and  N2  than  is  the  case  in  the  planetaries.  Wilson 
suggested  this  from  the  intensities  in  two  extended  nebulae,  N.G.C. 
1976  and  3372,  and  established  the  fact  that  emission  nebulae  in 
the  Magellanic  clouds  occupy  a  position  in  this  respect  between 
the  normal  planetaries  and  the  extended  nebulae. 

'  Recherches  Astronomiques  de  I'Observatoire  d'Ulrechi,  7,  191 7. 
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TABLE  II 

Diffuse  Nebulae  with  Emission  Spectra 


Galactic 

No. 

Object 

Longi- 
tude 

Lati- 
tude 

Size 

Instru- 
ment 

Remarks 

I 

N.G.C.    281 

90° 

-   7?o 

3 

B.C 

One  image,  Ni-|-Nj-|-H/3.  Si.x  hours  with  C 
much  fainter  than  two  hours'  direct  expo- 

2 

I.e.  59-63 

90 

-    2.5 

2 

B,  C,  D 

Fan  nebulae  near  7  Cass.  D  shows  three 
images,  Ni-|-N,+H/9(3),  H7(i),  H«  (i) 

3 

N.G.C. 1491 

118 

-   1-5 

I 

C 

Strong  single  image,  Ni-l-Ni+H/3 

4 

1499* 

128 

-II-5 

S 

B,C,D,E 

Spectrum  described  in  A.S.P.,  32,  155, 
1920.  N,-fN,  (2),  H/3  (2),  4686  (i), 
H7  (2),  H5  (i),  H6  (i) 

5 

1624 

122 

-f  2  .0 

I 

C 

One  image,  N.+Nj-f  H/3 

6 

I.e.    405 

139 

-  3.0 

3 

C 

Two  images,  N,  +  N,-1-Hj3  (2),  Hy  (i). 
Faint  continuous  spectrum 

7 

N.G.e.  ig52* 

151 

-  S.5 

2 

e 

Four  images,  N.+Na-}-H/3  (s),  H7  (2), 
H5  (0),  3727  (i).  Strong  continuous 
spectrum.     See  L.O.B.,  13 

8 

I.e.  423 

172 

-17.5 

I 

B 

Five  images,  N.-|-Na  (2).  H/3  (2),  4686  (i), 
4363  (i),  H7  (2) 

9 

N.G.C.  1976* 

176 

-19-5 

5 

B,C,D,E 

Orion  nebula.  See  L.O.B.,  13,  and  A.S.P., 
31,  212,  1919 

10 

1982* 

176 

—  ig.o 

2 

B,e,D,E 

Orion  nebula.  See  L.O.B.,  13,  and  A.S.P., 
31,  212,  1919 

II 

I.e.  434* 

174 

-17.0 

5 

B 

Bay  nebula  south  of  f  Orionis.  See  Wolf, 
A.N.,  180,  152.  Five  images,  H^  (5), 
4686  (2),  H7  (4),  H5  (i),  3727  (2) 

12 

N.G.C.  2024 

174 

—  i6.o 

3 

B,  D 

N.  (i),  H/3  (3),  4686  (2),  H7  (3),  H5  (2), 
3727  (2),  faint  continuous  spectrum 

13 

217s 

157 

0.0 

3 

B,C 

N.  (i)H/3(3),H7(3) 

14 

2237 

173 

—  2.0 

4 

B,C,D 

N,+N,  (2),  H/3  (i),H7  (i) 

198 
194 

-  4.0 

+  0.5 

2 
2 

e 
B,e 

One  image,  Ni-l-Ni 

16 

2359 

One  image,  N.-l-X,.     Gaseous  nature  pre- 

dicted from  direct  photographs  by  Pease, 

Mt.  Wilson  Conlr.,  No.  132 

17 

18 

3372* 
5128 

255 
277 

—   1 .0 

-I-20.0 

5 
3 

See  L.O..B,  13 

C 

H^  (2)4686  (i),H7  (2),H6  (i) 

19 

6302* 

316 

—   1 .0 

I 

B 

20 

6357 

320 

+  i.o 

2 

C 

One  image,  Ni-fNj 

21 

6514* 

334 

-  O-S 

3 

B,  C 

Trifid.  See  L.O.B.,  13,  N.-f-N,  (i),  H^  (3), 
H7  (2),m  (i),3727  (2) 

22 

6523* 

Hi 

-  0.5 

4 

B,e 

M8.  SeeZ,.0.B.,i3.  N,  (2),N,  (1),  H|8  (4), 
4363  (i),  H7  (3),  H«  (i),  H*  (i),  Hf  (i), 
3727  (2).     Local  variation  to  intensities 

23 

66n 

343 

+  o.s 

3 

B 

M16.  N.+N,  (i),  H0  (3),  H7  (2).  See 
Mt.  Wilson  Contr.,  No.  177,  p.  6 

24 

6618* 

341 

—   1.0 

3 

B 

M  17.  See  L.O.B..  13,  N.  (4),  N,  (2),  H/3  (3), 
4686  (0),  4361  (i),  H7  (3).  Local  varia- 
tions 

25 

6888 

43 

+  1.2 

B,  C 

H^  (2),  H7  (i),  H5  (i),3727  (2) 

26 

6960* 

40 

-  8.5 

4 

B 

See  Wolf,  A.N.,  178,  379;    ibid.,  180,  152 

27 

6992* 

42 

—  lO.O 

4 

B 

See  Wolf,  ibid.,  178,  152.  Nos.  26  and  27, 
are  really  portions  of  one  nebula — an 
enormous  loop  in  Cygnus 

28 

7000* 

53 

—   1.0 

S 

B,  C 

Wolf,  Silz.  Heid.  Akad.  Wiss.,  27,  i,  1910 

29 

7635 

79 

—   1.0 

3 

A,  B,e 

H/3(5),  H7  (2),  H5(i),3727  (4) 

NOTES 

Campbell  and  Moore  were  unable  to  see  bright  lines  in  N.G.C.  2024,  6992,  and  7000.  N.G.C.  6523, 
6618,  and  7635  each  has  at  least  one  image  of  wave-length  shorter  than  3727. 

7.  The  continuous  spectrum  in  N.G.C.  1952  is  so  strong  that  the  nebula  might  equally  well  be 
included  in  Table  I. 

II.  I.e.  434.  This  is  the  remarkable  Bay  nebula  stretching  south  from  f  Orionis,  whose  sharp  edge 
on  the  following  side  is  indented  by  a  dark  cloud  billowing  out  from  the  obscured  region  bordering  on  the 
bright  nebula.     My  plates  give  an  emission  spectrum  which  agrees  with  that  described  by  Wolf  in  Astro- 
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nomische  N achrichten ,  180,  152,  1908,  and  ascribed  by  him  to  N.G.C.  2023.  N.G.C.  2023,  however,  is  a 
typical  nebulous  star.  H.D.  — 2°i34S,  in  the  obscured  region  following  I.C.  434-  The  nebulosity  around 
it  has  a  strong  continuous  or  rather  an  absorption  spectrum  with  no  trace  of  emission.  Furthermore, 
Wolf's  remarks  "sudlich  von  f  Orionis — umittclbar  nordlich  von  die  grossen  Bucht  .  .  .  ."  clearly 
apply  to  I.C.  434.  In  view  of  these  facts,  I  assume  the  nebula  whose  spectrum  Wolf  describes  in  Astro- 
nomische  Xachrichten,  180,  152,  is  really  I.C.  434  and  so  list  that  nebula  as  one  whose  spectrum  was  previ" 
ously  known.  N.G.C.  2023  is  listed  among  those  giving  continuous  spectra  which  were  not  previously 
known. 

13.     Continuous  spectrum  fairly  strong.     Emission  spectrum  checked  by  a  slit  spectrogram. 

15.  This  is  an  uncatalogued  nebula  described  by  Knox  Shaw  in  Ilelwan  Bulletin,  No.  15.  Dis- 
covery announced  in  Union  Observatory  Circular,  No.  7,  iqii. 

28.  N.G.C.  763s,  formerly  known  as  a  nebulous  star,  appears  to  be  a  large  planetary  immersed  in 
diffuse  nebulosity.  The  brightest  portions  of  the  non-planetary  nebulosity  give  the  emission  spectrum 
described. 

The  normal  ratio  Ni,  N2,  and  H/3  in  the  planetaries  is  10:3:1. 
From  the  observations  of  Campbell  and  Moore  and  of  Wilson, 
data  can  be  gathered  for  extended  nebulae  as  follows:' 


N. 

N, 

H^ 

N.G.C.  1976 

3372 

6514 

6523 

6618 

10 

10 

3 

3 

10 

3 

3 
1 

I 
3 

5 

5 

10 

10 

!5 

Table  II  furnishes  data  of  inferior  accuracy,  but  strongly  support- 


ing those  listed  above. 


N.G.C. 

I.C. 

I.C. 
N.G.C. 


1499. 
423- 
434- 

2024. 

2175- 
2237. 
5128. 
6611. 
6888. 
6960! 
6992/ 
7000. 
7635- 


H/3 


N.G.C.  1977  and  1982  are  connected  with  N.G.C.  1976,  the 
Orion  nebula,  and  these,  together  with  the  outer  region  of  the 
Orion  nebula  itself,  show  a  decided  weakening  of  the  Ni  and  N2 


Publications  of  the  Lick  Observatory,  13. 
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lines,  as  compared  to  the  10: 3 : 5  relation  for  the  trapezium  region. 
A  spectrogram  made  at  Mount  Wilson  with  the  slit  east-west,  just 
south  of  the  B8  star  B.D.  —  5°i305,  12'  south  and  preceding  the 
trapezium,  shows  Hj8  ten  times  as  strong  as  Ni  and  apparently 
just  stronger  than  X  3727.''  It  is  interesting  to  note  that  the  nebu- 
losity condensing  about  the  star  shows  a  pronounced  strength- 
ening of  the  continuous  spectrum  without  affecting  the  emission 
lines. 

N.G.C.  281,  1491,  1624,  2359,  6357,  and  I.C.  59,  63,  and  405 
show  such  faint  overlapping  images  that  they  cannot  be  separated 
into  components  for  the  estimation  of  relative  intensities. 

In  no  case,  excepting  N.G.C.  1952,  is  H/?  less  than  half  the 
intensity  of  Ni.  In  this  exceptional  case,  as  studied  from  a  slit 
spectrogram  by  Sanford,  the  local  variations  and  overlap  of  double 
lines  interfere  with  estimation  of  relative  intensities  and  the  only 
statement  which  can  be  made  is  that  H/3  and  N2  are  of  about  the 
same  order  of  intensity. 

The  significance  of  this  generahzation  is  not  clear  as  yet.  Of 
the  six  giant  planetaries^  only  one,  N.G.C.  7635,  shows  the  stronger 
H|8,  and  the  same  ratio  holds  for  small  planetaries  out  of  the 
Magellanic  clouds  discussed  by  Campbell  and  Moore.  The  most 
striking  examples  of  these  latter,  N.G.C.  40,  I.C.  418,  N.G.C.  4361, 
and  B.D.  -f3o°3639,  are  in  no  way  exceptional  in  appearance 
or  in  their  nuclear  spectra.  The  nuclei,  however,  are  unusually 
bright  as  compared  with  the  general  average. 

Among  the  non-galactic  nebulae  showing  emission  lines,  two 
described  by  Campbell,  N.G.C.  1068  and  41 51,  seem  to  have  the 
normal  planetary  ratio,  10:3:1  for  Ni,  N2,  and  HjS,  while  three 
others  described  by  Pease  and  by  Slipher,  M  33,  N.G.C.  4214 
and  4449  show  the  relatively  stronger  H/3. 

Tables  I  and  II  more  than  double  the  number  of  known  emission 
spectra,  and  quadruple  that  of  known  continuous  spectra.  The 
latter  now  outnumber  the  former  for  separately  catalogued  objects; 
but  in  view  of  the  greater  tendency  to  group  among  the  nebulae 

'  "Apparently"  in  that  an  ordinary  lens  and  a  Seed  30  plate  were  used.  Quartz 
or  U.-V.  glass  and  Seed  23  plates  would  show  X  3727  as  much  stronger  than  H/3. 

^  The  term  "giant  planetary"  is  used  to  describe  those  with  diameter  greater 
than  2'.     There  are  six  such  planetaries. 
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with  continuous  spectra,  it  is  preferable  to  regard  the  numbers  as 
about  equal.  As  emission  nebulae  are  much  more  easily  identified 
for  a  given  surface-brightness  because  of  the  discontinuous  dis- 
tribution of  light  in  their  spectra,  it  seems  a  reasonable  extrapolation 
to  assume  that  continuous  spectra  are  actually  more  numerous 
than  emission  among  the  diffuse  galactic  nebulae. 

A  study  of  direct  photographs  fails  to  give  any  necessary  and 
sufficient  criteria  certain  for  predicting  by  inspection  the  nature 
of  the  spectrum  of  a  given  diffuse  nebula.  There  are  several  gen- 
eral indications,  but  each  has  its  exceptions.  Filamentary  and 
wispy  nebulosity  usually  has  an  emission  spectrum,  as,  for  ex- 
ample, N.G.C.  1499,  1952,  1976,  2359,  6960,  and  6992.  This  is 
not  a  necessary  condition  and  is  approximately  satisfied  in  the 
"continuous"  nebulosity  about  the  Pleiades  and  22  Scorpii;  moreover 
N.G.C.  1952,  the  Crab  nebula,  has  so  strong  a  continuous  back- 
ground for  its  bright-line  images  that  its  spectrum  could  be  classed 
as  continuous  almost  as  reasonably  as  emission.  On  the  other 
hand,  a  smooth,  cloudy  structure  is  usually  confined  to  "continu- 
ous" nebulosity,  as  in  that  about  v  Scorpii  and  p  Ophiuchi,  but  this 
again  is  approximated  in  the  emission  nebulae  N.G.C.  2024  and 
the  Trifid. 

Nebulae  with  "continuous"  spectra  are  usually  associated  with 
greater  obscuration  than  are  emission  nebulae,  although  striking 
exceptions  are  found  in  Orion  and  N.G.C.  7000.  It  is  of  course  a 
natural  supposition  that  such  vast  bodies  must  be  at  least  partly 
opaque,  and  that  the  "continuous"  would  be  more  so  than  the 
emission  nebulae.  Observation  shows  this  to  be  the  case.  Obscu- 
ration is  in  fact  a  universal  characteristic  of  diffuse  galactic  nebulae 
wherever  the  angular  areas  are  large  enough  to  warrant  conclusions. 
The  best  direct  evidence  that  I  have  found  for  transparency  in 
any  degree  is  presented  by  the  helical  nebula  in  Aquarius,  N.G.C. 
7293,  the  largest  recognized  planetary.  Photographs  made  with 
the  100-inch  reflector  show  three  or  four  small  non-galactic  nebulae, 
including  one  spindle,  within  the  luminous  area  of  the  planetary. 
The  great  size  and  galactic  latitude  of  N.G.C.  7293  render  it 
highly  probable  that  the  planetary  is  relatively  near,  at  least 
nearer  than  the  small  nebulae,  which,  therefore,  must  be  considered 
as  shining  through  the  planetary. 
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The  brightest  nebulae  have  emission  spectra;  the  largest,  con- 
tinuous spectra.  In  general,  however,  the  two  classes  mix  pretty 
thoroughly  when  arranged  in  order  either  of  size  or  of  brightness. 
"Continuous"  nebulae  show  a  greater  tendency  to  condense  around 
stars,  although  most  of  the  galactic  nebulae  have  stars  involved, 
and  perhaps  all  have  stars  associated  with  them. 

SPECTRAL  TYPES  OF  STARS  INVOLVED  IN  DIFFUSE  NEBULOSITY 

A  study  of  the  spectral  types  of  such  stars  shows  that  those 
involved  in  "continuous"  nebulae  are  of  later  types  than  those 
involved  in  emission  nebulae.  This  conclusion  is  based  on  examina- 
tion of  slit  spectrograms  made  with  Cassegrain  spectrographs  on  the 
6o-inch  and  loo-inch  reflectors.  One  prism  and  an  1 8-inch  camera 
were  generally  used,  although  for  some  of  the  faintest  stars  a 
7-inch  camera  was  necessary.  Table  III  gives  the  types  of  stars 
involved  in  29  of  the  "continuous"  nebulae,  which  are  designated 
by  the  list  numbers  of  Table  I. 

Three  cases  are  exceptional — the  faint  KB  star  in  No.  4,  around 
which  the  nebulosity  condenses  so  strongly  and  symmetrically  that 
the  star  must  be  regarded  as  involved,  and  the  nuclei  of  the  two 
variable  nebulae  N.G.C.  2261  and  6729.  V.  M.  Slipher  reports  the 
nuclear  spectrum  of  N.G.C.  2261  as  consisting  of  bright  and  dark 
lines  agreeing  closely  with  Nova  Aurigae  in  its  later  stages.  He 
suspected  that  the  nucleus  of  N.G.C.  6729,  R  Coronae  Australis, 
was  similar,  but  three  spectrograms  made  with  the  100-inch  reflec- 
tor (7-inch  camera)  show  a  pecuhar  G-type  spectrum  with  bright 
reversed  hydrogen  and  enhanced  iron  lines.  When  these  three  cases 
are  disregarded,  the  mean  type  of  the  other  stars  is  about  B4. 
None  is  earlier  than  Bi. 

There  is  a  decided  tendency  toward  uniformity  of  stellar 
type  within  the  various  groups.  The  Taurus  group  contains 
nothing  earHer  than  B5.  The  Orion  group  is  B2  and  B3,  with 
one  exceptional  Bi  star  in  N.G.C.  1977,  a  nebula  giving  bright 
lines  as  well  as  a  strong  continuous  spectrum.  The  stars  in  the 
Monoceros  nebulae  are  Bi  and  B2,  and  those  of  the  Scorpius  group 
are  B2  and  B3  as  in  Orion,  excepting  the  isolated  case  of  I.C.  4601, 
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TABLE  III 
St.\rs  Involved  in  Nebulae  with  Continuous  Spectr.\ 


No. 

Nebula 

1 
Pv.  Mag.  of  1  Spectrum 
Stars             of  Stars 

I 

N.G.C.  1333 
I.e.    348 

Pleiades 

10  6          i  B8 

• 

2 

8.4 
9. 8-1 1. 6 

B6 
B8-A2 

B5 

K8 

Ac^Bs 

B8-B8 

Bi 

B2 

B5-B8 

B3 

Bi 

Bi 

Bi 

Bi 

B2p 

Pec. 

Bi 

B2 

B2 

B8-A0 

B2 

B2-B3 

B3 

B9-B9 

Gp 

B5-B5 

B2p 

B3-B8 

Bi 

B.D.  +3i°643 
9  stars 

Maia  and  Merope 
Probably  a  dwarf 

? 

4 

12.5 
12. 0-12. 2 
10. 0-13.0 

4.6 

7.8 

10. 4-10. 8 

14.0 

13  5 

II-3 

8.1  . 
10.7 

8.8 
Var. 

8.2 

31 

4-2 

7.1-8.4 

7.8 
5  2-5. 9 

4-9 

7.2-9.4 

Var. 

93-99 

7.2 
10. 2-12.4 
10. 0 

6 

N.G.C.  1579 
1788 
1977 
2023 
2068 
2183 

8 

0  stars 

lO.     ... 

Boss  1364 
B.D.  -2°i34S 
B.D.  +o°ii77 

II 

12 

14 

I  ? 

16 

I.e.    446 

447 

N.G.C.  2245 

2247 

2261 

17 

18 

19 

20 

21 

B.D.  4-io°ii59 

Bright  H/3  suspected 

Bright  H/3  and  H7 

Approximates  a  nova  spectrum 

B.D.  -i2°i77i 

TV  Scorpii 

V  Scorpii 

4  stars 

B.D.  -24°i2684 

2  components  of  p  Ophiuchi 

22  Scorpii 

2  stars 

22 

23 

24 

25 

26 

27 

28 

I.e.  5592 
4601 
4603 
4604 
4605 
N.G.C.  6726,  7 
6729 

6914 

7023 

7129 

I.e.  5146 

29 

30 

31 

32 

Z3 

R  Coronae  Australis.     Resem- 
bles T  Tauri 
B.D.     +4i''373i     and     B.D. 

+4i°3737 
Bright  H/3  and  H7 
3  stars 
B.D.  +46°3474 

NOTES 

4.     Nebulous  star  north  following  Barnard's  nebula. 

15.     Nucleus  of  cometary  nebula  resembling  N.G.C.  2245.     It  is  not  catalogued. 

17.  There  is  a  group  of  six  stars  in  this  nebula,  some  of  which  are  certainly  not 
involved. 

24.  Boss  4150,  visual  mag.  6.2,  G5  giant,  is  involved  in  nebulosity  connected 
with  No.  24. 

28.  B.D.  — 37°i3oi7  and  1301S,  \-isual  mag.  6.5  and  6.7,  B5  and  B6,  are 
involved  in  connecting  nebulosity. 

29.  R  Coronae  Australis  has  bright  unsymmetrically  reversed  hydrogen  and 
enhanced  iron  lines  on  an  absorption  spectrum  that  is  approximatelj'  a  G-type  but 
which  has  contradictory  characteristics.  The  spectrum  resembles  that  of  T  Tauri 
except  that  it  has  no  bright  H  and  K. 
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m  which  are  involved  four  stars,  B8  to  Ao.  The  Corona  Australis 
group  really  comprises  two  double  stars  in  addition  to  R.  The 
types  are  B5,  B6,  B8,  and  B9,  R  itself  being,  as  mentioned  above,  a 
peculiar  later  t>^e. 

The  Monoceros  group  comprises  all  the  "continuous"  nebulae 
which  can  be  assigned  to  the  galactic  plane  with  any  degree  of 
certainty.  This  distinction  is  emphasized  by  the  fact  that  they 
contain,  as  a  group,  the  earliest  types  of  involved  stars.  The  only 
other  Bi  star  (excepting  the  transitional  case  of  N.G.C.  1977 
mentioned  above)  is  central  in  I.C.  5146,  the  Cave  nebula  in 
Cygnus.  This  object  is  so  near  a  nodal  point  of  the  inclined 
plane  that  it  can  be  placed  in  either  belt  with  equal  justification. 
These  facts  raise  a  question  as  to  whether  or  not  there  may  be  a 
real  difference  in  type  between  stars  involved  in  nebulae  belonging 
to  the  galactic  plane  as  compared  with  those  belonging  to  the  local 
cluster.  The  various  groups  differ  so  much  among  themselves, 
however,  that  no  great  weight  can  be  assigned  to  results  from  one 
of  their  number.  Moreover,  there  seem  to  be  some  later-type 
stars  in  the  cluster  around  S  Monocerotis  and  possibly  in  I.C.  447. 

The  KB  star  in  No.  4  is  not  unique.  Heretofore  it  has  been 
thought  that  all  stars  involved  in  nebulosity  are  B-type  or  earlier. 
The  following  list,  which  does  not  include  several  known  cases  of 
A  stars,  some  of  which  are  of  the  a  Cygni  type,  shows  that  this 
is  not  rigorously  true. 


I.  B.D.  +3i°S97 

K2  giant 

2.  B.D.  +28°645 

F8± 

3.  T  Tauri 

G  peculiar  with  bright  lines 

4.  No.  4 

K8  dwarf 

5.  Boss  4150 

Gs  giant 

6.  R  Corona  Australis     G  peculiar  with  bright  lines 

These  six  objects  have  all  been  photographed  directly  with  the 
100-inch  reflector  and,  in  each  case,  the  nebulosity  condenses  about 
the  star  so  obviously  that  there  can  be  little  doubt  that  the  stars 
are  really  involved.  Some  may  be  cases  of  stars  and  nebulosity 
meeting  in  the  course  of  the  peculiar  motions  through  space,  but 
others,  notably  T  Tauri  and  R  Coronae  Australis,  must  surely  be 
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inherently  associated  with  the  nebulosity  surrounding  them. 
None  of  them,  however,  shows  any  indications  of  nebulosity 
condensing  into  stars. 

Absorption  spectra  of  diffuse  nebulae  are  reported  by  Slipher 
and  by  Pease  as  agreeing  with  the  spectra  of  the  brightest  involved 
stars,  as  well  as  could  be  determined  with  the  small  dispersions 
employed.  In  this  connection  it  is  of  interest  to  mention  the 
following  nebulae  with  predominantly  continuous  or  absorption 
spectra  which  have  bright-line  stars  involved. 

Nebula  Star 

Pleiades Bright  Ha  in  several  of  the  brighter  stars 

N.G.C.  2247 ,.  .  .  .   Bright  line  Bip 

N.G.C.  7023 Bright  line  B2p 

N.G.C.  2261 Appro.ximately  a  Nova  spectrum' 

N.G.C.  6729 G  pecuHar  with  bright  hydrogen  and  enhanced 

iron  lines 

The  spectrum  of  the  Pleiades  nebulosity  has  not  yet  been 
examined  in  the  Ha  region.  No  slit  spectrogram  has  been  obtained 
of  N.G.C.  2247,  and  the  objective-prism  spectra  could  easily  obliter- 
ate faint  emission  images.  N.G.C.  7023  and  6729  are  suspected, 
N.G.C.  2261  is  definitely  proved  by  Slipher,  to  have  spectra  corre- 
sponding in  detail  to  the  spectra  of  the  stars  involved.  There  is 
thus  no  evidence  against,  and  some  in  favor  of,  the  assumption  that 
nebular  spectra  that  are  predominantly  "continuous"  are  the  spectra 
of  reflected  starlight. 

Table  IV  indicates  types  of  stars  involved  in  nebulae  with 
emission  spectra.  N.G.C.  3372,  the  77  Carinae  nebulosity,  is  not 
included  because  its  position  is  such  that  no  investigation  could  be 
made  here  concerning  the  question  as  to  which  stars  are  involved 
and  which  are  not.  t]  Carinae  itself  is  usually  accepted  as  being  so 
involved,  and  if  this  is  true,  it  is  the  one  example  known  of  a 
peculiar  bright-line  star  in  emission  nebulosity.  The  Draper 
Catalogue  lists  two  Wolf-Rayet  stars  within  the  limits  of  N.G.C. 
3372,  but  there  again  the  question  of  their  being  involved,  or 
simply  aligned,  requires  special  investigation  that  cannot  be 
carried  out  at  Mount  Wilson. 

'  Lowell  Observatory  Bulletin,  No.  81,  1918. 
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There  are  two  probable  cases  of  Wolf-Rayet  stars  associated  with 
diffuse  nebulae  having  emission  spectra.     These  are  N.G.C.  2359 

TABLE  IV 

Stars  Involved  in  Nebulae  with  Emission  Spectra 


No. 


Nebula 


Pv.  Mag.  of 
Stars 

Spectrum 
of  Stars 

/   8.6-10.2 

Oes 

\10.3-II.6 

Bo 

10.6 

Bo 

13. 0-14.0 

5-8 

5 -4-7 -9 
6.8 

Oes 
Bop 
Oes-Bo 
Bip 

7-5 

7.4-8.2 

II  .0 

Oes 
Oes 
Od 

7.8-8.5 
6. 1-6.9 

Oes-Bo 
Oes-Bo 

8.3-9.2 

Oes-Bo 

I 

3 
5 
6 

9 
10 

13 
14 
16 
21 
22 

23 


N.G.C.    281 


I.C 
N.G.C 


1491 
1624 

40s 
1976 
1982 
217s 
2237 
2359 
6514 
6523 

661 1 


4  components  of  B.D.  4-S5°i9i 
3  stars 

3  stars.    Magnitudes  estimated 
Boss  1249 

4  components  of  Trapesium 
Bond  734.  4686  strong  for  type 
B.D.  +2o°i284 

4  brightest  stars  of  the  cluster 

Magnitude  estimated 

2  components  of  B.D.  —  23°338 

2  brightest     stars    in    M  8. 
B.D.  -23°i38i4-i6 

3  brightest  stars  in  M  16. 


NOTE 
21.     B.D.  — 22°4Sio,  pv.  magnitude  7.25,  A3P  (a  Cygni  type)  is  central  in  the 
northern  lobe  of  the  trifid  nebula,  N.G.C.  6514.     The  excessive  color-inde.x  of  this 
star,   +0.80  magnitudes,  together  with  the  pronounced  general  absorption  of  the 
nebulosity,  suggests  that  the  star  is  actually  within  the  nebula. 

and  6888.  Photographs  of  both  nebulae  have  been  published  by- 
Pease.'  N.G.C.  2359  shows  a  ring  and  tangential  streak  suggesting 
the  present  form  of  the  nebula  surrounding  Nova  Persei  No.  2. 
An  eleventh-magnitude  Ob  star  is  approximately  central  in  the 
ring  and  hence  presumably  associated  with  the  nebula.  N.G.C. 
6888  is  a  segment  of  an  ellipse  with  the  Ob  star  B.D.  -|-37°382i 
of  magnitude  7.1  near  the  center  of  the  ellipse.  The  photograph 
suggests  a  ring  of  nebulosity  of  non-uniform  brightness,  inclined 
to  the  line  of  sight.  Both  nebulae  have  some  resemblance  to 
the  planetaries  or  to  a  transitional  type  between  planetary  and 
extended  forms.  Both  the  nebular  forms  and  types  of  stellar 
spectra  suggest  the  possibility  that  these  two  nebulae  are  remnants 
of  former  outbursts  of  novae. 

7  Cassiopeiae  is  probably  associated  with  the  emission  nebulae 
I.C.  59  and  63.     The  star  is  clearly  not  involved,  but  the  fan- 

'  Mt.  Wilson  Contr.,  No.  186;  Astrophysical  Journal,  51,  276,  1920. 
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shaped  masses  of  nebulosity  pointing  toward  that  star  suggest  an 
intimate  association.  If  this  is  true,  7  Cassiopeiae  is  the  one 
known  case  of  a  bright-hne  B-star  associated  with  emission  nebu- 
losity. The  type  is  called  Bo  peculiar."  ^  Orionis  can  with  equal 
justitication  be  considered  as  associated  with  N.G.C.  2024.  In 
fact,  all  the  belt  stars  of  Orion  might  be  thought  of  as  associated 
with  emission  nebulosity,  for  the  faint  cloud  in  which  they  are 
immersed  brightens  in  the  portion  known  as  I.C.  434,  the  bay 
nebula  south  of  f  Orionis,  sufficiently  to  permit  its  spectrum  to  be 
identified  as  emission.     These  stars  are  of  the  Bo  t>pe. 

Another  feature  of  the  table  is  the  marked  tendency  of  Oe5 
stars  to  form  clusters  in  emission  nebulae.  Examples  are  N.G.C. 
281,  1624.  2237,  and  6611.  Definite  data  are  restricted  to  the 
brighter  members  of  these  clusters,  but  small  dispersion  spectro- 
grams suggest  that  the  fainter  members  are  of  somewhat  later 
types  and  that  the  brighter  ones  alone  determine  the  spectrum  of 
the  nebulosity. 

N.G.C.  6618  (M  17)  has  no  stars  obviously  involved,  but  there 
are  indications  of  a  cluster  on  its  southern  border.  Two  of  the 
brightest  of  these  are  B8  and  two  fainter  ones  are  Bo.  General 
indications  from  focal-plane  shtless  spectrograms  are  that  the  two 
stars  mentioned  are  the  only  late  B-type  stars  in  the  group.  A 
reasonable  conclusion  is  that  the  two  B8  stars  are  merely  aligned, 
and  that  the  group  of  fainter  stars,  if  they  are  connected  with  the 
nebula,  are  of  the  usual  typt — Bo.  The  B8  stars  are  B.D.  — 16°4827 
and  -i6°4828. 

The  main  features  of  Table  IV  are  the  close  limitation  of  the 
stars  within  the  types  Oe5  and  Bo — at  least  for  the  brighter  stars 
in  each  nebula — and  the  relatively  rare  occurrence  of  bright  lines. 
These  are  four  probable  cases  of  emission  nebulae  associated  with 
bright-line  stars,  but  in  no  case  do  the  spectra  of  star  and  nebula 
agree.  The  fact  is  well  established  that  in  the  case  of  emission 
nebulae,  the  nebular  spectrum  and  the  spectra  of  stars  involved 
or  associated  do  not  agree.     This  recalls  Wright's  remarks  on  the 


I 


B.D.  —  io°i848  may  be  another  case,  but  the  spectrum  of  the  nebulosity  is  so 
confused  on  my  plates  that  the  statement  cannot  be  made  definitely.  The  star  is 
Bop  with  bright  hydrogen  lines. 
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rare  agreement  between  nebular  and  nuclear  spectra  among  the 
planetaries. 

The  progression  in  stellar  type  from  gaseous  to  "continuous" 
nebulae  seems  to  be  definitely  established.  There  is  no  overlap 
save  in  N.G.C.  1982,  which  shows  marked  transitional  char- 
acteristics in  its  spectrum.  The  sequence  is  well  illustrated  in  the 
Orion  nebulae  of  which  the  spectra  have  been  investigated  by 
Slipher  and  by  Campbell  and  Moore. 

N.G.C.  1976  gives  a  typical  nebular  emission  line  and  a  weak 
continuous  spectrum.    The  trapezium  stars  are  of  tj^e  Oe5  and  Bo.' 

N.G.C.  1982  gives  a  transitional  spectrum.  It  is  predominantly 
emission,  but  has  a  very  considerable  continuous  background  which 
intensifies  in  a  marked  degree  about  the  involved  star  Bond  734. 
This  is  a  Bi  star,  with  X  4686  unusually  strong  for  the  type.  It 
might  be  called  an  early  B  i . 

N.G.C.  1977.  The  spectrum  is  predominantly  continuous  with 
bright  hydrogen  and  dark  helium  lines.  No  nebulium  can  be  seen. 
The  involved  star,  Boss  1364,  is  of  type.  Bi. 

N.G.C.  2023.  The  spectrum  is  continuous  with  dark  hydrogen 
and  helium  lines,  and  that  of  the  involved  star,  B.D.  —  2°i345,isB2. 

N.G.C.  2068  (M  78).  The  spectrum  is  continuous  with  dark 
hydrogen  and  helium  lines  and  was  classed  by  Slipher  as  probably 
late  B.  The  stars  involved  are  classed  as  B3  and  B5,  but  subject 
to  a  rather  large  uncertainty.  My  own  plates  tend  to  place  the 
nebular  spectrum  as  not  later  than  B5. 

N.G.C.  2237  in  Monoceros  might  be  placed  at  the  head  of  this 
sequence  as  it  gives  a  pure  emission  spectrum  with  no  continuous 
background  perceptible.  The  four  brightest  stars  involved,  which 
have  been  investigated,  all  show  fine  Oe5  spectra. 

SPECTRA    OF   PLANETARY   NUCLEI 

The  progression  is  so  pronounced  that  it  seemed  advisable  to 
investigate  the  possibility  of  extending  it  into  the  other  type  of 
galactic  nebulae,  the  planetaries.     Wright  has  shown  that  some 

'  It  has  been  previously  mentioned  that  "continuous"  nebulosity  condenses  strongly 
about  the  B8  star  B.D.  — 5°i305  in  the  outer  region  of  N.G.C.  1976,  while  the  emission 
lines  of  the  nebula  are  not  affected  by  the  star. 
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planetary  nuclei  have  bright  lines  or  bands,  and  that  others  do 
not.  Where  emission  does  occur  it  is  probably  of  the  Wolf-Rayet 
type.  He  has  not  published  results  for  any  of  the  nuclei  of  giant 
planetaries,  and,  as  these  seem  to  have  the  closest  affinity  to  ex- 
tended nebulae,  their  spectra  have  been  observed  at  Mount  Wilson. 
As  an  arbitrary  division,  those  planetaries  whose  mean  diameter 
exceeds  two  minutes  of  arc  are  called  giants.  There  are  six  such, 
all  within  reach  in  this  latitude. 
N.G.C. 


246 

N.G.C.  6853  (Dumbbell) 

I5I4 

7293  (Helix) 

3587  (Owl) 

7635 

Two  of  them  have  central  stars  bright  enough  for  the  Cassegrain 
spectrograph  with  one  prism  and  an  18-inch  camera  on  the  100-inch 
reflector.  These  are  N.G.C.  15 14  and  7635,  whose  central  stars 
are,  respectively,  B.D.  +3o°623,  9.4  photo-visual  magnitude,  and 
B.D.  +60^2522,  8.7  photo-visual  magnitude.  Their  spectra  are 
similar  and  of  a  type  not  covered  by  the  Harvard  classification. 
They  show  no  bright  lines  or  bands.  The  following  dark  lines  are 
present. 

H/3  H5  4200'  4686  faint  and  hazy 

H7  4542'  4026'  4471  just  perceptible 

To  these  maybe  added  X  4481  in  B.D.  -f3o°623  nearly  as  strong 
as  X4542,  and  in  B.D.  -|-6o°2522,  X  4147  stronger  than  X4471, 
and  H  and  K  faint  and  sharp.  With  these  exceptions,  the  spectra 
could  be  described  as  Od  with  the  bright  lines  suppressed  to  the 
extent  of  a  trace  of  absorption  in  X  4686.  Their  position  is  inter- 
mediate between  the  Wolf-Rayet  type  and  Oe5.  Radial  velocities 
for  four  plates  of  each  are  +35.4  km  for  B.D. -F3o°623  and 
—  34.5  km  for  B.D.  -f  6o°2522. 

A  single  slit  spectrogram  of  the  central  star  in  N.G.C.  246 
made  with  one  prism  and  a  7 -inch  camera  shows  a  spectrum  similar 
to  B.D.  -|-6o°252  2,  the  central  star  in  N.G.C.  7635.  In  all  three 
objects,  the  line  X4542  is  the  strongest  except  the  hydrogen  lines. 

By  way  of  comparison,  a  spectrogram  of  the  nucleus  of  the 
smaller  planetary  I.C.  2149  was  obtained,  using  one  prism  and 

'  The  lines  XX4542, 4200, and  4026  are  those  discovered  by  E.  C.  Pickering  in  the  spec- 
trum of  f  Puppis,  for  which  he  employed  the  designation  H7',  H5',  and  He',  respectively. 
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an  i8-inch  camera  on  the  loo-inch  reflector.  This  nucleus  is  one 
for  which  Wright  reported  a  continuous  spectrum  v/ith  no  bright 
lines.  An  exposure  of  eight  hours  gave  a  legible  spectrum  in  spite 
of  very  poor  seeing  conditions.  The  rather  faint  continuous 
spectrum  of  the  nucleus  holds  up  unusually  well  toward  the  violet, 
and  is  crossed  by  the  bright  lines  of  the  nebula,  so  sharp  and  narrow 
that  their  source  is  unmistakable.  Only  three  dark  lines  can 
be  detected.  H(8  and  H7  are  very  faint  and  hazy  and  almost 
obliterated  by  the  strong  bright  nebular  lines  superposed.  The 
third  dark  line  is  X  4542,  exceedingly  faint,  but  free  from  any  nebular 
line.  No  trace  of  X  4686,  either  bright  or  dark,  can  be  seen.  Thus 
the  nuclear  spectrum,  freed  from  the  bright  lines  due  to  the  nebula, 
is  rather  similar  to  a  weak  spectrum  of  the  three  central  stars  dis- 
cussed above. 

Slitless  spectra  have  been  obtained  for  the  nuclei  of  all  six  of  the 
nebulae.  The  dispersion  is  small,  about  5.0  mm  from  H/3  to  He, 
and  conclusions  based  on  them  are  not  as  certain  as  one  would  wish. 
All  six  are  essentially  similar;  at  least  no  difference  could  be 
made  out  on  the  small-dispersion  plates.  No  bright  lines  or 
bands  are  seen,  and  all  show  the  well-known  strength  in  the  ultra- 
violet which  Wright  first  reported.  This  similarity  of  slitless 
spectrograms,  together  with  the  results  of  a  detailed  study  of  three 
higher-dispersion  spectra  taken  with  a  slit,  permits  the  assumption 
that  we  have  in  these  central  stars  a  class  of  objects  intermediate 
between  stars  involved  in  extended  emission  nebulae  and  in  the 
smaller  planetaries. 

Wright  himself  published  observations  of  only  two  planetaries 
with  mean  diameters  greater  than  one  minute  of  arc.  These  are 
N.G.C.  4361  and  6720.  In  both  cases  the  nucleus  gave  a  con- 
tinuous spectrum  with  no  bright  lines.  His  fifteen  nebulae  whose 
nuclei  show  no  bright  lines  have  a  mean  diameter  of  about  30"  as 
against  20"  for  the  fifteen  whose  nuclei  do  show  bright  lines, 
probably  of  the  Wolf-Rayet  type.' 

The  evidence,  as  far  as  it  goes,  points  to  a  progression  in  spectral 
type  of  central  or  involved  stars  from  the  small  planetaries  to  the 
large  ones,  and  this  progression  joins  immediately  on  to  that  of  the 

■  Publications  of  the  Lick  Observatory,  13,  252,  1918. 
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extended  nebulae.     The  complete  sequence  of  stars  involved  in 
galactic  nebulae  can  be  represented  as  follows : 

Small  planetaries Wolf-Rayet 

Large  planetaries Intermediate  between  Wolf-Rayet  and  Oes 

Extended  emission  nebulae Oes  and  Bo 

Extended  ''continuous"  nebulae.  .  .Bi  and  later 

The  overlap  is  surprisingly  small  and  for  the  most  part  con- 
fined to  nebulae  with  unusual  forms  or  spectra.  No  conclusions 
have  been  formed  as  to  the  end  of  the  sequence,  although  it  may 
be  significant  that  the  stars  of  latest  type  seem  to  favor  faint  nebu- 
losity and  pronounced  obscuration.  N.G.C.  2359  and  6888,  on  the 
assumption  that  the  Ob  stars  are  truly  associated,  fall  out  of  place. 
In  both  cases,  however,  there  is  evidence  of  a  ring  structure  that 
suggests  a  nova  origin  or  at  least  an  affinity  with  the  planetary  type. 

ASSOCIATION   OF    GALACTIC   NEBULOSITY    WITH   STARS 

This  intimate  relation  between  spectral  type  of  nebula  and  of 
involved  stars  raises  a  presumption  that  one  is  a  consequence  of 
the  other.  It  seems  more  reasonable  to  place  the  active  agency 
in  the  relatively  dense  and  exceedingly  hot  stars  than  in  the 
nebulosity,  and  this  leads  to  the  suggestion  that  nebulosity  is 
made  luminous  by  radiation  of  some  sort  from  stars  in  certain 
physical  states.  The  necessary  conditions  are  confined  to  certain 
ranges  in  stellar  spectral  type  and  hence  are  possibly  phenomena 
of  effective  temperature.  The  nebulous  material  itself  must  be  in  a 
physical  state  sensitive  to  the  stellar  radiation,  and  close  enough 
for  the  density  of  radiation  to  be  effective.  The  abrupt  transition 
from  emission  to  "continuous"  nebulosity  between  stellar  types 
Bo  and  Bi  suggests  a  critical  point  in  the  spectral  sequence  or 
possibly  effective  temperature  below  which  stellar  radiation  is 
incapable  of  exciting  nebulous  material  to  emission  luminosity. 
From  thence  down  the  spectral  sequence  the  luminosity  gives  a 
continuous  spectrum  and  probably  partakes  more  and  more  of  the 
nature  of  reflected  light. 

A  theory  of  nebular  luminosity  built  on  these  lines  meets  a 
first  obstacle  in  the  necessity  for  locating  stars  conspicuously 
associated   with   each   galactic  nebula,   of   the   required   spectral 
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type,  and  properly  placed  to  energize  the  nebulosity.  Planetaries 
oflfer  no  great  difficulty.  There  is  doubt  in  some  cases  as  to 
whether  the  nuclei  are  truly  stellar,  but  there  is  usually  a  con- 
densed center  which  may  well  conceal  a  star  or  take  the  place  of 
a  star  as  a  center  of  radiation.  In  several  extended  nebulae,  how- 
ever, there  is  a  conspicuous  absence  of  any  obviously  dominating 
star  or  group  of  stars.  Such  of  those  as  give  continuous  spectra 
show  pronounced  obscuration  in  and  surrounding  the  nebulosity, 
and  offer  the  possibility  that  stars  capable  of  playing  the  required 
role  are  present  but  entirely  or  partially  obscured.  Nos.  4,  5,  6, 
and  7  in  Table  I  are  examples. 

Emission  nebulosity  exhibits  much  less  general  absorption, 
possibly  because  the  matter  is  in  a  more  highly  dissociated  state. 
Here  the  assumption  of  obscuration  generally  fails,  and  the  radiation 
centers  must  be  sought  among  the  multitude  of  stars  always  found 
within,  or  near  to,  the  nebulosity.  Such  stars  need  not  be  appar- 
ently bright,  for  the  apparent  surface  luminosity  of  nebulae  is 
independent  of  the  distance.  Furthermore,  several  of  the  giant 
planetaries,  for  instance,  N.G.C.  3587,  6853,  s-^^d  7293,  have  bright 
nebulosity  with  central  stars  of  the  thirteenth  to  the  fourteenth 
magnitude.  Such  objects  then  as  N.G.C.  1499  ^^^d  the  nebula  in 
Cygnus,  N.G.C.  6960  and  6992,  might,  with  no  great  stretch  of 
the  imagination,  be  considered  as  receiving  affective  radiation 
from  some  of  the  neighboring  stars,  after  the  manner  in  which 
N.G.C.  2024  probably  receives  its  energy  from  f  Orionis. 

These  suggestions  may  be  applied  to  the  nebulae  considered  in 
this  paper.  Table  I  contains  only  six  nebulae  with  continuous 
spectra,  which  have  no  stars  obviously  involved  or  conspicuous 
on  direct  photographs  for  location  and  brightness.  They  are 
Nos. 4, 5,6, 7,9,  and  13.  The  first  four  fall  in  the  Taurus  group  and  lie 
in  regions  of  complete  obscuration.  Involved  stars  would  need  to 
lie  on  the  near  side  or  very  close  to  the  nearer  surface  of  the  nebulae 
in  order  to  be  seen  at  all.  In  two  of  these  four  cases,  Nos.  4  and  6, 
faint  stars  are  present  which  are  almost  certainly  dimmed  by  inter- 
vening nebulosity.  It  is  possible  and  even  reasonable  to  assume 
that  bright  stars  may  be  involved  or  associated  with  all  four  of  these 
objects,  but  partially  or  completely  hidden  by  the  obscuring  clouds. 
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No.  9  is  the  nebulosity  north  of  and  preceding  Rigel.  The  form 
of  the  nebula  approximates  an  arc  with  Rigel  at  the  center.  •  More- 
over, several  fan-shaped  details  are  present  which  in  each  case 
point  toward  that  star.  In  short,  the  nebula  shows  a  consider- 
able degree  of  radial  symmetry  with  Rigel  as  the  point  of  con- 
vergence. The  spectral  type  of  Rigel,  B8p,  and  the  absolute 
magnitude,  —  5.5  according  to  Kapteyn,  are  significant.  The 
nebulosity  extends  to  a  distance  of  2?5  from  the  star  which,  in 
terms  of  actual  distance  across  the  line  of  sight,  is  of  the  order  of 
twenty  light-years  at  the  distance  of  Rigel.  This  seems  an  enor- 
mous distance  over  which  to  assume  stellar  radiation  to  be  effective 
in  illuminating  nebulosity,  but  a  comparison  with  the  bette^-kno^vn 
Pleiades  nebulosity  indicates  that  the  two  cases  are  comparable, 
and  Hertzsprung's'  discussion  of  the  Merope  nebula  lends  consider- 
able weight  to  the  suggestion  that  reflected  starlight  can  account 
for  the  whole  of  the  nebular  luminosity  in  that  particular  case. 
In  terms  of  absolute  magnitudes  Rigel  is  about  4.7  magnitudes 
brighter  than  Merope  and  hence  will  have  the  same  illuminating 
power  at  8.7  times  the  actual  distance  of  similar  nebulosity  from 
Merope;  or  since  Rigel  is  about  1.5  times  as  distant  as  Merope  from 
the  earth,  to  an  angular  distance  of  about  5.8  times  as  seen  from 
the  earth.  Nebulosity  comparable  in  brightness  to  the  nebulosity 
near  Rigel  exists  nearer  to  Merope  than  to  any  other  of  the  bright 
stars  of  the  Pleiades,  and  it  extends  to  a  distance  considerably  more 
than  1/5.8  times  its  angular  distance. 

Inclusion  of  all  the  Pleiades  stars  will  not  entirely  destroy  the 
analogy.  According  to  Trumpler's  list  of  cluster  stars,  the  equiva- 
lent brightness  of  the  Pleiades  cluster  is  of  the  order  of  magnitude 
1.3  or  about  —3.7  absolute,  and  the  center  of  the  cluster  is  about 
6'  west  of  Alcyone.  Rigel  then  is  1.8  magnitudes  brighter  than  the 
entire  cluster  and  would  have  equal  illuminating  powers  on  nebu- 
losity at  about  1.4  times  the  angular  distance  of  equivalent  nebu- 
losity from  the  center  of  the  cluster.  The  equivalent  distance  in 
the  Pleiades  cluster  is  about  100.'  The  actual  nebulosity  is  rather 
sharply  divided  into  bright  inner  clouds  involving  the  more  lumi- 
nous stars  and  extending  in  parts  to  about  50'  from  the  center,  and 

'  Astronomische  Nachrichten,  195,  449  (No.  4679),  1913. 
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very  faint  exterior  clouds  extending  to  3°  or  3 ?5  from  the  center. 
The  position  of  the  nebulosity  near  Rigel  would  seem  to  fall  between 
these  extremes.  This  discussion  disregards  inclinations  to  the  line 
of  sight  of  the  direction  from  star  to  nebulosity,  and  hence  leaves 
an  element  of  uncertainty  in  the  conclusion.  It  does  seem  plausible, 
however,  to  regard  the  relation  of  Rigel  to  its  neighboring  nebulosity 
in  the  same  category  as  the  relation  between  stars  and  nebulosities 
in  the  Pleiades  cluster. 

No.  13,  the  great  loop,  sometimes  called  the  spiral,  around  the 
belt  and  sword  of  Orion,  offers  difficulties  of  another  sort.  The 
belt  stars  and  the  general  aggregation  of  fainter  stars  in  the  vicinity 
are  sufiSciently  bright  to  account  for  the  nebular  luminosity  on  the 
same  basis  as  in  the  case  of  Rigel  and  the  Pleiades,  but  the  con- 
tinuous spectrum  of  the  nebulosity  does  not  fit  the  Bo  spectral 
types  of  the  brighter  belt  stars.  These  same  stars  appear  to  pro- 
duce an  emission  type  of  illumination  in  nebulosity  immediately 
adjacent  to  them,  N.G.C.  2024,  I.C.  434,  etc.;  yet  if  they  truly 
do  illuminate  the  more  distant  loop,  it  is  with  a  dififerent  light 
altogether.  It  may  be  that  the  physical  state  of  the  loop  nebulosity 
is  different  from  that  in  the  closer  objects — that  the  physical 
state  of  all  nebulosity  depends  upon  distance  from,  and  spectral 
type  of,  associated  stars.  Or,  again,  the  ability  of  stellar  radiation 
to  produce  emission  luminosity  may  be  restricted  to  certain  limits 
of  distance  which  in  this  case  are  exceeded.^ 

The  facts  seem  definite — the  nebulosity  close  to  the  belt  stars 
gives  emission  spectra  while  that  far  away  gives  a  continuous 
spectrum.  Several  nebulae  giving  continuous  spectra,  as,  for 
example,  N.G.C.  2023,  are  nearer  to  the  belt  than  is  the  loop, 
but  they  lie  on  the  near  side  of  an  obscuring  cloud  which  seems 
to  veil  them  from  the  influence  of  the  belt  stars  and  permits  them 
to  shine  by  the  undisturbed  action  of  their  own  involved  stars. 
Slipher  suggested  that  spectra  of  the  Orion  nebulosities  change 
from  emission  to  continuous  or  rather  to  absorption,  as  one  pro- 
ceeds outward  from  a  center — probably  the  great  nebula  around 

'  The  brightest  portion  of  the  loop  is  nearest  the  belt  stars.  The  distance 
across  the  line  of  sight  to  the  nearest  belt  star — f  Orionis — is  about  forty  light- 
years. 
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6  Orionis,  and  these  new  observations  may  be  but  another  applica- 
tion of  some  law.  However  this  may  be,  the  loop  in  Orion,  if  it 
does  receive  its  light  from  the  group  of  stars  that  includes  the  belt, 
is  the  one  knowoi  example  of  a  nebula  giving  a  predominantly 
continuous  spectrum,  having  as  the  brightest  stars  associated  with 
it  those  of  a  ty'pe  earlier  than  Bi. 

The  result  of  this  examination  is  as  follows:  twenty-six 
out  of  thirty-three  nebulae  giving  predominantly  continuous 
spectra  have  prominent  stars  obviously  involved  in  the  nebulosity; 
in  six  of  the  remaining  cases  more  or  less  plausible  means  can 
immediately  be  suggested  to  account  for  the  absence  of  dominating 
stars  within  the  nebulae;  and  in  the  last  case,  exceptional  in  many 
respects,  there  exists  at  least  possible  means  of  accounting  for  the 
nebular  illumination  as  originating  in  stars. 

The  case  of  the  emission  nebulae  is  nearly  as  strong.  Among 
those  listed  in  Table  II  the  following  do  not  have  early  type  stars 
actually  within  their  borders : 

Nos.  2,  4,  7,  8,  II,  12,  25  (26  and  27),  28. 

No.  2,  I.e.  59,  63 — the  fan-shaped  nebulae  near  7  Cassiopeiae. 
That  star  is  obviously  associated  with,  although  not  involved  in, 
the  nebula.  The  very  form  of  the  nebulosity  seems  determined 
by  radiation  or  repulsive  action  from  the  star  which  lies  at  a 
center  of  radial  symmetry  with  respect  to  the  fans.  The  spectral 
type  of  7  Cassiopeiae,  Bop  with  bright  lines,  conforms  to  the  rule 
previously  established  concerning  the  relation  between  stellar  and 
nebular  spectra. 

No.  4,  N.G.C.  1499 — ^  Persei  is  the  brightest  neighboring 
star.  The  nebula  lies  on  a  rough  arc,  concave  to  ^  Persei,  which 
can  readily  be  considered  as  occupying  the  center  of  the  arc.  The 
star  is  of  t>pe  Oe5  and  hence  conformable  to  the  nebular  spectrum. 
No  other  star  in  the  vicinity  brighter  than  ninth  magnitude  has  a 
spectrum  earlier  than  B3. 

No.  25,  N.G.C.  6888 — a  long  segment  of  an  ellipse,  of  which 
B.D.  4-37°382i  occupies  the  center.  The  stellar  type  is  Ob, 
hence  the  star  and  nebula  seem  to  resemble  N.G.C.  2359.  No 
other  star  in  the  neighborhood  has  a  spectrum  earlier  than  B5. 
The  only  brighter  star  near  is  of  K-type. 
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These  three  cases  offer  positive  evidence  of  association  of  star 
and  nebulosity.  In  each,  one  definite  external  star  appears  to 
dominate  the  nebula,  its  position  approximating  a  center  of 
radial  symmetry,  its  spectral  type  conforming  to  the  estab- 
lished rule.  No  rival  claimants  can  be  found  for  any  of  the 
positions. 

No.  12,  N.G.C.  2024 — f  Orionis,  Bo,  a  sort  of  super-giant  with 
an  absolute  magnitude  of  —4.17  according  to  Kapteyn,  is  con- 
veniently located  to  energize  the  nebula.  Direct  photographs 
give  an  instant  impression  that  this  star  illuminates  the  nebula, 
although  the  details  of  nebulosity  do  not  show  such  marked  radial 
structure  as  is  found  in  the  three  cases  cited  above. 

No.  II,  I.e.  434 — the  Bay  nebula  south  of  f  Orionis.  This 
seems  part  of  a  cloud  involving  the  belt  stars  and  a  Orionis.  In 
this  particular  portion,  both  ^  and  a  can  be  considered  as  sources 
of  illumination,  both  from  position  and  from  spectral  type. 

No.  8,  I.e.  423 — a  small  loop  between  5  and  e  Orionis,  nearer 
the  former.  Both  these  stars  from  their  spectral  types  can  be 
considered  as  the  energizing  agents.  Their  positions  bear  no 
obvious  relation  to  the  figure  of  the  nebula,  but  their  distances 
are  within  reason  unless  greatly  distorted  by  projection. 

These  three  cases  do  not  offer  such  definite  evidence  as  the  first 
three  discussed.  They  pass  from  positive  in  No.  12  to  suggestive 
in  No.  8. 

The  last  three  cases,  Nos.  7,  28,  and  26  and  27,  offer  more  serious 
difficulties.  One  indeed,  26  and  27,  seems  flatly  to  defy  explanation 
on  any  observational  basis. 

No.  7,  N.G.C.  1952,  the  Crab  nebula,  has  two  faint  stars 
about  centrally  located.  The  brighter  is  of  about  15.5  photographic 
magnitude  and  the  other  only  slightly  fainter.  The  nebular 
spectrum  is  strongly  continuous  with  widely  doubled  bright  lines. 
Curtis  includes  the  nebula  among  the  planetaries,  although  he 
calls  it  a  doubtful  classification.  Exposure-ratio  plates  made  at 
Mount  Wilson  indicate  a  decided  negative  color-index  for  the 
brighter  star  at  least,  and  this,  together  with  their  approximately 
central  position,  permits  the  assumption  that  one  or  both  are 
involved  in  or  associated  with  the  nebula.     There  are  no  bright 
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stars  in  the  neighborhood  which  can  be  considered  as  sources  of 
energy,  either  from  position  or  spectral  type. 

The  question,  then,  is  whether  or  not  the  faint  central  star  or 
stars  can  dominate  the  nebula.  The  best  answer  is  another 
analogy,  this  time  with  the  Helical  nebula  in  Aquarius,  the  giant 
planetary,  N.G.C.  7293.  This  nebula  has  a  diameter  about  three 
times  that  of  the  Crab  and  a  central  star  about  two  magnitudes 
brighter.  The  relation  between  stellar  magnitude  and  square  of 
the  radius  are  of  the  same  order.  If  the  Crab  were  at  three  times 
the  distance  of  the  Helical  nebula  the  two  objects  would  be  com- 
parable in  size  and  brightness  of  their  central  stars.  If  the  plane- 
taries  are  energized  by  their  central  stars,  then  one  may  assume  as  a 
possibility  that  the  same  is  true  of  the  Crab  nebula. 

No.  28,  N.G.C.  7000 — the  North  America  nebula.  This 
object  gives  a  considerable  continuous  spectrum  with  faint  emission. 
Several  stars  from  sixth  to  ninth  apparent  magnitude  are  involved, 
and  heavy  obscuration  is  evident  around  the  borders,  especially 
in  the  southern  portion.  The  nebulosity  is  cloudy  and  devoid  of 
filamentous  detail.  In  a  general  way  it  recalls  the  appearance 
of  the  Trifid.  The  spectrum  also  has  some  resemblance  to  that  of 
the  Trifid,  although  this  latter  nebula  has  a  stronger  emission  and  a 
weaker  continuous  background.  The  stars  involved  in  N.G.C.  7000 
are  all  later  than  B  i ,  and  hence  can  account  for  only  the  continuous 
portion  of  the  nebular  spectrum. 

Inspection  of  small-scale  photographs  of  this  nebula,  for 
instance,  those  made  by  Barnard  with  the  6-inch  Willard  lens, 
suggests  that  a  Cygni  may  be  associated.  The  Trifid  nebula 
offers  a  possible  analogy,  for  in  the  north  lobe  of  that  object  is  a 
star  of  the  same  enhanced  A-type  as  a  Cygni.  The  star  is 
B.D.  —  22°45io,  photo-visual  magnitude  7.2,  with  a  spectrum 
remarkably  similar  to  that  of  a  Cygni.  The  star  has  a  color-index 
of  about  0.8  magnitude  and  hence  is  regarded  as  involved  in  the 
nebulosity.  The  Trifid  nebula  gives  an  emission  spectrum  on  a 
continuous  background.  The  emission  portion  can  be  attributed 
to  the  Oe5  star  B.D.  — 23°338  in  the  southern  lobe,  but  the  lack  of 
pronounced  strengthening  of  continuous  spectrum  immediately 
contiguous  to  the  star  in  the  northern  lobe  suggests  that  the  latter 
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star  may  be  responsible  for  part  at  least  of  the  emission  spectrum. 
The  enhanced  a  Cygni  t}^e  of  stellar  spectrum  is  so  unique  that 
unusual  properties  ma}'  be  suggested  for  such  stars  without  preju- 
dice to  the  existing  data.  If  the  star,  B.D.  —  22°45io,  does  produce 
some  emission  luminosity  in  the  Trifid,  then  a  Cygni  can  be  con- 
sidered a  possible  source  of  illumination  in  X.G.C.  7000. 

a  Cygni  is  some  5.5  magnitudes  brighter  than  B.D.  —  22°45io; 
hence,  if  we  assume  the  same  absolute  magnitude  for  both  stars, 
a  Cygni  would  have  equal  illuminating  powers  at  about  thirteen 
times  the  angular  distance,  or  by  figuring  from  the  dimensions  of  the 
Trifid,  to  just  under  2°.  The  nebulosity  in  N.G.C.  7000  actually 
does  extend  from  2?5  to  3?5  from  a  Cygni  so  that,  disregarding  in- 
clinations to  the  line  of  sight,  and  remembering  that  nebulosity 
need  not  be  similarly  distributed  in  these  objects,  we  can  regard 
the  distances  in  the  two  cases  as  roughly  of  the  same  order.  It  is 
necessary  to  emphasize  that  this  discussion  does  not  explain  .the 
luminosity  of  X.G.C.  7000,  and  that  it  does  not  even  make  out  a 
strong  case.  The  most  that  can  be  said  is  that  a  possibility  is 
offered  which  derives  some  weight  from  analogy  and  which  must 
receive  some  consideration  before  it  can  be  definitely  dismissed. 

Xos.  26  and  27,  X.G.C.  6960  and  6992,  are  portions  of  an  enor- 
mous loop  in  Cygnus.  This  nebula  apparently  is  the  one  absolute 
exception  to  the  suggestion  that  all  galactic  nebulae  have  asso- 
ciated with  them  stars  of  spectral  t>pes  conformable  to  the  tj-pe 
of  nebular  spectrum.  The  spectrum  of  the  loop  in  Cygnus  appears 
to  be  almost  purely  emission,  yet  no  stars  earlier  than  B3  nor  any 
stars  of  the  enhanced  a  Cygni  type  can  be  located,  which  have  any 
probable  connection  with  the  nebula.  In  fact  no  stars  at  all, 
brighter  than  9.5  magnitude,  can  be  suggested  as  associated  with 
the  nebulosity. 

This  discussion  of  emission  nebulae  indicates  that  seventeen 
out  of  the  twenty-six  objects  in  Table  II  have  stars  of  conformable 
spectral  t}'pes  within  and  obviously  associated  with  the  nebulosity. 
Of  the  remaining  nine  objects,  three  give  positive  evidence  of  asso- 
ciation with  external  stars,  three  suggest  such  association,  two 
offer  possibihties  of  association,  and  one  seems  flatly  to  contradict 
the  idea  of  association. 
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Combining  the  results  from  Tables  I  and  II  there  is  one  clear 
exception  and  three  difficult  or  doubtful  cases  out  of  the  sixty-two 
nebulae.  Examination  of  an  observing  list  of  some  one  hundred 
and  twenty-five  extended  galactic  nebulae,  all  the  known  objects  of 
this  class  north  of  —40°  declination,  shows  no  other  exception  and 
only  one  or  two  doubtful  cases.  The  evidence  then,  with  the  single 
clear  exception  of  the  Cygnus  loop,  is  very  strongly  in  favor  of  the 
view  that  all  galactic  nebulae  have  associated  with  them  stars  of 
spectral  types  conformable  to  the  types  of  the  nebular  spectra. 

CONCLUSIONS 

The  general  conclusion  of  this  discussion  is  that  all  galactic 
nebulae  are  associated  with  stars  and  that  the  spectra  of  nebulae  and 
associated  stars  have  a  definite  relation.  This  suggests  that  galac- 
tic nebular  luminosity  has  its  source  in  stellar  radiation.  The 
phenomena  are  not  simply  those  of  reflected  starlight,  for  in 
general  the  emission  spectra  of  nebulae  do  not  agree  with  the 
spectra  of  the  associated  stars.  The  reverse  is  true  for  diffuse 
nebulae  with  continuous  spectra.  In  these  cases  the  reflection 
theory  appears  to  offer  a  reasonable  explanation,  or  at  least  a 
working  basis  for  further  investigation.  The  mechanism  of 
emission  luminosity  will  probably  find  its  explanation  in  the 
fact  that  it  is  always  associated  with  the  very  hottest  t^pes  of 
stars. 

It  is  very  doubtful  w^hether  or  not  a  mass  of  diffuse  nebulosity 
isolated  in  space  and  with  no  stars  involved  could  hold  together 
and  at  the  same  time  shine  by  light  generated  by  collisions  of 
molecules.  At  temperatures  corresponding  to  intensity-distribu- 
tion or  width  of  lines  in  nebular  spectra,  the  average  speeds  of 
molecules  would  be  so  high  compared  to  the  velocities  of  escape 
that  the  nebulosities  would  probably  dissipate  rapidly.  On  the 
other  hand,  if  molecular  speeds  were  sufficiently  small  to  admit 
of  cohesion  in  the  mass,  the  nebulosity  would  probably  be  too  cold 
to  radiate  light.  This  argument  suggests  that  diffuse  nebulosity 
is  not  intrinsically  luminous,  but  is  rendered  so  by  external  causes. 
The  only  obvious  external  sources  of  energy  are  the  stars  actually 
involved  in  or  neighboring  to  the  nebulosity,  and  definite  relations 
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have  now  been  found  to  exist  between  the  radiations  of  such  stars 
and  nebulosity. 

The  resulting  conception  of  diffuse  galactic  nebulae  is  that  they 
are  clouds  of  material  (molecules,  dust,  or  larger  particles)  illumi- 
nated by  neighboring  stars.  The  question  as  to  whether  the  associ- 
ation is  temporary  or  permanent  can  be  answered  by  a  comparison 
of  radial  velocities  of  stars  and  nebulae.  Unfortunately  the  large 
majority  of  such  stars  are  binaries  which  require  a  great  deal  of 
labor  for  determining  the  velocities  of  the  systems.  This  is 
especially  true  of  the  Oe5  and  Bo  stars  which  are  associated  with 
the  diffuse  emission  nebulae  whose  velocities  are  best  determined. 

The    meager    data    available    at   present    are    indeterminant. 

Radial  velocities  are  given  by  Campbell  and  Moore  for  six  diffuse 

nebulae  as  follows: 

N.G.C.  1976  (Orion)  +17.  5  km 

3372  -h  6.0 

6514  (Trihd)  +11.0 

6.^23  (M8)  -  3.0 

6618  (M  17)  -H  70 

The  brighter  stars  in  N.G.C.  1976  are  all  binaries  for  which 
no  velocities  for  the  systems  have  been  determined.  The  stars  in 
N.G.C.  6618  are  faint  and  no  measures  have  been  pubKshed  as  yet. 

7]  Carinae,  in  N.G.C.  3372,  gives  for  the  hydrogen  lines  velocities 
differing  from  those  of  other  emission  lines.  The  mean  of  four 
spectrograms  measured  by  Sanford'  gives  +33.8  km  for  hydrogen 
and  —22.8  km  for  the  other  emission  lines.  It  is  just  possible 
that  the  mean,  -1-5.5  km.  may  have  a  significance  when  com- 
pared to  the  nebular  velocity,  +6.0  km. 

The  three  brightest  stars  in  N.G.C.  6514  have  been  observed 
at  Mount  Wilson.     They  are: 

B.D.  —  22°4i5o,  A3P —   1.5  km,  3  plates 

B.D.  — 23°i38o4  (brightest  comp.),  Oe5   .  .  .—  4.7  km.  4  plates,  range  26  km 
B.D.  —  23°i38o4  (second  brightest  comp.),  B I -|- 1 7. 3  km,  3  plates,  range  20  km 
Mean -|-  2 . 9  km 

The  two  brightest  components  of  B.D.  —  23^13804  are  un- 
doubtedly binaries  and  the  mean  of  the  seven  measures  for  the 

'  Lick  Observatory  Bulletins,  8,  134,  1916. 
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two,  +6.3  km,  is  suggestive,  but  by  no  means  conclusive,  on  the 
question  of  agreement  between  stellar  and  nebular  velocities. 
B.D.—  2  2°45io  is  definitely  not  in  agreement.  Its  high  color-excess' 
may  mean  that  it  is  seen  through  the  entire  nebula. 

One  star  in  N.G.C.  6523  has  been  measured— Boss  4560,  Oe5, 
magnitude  6.1.  The  spectrograms  give  a  velocity  of  +12.6  km. 
As  the  range  is  7,;^  km,  the  star  must  be  considered  a  binary. 

Further  data  on  this  question  are  very  desirable.  A  casual 
inspection  of  diffuse  nebular  structure  and  configurations  of 
involved  stars  suggests  that  the  association  is  for  the  most  part 
temporary.  This  may  be  one  fundamental  distinction  between 
diffuse  nebulae  and  planetaries,  for  in  the  latter  the  central  stars 
must  be  permanently  associated  with  the  surrounding  nebulosity; 
otherwise  their  central  positions  could  not  in  general  be  maintained. 

Mount  Wilsox  Observatory 
May  1922 

'The  color-index  is  0.8  magnitudes.  See  Mt.  Wilson  Contr.,  No.  187,  p.  15; 
Astro  physical  Journal,  52,  22,  1920. 


INVESTIGATIONS  ON  PROPER  MOTION 

SEVENTH  PAPER:    INTERNAL  MOTION  IN  THE  SPIRAL 

NEBULA  N.G.C.  2403' 

By  ADRIAAN  VAN  MAANEN 

ABSTRACT 

Spiral  nebula  N.G.C.  2403 — Two  pairs  of  plates  covering  eleven-  and  eight-year 
intervals,  respectively,  and  all  taken  at  the  primary  focus  of  the  60-inch  reflector, 
were  measured  with  the  stereocomparator,  and  the  motions  of  76  points,  presumably 
belonging  to  the  nebula,  were  derived  with,  respect  to  the  mean  motion  of  24  com- 
parison stars.  The  results  for  each  point  and  star  are  shown  by  arrows  on  the  accom- 
panying photograph.  The  proper  motion  of  the  nebula  as  a  whole  comes  out  very  small, 
namely,  ;ua=  +0^002  and  m^  =  o''ooo.  Taking  the  inclination  of  the  plane  of  the  nebula 
to  the  surface  of  the  celestial  sphere  to  be  48°,  the  internal  proper  motions  in  the  plane 
of  the  nebula  come  out  ver\^  similar  to  those  found  previously  for  M  33,  51,  81,  and 
loi.  The  radial  components  are  practically^  equal  to  the  tangential  components,  both 
increasing  with  the  distance  from  the  center ;  the  motions  indicate  an  outward 
streaming  along  the  spiral  arms  at  a  rate  which  increases  from  o''oi5  per  year  at  i  .'4 
to  o'.'o4o  at  8. '9  (the  average  being  oroig),  combined  with  an  outward  transverse 
motion  of  about  o  Too?  per  year. 

Proper  motions  of  24  co?nparison  stars  were  also  determined  with  a  probable  error 
of  ±o''oo38  per  year.     All  but  one  or  two  have  velocities  less  than  o''o2  per  year. 

In  January,  192 1,  Mr.  Duncan  succeeded  in  securing  with  the 
60-inch  ]Mount  Wilson  reflector  several  plates  of  the  spiral  nebula 
N.G.C.  2403  with  exposure  times  ranging  from  one  hour  to  four 
hours.  For  this  object  Mr.  Ritchey  had  already  taken  plates  in 
1910,  1916,  and  191 7,  and  Mr.  Pease  had  taken  a  photograph  in 
191 2.  Of  these  plates  four  were  selected  for  measurement,  and 
combined  into  two  pairs  for  which  the  observing  details  are  given 
in  Table  I. 

TABLE  I 


Date 

Observer 

Exposure 

Quality 

fioio  Feb.  7 

Ritchey 
Duncan 

Pease 
Duncan 

4^ 

g 
fg 

g 
fg 

1 102 1  Tan.   4. 

/1912  Nov.  8 

1 102 1  Tan.   <; 
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The  nebula  is  described  by  Curtis'  as  "a  bright,  beautiful  spiral 
i6'Xio'.  No  nucleus  apparent;  many  almost  stellar  condensa- 
tions; of  the  general  type  of  M  33."  As  the  galactic  latitude  is 
not  quite  30°,  we  have  an  abundance  of  stars  which  can  be  used 
for  comparison  purposes. 

Seventy-sLx  points,  presumably  belonging  to  the  nebula,  were 
measured,  while  for  comparison  purposes  twenty-four  stars  from 
magnitude  13.5  to  17.0  were  selected. 

Both  pairs  of  plates  were  measured  with  the  new  stereocom- 
parator  in  four  positions,  with  the  direction  east,  west,  north,  and 
south  successively  coinciding  with  that  of  the  increasing  readings  of 
the  micrometer  screw.  For  each  pair  the  two  measures  in  right 
ascension  and  those  in  declination  were  combined  into  one  series 
of  displacements;  these  values,  Ma,^,  Ma2,  Md^  and  M82,  were 
reduced  to  proper  motions  by  equations  of  the  form: 

Ma  =  a-\-bx-\-cy-\-dx''-\-exy-\-fy^-\-nia         1  /  >. 

M5=a'+b'x-\-c'y+d'x^-\-e'xy-\-fY-\-ms,  J 

in  which  a,  b  .  .  .  .  f  are  the  plate-constants,  x  and  y  the  co- 
ordinates of  the  objects  measured,  and  w„  and  nts  the  proper 
motions,  expressed  in  parts  of  the  micrometer  screw.  In  order  to 
reduce  these  motions  to  annual  proper  motions,  expressed  in 
thousandths  of  a  second  of  arc,  the  quantities  nia  amd  nts  for  the 
first  pair  of  plates  must  be  multiplied  by  0.765,  for  the  second 
pair  by  1.022. 

The  plate-constants  were  derived  by  least-squares  solutions  from 
the  sets  of  twenty-four  equations  of  form  (i)  for  the  comparison 
stars.  The  constants  thus  found  were  substituted  in  the  equations 
of  conditions  (i)  of  all  the  objects  measured.  The  annual  proper 
motions  are  gi^■en  in  the  fourth,  fifth,  sixth,  and  seventh  columns 
of  Table  II.  The  second  and  third  columns  of  this  table  contain 
the  co-ordinates  in  x  and  y,  expressed  in  minutes  of  arc,  with  a 
precision  sufficient  for  identification. 

Weights  2  and  i  were  assigned  to  the  two  pairs  respectively; 
the  mean  motions  thus  derived  for  the  nebular  points  include  the 
motion  of  the  nebula  as  a  whole  with  respect  to  the  24  comparison 

'  Lick  Observatory  Publications,  13,  24,  1918. 
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TABLE  II 

CO-ORDIN.\TES   AND  AnNUAI,  DISPLACEMENTS 


No. 


X 

y 

M 

cl 

f'aS 

Hi 

H2 

-6.'7 

+o.'9 

+0 

.'003 

+  0 

"007 

-0' 

'005 

+0 

'•003 

-4.8 

+4-9 

+ 

4 

+ 

5 

+ 

21 

— 

7 

—  20 

+5.2 

+ 

3 

— 

I 

— 

.S 

+ 

16 

-2.4 

+3-6 

— 

6 

+ 

14 

— 

40 

— 

27 

-2.8 

+  1.7 

— 

7 

— 

34 

+ 

3 

— 

6 

-4.1 

-0.3 

— 

4 

— 

6 

+ 

10 

+ 

II 

-4.9 

-1-5 

+ 

5 

+ 

6 

+ 

6 

+ 

17 

-5-1 

-4.3 

+ 

2 

— 

10 

— 

5 

— 

8 

-3-2 

-4.9 

— 

2 

— 

5 

— 

3 

+ 

8 

-1.9 

-4.4 

— 

6 

+ 

2 

— 

5 

— 

10 

-1.6 

—  2.0 

— 

2 

+ 

2 

+ 

5 

— 

10 

-2.4 

—  1.2 

— 

4 

+ 

II 

— 

3 

— 

13 

-0.4 

—  2.1 

+ 

5 

+ 

16 

+ 

10 

— 

3 

-o-S 

—  1.2 

+ 

14 

+ 

7 

0 

+ 

6 

+0.9 

-1.8 

+ 

I 

— 

6 

+ 

II 

— 

S 

+3-6 

-5.0 

+ 

8 

+ 

19 

+ 

6 

0 

+4-5 

-4-7 

— 

7 

— 

10 

— 

5 

+ 

2 

+5-4 

-2.5 

— 

3 

— 

3 

— 

7 

+ 

3 

+5-9 

-1.6 

+ 

2 

— 

13 

— 

I 

+ 

I 

+4-5 

+0.7 

+ 

S 

— 

9 

— 

10 

— 

3 

+5-5 

+  2.4 

— 

2 

+ 

17 

+ 

S 

— 

9 

+  1.9 

—  0.2 

— 

.■5 

— 

8 

— 

I 

+ 

23 

+3-8 

+4.1 

+ 

I 

+ 

12 

+ 

,s 

— 

5 

+0.6 

+S.7 

— 

2 

— 

13 

+ 

.s 

+ 

14 

-7.0 

-0-3 

— 

20 

— 

42 

+ 

26 

+ 

2 

-7.0 

-0.6 

— 

36 

— 

36 

+ 

24 

+ 

29 

-2.8 

+  2.8 

+ 

7 

— 

28 

+ 

17 

+ 

,S 

-2.8 

+  2.7 

— 

18 

— 

i.i 

+ 

13 

— 

19 

-2.8 

+  2.6 

+ 

17 

— 

II 

+ 

18 

+ 

29 

-2.7 

+  2.7 

+ 

8 

+ 

3 

+ 

32 

+ 

63 

-2.5 

+3-0 

+ 

5 

+ 

13 

+ 

18 

+ 

13 

-3-6 

+  1.2 

0 

— 

II 

+ 

27 

+ 

26 

-3-2 

+0.9 

+ 

2 

— 

4 

+ 

14 

— 

22 

-2.9 

+0.6 

— 

19 

— 

28 

— 

I 

+ 

6 

-2.3 

-2.3 

— 

19 

— 

13 

+ 

9 

+ 

7 

—  2.0 

-0.8 

— 

2 

— 

16 

+ 

2b 

— 

II 

-1.9 

-0.4 

— 

32 

— 

37 

+ 

18 

+ 

34 

-1.7 

-0.4 

— 

3 

— 

30 

+ 

7 

+ 

23 

-1.4 

+0.4 

— 

7 

— 

23 

+ 

i.^ 

— 

.■5 

-1.9 

+0.8 

— 

8 

— 

32 

+ 

8 

0 

-1.6 

+  1-7 

+ 

II 

+ 

18 

+ 

28 

— 

10 

-1.6 

+  1.8 

+ 

20 

— 

I 

+ 

42 

+ 

10 

-1.4 

+  1.8 

+ 

22 

— 

3 

+ 

8 

+ 

22 

-1.6 

+  2.6 

+ 

18 

— 

9 

+ 

28 

+ 

4 

-1-7 

+  2.7 

+ 

6 

+ 

23 

+ 

22 

+ 

44 

—  1.2 

+3-2, 

+ 

19 

+ 

II 

— 

I 

— 

6 

—  0.1 

+5-0 

+ 

8 

+ 

41 

+ 

17 

+ 

4 

-0.6 

+3.7 

— 

I 

+ 

19 

+ 

8 

— 

20 

-0.4 

+3-6 

+ 

8 

— 

19 

+ 

.S6 

+ 

8 

-0.4 

+  1.8 

+ 

16 

+ 

26 

+ 

28 

+ 

7 

-0-5 

+  1.5 

0 

+ 

32 

+ 

4 

+ 

8 

—0.2 

+  1.7 

+ 

14 

+ 

12 

+ 

12 

— 

30 

a 
b 
c 
d 
e 
f 
g 
h 
i 

J 
k 
I 

m 
n 
0 
P 

q 

r 
s 
t 
u 

V 

w 

X 

I 

2 

3 
4 
S 
6 

7 
8 

9 
10 
II 
12 

13 
14 
IS 
16 

17 
18 

19 

20, 

21 

22, 

23 
24 

25 
26. 

27 
28, 
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TABLE  II — Continued 


No. 


I^al 


"02 


nr 


H2 


29 

30 
31 
32 
33 
34 
35 
36 
37 
38 

39 
40 

41 

42 
43 
44 
45 
46 

47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 

59 
60 
61 
62 

63 
64 

65 
66 

67 
68 

69 
70 

7r 

72 
73 
74 
75 
76 


•3 
.6 

■3 
.  2 

•3 
■3 


—  o 
o 

— o 

—  o 

—  o 

—  o 

—  o 
— o 

-0.4 

-05 
-0.7 

—  0.2 

—  O.I 

0.0 

—  O.  2 

+  1-3 

+  1-5 
+  1.3 
+  1.4 
+  2.0 
+  2.1 
+  2.1 
+  2.0 

+  1-5 
+  1.4 
+0.9 
+0.9 
+0.7 
+0.6 
+  1.1 
+0.7 
+0.6 
+  1.4 
+  1-5 
+  2.1 
+  2.3 
+  2.8 
+2.9 
+  2.3 
+  2.8 
+  2.7 
+  2.9 

+  2.4 
+  2.5 
+  2.7 
+4.7 

+4.5 
+6.2 


+  1-7 
+  1.7 
+0.7 


.8 
•  4 
■3 
.  I 

•3 
•5 
•9 
.  I 
.0 


+0 
+0 
+0 

—  o 

—  o 

—  o 

—  o 

—  I 

—  I 

—  1.2 

—  1.2 
-1.8 
-4.4 

-3-5 
-2.3 
-2.3 
-2.3 
-2.3 

—  2 

—  2 

—  I 

—  I 

—  I 

—  o 

+0.4 

+  1.2 
+  1.4 

+3-7 
+3-6 

+0.5 
+0.7 
+0.1 
0.0 
-0.4 
-0.5 
-0.7 
-2.4 
-2.8 

-3-5 
-4.1 
-4.2 
-4.1 

+  2.7 

-2.3 
-1.8 


+  0"02I 

+    7 

+ 


+ 
+ 


+ 

+ 

+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 

+ 
+ 
+ 


5 

15 

2 

5 
4 

II 

18 
6 

24 
4 
5 

10 

5 

4 

4 

5 

23 

16 

II 

13 
4 

29 

12 

2 

21 

5 
18 

4 
24 
28 

8 

17 
20 

36 

2 

15 
12 

8 
12 
10 
II 

2 

3 
34 
26 
16 


+oroi8 

+ 
+ 


+ 
+ 
+ 


+ 
+ 
+ 


+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 


+ 
+ 
+ 


+ 
+ 
+ 


39 

42 
32 
22 

17 
I 

34 
24 
13 

29 
22 
22 
12 
28 
16 

23 
10 

23 

30 

II 

6 


61 
5 
4 
3 

28 

9 
18 

41 
16 

27 
8 

4 
31 
23 
30 
29 
34 
35 
22 
12 
23 
31 
24 
24 


+orois 
+  14 


+ 
+ 
+ 

+ 

+ 
+ 
+ 
+ 
+ 
+ 


+ 
+ 


+ 


+ 
+ 
+ 


+ 


5 
30 

22 

5 
4 
2 

3 

13 

20 

I 

I 

10 


II 
3 

17 
2 
I 
o 
3 

13 
7 
2 

5 
4 


—   I 


20 

29 

2 

8 

13 

19 

I 

16 

3 

5 

23 

5 

7 


o 

—  10 

o 

-  35 


+ 
4- 
+ 
+ 


—0.002 

17 
6 

8 
6 

24 
3 
21 
40 
40 
20 
29 
29 
30 

7 
21 
22 

31 
29 

34 
10 

24 
8 

30 

5 

-  39 

-  19 

-  30 

-  4 

-  38 

-  2 

-  21 

o 

-  9 

-  17 

-  35 

-  21 

-  30 

-  72 

-  20 

-  41 

-  20 

-  45 

-  61 

-  9 

-  16 

-  46 

-  1=; 


+ 


stars  as  well  as  the  internal  motions  of  the  individual  points. 
To  derive  the  motion  of  the  nebula  as  a  whole,  the  same  process 
v/as  followed  as  for  the  nebulae  formerly  discussed.' 

^  Mt.  Wilson  Conlr.,  No.  118,  p.  9;  Astro  physical  Journal,  44,  218,  1916. 
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a)  The  mean  for  all  of  the  76  pomts  gives: 

/Xa=+0''002  /i6=+o''oOI. 

h)  If  the  points  are  di\dded  into  four  groups,  corresponding 
to  the  four  quadrants,  the  means  of  the  two  groups  in  opposite 
quadrants  should  give  a  good  agreement.     We  find : 

]Means  for  I  and  III      <     °'  ' 

(  n&  =  — o.ooi 

J^Ieans  for  II  and  IV     (  ^-  =  +°-°°3^; 

\  ns  —  -\-o.ooo'> 

The  four  quadrants  combined  give: 

;Ua=+o''o02  fXB  =  o".000. 

c)  In  order  to  avoid  points  far  from  the  center,  which  have 
an  asymmetrical  distribution,  we  may  use  only  those  within  a 
radius  of  4 '2.     We  find  then: 

]Means  for  I  and  III      |     "  '„ 

[  fis  =  —0.002 

Means  for  II  and  IV     |^'^  =  +°;^4 

[  us  =  +0.001 

The  four  quadrants  combined  give: 

fXa=-i-o".oo2'=         iJLs=  —o".ooo^. 

Giving  equal  weights  to  each  of  the  three  methods  used,  we 
derive  as  the  final  motion  of  the  nebula  as  a  whole: 

fla  = -\-o".002  jU5  =  o''oOO. 

If  now  we  subtract  these  quantities  from  the  values  jUa  and  juj 
for  the  nebular  points,  we  obtain  results  which  represent  the 
internal  motions  and  are  given  in  the  second  and  third  columns 
of  Table  III  and  plotted  in  Plate  IV.  The  plate  also  shows  the 
motions  of  the  24  comparison  stars  as  given  in  Table  II;  these 
stars  are  surrounded  by  a  circle.  The  scale  of  the  motions  is 
indicated  in  the  lower  right-hand  corner.  The  arrows  represent 
the  motions  in  about   1300  years.     The  probable  errors  of  the 
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Internal  Motions  in  N.G.C.  2403 

The  arrows  indicate  the  directions  and  magnitudes  of  the  mean  annual  motions.    Their  scale  (o''i)  is  indi- 
cated on  the  illustration.    The  scale  of  the  nebula  is  i  mm  =  8''i.    The  comparison  stars  are  inclosed  in  circles. 
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TABLE  III 

Annual  Internal  Motions 


No. 


fS 


Rotational 


Radial 


Stream 


Transverse 


I 
2 

3 
4 

S 
6 

7 
8 

9 

10 
II 
12 

13 
14 

15 
16 

17 
18 

19 

20 
21 
22 

23 

24 

25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 

39 

40 

41 
42 
43 
44 

45 
46 

47 
48 
49 
SO 
51 
52 


—0.029 
-   38 


+ 
+ 
+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 


+ 


+ 
+ 
+ 
+ 


19 
6 

4 

6 

6 

2 

24 

19 

9 

36 

14 

14 

18 

II 

II 

12 

7 
10 

14 

17 

4 

3 

17 

9 

II 

18 

16 

15 

23 

7 

7 

4 

21 

22 

10 

28 

7 

13 

I 

IS 
5 
7 
2 

10 
I 
9 
5 
3 

15 


+oroi8 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 

+ 

+ 
+ 

+ 

+ 


+ 


+ 


26 

13 

2 
22 
42 
16 

27 
2 
I 

8 
14 

23 

12 

8 

5 

15 
31 
13 
20 

29 
3 

13 
I 

40 

21 

S 
2 

9 

4 

I 

23 
17 
II 

4 
6 

15 
5 
7 
9 
9 
3 
3 

12 

15 
12 
21 
10 

3 
8 

5 
19 


4-0T022 

+ 
+ 


+ 
4- 
+ 
+ 
+ 

+ 
+ 
+ 
+ 

+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 

+ 

+ 
+ 


34 

6 

16 

32 
48 

24 

30 
2 

6 

16 
16 

32 
16 
2 
2 
18 
30 
18 
20 

32 

20 

16 

6 

4 
24 

14 
14 
18 

14 

18 

8 

14 
10 

o 
16 
16 

6 

24 

6 

16 

2 

16 

10 

16 

8 

24 
2 
8 
8 

4 
2 


+oro28 

+ 
+ 
+ 

4- 

+ 
+ 
+ 


+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 


32 

12 
12 
10 

30 
10 

4 
2 

30 
8 
2 

28 
8 

16 

18 
6 

20 

4 
20 
28 

4 

24 

o 

50 

32 

8 

2 

20 

16 

2 

26 

16 

14 

8 

18 

34 
10 

14 
12 
16 

4 

2 

18 

18 

10 

16 

8 

8 

8 

10 

22 


+oro34 
+ 

+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 


46 

8 

lO 

32 

52 

24 

30 

2 

2 

16 

16 

38 

18 

10 

6 

20 

34 
20 
26 
38 
18 
20 
6 
6 
16 
14 
14 
16 

14 

18 

8 

22 

14 
o 

24 
24 
12 
28 
12 
22 
2 
16 
18 

24 
12 

30 

6 

12 

4 
10 
18 


+0^012 

+ 
+ 
+ 
+ 
+ 
+ 
+ 


8 
10 
18 

6 
20 

6 

4 
2 

30 
8 
6 

20 
4 

14 

16 
2 

16 
2 

14 
20 

-  6 

—  22 

o 

SO 
36 
10 

2 
22 
18 

2 
26 

4 

10 

8 

10 
28 
4 
4 
6 
2 
6 
6 
10 

4 
6 
2 
6 
o 

12 
6 

10 


+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 


+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 

+ 

+ 

+ 
+ 

+ 
+ 
+ 
+ 
+ 

+ 

+ 
+ 
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TABLE  111— Continued 


No. 


H 


Rotational 


Radial 


Stream 


Transverse 


53 
54 
55 
56 
57 
58 

59 
60 
61 
62 
63 
64 

65 
66 

67 
68 
69 
70, 

71 
72, 

73. 
74. 
75. 
76, 


—0.014 
—    2 

13 
o 

19 
2 

20 

30 
9 

18 

9 
21 
10 
16 
16 

6 
21 

7 
17 

5 
12 

31 
23 
17 


+ 

+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


+ 
+ 
+ 


+ 
+ 
+ 


+oroo6 

-  14 

-  10 

-  13 

-  7 
23 
13 
12 

I 

8 
14 
24 

8 
21 
26 
10 
29 

3 

20 
26 

3 

12 

15 

28 


-o!oo8 
+  16 
—    2 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 


14 
22 

14 
18 
28 

4 
16 

14 
26 
6 
20 
26 
16 

50 
12 

36 
26 
16 
26 

4 
28 


+o'roi6 

+    8 


+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 

+ 

+ 
+ 
+ 


16 
12 
10 

30 
30 
36 
12 
16 

4 
16 
10 

14 
18 

2 
10 

o 
18 

24 
o 

26 
30 

20 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 
+ 
+ 
+ 
+ 


-o':oo6 
16 
10 
10 
22 
12 


24 

32 

6 

22 

14 

30 
12 
24 
30 
14 
48 
10 
40 
36 
14 
30 
26 

34 


-0T016 
8 


+ 

+ 

+ 
+ 
+ 
+ 

+ 


+ 

+ 
+ 


12 
16 

lO 

30 
26 

32 
10 
10 

4 
2 

4 
2 

4 
6 

16 
6 
2 
6 
8 

20 

14 
o 


mean  annual  motions  for  the  comparison  stars  are  o''oo36  in  a 
and  o!oo39  in  5;  for  the  nebular  points,  o'^ooyr  in  a  and  o''oo82 
in  b. 

The  plate  indicates  motions  analogous  to  those  found  for  M  loi , 
2)2),  51,  and  81.  They  may  be  interpreted  either  as  a  rotation 
combined  with  a  radial  motion  outward,  or  as  a  motion  along  the 
streamers  outward.  In  order  to  investigate  this  it  is  necessary  to 
take  into  account  the  inclination  of  the  plane  of  the  nebula  to  the 
tangential  plane  of  the  celestial  sphere.  It  was  estimated  that  the 
intersection  of  the  two  planes  is  in  position  angle  130"  and  that 
the  inclination  is  about  48°.  A  diagram  was  constructed  in  which 
the  foreshortening  of  the  nebula  was  corrected;  the  motions  in 
this  diagram  were  then  resolved  into  {a)  rotational  and  radial 
components;  {h)  components  along  and  perpendicular  to  the 
arms  of  the  spiral  (stream  and  transverse  components).  The 
results  for  the  individual  points  derived  from  the  diagram  are  in 
the  last  four  columns  of  Table  III,  where  the  positive  sign  is  used 
for  motions  in  the  direction  north,  east,  south,  west,  and  outward. 
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a)  The  mean  rotational  component  is  +oToi5=ho''ooi;  the 
mean  radial  component,  +o''oi4=bo''ooi.  There  seems,  however, 
to  be  a  considerable  increase  of  the  motions  with  distance  from 
the  center;  we  have: 


lU 

Mrot.  =  +o''oiI 

Mrad. 

=+o':oi3 

W=23 

31 

+  0.015 

+  O.OII 

37 

51 

+  0.015 

+0.019 

II 

7-3 

+  0.023 

+0.023 

3 

8.9 

+  0.028 

+0.030 

2 

The  rotational  components  would  correspond  to  hypothetical 
periods  of  from  50,000  to  120,000  years. 

h)  The  mean  stream  component  is  +o''oi9±o''ooi,  with  a 
transverse  component  +©''007+0'' 001.  With  increasing  distances 
from  the  center  we  find: 


=1:4 

Mstream. 

-+o':oi5 

Mtrans. 

=  +o''oo9 

W=23 

3-1 

+0.019 

+  0.004 

37 

5-1 

+0.021 

+  0.012 

II 

7-3 

+0.028 

— O.OOI 

3 

8.9 

+0.040 

+  0.010 

2 

The  evidence  is  then,  as  in  the  cases  of  M  33,  51,  81,  and  loi, 
more  in  favor  of  a  motion  along  the  streamers  of  the  spiral,  com- 
bined with  some  radial  motion  outward,  than  of  a  rotational 
motion. 

I  wish  to  express  my  thanks  to  ^Messrs.  Ritchey,  Pease,  and 
Duncan,  who  secured  the  plates  used,  and  to  Mrs.  Marsh,  of  the 
Computing  Division,  for  making  all  the  necessary  duplicate 
computations. 

Mount  Wilson  Observatory 
May  1922 


INVESTIGATIONS  ON  PROPER  MOTION 

EIGHTH  PAPER:    INTERNAL  MOTION  IN  THE  SPIRAL 
NEBULA  M  94=N.G.C.  4736' 

By  ADRL\AN  VAN  MAANEN 

ABSTRACT 

Spiral  nebula  M  g4  {N.G.C.  4736). — This  beautiful  object  has  a  large  nucleus 
surrounded  by  many  closely  packed  whorls.  Comparison  of  two  plates  taken  in  191 2 
and  1921  by  Pease  and  Duncan,  respectively,  gives  an  annual  proper  motion  of  the 
nebula  with  respect  to  14  comparison  stars,  of  /Lia=  — o''oi4,  mj  =  o''ooo.     The  motions 

of  32  nebular  points  with  reference  to  the  nebula  are  shown  on  the  photograph,  Plate  V. 
The  internal  motion  seems  to  be  a  stream  motion  of  o'fo2i  outward  along  the  arms  of  the 
spiral,  combined  with  an  outward  transverse  motion  of  about  ©''oog.  The  motion  is 
analogous  to  that  found  for  M  33,  51,  81  and  loi  and  for  N.G.C.  2403. 

Parallaxes  of  spiral  nebulae. — A  discussion  of  the  methods  of  derivation  leads  to  the 
conclusion  that  the  three  most  reliable  are:  (i)  Jeans's  filament  method,  (2)  comparison 
of  proper  motions  and  radial  velocities,  and  (3)  comparison  of  internal  proper  motions 
and  spectroscopic  velocities.  These  methods  point  to  parallaxes  of  from  o''oooi  to 
o''ooio  and  indicate  that  the  distances  and  sizes  of  the  nebulae  are  considerably  less 
than  those  required  by  the  island  universe  theory. 

Curtis^  describes  this  nebula  as  "a  beautiful  object.  From 
the  very  bright,  large  nucleus  spring  many  bright,  closely  packed 
whorls,  forming  a  bright  inner  oval  2'Xi'5  in  p.  a.  about  110°. 
These  inner  whorls  show  many  stellar  condensations,  whose  sharp- 
ness and  proximity  to  the  nucleus  would  seem  to  make  this  one  of 
the  most  favorable  examples  known  for  the  investigation  of  motion 
in  spirals.  Fainter,  closely  packed,  rather  uniform  outer  whorls 
bring  the  nebula  to  a  size  of  5'X3'5." 

Three  plates  of  this  field  were  available  for  measurement,  taken 
in  1912,  1916,  and  1921.  The  first  plate,  secured  by  Pease,  Febru- 
ary 20,  191 2,  with  an  exposure  of  3^45"°  was  compared  with  the 
one  taken  by  Duncan  on  January  5,  1921,  with  an  exposure  of  2''io™. 
Fifteen  stars  of  photographic  magnitude  15.5  to  17.7  were  selected 
for  comparison  purposes.  One  of  these  stars,  b,  was  omitted  in  the 
reductions,  as  it  showed  a  considerable  proper  motion;  this  star 
is  a  double  having  a  companion  of  about  the  eighteenth  magnitude 
at  a  distance  of  =1=  5"  in  p  ==>=  355°. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  243. 
'Lick  Observatory  Publications,  13,  ^2,  1918. 
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Thirty-two  points  presumably  belonging  to  the  nebula  had  meas- 
urable images  on  the  plates;  19  of  these  belong  to  the  inner  whorls, 
while  13  are  at  greater  distances  from  the  center.     Table  I  gives 

TABLE  I 
Co-ordinates  and  Measused  Annual  Displacements 


No. 


a 
b 
c 
d 
e . 

f 
g 
h 
i 
1 
k 
I 
tn 
n 
0 
I 
2 

3 
4 
S 
6 

7 
8 

9 
10 
II 
12 

13 
14 
15 
16 

17 
18 

19 

20 
21 
22 
23 
24 
25 
26 

27 
28 

29 
30 
31 
32 


-4 
-4 

—  o 

—  I 
-6 

-5 

—  2 

—  o 
+  1 

+3 
+8 
+  2 
+6 
+4 
+3 

—  o 

—  o 
— o 

—  o 

—  I 

—  I 

—  I 
— o 

—  o 
— o 
— o 

—  o 

+0 

o 

+0 

-fo 
-fo 

+0 
+0 

+  2 

+  2 
+  2 

+  0 
+  0 
+  0 

—  o 

-fl 
+0 

+3 

+  2. 


:o 
.8 
.8 
.  I 

•5 
.6 

•9 
.6 
.6 

•5 
.  2 


+5'7 
-1-2.6 

+30 
-1-2.7 
-1.8 

-2.9 

-2.7 

-3-3 

-5-5 
-4-5 

—  i.o 

—  1.2 

-1-2.7 

+4.7 
+3-2 

-t-0.6 

-Fo.6 
-I-0.4 
-|-o.  2 
4-0.4 
-0.9 
-0.9 
-1-3 
-1-5 
—0.1 
-0.4 
-0.6 

-0-5 
-0.6 

-05 
-0.6 
-0.8 
-0.6 
-0.6 

—  I.I 
-0.8 
-0.6 
-|-o.  2 
+0.3 

+0.5 
-Fo.6 
-t-0.7 
+  1-4 
+  1.4 
+  I.S 

+  1.1 
-I. '6 


H 


+0 

.'008 

+0 

.'004 

+ 

59 

— 

118 

0 

— 

14 

— 

12 

— 

6 

— 

10 

— 

3 

-t- 

4 

+ 

5 

+ 

5 

+ 

8 

+ 

3 

— 

12 

+ 

8 

— 

3 

— 

18 

+ 

5 

-f- 

I 

+ 

4 

+ 

12 

-t- 

6 

+ 

8 

— 

20 

— 

3 

+ 

3 

— 

7 

+ 

26 

+ 

26 

+ 

9 

+ 

12 

+ 

3 

— 

34 

+ 

24 

— 

28 

+ 

28 

— 

49 

+ 

31 

— 

53 

+ 

II 

— 

70 

-f 

17 

— 

24 

+ 

20 

— 

50 

— 

6 

— 

26 

+ 

14 

— 

44 

— 

12 

— 

32 

+ 

4 

— 

19 

— 

3 

— 

35 

+ 

18 

— 

41 

— 

21 

— 

34 

— 

28 

— 

24 

— 

30 

+ 

12 

— 

7 

— 

12 

-1- 

9 

— 

3 

— 

30 

— 

7 

— 

8 

— 

10 

+ 

4 

+ 

3 

+ 

I 

-t- 

24 

— 

19 

— 

7 

— 

12 

+ 

39 

— 

6 

— 

II 

— 

I 

— 

16 

— 

3 

-1- 

16 

-f 

18 

— 

6 

— 

32 

+ 

31 

— 

6 

-0 

'057 

+0 

.010 
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the  position  and  the  annual  motions  in  right-ascension  and  declina- 
tion of  the  objects  measured.  The  results  were  obtained  in  the 
same  way  as  for  the  spirals  discussed  in  earHer  papers.^ 

The  measures  were  as  a  whole  rather  difi&cult;  the  exposures 
were  too  long  to  prevent  the  points  in  the  inner  whorls  from  showing 
large  images  imbedded  in  much  nebulosity ;  on  the  other  hand  the 
exposures  were  too  short  to  give  strong  enough  images  of  the  points 
in  the  outer  whorls. 

As  in  all  other  cases  previously  discussed,  the  motions  thus  found 
are  relative  to  the  comparison  stars.  In  order  to  derive  the  internal 
motions  the  results  must  be  freed  from  the  total  motion  of  the 
nebula.  We  have  therefore  followed  the  same  process  as  for  M  loi, 
33,  51,  81,  and  N.G.C.  2403. 

All  32  points  give  for  the  mean  motion  of  the  nebula: 
/x„=— 0T015  |i6=o''ooo. 

Dividing  the  points  according  to  the  four  quadrants,  we  have: 

Means  for  I  and  III, 

jUa=— o''oi65  iis=-\-o'iooo^. 

Means  for  II  and  IV, 

)Ua=— ©''0145  /i   =+0'f00I. 

The  four  quadrants  combined  give: 

Ha.= —o".oi<,^  H6  =  -]ro".ooi. 

Using  only  the  19  points  of  the  inner  whorls,  we  find: 
Means  for  I  and  III 


Ha=—o".oog^ 

/x«=- 

-o''ooi5. 

Means  for  II  and  IV 

/ia=-o''oi35 

IXS  = 

o''ooo. 

^  Mt.  Wilson  Contr.,  No.  ii8;  Astrophysical  Journal,  44,  210,  1916;  Mt.  Wilson 
Conlr.,  No.  213;  Astrophysical  Journal,  S4,  237,  1921;  Mt.  Wilson  Contr.,  No.  214; 
Astrophysical  Journal,  54,  347,  1921;  Mt.  Wilson  Contr.,  No.  242;  Astrophysical 
Journal,  56,  200,  1922. 
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The  four  quadrants  combined  give: 


)Ua=  — O.OII- 


fXi=  — O.OOI. 


Giving  equal  weights  to  each  of  the  three  methods,  we  derive 
as  the  final  motion  of  the  nebula  as  a  whole: 


iJi.a=  —0.014 


/ia  =  0.000. 


If  now  we  subtract  these  quantities  from  the  values  ju^  and  ^c^ 
for  the  nebular  points,  we  obtain  results  which  represent  the  internal 
motions.  These  are  given  in  the  second  and  third  columns  of 
Table  II  and  plotted  in  Plate  V.  The  plate  also  shows  the  motions 
of  the  15  stars  as  given  in  Table  I;    the  stars  are  surrounded  by 

TABLE  II 
Annual  Internal  Motions 


No. 


H 


Rotational 


Radial 


Stream 


Transverse 


I 
2 

3 

4 
5 
6 

7 
8 

9 
10 
II 
12 

13 
14 
IS 
16 

17 
18 

19 
20 
21 
22 

23 
24 

25 
26 
27 
28 
29 
30 
31 
32 


+o''o4o 

+  26 

-  20 

-  14 

-  35 

-  39 

-  S6 

-  10 

-  36 

-  12 

-  30 

-  18 


—  21 

—  27 

—  20 

—  10 
26 

2 
II 

7 

4 
17 
38 

7 

53 

3 
2 

30 


+o''oo9 

+    3 

+ 

+ 

+ 

+ 

+ 

+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

+ 
+ 


+ 
+ 
+ 

+ 


+ 
+ 


+ 


24 
28 

31 
II 

17 

20 

6 

14 
12 

4 

3 

18 

21 

28 

30 
7 
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30 
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4 
I 

19 

12 

6 

I 

3 

18 


+0T033 
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+ 
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+ 

4- 
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+ 
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+ 
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—  10 

-  9 
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+    S 
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15 
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24 
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circles;  the  motion  of  star  h,  which  was  excluded  for  comparison 
purposes  on  account  of  its  considerable  proper  motion,  is  indicated 
by  a  broken  line.  The  scale  of  the  motions  is  indicated  in  the 
lower  right-hand  corner  of  the  plate. 

The  internal  motions  were  then  resolved  into:  (a)  rotational 
and  radial  components;  ih)  components  along  and  at  right  angles 
to  the  spiral  arms  (stream  and  transverse  components). 

The  results  are  given  in  the  fourth,  fifth,  sLxth,  and  seA^enth 
columns  of  Table  II. 

a)  The  mean  rotational  component  is  +o''o2o='=o''oo2,  the  mean 
radial  component,  +o''oio='=o''oo2.  For  the  points  belonging  to 
the  inner  whorls,  with  a  mean  distance  from  the  center  r  =  o'7,  the 
values  are 

Mrot.  =  +o''oi8  /irad.  =  +o''o07. 

For  those  in  the  outer  whorls,  (r  =  2  !o)  we  have 

Mrot.  =  +O''o22  ^rad.  =  +o''oi5. 

h)  The  mean  stream  component  is  +o''o2i='=o''oo2,  the  mean 
transverse  component,  +©''009=^0'' 002;  the  results  for  the  inner 
and  the  outer  whorl  separately  are: 

Inner  whorls  Mstream=+o''oi9  Mtrans.  =  +o''o07. 

Outer  whorls  Atstream  =  +o''o24  /itrans.  =  +o!oi2. 

Although  in  N.G.C.  4736  the  whorls  are  so  closely  packed  and 
so  nearly  circular  that  the  difference  between  rotation  and  stream- 
motion  is  necessarily  small,  yet  the  latter  seems  to  interpret  the 
motions  a  little  more  satisfactorily  than  the  former.  Analogous 
results  were  found  for  the  other  spirals,  except  that  the  resemblance 
to  stream-motion  is  considerably  stronger  in  all  cases.  From  the 
material  now  available  it  seems  therefore  necessary  to  give  up  the 
idea  that  the  motions  found  represent  a  rotation.  In  my  first 
paper  on  the  internal  motions  in  spirals'  I  computed  from  the 
rotatory  components  the  possible  masses  for  the  spirals;  this 
example  has  later  been  followed  by  Lundmark,^  McLaughlin^  and 

^  Ml.  Wilson  Contr.,  No.  118,  1916;   Astrophysical  Journal,  44,  210,  1916. 
^  Puhlicalions  Society  of  the  Pacific,  34,  113,  1922. 
^Popular  Astronomy,  30,  294,  1922. 
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Others.  Since  now,  however,  it  seems  necessary  to  abandon  the 
conception  that  we  are  dealing  with  rotation,  we  must  at  least 
for  the  present  abstain  from  deriving  concKisions  as  to  the  masses 
of  the  central  bodies. 

The  problem  of  the  distances  of  the  spiral  nebulae  has  been  dis- 
cussed by  several  astronomers  during  the  last  few  years,  principally 
by  Curtis  and  Lundmark.  In  his  exhaustive  study,  "The  relations 
of  the  Globular  Clusters  and  Spiral  Nebulae  to  the  Stellar  System,"' 
Lundmark  approaches  the  subject  in  not  less  than  nine  different 
ways.  Some  of  these  are  based  on  the  supposition  that  the  spirals 
are  comparable  in  size  to  the  JNTilky  Way  system  or  to  the  Magellanic 
Clouds  and  thus  start  from  assumptions  which  we  are  just  trying 
to  examine  by  deriving  their  distances.  As  examples  we  may  quote 
Wolf's  comparison  of  the  caves  in  the  Milky  Way  and  in  spiral 
nebulae  and  the  hypothesis  that  the  Magellanic  Clouds  are  spiral 
nebulae.  It  is  true  that  the  large  Magellanic  Cloud  resembles  in 
appearance  the  nebula  N.G.C.  4449,  but  then  N.G.C.  4449  is  far 
from  a  typical  spiral.  Curtis,  for  instance,  describes  this  object 
as:  "A  very  bright  and  interesting  object,  filling  a  space  about 
3 ' 5  X  2'.  It  is  of  exceedingly  irregular  structure,  with  many  almost 
stellar  condensations,  and  a  bright  nearly  stellar  nucleus.  Of  spiral 
type,  as  to  nebulosity,  but  with  very  little  evidence  of  spiral  form." 

Another  derivation  of  the  distances  of  spiral  nebulae  has  been 
based  on  the  appearance  of  novae  in  them.  Assuming  the  absolute 
magnitudes  of  these  novae  to  be  the  same  as  those  in  the  Milky 
Way,  a  parallax  can  be  derived.  The  assumption,  however,  that 
the  novae  in  the  Milky  Way  and  those  in  the  spirals  have  the  same 
absolute  magnitude  is  open  to  question.  Of  the  30  novae,  more 
or  less,  which  have  been  found  in  spirals,  all  but  two  (in  N.G.C.  4321) 
appear  in  spirals  showing  a  large  amount  of  nebulosity.  Attention 
has  not  before  been  called  to  this  fact;  why,  for  instance,  has  no 
nova  ever  been  found  in  M  33,  which  resembles  very  much  more 
Easton's  structure  of  the  Milky  Way  than  does  the  Andromeda 
nebula  ?  It  is  true  that  there  exist  a  greater  number  of  photo- 
graphs of  the  Andromeda  nebula;  but  of  M  t,^  the  Mount  Wilson 

'  Dissertation,  1920.  The  work  has  been  extended  in  several  recent  articles  in 
the  Publications  of  the  Astronomical  Society  of  the  Pacific. 
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Observatory  has  available  more  than  two  dozen  plates,  all  of  which 
have  been  examined,  principally  by  Messrs.  Duncan  and  Humason, 
yet  not  a  single  nova  has  been  found,  while  in  the  Andromeda 
nebula  one  in  every  two  or  three  plates  shows  the  image  of  a  nova. 

Of  the  other  ways  of  determining  the  parallaxes  of  the  spiral 
nebulae,  the  following  may  be  mentioned. 

a)  The  direct  determinations  seem  to  be  unsatisfactory;  the 
parallaxes  derived  by  Barnard  for  the  Andromeda  nebula  and  by 
van  Maanen  for  three  spirals  indicate  that  their  parallaxes  are 
smaller  than  the  probable  errors.  This  point  might  have  been 
omitted  if  Bohlin'  had  not  recently  called  attention  to  the  large 
parallax  derived  by  him  for  the  Andromeda  nebula,  for  which 
Barnard  found  7r  =  o''ooo  and  van  Maanen  +o'foo4.  Bohlin's 
measures  are  based  on  plates  with  the  6-inch  Steinheil  objective  of 
the  Stockholm  Observatory,  and  it  is  well  known  from  the  researches 
of  Kapteyn  and  others,  that  on  plates  taken  with  the  smaller 
instruments,  systematic  errors  of  considerable  size  appear,  especially 
if  the  hour-angles  are  large. 

h)  Star  counts  by  Lundmark  in  the  region  of  the  Andromeda 
nebula  show  an  increase  of  stars  near  the  center;  in  M  ^^  there  is 
no  indication  of  an  increase  or  a  decrease  in  the  number  of  stars 
as  we  approach  the  center  of  the  plate.  Lundmark  concludes 
that  these  two  spirals  do  not  seem  to  absorb  the  light  of  stars  as 
faint  as  magnitudes  16.5  and  15.7,  respectively,  and  derives  as  a 
minimum  parallax  o'' 000360  and  ©''000498,  respectively. 

c)  An  ingenious  method  of  determining  the  parallaxes  of  spiral 
nebulae  was  proposed  by  Jeans. ^  It  is  based  on  the  conditions 
necessary  for  the  breaking  up  of  the  line  elements  of  the  filaments 
thrown  off  by  the  nucleus.  For  M  10 1  Jeans  thus  derives  a  paral- 
lax of  o''ooi.  Although  no  great  stress  should  be  laid  on  this  figure, 
it  gives  an  indication  of  the  order  of  magnitude  of  the  distances. 

d)  Curtis  has  derived  the  proper  motions  of  many  of  the  spirals 
for  which  plates  had  been  taken  at  the  Lick  Observatory.  In 
his  later  papers,  he  does  not  use  these  motions,  on  the  supposition 
that  they  are  not  real  motions  but  due  to  the  accidental  errors  of 

^  Jiibildums  Nummer,  Astronomischc  Nachrichlcn,  192 1. 
^Problems  of  Cosmogcny  and  Stellar  Dynamics,  p.  217  (1919). 
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the  measures.  Lately,  however,  Lundmark  has  derived  the  motions 
of  several  spiral  nebulae  from  the  positions  given  in  several  cata- 
logues. Comparing  his  motions  with  those  of  Curtis,  I  find,  after 
the  necessary  corrections  for  a  systematic  difference,  that  they 
agree  in  sign  in  62  per  cent  of  the  cases.  As,  moreover,  the  twelve 
values  derived  by  van  Maanen  show  an  agreement  in  sign  with 
Curtis'  values  in  not  less  than  75  per  cent  of  the  cases,  we  must 
come  to  the  conclusion  that  Curtis'  results  are  not  altogether  due 
to  the  influence  of  accidental  errors.  Another  point  shows  this 
too;  from  the  radial  velocities  we  find  a  relation  between  the  size 
of  the  spirals  and  their  motion,  the  smaller  spirals  having  the 
larger  motions.  The  results  are  given  in  the  second  column  of 
Table  III,  while  the  third  column  gives  the  number  of  objects 
included.  As  we  find  an  analogous  relation  for  the  proper  motions, 
which  are  given  in  the  fourth  column,  we  must  conclude  that  these 
are  at  least  partly  real. 

TABLE  III 


Diameter 

V 

n 

M 

n» 

>io' 

km /sec. 
339 
474 
826 

5 

9 

10 

o':o3i 
0.032 

0.041 

6 

S'-io' 

10 

<s' 

13 

If  then  we  use  Curtis'  mean  motion  of  o''o33  for  the  66  largest 
spirals,  and  compare  this  value  with  the  mean  radial  velocity,  we 
derive  a  mean  parallax  of  ©''0003.  Dr.  Lundmark,  who  has  recently 
computed  the  apices  and  mean  parallaxes  derived  from  Curtis' 
and  his  own  proper  motions,  kindly  allows  me  to  mention  his  result 
in  advance  of  publication.  Using  800  km/sec.  for  Campbell's 
A"- term  in  the  solution  he  finds: 

Mean  parallax  from  67  motions  derived  by  Curtis,  o''oooio 
Mean  parallax  from  S2  motions  derived  by  Lundmark,  o''oooii 

The  value  of  K  is  as  yet  very  uncertain;   smaller  values  of  K  will 
give  larger  parallaxes,  and  vice  versa. 

e)  Finally  we  may  compare  the  internal  motions  found  by 
van  Maanen  with  those  derived  by  spectroscopic  means;   these 
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amount  to  a  few  hundred  kilometers  per  second;  the  comparison 
yields  parallaxes  of  a  few  ten-thousandths  of  a  second  of  arc,  giving 
for  the  diameters  of  the  spirals  quantities  from  lo  to  300  light  years. 
Of  the  methods  mentioned  above,  those  under  c,  d,  and  e  probably 
deserve  the  most  credit.  This  material  does  not  seem  to  warrant 
the  acceptance  of  the  island-universe  theory.  It  is  of  course  pos- 
sible that  later  results  may  contradict  this  statement;  but  it  seems 
well  to  point  out  that  the  evidence  based  on  the  best  material  at 
present  available  does  not  indicate  that  the  spiral  nebulae  are  com- 
parable with  our  Milky  Way  system. 

Mount  Wilson  Observatory 
June  9,  1922 
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Page  129,  Table  I,  column  6,  line  6: 
For  22,518.6  read  22,528.6. 

Page  130,  line  8  from  bottom : 

For  initial  energy  read  potential  energy. 
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THE  CEPHEID  VARIABLE  77  AQUILAE 

By  CHARLES  CLAYTON  WYLIE 

ABSTRACT 

Cepheid  variable  77  Aquilae;  photometric  study. — A  series  of  iii  observations  made 
with  a  photo-electric  photometer  during  1920,  gives  an  accurate  light-curve  of  this  4th 
magnitude  star  (Fig.  2  and  Table  IV).  The  range  of  variation  is  i¥i2;  the  period  is 
74176.  The  "secondary  maximum"  is  confirmed  as  a  pronounced  halt  in  the  decrease 
of  light,  from  phase  i"?8  to  2"?4.  Another  fluctuation  was  indicated  with  maximum 
about  phase  4'?3.  Comparison  with  previous  observations  suggests  a  shortening  of  the 
interval  from  minimum  to  maximum  since  1900  and  a  gradually  increasing  period. 
LuLzet's  tabulation  of  residuals  from  a  constant  period  is  brought  up  to  date  (Fig.  3). 
There  is  no  evidence  of  any  decrease  of  period  since  observations  began  in  1784. 

Change  of  period  of  Cepheid  variables. — The  increasing  period  of  77  Aquilae,  which  is 
contrar>'  to  the  requirement  of  the  pulsation  theory,  and  the  decreasing  period  of  5  Cephei 
can  perhaps  be  reconciled  on  the  basis  of  the  binary  theory  by  assuming  that  77  Aquilae 
rotates  relatively  faster  than  5  Cephei. 

New  variables. — /3  Aquilae  seems  to  be  a  variable  with  a  long  or  irregular  period,  for 
a  progressive  decrease  of  o¥o5  was  observed  over  an  interval  of  three  months  (Fig.  i). 
The  spectroscopic  binary  8  Aquilae  is  suspected  of  being  an  eclipsing  variable  with  a 
range  of  about  o¥i  but  no  period  has  been  foimd. 

A  photo-electric  study  of  tj  Aquilae,  one  of  the  best-known 
Cepheid  variables,  was  undertaken  at  the  University  of  IlHnois 
in  the  hope  that  something  of  value  might  be  contributed  to  the 
discussion  of  this  type  of  variation.  In  particular,  irregularities 
and  secondary  oscillations  might  be  too  small  for  certain  detection 
by  \dsual  observers  and  yet  be  conspicuous  in  a  photo-electric 
light-curve. 

Observations  were  begun  in  July  1920  and  carried  through 
to  November  of  that  year.     In  all  11 1  observations  were  secured, 
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one-third  by  Professor  Stebbins  and  the  remainder  by  myself. 
The  variable  and  comparison  stars  are,  in  the  Harvard  system, 

H.R.  7570,  7]  Aquilae,  magnitude  3.66-4.45,  spectrum  G. 
H.R.  7377,  5  Aquilae,  magnitude  3.44,  spectrum  F. 

H.R.  7602,  /3  Aquilae,  magnitude  3.90,  spectrum  K. 

The  Mt.  Wilson  spectral  types  are:  77  Aquilae,  F9;  5  Aquilae,  A9; 
and  j8  Aquilae,  G7.  An  observation  normally  consisted  of  thirty-six 
measures  taken  in  the  following  order:  5  3,  r;  3,  jS  6,  77  3,  5  6,  77  3, 
jS  6,  ?7  3,  53,  one  measure  being  a  timing  of  the  rate  of  motion  of 
the  electrometer  thread  between  two  scale  divisions.  Since  5 
Aquilae  is  brighter  than  /3  Aquilae,  a  neutral-tinted  shade  glass 
was  used  to  reduce  the  Hght  to  approximate  equaHty.  Throughout 
this  paper  comparisons  of  other  stars  with  5  Aquilae  should  be 
interpreted  as  comparisons  with  5  Aquilae  observed  through  the 
shade  glass,  which  reduced  its  hght  about  o'^82. 

The  dififerential  correction  for  atmospheric  extinction  between 
77  Aquilae  and  the  comparison  stars  was  taken  from  tables  based 
on  those  in  Miiller's  PJwtometrie  der  Gestirne.  Nearly  all  observa- 
tions were  within  the  limits  19^0  and  2  2'?5  sidereal  time,  during 
which  interval  the  maximum  tabular  differential  correction  was 
for  h  Aquilae,  o'^oiS,  and  for  /3  Aquilae,  o'^'o43.  The  quantity 
from  the  table  was  multiplied  by  a  factor  depending  on  the  trans- 
parency of  the  sky,  which  was  obtained  as  in  the  work  on  cr  Aquilae. 
The  residuals  from  the  prehminary  curve  were  examined  for  a 
systematic  hour  angle  correction;  first,  by  plotting  them  for  nights 
on  which  observations  were  carried  on  throughout  nearly  the  entire 
three  and  a  half  hours  during  which  the  star  could  be  observed;  and 
second,  by  comparing  residuals  at  different  hour  angles  on  different 
nights,  using  only  the  best  nights.  There  was  no  indication  of  any 
appreciable  systematic  error  remaining  after  the  computed  correc- 
tion for  differential  extinction  had  been  appUed,  although  these 
corrections  were  larger  than  is  usual  in  the  work  here. 

The  times  were  reduced  to  the  sun,  and  the  preliminary  phases 
computed  from  the  elements 

Maximum  =  J.D.  2422606. 562-f7'*i76382'£ 
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The  period  is  that  of  Luizet,'  without  his  harmonic  term.  A  plot 
of  the  observations  indicated  that  both  comparison  stars  are 
probably  variable.  At  certain  times  5  Aquilae  was  distinctly  faint, 
in  one  case  as  much  as  one-tenth  of  a  magnitude,  and  toward  the 
end  of  the  series  /3  Aquilae  was  fainter  than  at  the  beginning. 

In  19 18  Messrs.  Stebbins  and  Dershem  used  5  Aquilae  as  a 
comparison  star  for  Nova  Aquilae  No.  3,  and  at  that  time  it  was 
suspected  of  variation.^  It  has  been  announced  as  a  spectroscopic 
binary^  of  unknown  period,  and  may  be  an  eclipsing  variable  of  small 
range.  The  other  comparison  star,  /3  Aquilae,  being  of  spectral 
t^-pe  K,  may  be  expected,  if  it  varies  at  all,  to  be  irregular. 

As  a  first  step  toward  unraveHng  the  variations  of  the  three 
stars,  the  observations  where  5  Aquilae  was  noticeably  faint  were 
marked.  Then  using  only  nights  on  which  the  transparency  of 
the  sky  was  good,  and  including  no  nights  on  which  5  Aquilae  had 
been  marked  faint  at  any  time,  the  observ^ed  values  of  j8  >  5  were 
plotted  and  a  freehand  curve  drawn.  The  plotted  values  were 
compared  with  the  curve,  and  one  or  two  more  rejections  made  on 
the  ground  that  5  Aquilae  was  perhaps  faint  that  night.  The 
remainder  were  grouped  into  normal  magnitudes  which  are  given 
in  Table  II  and  plotted  in  Figure  i .  From  a  freehand  curve  drawn 
through  these  normal  magnitudes,  the  photo-electric  reduction  of 
/3  Aquilae  to  5  Aquilae  could  be  obtained  for  the  time  of  any 
observ^ation. 

The  observed  values  of  j8>8  were  compared  with  this  curve, 
and  from  the  residuals  an  unsuccessful  attempt  was  made  to  get 
the  period  of  variation  of  6  Aquilae.  Phases  were  computed  and 
the  residuals  plotted,  at  least  around  the  supposed  minima,  for 
several  different  periods,  but  none  was  considered  satisfactory. 
The  range  of  variation  is  so  small  that  it  is  probably  better  to  await 
the  determination  of  the  period  from  spectroscopic  observations. 

Not  knowing  the  variation  of  5  Aquilae,  the  following  arbitrary 
rule  was  adopted.  If  any  observed  /3>5  differed  by  more  than 
0*^040  from  the  curve  value,  all  comparisons  with  5  Aquilae  were 

^  Astronomische  Nachrichten,  163,  361,  1903. 

*  Astrophysical  Journal,  49,  354,  1919. 

3  Lick  Observatory  Bulletin,  2,  126,  1903;  Astrophysical  Journal,  39,  265,  1914. 
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rejected  on  that  night.  If  no  residual  exceeded  o'!^o4o,  but  some 
exceeded  0^^030,  the  observations  on  that  night  were  given  half- 
weight.  A  few  other  observations  had  already  been  marked  half- 
weight  because  of  poor  observing  conditions. 
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Fig.  I. — Variation  of  /3  Aquilae.  Circles  marked  with  vertical  bars  represent 
normal  points  from  comparisons  with  5  Aquilae.  Those  marked  with  horizontal 
bars  are  from  comparisons  with  77  Aquilae. 

Observations  of  jS > 77  were  reduced  to  b>-q  by  applying  the 
corrections  scaled  from  Figure  i.  Normal  magnitudes  for  77  were 
then  formed,  keeping  the  work  on  the  two  comparison  stars  separate, 
and  a  freehand  curve  drawn.  As  a  check,  the  variation  of  ^  Aquilae 
was  then  determined  by  combining  observed  values  of  /?  >  7;  with 
the  light-curve  of  r]  as  based  on  5,  using  only  good  nights.     These 
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computed  values  of  i8>5  as  derived  through  r;  were  assembled  into 
normal  magnitudes,  which  are  plotted  in  P'igure  i  for  comparison 
with  the  values  of  direct  observation.  The  satisfactory  agreement 
shows  that  the  progressive  change  between  /3  and  5  during  the  time 
of  observation  must  be  due  to  a  variation  of  /?,  and  that  the  light 
variation  of  ri  repeats  itself  from  period  to  period  within  the  limits 
of  the  present  measures. 

The  times  of  maximum  and  minimum,  and  the  amplitude  of 
variation  for  77  Aquilae  were  derived  graphically  from  the  normal 
magnitudes  as  follows: 

Maximum,  phase  o"*o9,  magnitude  —©'^501 
Minimum,  phase  S*?!?,  magnitude  +o¥6i6 
Maximum-minimum  2^10,  amplitude       1*^2 

The  correction  to  the  time  of  maximum  from  the  preliminary 
ephemeris  is  then  +0^09.  This  was  applied,  giving  the  following 
elements  which  were  adopted  as  final : 

Maxiumm  =  J.D.  2422606. 652+ 7 "^i 76382 •£ 

Table  I  gives  the  photo-electric  observations  of  -q  Aquilae.  The 
first  column  gives  the  Greenwich  mean  time  of  observation,  and 
the  second  the  phase  computed  from  the  final  elements;  the  third 
column  gives  the  difference  between  77  Aquilae  direct  and  5  Aquilae 
measured  through  the  shade  glass,  and  the  fourth  is  the  measured 
difference  between  77  Aquilae  and  /?  Aquilae.  A  positive  sign  means 
in  each  case  that  the  comparison  star  was  brighter  than  77.  Rejected 
observations  are  in  parentheses,  and  half-weight  observ^ations  are 
noted  under  remarks.  Since  the  average  time  of  observation  is  the 
same  for  each  star,  the  differences  ^  brighter  than  5  are  obtained  by 
subtracting  the  third  column  from  the  fourth. 

The  normal  magnitudes,  with  phases  from  the  final  elements, 
are  given  in  Table  III,  and  plotted  in  Figure  2,  where  points  from 
the  two  comparison  stars  are  kept  separate,  and  the  rejected 
5  Aquilae  observations  are  plotted  as  crosses.  No  j8  Aquilae 
observations  considered  satisfactory  at  the  time  of  making  have 
been  rejected,  so  all  comparisons  with  that  star  are  incorporated 
in  the  normal  points. 
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TABLE  I 

Observations  of  -q  Aqxhlae 


Date,  G.M.T. 


Phase 


Difference  of  Magnitude 


Remarks 


2422523 


2524 

2525 
2526 
2528 

2530 
2532 
2533 

2534 


2537 
2538 

2539 

2540 

2553 

2554 

2555 

2558 

2559 
2561 
2566 
2567 

2570 

2573 
2580 

2583 
2584 


2585 


712. 
717 
746 

751 
706 
804 

765 
711 

713 
813 
761 
682 

713 
784 
661 

749 
801 

739 
662 
760 

675 
756 
685 
742 
671 

729 
604 
679 
607 
786 
717 

731 

622 

599 
738 
594 
659 
709 

58s 
689 
604 
669 

703 
562 

634 
665 
694 
560 
586 
634 


34182 
3-187 
3.216 
3.221 
4.176 
4-274 
5-235 
6. 181 
1 .006 
1 .  106 
3-054 

4-975 
6.006 
6.077 

6-954 
7.042 
7.094 
2.856 
3-779 
3-877 
792 

873 
802 

859 
435 
493 
368 

5-443 
6.371 
2-374 
3-305 
5-319 
3-032 
4.009 
4.148 
7.004 
7.069 

2-943 
2.642 
2.746 
5-661 
5.726 
5-760 
6.619 
6.691 
6.722 

6.751 
0.440 
0.466 
0.514 


(+0 

¥282) 

(+ 

-255) 

+ 

•448 

+ 

-455 

+ 

•588 

+ 

.138 

— 

.280 

— 

.216 

+ 

.  211 

+ 

.606 

+ 

.270 

+ 

.189 

(- 

.566) 

(- 

■536) 

(- 

■500) 

+ 

.116 

+ 

•366 

+ 

-377 

+ 

-566 

+ 

-591 

+ 

-404 

+ 

•364 

(+ 

•492) 

(+ 

-456) 

+ 

•563 

+ 

-559 

+ 

.005 

— 

.070 

+ 

•  273 

+ 

•597 

+ 

-225 

+ 

-383 

+ 

-393 

— 

•443 

— 

.470 

+ 

.  106 

— 

.008 

+ 

-053 

+ 

•499 

+ 

■471 

+ 

.424 

— 

.140 

— 

.216 

— 

.278 

— 

-273 

— 

•427 

— 

.410 

— 

.414 

+o> 

'345 

+ 

384 

+ 

552 

+ 

566 

+ 

680 

+ 

262 

— 

"^2,2, 

— 

120 

+ 

294 

+ 

718 

+ 

384 

+ 

283 

— 

332 

— 

365 

— 

420 

+ 

206 

+ 

467 

+ 

483 

+ 

686 

+ 

699 

+ 

517 

+ 

468 

+ 

598 

+ 

643 

+ 

682 

+ 

654 

+ 

126 

+ 

036 

+ 

370 

+ 

6S1 

+ 

296 

+ 

506 

+ 

496 

— 

381 

— 

427 

+ 

220 

+ 

058 

+ 

106 

+ 

549 

+ 

559 

+ 

522 

— 

068 

— 

147 

— 

194 

— 

222 

— 

363 

— 

359 

— 

340 

5  half-weight 

6  half-weight 


5  half-weight 
5  half-weight 


5  half-weight 
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Date,  G.M.T. 


Phase 


DUFERENCE    OF    MAGNITUDE 


fi 


Remarks 


2422585 
2586 


2587 
2588 

2592 


2593 


2594 
2596 
2598 

2599 
2600 

2601 


2603 
2604 
2605 

2606 

2607 

2608 

2609 
2614 
2615 

2618 

2619 

2626 


649 

664 
679 
552 
599 
643 
685 
560 

549 
620 

557 
617 
656 
676 

543 
576 
636 
660 

559 
613 

628 

648 

615 
662 

545 
599 
644 

569 
590 
636 

65s 
604 

633 
526 

598 
537 
577 
547 
572 
589 
544 
587 
632 

581 
545 
535 
558 
547 
587 
515 
558 
553' 


o'?529 
0.544 
0-559 
1-432 
1-479 
1-523 
r-565 
2.440 

3  429 
3  500 
0.260 
0.320 
0-3S9 
0-379 

1 .  246 
1.279 
I  339 
1-363 

2 .  262 

4-316 
6-331 
6.351 
o.  141 
0.188 
.071 
■125 
.  170 

•095 
.116 
.  162 
.181 
.130 
.159 
•051 
.123 
.062 
.  102 
.896 
.921 
-938 
■893 
•936 
.981 

-930 
.718 


730 
719 

759 

687 

730 
547 


+ 
+ 
(- 
(- 
(- 
(- 

(- 
(- 
(- 

+ 
(  + 
(  + 


+ 
+ 
+ 
+ 


(- 


+ 


+ 
4- 
+ 
+ 
+ 


o«389 

377 

390 

127) 

123) 

122) 

119) 

029 

302 

291 

472) 

491) 

5") 

430) 

is8) 

194) 

151) 

033 

465 

059) 

040) 

469 
500 
208 

188 
203 

074 
032 
068 
051 
433 
616 

250 

191 

487 

495 

304) 

337) 

315) 
042 

054 
084 
120 
346 

055) 
107) 

566 
558 
481 

437 
542 


+ 
+ 
+ 


+ 
+ 
+ 
+ 


-©¥328 

-    -315 
322 

045 
014 
008 

044 
042 

392 
391 
378 

371 
362 

382 
082 

077 
076 
088 

048 

553 
081 
094 

417 
398 
144 

131 
135 
012 
029 
002 
on 
498 
690 
342 
254 
396 

415 
220 
206 
178 
018 

015 
006 

215 
286 
on 
009 

637 
624 

558 
537 
6oq 


+ 
+ 
+ 

+ 
+ 
+ 
+ 


+ 
+ 

+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 


/3  half-weight 

Half-weight 

/3  half-weight 

5  half-weight 
5  half-weight 


Half-weight 


(8  half-weight 


5  half-weight 
8  half-weight 
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TABLE  I — Continued 


Date,  G.M.T. 


Phase 


Difference  of  Magnitude 


/3 


Remarks 


2422627.540 

.558 

2628.542 

•565 
2632.561 

2633-515 
2641.535 
2642.531 
2649.494 


6^534 
6.552 
0.360 

0-383 
4-379 
5-333 
6.175 
7. 171 

6.958 


+ 
+ 


1.073 
.074 
.450 
■476 

.505 
.588 
.  170 

-485 
.422 


+ 
+ 
+ 


o'i'026 
032 
367 
392 
558 
648 
210 
449 
387 


The  adopted  Kght-curve  of  77  Aquilae  is  given  in  Table  IV. 
It  has  not  been  drawn  on  Figure  2,  as  the  observations  themselves 
mark  the  course  of  the  curve  satisfactorily.  Further,  anyone 
examining  suspected  fluctuations  will  probably  prefer  a  plot  of  the 
observations  free  from  any  evidence  as  to  the  judgment  of  others. 


TABLE  II 
Normal  Magnitudes  of  /3  Aquxlae 


Date,  G.M.T. 


Difference  of 
Magnitude 


Number  of 
Observations 


2422537.7 

2561.7 
2582.2 

2585-2 
2600.7 

2615.5 
2633.0 


7 
4 
4 
10 
8 
I 
2 


A  glance  at  the  figure  shows  that  the  reahty  of  a  considerable 
"hump "  cannot  be  questioned.  Since  absolutely  all  of  the  observa- 
tions are  represented  in  Figure  2,  it  is  evident  that  the  variations 
of  jS  and  5  do  not  affect  the  estabHshment  of  this  secondary  fluctua- 
tion. Luizet's^  description  of  the  irregularity,  ''comme  un  arret 
dans  la  diminution  d'eclat  de  la  variable,"  or  the  German  "Still- 
stand,  "  fits  the  photo-electric  curve.     The  observations  indicate  a 


'  Asironomisclie  Nachrichten,  163,  364,  1903. 
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practically  constant  magnitude  for  about  0^6  beginning  at  phase 
1^8.  Some  of  the  older  curves  from  visual  observations  show  a 
pronounced  increase  in  brightness  at  this  point.  It  was  considered 
a  real  "secondary  maximum,"  but  most  of  the  more  recent  light- 
curves  have  been  drawn  with  no  irregularity  in  the  downward 
slope. ^  The  modern  tendency  is  to  regard  with  suspicion  permanent 
irregularities  in  curves  by  any  but  the  most  accurate  photometric 
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Fig.  2. — Normal  magnitudes  of  rj  Aquilae.     The  smaller  circles  represent  single 
observations  and  the  larger  circles  normals  of  two  or  more  observations.     Comparison 
with  5  Aquilae  are  marked  with  vertical  bars  and  those  with  /3  Aquilae  with  horizonta 
bars.     Rejected  observations  are  plotted  as  crosses. 


methods.^  Photo-electric  work  has  in  general  justified  this  skepti- 
cism, but  in  this  particular  instance  we  find  confirmation  of  a  second- 
ary oscillation  in  Cepheid  variation,  while  in  addition  to  the 
pronounced  secondary,  there  is  indication  of  another  fluctuation 
with  maximum  about  phase  four  days.  Lockyer  believed  the 
irregularities  due  to  a  secondary  oscillation  with  period  i'?8,  one- 

'  Ibid.,  183,  265-278,  1909;   214,  195,  1921;  Mi.  Wilson  Conlr.,  7,  14,  1916. 
^Publications  American  Astronomical  Society,  4,  265,  1921. 
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fourth  that  of  the  principal  light  variation.  But  it  is  evident  they 
cannot  be  represented  by  superposing  a  simple  sine  curve  of  any 
period  on  the  principal  variation.     Using  Lockyer's  subperiod  we 

TABLE  III 

Normal  Magnitudes  of  77  Aqtjilae 


Phase 


o'?i64. 

0-3I3- 
0.372. 

0.374- 
0.473- 
0-544- 
0.718. 
0.918. 
I .061 . 
I . 064 . 
I. 148. 

I-3I5- 
1.456. 
I . 544 . 
I-7I5- 
1.928. 
2.124. 
2.208. 
2.407. 
2.642. 
2 . 746 . 
2.856. 

2.934- 
2.936. 

3.043- 
3.204. 

3-305- 
3-464- 
3-779- 
3-877- 
4 . 009 . 
4.136. 

4-139- 
4.176. 


Difference  of 

Magnitude 


-0M484 
-    -463 


-417 
•385 
-346 


228 
196 


-  055 

-  -058 

-  -045 

-  .050 

-  .008 

+  -053 

+  .116 

+  -115 


+    .218 


+  -273 

+  .296 

+  -366 

+  -377 

+  -383 

+  -420 


+    -44^ 


0  (reduced) 


-0M474 


440 


+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


+ 
+ 


442 
428 
396 

347 
264 
229 


199 

151 
104 
100 

050 

051 

052 

058 
044 
019 
029 
100 


146 
197 
250 

279 
320 
362 
378 
421 


422 
437 


No. 
Obs. 


2 

3 

2 

3 
3 
3 
I 

3 
3 
3 
2 

4 

2 
2 
2 

3 
3 
2 
2 

I 
I 
I 
2 
2 
2 
2 
I 
2 
I 
I 
I 
2 
2 
I 


Phase 


4'?2  74. 
4-348. 
4.464. 

4-739- 
4.832. 

4-975- 
5-197- 
5-326. 
5-406. 
5-547- 
5-674- 
5-727- 

728. 

760. 

802. 

859- 
6.006. 
6.064. 
6. 123. 
6.178. 

6-355- 
6.371. 

6-543- 
6.619. 
6.691. 
6.736. 
6.956. 
6.958. 
7.004. 

023. 

064. 

123. 

136. 


Difference  of 
Magnitude 


+0M455 

+    .485 


+ 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


.562 
-578 
.606 
.602 
-592 
-561 
-542 
-490 
.460 


+ 
+ 
+ 
+ 
+ 
+ 
+ 


-424 
.404 
-364 
.270 
.220 
.191 
-154 


+ 


.005 

.074 
.  140 
.  216 
.276 


—  .422 

-  -443 


-    .481 


.490 


/3  (reduced) 


+0M451 

+  .494 

+  -526 

+  -570 

+  -588 

+  .609 

+  -596 

+  -592 

+  -574 

+  -551 

+  .486 


+  -481 

+  -447 

+  -413 

+  -364 

+  -276 

+  .226 

+  -190 

+  -152 

+  -026 


-  .086 

-  -143 

-  .  222 

-  -283 

-  -440 


-  .468 

-  -477 

-  .503 


No. 
Obs. 


I 
2 
2 
2 
2 
I 
2 
2 
2 
I 
2 
2 
2 
I 
I 
I 
I 
2 
I 
2 

3 

I 
2 
I 
I 
2 
2 
I 
I 
2 
2 

3 
2 


might  assume  that  the  secondary  oscillation  rises  to  its  strongest 
maximum  about  phase  2'?5.  A  weaker  maximum  is  reached  at 
phase  4^3,  the  following  minimum  being  coincident  with  the  prin- 
cipal minimum.  The  two  succeeding  secondary  fluctuations  are 
negligible. 
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As  a  matter  of  some  interest,  the  light-curve  was  compared 
with  the  velocity  curve  as  determined  by  Wright.'  This  shows 
that  the  pronounced  halt  in  decreasing  light  is  at  apastron  on  the 
binary  h^'po thesis,  and  just  before  the  star  reaches  maximum 
volume  on  the  pulsation  hypothesis,  following  Eddington. 

Possible  variation  from  epoch  to  epoch  of  the  light-curves  of 
this  and  other  Cepheids  has  been  discussed  by  previous  workers.' 
The  photo-electric  observations  give  evidence  that  there  was  no 
appreciable  change  in  the  form  while  the  observations  were  in 


TABLE  IV 

Light- Curve  of  t;  Aquilae 


Phase 


-2<?50 

—  2.25 

—  2.00 

-1-75 
-1.50 

-I. 25 

—  1 .00 

-0.75 

—0.50 

—0.25 

0.00 

+0.25 
0.50 

0.7s 
1 .00 

I   25 


Difference  of 

Magnitude 

+©¥56 

+ 

60 

+ 

61 

+ 

57 

+ 

49 

+ 

33 

+ 

16 

00 

— 

20 

— 

41 

— 

50 

— 

47 

— 

40          ! 

— 

33 

— 

24 

— 

17 

Phase 


1^50 
1-75 
2.00 
2.25 
2.50 

2-75 
3.00 

3-25 
3-5° 
3-75 
4.00 
425 
4-5° 
4.7s 
5.00 

5 -25 


Difference  of 
Magnitude 


-  .06 

-  -05 

-  -05 
■03 
■03 
.21 

■27 
•31 
■36 
.40 

■45 
•52 

•57 
.61 
.60 


+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 


progress,  and  the  curve  is  not  greatly  different  from  others  published 
for  this  star.  The  maximum,  however,  is  somewhat  sharper,  and 
the  interval  from  minimum  to  maximum  light  is  less  than  in  recent 
curves.  From  those  previously  referred  to,  the  values  of  this  interval 
were  found  to  be:  in  1900,  2'?38;  1906-1907,  2'?38;  1917,  2*?2o; 
and  1920,  2^10.  A  decrease  for  the  more  recent  series  is  notice- 
able, but  in  all  strictness  comparison  should  be  made  between 
curves  determined  with  the  same  type  of  photometer. 

^  Astro  physical  Journal,  9,  62,  1899. 

"Lockyer,  Dissertation,  pp.  78-86  (Gottingen,  1897);  Luizet,  Astrotwmische  Nach- 
rlchten,  193,  83,  1912;  Shapley,  Mt.  Wilson  Contr.,  6,  179,  1915;  Jordan,  Publications 
American  Astronomical  Society,  4,  265,  192 1. 
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The  variation  of  the  period  of  t]  Aquilae  has  also  been  discussed. 
Lockj'er,*  from  his  discussion  of  observ^ations  of  the  past  century, 
concluded  it  was  variable.  Luizet^  also  found  a  variation,  and 
mcluded  a  harmonic  term  in  his  value  for  the  period,  the  value 
which  has  been  used  by  most  observ^ers  of  77  Aquilae  in  recent 
years.  On  the  other  hand^  some  have  rejected  the  harmonic  term. 
The  elements  are 

Maximum  =  J.D.  2396168. 732+7'?i76382'£ 

+0.14  sin  (o?o44'£+304°) 
IMaximum — minimum  =  2 '?3  73 

Including  the  harmonic  term  the  epoch  of  maximum  derived  from 
the  photo-electric  curs'e  gives,  as  correction  to  the  ephemeris, 
—0*^006.  This  is  good  agreement.  pro\'ided  we  go  no  farther,  but 
for  the  minimum  the  correction  is  +0^271,  which  is  not  so  satis- 
factor}-. 

A  more  accurate  detennination  of  the  length  of  the  period 
in  recent  years  was  therefore  made,  using  the  photographic  obser- 
vations of  Kohlschiitter.-*  made  in  1 906-1 907.  The  photographic 
and  photo-electric  amphtudes  being  practically  the  same,  com- 
parison of  the  curs^es  is  direct.  Using  Luizet's  mean  period  between 
the  two  series  normal  magnitudes  were  formed  from  the  photo- 
graphic obser^-ations.  Three  observations  were  combined  in  a  nor- 
mal point  except  on  the  steep  portion  of  the  curve  where  two  were 
used.  This  steep  portion,  between  minimum  and  maximum,  was 
used  in  the  determination  of  the  period,  as  the  phase  can  be  deter- 
mined with  more  accuracy  here  than  at  the  time  of  maximum  or 
minimmn. 

A  plot  showed  those  points  nearly  a  quarter  of  a  day  out  of 
phase  with  the  photo-electric  curve,  a  graphical  determination 
gi\ing  as  a  correction  0^22.  This  gives  as  the  correction  to  the 
period  -|-o'^ooo32,  from  which  the  value  for  the  period  between 
1906  and  1920  is  'j^i'/6'jo. 

'  Op.  cit.,  p.  91.  » Op.  cit.,  163,  361,  1903. 

^Hellerich,  Dissertation,  p.  6  (Bonn,  1913);  Grouiller,  Bulletin  Astronomique, 
Deuxi^me  Serie,  i,  356,  1922. 

*  Astroiwmische  Nachrichtcn,  183,  265,  1909. 
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This  value  for  the  length  of  the  period  is  so  much  larger  than  the 
mean  values  of  Lockyer  and  Luizet.  obtained  from  a  discussion  of 
obser\'ations  of  the  past  centur\',  that  Luizet's  tabulation  of  correc- 
tions to  an  ephemeris'  from  a  constant  period  was  brought  up  to 
date.  Corrections  computed  from  the  light-curves  of  Kohlschiitter 
and  Lacchini,^  and  from  the  photo-electric  light-curve,  were  added 
to  the  Ust.     These  residuals  are  plotted  in  Figure  3.  points  from 
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Fig.  3. — \'ariation  in  the  period  of  77  Aquilae.  Points  from  maxima  are  marked 
with  vertical  bars  and  those  from  minima  with  horizontal  bars.  The  large  circles 
represent  normal  points.  The  results  from  Grouiller's  recent  values,  which  were  not 
included  in  the  normals,  are  plotted  as  plus  signs  and  crosses,  respectively. 


maxima  and  minima  being  plotted  separately.  Normal  points  are 
formed,  gi\'ing  the  determinations  equal  weight  except  that  in  the 
last  point  the  photo-electric  determination  has  been  given  double 
weight.     The  normal  points  are  coimected  by  a  hea\y  line. 

Grouiller's  monograph^  on  -q  Aquilae  was   received   after  the 
investigations  of  this  paper  were  completed.     His  normal  points 

'  op.  cit.,  163,  360,  1903. 

'Lacchini,  Astronomische  Nachrichten,  214,  195,  192 1. 

3  Bulletin  Astronomique,  Deuxieme  Serie,  i,  331,  1922. 
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from  observations  after  1900  are  plotted  on  the  figure  as  plus 
signs  and  crosses. 

This  line  is  distinctly  concave  upward,  hence  observational 
evidence  indicates  an  increasing  period  at  least  in  recent  years. 
Certainly  there  is  no  evidence  of  an  appreciable  decrease  at  any 
time  in  the  last  140  years.  If  the  variation  is  harmonic,  the  available 
portion  of  the  curve  is  too  Httle  to  determine  either  the  amplitude 
or  the  period  with  any  accuracy.  However,  both  must  be  much 
greater  than  the  values  found  by  Luizet. 

The  question  of  variation  of  period  is  of  importance  in  Cepheid 
theor>\  The  pulsation  hypothesis  demands  a  shortening  of  the 
period,'  about  40  seconds  annuall}'  for  5  Cephei  on  the  contraction 
theory  of  a  star's  energy.  Similar  conclusions  follow  on  the 
rotation  hypothesis,  while  according  to  the  binary  theory  the 
period  may  either  increase  or  decrease.^  Tidal  action  should  in 
general  lengthen  the  period,  if  it  is  equal  to  or  greater  than  the 
rotation  period  of  the  principal  star.  But  if  the  sateUite  revolves 
in  less  than  the  rotation  period,  the  orbital  period  should  decrease. 

There  is  e\ddence  that  the  period  of  5  Cephei  is  decreasing.^ 
If  these  suspected  variations  of  period  are  accepted  as  real  and 
attributed  to  tidal  action,  the  deduction  that  77  Aquilae  probably 
rotates  faster  than  5  Cephei  follows. 

Since  either  a  rotation  or  a  pulsation  should  affect  the  appearance 
of  the  spectral  lines,  the  fact  that  the  Knes  of  77  Aquilae  are  broader 
than  those  of  5  Cephei  is  worthy  of  mention.  5  Cephei''  has  the 
narrow  well-defined  spectral  lines  typical  of  giant  stars,  while  the 
lines  of  ??  Aquilae,^  also  classed  with  the  giant  stars,  "have  the  general 
characteristics  of  breadth  and  haziness,  which  tend  to  make  them 
objectionable  for  purposes  of  accurate  measurement."  In  a  foot- 
note to  this  reference  the  statement  is  made  that  "There  is  undoubt- 
edly a  resemblance  between  the  spectra  of  -q  Aquilae  and  5  Cephei, 
the  lines  of  the  latter  being,  however,  better  defined " 

'  Eddington,  Observatory,  41,  379,  1918;  42,  339,  1919. 

^  Plummer,  Monthly  Notices,  80,  507-509,  1920. 

5  Eddington,  op.  cit.,  42,  338,  1919;  Ludendorff,  Astronomische  Nachrichten,  213, 
185,  1920. 

■»  Adams,  Observatory,  42,  167-168,  1919. 

s  Wright,  Astrophysical  Journal,  9,  60,  1899. 
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SUMMARY 

1.  A  series  of  photo-electric  observations  made  in  1920  gives 
an  accurate  light-curve  for  77  Aquilae. 

2.  The  observations  indicate  a  long  period  or  irregular  variation 
for  /3  Aquilae.  A  progressive  decrease  of  o^'o5  is  found  for  an 
interv^al  of  three  months. 

3.  5  Aquilae,  which  has  been  announced  as  a  spectroscopic 
binary  of  unknown  period,  is  suspected  of  being  an  eclipsing  variable 
wdth  range  about  o^4.  but  no  period  has  been  found. 

4.  The  "secondar}'  maximum"  in  the  light-curve  of  77  Aquilae 
is  confirmed  as  a  pronounced  halt,  or  pause,  in  the  decrease  of  light. 
Another  fluctuation,  with  maximum  about  phase  four  days,  is  indi- 
cated. 

5.  Within  the  accuracy  of  the  measures  the  light-curve  did  not 
change  between  July  and  November  1920.  There  has  perhaps 
been  a  shortening  of  the  inters^al  from  minimum  to  maximum  since 
1900,  but  accurate  curves  determined  ^^^th  the  same  photometric 
equipment  and  at  different  epochs  are  needed  for  a  thorough  in- 
vestigation of  this  point. 

6.  The  period,  between  1906  and  1920,  is  determined  by  com- 
parison with  Kohlschiitter's  photographic  observations.  Luizet's 
tabulation  of  residuals  from  the  constant  period  7*^176382  is  brought 
up  to  date  by  including  observations  of  1906-1907,  1917,  and  1920. 
Both  methods  of  investigation  favor  an  increasing  period  at  present. 
The  e\ddence  is  decidedly  against  a  perceptible  decrease  in  the 
period  at  any  time  since  1784. 

7.  The  pulsation  hypothesis  demands  a  shortening  of  the 
period,  while,  according  to  the  older  binary  theory,  tidal  action  may 
increase  or  decrease  the  period.  Other  investigators  have  found 
evidence  of  a  decrease  in  the  period  of  5  Cephei. 

Either  pulsation  or  rotation  should  affect  the  spectral  lines  of  a 
star.  Attention  is  called  to  the  evidence  that  the  lines  of  77  Aquilae 
are  broader  than  those  of  5  Cephei,  which  have  been  examined  for 
a  pulsation  effect. 

Uni\ersity  of  Illinois  Observatory 
May  1922 


THE  ECLIPSING  BINARY  a  AQUILAE 

By  CHARLES  CLAYTON  WYLIE 

ABSTRACT 

Eclipsing  variable  star,  a  Aquilae;  photometric  study. — A  series  of  97  observations 
with  a  photo-electric  photometer  during  1920  gives  an  accurate  light-curve  of  this  fifth- 
magnitude  star  (Fig.  i).  It  is  found  to  be  a  normal  eclipsing  system  with  two  minima 
and  continuous  variation,  due  to  ellipticity,  between  eclipses.  The  range  of  variation 
is  o¥i8;  the  period  is  i'?95026.  The  precision  of  the  measurements  is  such  that  the 
probable  error  of  each  of  the  37  normals  is  ±o¥oo6.  Because  of  the  small  range  in 
partial  eclipse,  elements  could  not  be  determined  from  the  light-curve  alone;  but  since 
two  spectra  appear  on  the  Allegheny  plates  of  this  binary,  the  spectroscopic  orbit  and 
estimates  of  relative  intensity  of  the  components  enable  the  elements  and  absolute 
dimensions  for  this  system  to  be  given  (Fig.  2  and  Table  VI). 

Comparison  star  22  Aquilae  was  constant  within  o'^oi  or  o¥o2  from  July  to  October 
1920,  but  between  19 18  and  1920  the  observations  indicate  a  change  of  o¥o2  for  either 
22  Aquilae  or  a  Aquilae. 

The  variable  radial  velocity  of  o-  Aquilae  (H.R.  7474,  magnitude 
5.17,  spectrum  B8)  was  discovered  at  Mount  Wilson  in  191 2,  and 
the  spectroscopic  orbit  was  published  by  Jordan  in  1916.^  Jordan 
pointed  out  that  the  large  value  of  K  suggested  an  eclipsing  system. 

The  spectra  of  two  components  appear  on  the  plates  of  this 
star.  Eclipsing  binaries  showing  both  spectra  are  the  rare  and 
favorable  cases,  since  by  combining  the  spectroscopic  data  with 
that  from  a  good  Hght-curve  the  dimensions  of  the  system  and  the 
masses  of  the  bodies  can  be  found. 

A  short  series  of  photometric  observations  was  made  on  this 
star  by  Dr.  Ehner  Dershem  at  the  University  of  Illinois  in  the 
summer  of  19 18.  The  reduction  of  these  showed  variation  in 
hght,  which  was  announced  by  Professor  Stebbins  at  the  twenty- 
third  meeting  of  the  American  Astronomical  Society.^ 

A  second  series  of  observations  was  begun  in  June  1920  by 
Professor  Stebbins  and  myself.  This  was  carried  to  the  middle  of 
October,  at  which  time  ninety-seven  observations,  about  equally 
divided  between  the  two  observers,  had  been  secured. 

With  two  or  three  exceptions  each  of  these  observations  is  the 
mean  of  three  complete  sets  of  measures,  a  set  consisting  of  two 

'  Publications  oj  the  Allegheny  Observatory,  3,  189,  1916. 
^Publications  of  the  American  Astronomical  Society,  4,  115,  1919. 
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readings  on  the  comparison  star,  four  on  the  variable,  and  then 
two  more  on  the  comparison  star.  Throughout  the  series,  22 
Aquilae  (H.R.  7303,  magnitude  5.40,  spectrum  Ao)  was  used  as  the 
comparison  star. 

The  differential  correction  for  atmospheric  extinction  between 
<T  Aquilae  and  22  Aquilae  was  taken  from  tables  based  on  those 
in  Miiller's  Pholometrie  der  Gestirne.  It  was  less  than  0^^015  from 
sidereal  time  17^4  to  21^0,  and  few  measures  were  taken  outside  this 
limit.  The  correction  to  be  applied  was  determined  by  multiplying 
the  tabular  value  by  a  factor  depending  on  the  transparency  of  the 
sky,  which  was  obtained  in  two  ways:  first,  from  the  light  effect  of 
22  Aquilae  on  the  instrument,  corrections  for  instrumental  variation 
having  been  appHed;  and  second,  from  the  observer's  estimate 
at  the  time  of  making  the  observation.  The  second  method  may 
seem  somewhat  crude,  but  the  work  at  this  observatory  indicates 
that  the  estimate  of  an  experienced  observer  deserves  about  the 
same  weight  as  a  result  obtained  by  the  first  method.  The  factor 
for  each  observation  was  obtained  by  the  two  independent  methods 
and  the  mean  used.  The  two  stars  are  of  nearly  the  same  spectral 
type,  and  as  observations  with  large  extinction  have  been  rejected 
or  given  half-weight,  errors  due  to  uncertainty  in  this  correction 
should  be  small. 

The  times  were  reduced  to  the  sun,  and  the  residuals  from 
an  approximate  Hght-curve  plotted  using  the  total  atmospheric 
extinction  on  a  Aquilae  as  abscissae.  From  this  plot  of  the  residuals 
it  was  decided  to  reject  observations  with  an  extinction  greater 
than  ©"^^25.  Those  with  an  extinction  between  0^18  and  ©^^^25  were 
given  half-weight,  and  a  few  which  had  been  marked  weak  for  some 
other  reason,  such  as  smoke,  were  given  weight  one-half  or  three- 
fourths. 

The  center  of  eclipse  was  determined  graphically,  and  from 
the  epoch  of  the  spectroscopic  observations  and  the  1920  photo- 
metric series  a  correction  to  the  Allegheny  period  of  -f  0^00004  was 
obtained.  The  available  observations  in  1918  were  not  sufficient 
for  accurate  determination  of  the  epoch  of  eclipse,  but  a  larger 
correction  to  the  Allegheny  period  would  bring  them  into  better 
agreement  with  the  1920  series. 
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A  plot  of  the  residuals  with  the  time  as  abscissa  showed  no 
evidence  of  variation  in  the  comparison  star  throughout  the  1920 
series,  but  the  1918  observations  were  systematically  high  by  two 
or  three  hundredths  of  a  magnitude.  Because  of  this,  and  the 
uncertainty  in  the  period,  the  few  observations  of  the  earher  series 
were  omitted  in  the  formation  of  the  normals. 

By  using  the  spectroscopic  period,  with,  the  correction  of 
+0*^00004  derived  above,  and  the  photometric  determination  of 
epoch  of  eclipse  the  elements 

Minimum  =  J.D.  2422486. 797+1  ^95026 •£ 

were  obtained.     These  were  adopted  as  final. 

The  photo-electric  observations  of  a  Aquilae  are  given  in  Table  I. 
The  times  were  reduced  to  the  sun,  and  the  phases  computed  from 
the  final  elements  given  above.  The  drfference  of  magnitude  is 
the  amount  that  a  was  measured  brighter  than  22. 

The  observations  of  the  1920  series  were  then  assembled  accord- 
ing to  phase  and  grouped  into  normal  magnitudes.  The  rule  was 
in  general  two  observations  to  a  normal  during  ecUpse  and  three 
to  a  normal  outside  of  ecUpse.  At  one  phase  outside  of  eclipse 
two  half-weight  observations  taken  on  the  same  night  were  rejected, 
as  the  others  could  be  grouped  into  normals  of  approximately  the 
same  value.  The  thirty-seven  resulting  normal  magnitudes  and 
the  residuals  from  the  computed  fight-curve  are  given  in  Table  II. 

A  plot  of  the  normals  showed  a  distinct  elfipticity  effect  between 
minima.  A  periastron  effect  might  also  be  suspected,  but  as  the 
spectroscopic  orbit  is  circular,  this  was  considered  error  of  observa- 
tion. There  is  no  appreciable  reflection  efi"ect.  The  elfipticity 
factor  z  was  obtained  by  RusseU's  graphical  method,  and  the 
result  used  to  determine  the  limits  of  the  ecfipses  and  check  the 
definitive  work  which  was  as  f oUows : 

From  normal  magnitudes  outside  of  eclipse  the  elfipticity  effect 
was  solved  for.  using  the  equation 

Wo— c  cos^  B  =  m, 

where  m^  denotes  the  maximum  magnitude,  m  is  the  observed 
magnitude,  6  is  the  phase  from  primarv^  minimum,  and  c  is  a 
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TABLE  I 
Observations  of  <r  Aquil.ve 


Date,  G.M.T. 


1Q18  Series 
(not  used) 
2421783.765. 

1785 • 759- 
1786.764. 

1787 •773- 
1793.728. 
1802.771. 
1804.742. 
1805 . 740. 
1806.751. 
1813.679. 
1817.665. 
1827.644. 
1828.649. 
1837.631. 
1845 -611. 

1920  Series 

2422486.810. 

2498.774. 

.840. 

2506.763. 

■797- 

2508.796. 

2509.826. 

25I4-737- 
2517. 711. 
2521.768. 

•797- 

2522.711. 

2523.646. 
.672. 

2524.679. 
•733- 
■750- 
.767. 
.782. 

2525.697. 

2526.651. 
-.668. 

2528.750. 

2529.681. 

2530-615. 

.637. 
2531.614. 

.672. 
2532.642. 

.701. 

■734- 

•751- 


Phase 


1 .061 
O.115 
1 .  124 
1 .229 
520 
541 

539 
600 

677 
1 .762 
0.040 
I  045 
0.275 
0.454 


0.017 
0.279 

0-345 
0.468 
0.502 

0.551 
1. 581 
c  641 
1.665 
1.822 
1. 851 
0.814 
1-749 
1-775 
0.832 
0.886 
0.903 
0.920 

0-93S 
1.850 
0.854 
0.871 
1.003 

1-934 
0.917 

0939 
1 .916 
0.024 
0.994 
1-053 
1.086 

1-103 


Differ- 
ence of 
Magni- 
tude 


0^353 


445 
459 
470 
470 

497 
500 
488 

457 
461 

452 

433 
411 

458 
468 


313 
474 
465 
480 
481 
508 
496 
472 
426 

423 

455 

438 

405) 

449 

454 

425 

387 

351 

341 

409 

430 

426 

349 
302 

377 
328 
300 
298 
315 
383 
438 
442 


Weight 


1/2 


1/2 
1/2 


1/2 
if  2' 


1/2 


1/2 
1/2' 


Date,  G.M.T. 
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2533-615- 

.629. 

.647. 

.661. 

.68i. 

.692. 

•  734- 

•744- 
2534-603. 

.619. 

-633- 

.694. 

.710. 

.724. 
2537.710. 
2539.609. 

.624. 
2540.640. 

.658. 

.711. 

.722. 

2553-690. 
2554.647. 

.662. 
2559-690. 

.699. 
2561.694. 

.706. 
2566.690. 

.708. 
2567.680. 

.697. 
2570.619. 

.638. 
2574.614. 

■  634- 
2583.630. 

•645- 
2584.600. 

.614. 
2585.606. 

.622. 
2587.601. 

.615. 
2588.592. 

.605. 
2589.574. 

•S94. 
2593-594. 

.608, 

2595- 595- 


Phase 


Differ- 

Mfgnf-     ^Veight 
tude 


0^017 
0.031 
0.049 
0.063 
0.083 
0.094 
0.136 
o.  146 
1.005 
1 .021 

1-035 

I 

I 

I 

o 

o 

o 

I 

I 

I 

I 


(o*'267) 


096 
112 
126 
211 
160 

175 
191 
209 
262 

273 
0.589 

1-546 
1 .561 

0.738 
0.747 

0.791 
0.803 
1.887 

1-905 
0.926 

0.943 
1-915 
1-934 
0.059 
0.079 
1.273 
1.288 
0.293 
0.307 
1.299 

I-315 
1-344 
1.358 
0.384 
0.397 
1.366 

1.386 

1.485 
1.499 


(. 


I 


536 


274) 

298 

328 

415 
402 

432 
425 
329 
342 
354 
424 

451  - 

448  . 
475 

430  . 
433  . 
455  • 
440  . 

457  ;. 

449  . 
485 
457  ,. 
46s  . 
448  I. 

447  ,• 
424 
417  I 
325  , 
349 
377  . 
328 

315  • 

287  . 

335  I- 
377  i 
440  . 

452  . 

453  ■ 

455  . 

452  I. 

448  . 
436  . 

431  • 
451  '. 
461  . 

475  j. 
446  j. 
432)  . 
424) 
473 


1/2 

3/4 


1/2 

1/2 


3/4 


1/2 


3/4 
3/4 
3/4 
3/4 

"1/2' 


1/2 
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TABLE  I— Continued 


Date,  G.M.T. 

Phase 

Differ- 
ence of 
Magni- 
tude 

Weight 

Date,  G.M.T. 

Phase 

Differ- 
ence of 
Magni- 
tude 

Weight 

2422595.608..  .  . 
2596.554.... 

.566.... 
2600.581..  .  . 
2603. 577--- • 

.587--.- 

1-549 
0.544 
0.556 
0.671 
I. 716 
I  .726 

0^455 
.462 
.460 
.441 
-430 

/l  92 

2422605.563...  . 

.574.--. 
2606.514..  .  . 
2609.542 

■553---- 

1^751 
1.762 

0.752 
1.830 
I.  841 

0M441 

-435 
.440 
.422 
.420 

■■1/2' 

-T- J 

constant.     Twenty-one  equations  for  the  determination  of  Wo  and 
c  gave 


Wo=       ©'^^467  ±0^0025, 

c    =+0**042  ±0^^0050, 


from  which  2  =  0.075.     The  ellipticity  effect  was  removed  from  the 
observations  by  the  formula 

Rectified  magnitude  =  ^+0^042  cos^  d. 

From  a  plot  of  the  rectified  magnitudes  at  secondary  minimum 
the  center  of  that  eclipse  was  determined  as  phase  o'?98o,  from  which 


TABLE  II 

Normal  Magnittjdes 


Phase 


Difference  of 

Magnitude 


04020, 
0.056 

o .  069 

0.088 

0.147 
0.190 
0.293. 

0.375 
0.512 

0.563 
0.656 
0.742 
0.779 

0.833 
0.878 
0.908 
0.923 
0.938 
0.998 


0^305 


323 

348 
408 

429 
451 
461 

459 
473 

478 

456 
448 
428 
441 
426 
384 
364 
337 
332 


Residual 
O-C 


-)-o¥oi2 

—  .019 

—  .017 
+  .010 

—  .004 
+  .012 
+  .009 

—  .003 

+    .006 

4-  .013 

.000 
+  .004 

—  .oil 

+  .008 
+  .005 

.000 

—  .002 

—  .010 

+  .005 


No.  Obs. 


2 
2 
2 
2 

3 

2 

3 
3 
3 
3 

2 
2 
3 
3 
2 
2 
2 
2 
2 


Phase 


l'?OI3 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 


044 
091 
114 
200 
268 
280 

319 
370 

543 
568 
710 
760 
826 
848 
896 

915 
934 


Difference  of'    Residual 
Magnitude  [       O  — C 


M336 

368 
431 
447 
448 

453 
446 
445 
451 
462 

475 
426 

440 
422 

424 
337 
310 

294 


— o¥o02 

—  .006 

+  .003 

+  .012 

+  .005 

+  .001 

—  .008 

—  .013 

—  .012 

—  .002 

+  .013 

—  .019 

-}-  .001 

—  .009 
+  .006 

—  .001 
.000 

+  .004 


No.  Obs. 


2 

2 
2 

3 
2 
2 
2 
3 

3 
3 
2 

3 
3 
2 

3 
2 
2 
2 
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e  cos  0)= +0.004.  The  photometric  observations  are  too  few  to 
show  with  certainty  that  the  orbit  is  not  perfectly  circular.  But 
the  eccentricity  of  the  spectroscopic  orbit  is  given  to  only  one 
decimal-,  and  this  value  of  e  cos  oj  seems  possible.  The  observations 
about  secondary  minimum  were  therefore  reflected  about  phase 
0^980  for  further  work. 

From  the  rectified  normals  at  both  primary  and  secondary, 
elements  were  derived  by  Russell's  method.  It  was  found,  however, 
that,  as  Russell  has  pointed  out,'  the  value  of  k  can  be  determined 
from  partial  echpses  of  such  small  range  only  with  the  addition  of 
data  other  than  that  derived  from  the  light-curve.  The  assumption 
that  the  ecHpses  were  grazing  total  and  amiular,  with  k  about  0.33, 
gave  the  best  representation  of  the  light-curve.  But  this  means  a 
difference  of  over  two  magnitudes  in  the  Hght  of  the  components, 
while  from  the  spectroscopic  plates  it  is  known  to  be  much  less. 
The  estimate  pubUshed  with  the  spectroscopic  orbit  is  a  differ- 
ence of  o^'5.  A  second  independent  estimate  made  by  Jordan  in 
April  1921  is  o^^3. 

The  second  estimate  was  used,  and  from  this,  with  i— Xi  and 
I  —  X2  the  photometric  depth  of  minima,  k,  ao,  and  x  were  obtained. 
After  a  few  approximations  the  following  elements  were  adopted 
as  satisfactory: 

X=i-70  C  =  o.o799  Z)  =  o.o47o 

^  =  1 . 00  (adopted)  i— Xi  =  o.i2i  i— X2  =  o.o905. 

Rectified  primary  minimum  =  0*^3 27. 
Rectified  secondary  minimum  =  0^364. 

The  adopted  value  for  k  corresponds  to  a  difference  of  0^31 
between  the  component  stars,  practically  the  second  estimate. 
Using  ^  =  0.92  the  light-curve  holds  for  the  first  estimate,  0^5, 
so  elements  were  computed  for  both  values;  but  the  masses  of  the 
component  stars,  and  dimensions  and  inclination  of  the  relative 
orbit,  were  found  to  be  practically  the  same  on  the  two  assumptions, 
and  only  the  results  for  k  =  i  .00  are  given.  An  ephemeris  was 
computed  from  the  adopted  elements,  using  Blazko's  tables,^  and 

'  Astrophysical  Journal,  35,  331,  1912. 

*  Annales  de  I'observaioire  astronomique  de  Moscou,  5,  104,  191 1. 
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independently  by  Russell's  method  as  a  check.     The  computed 
light-curve,  Tables  III  and  IV,  is  shown  in  Figure  i.     The  residuals 


TABLE  III 

CONST.'US'TS    OF   THE   LiGHT-CURVE 


Magnitude 

Range 

Light 

Loss 

Maxunuin        

0M467 
0.285 
0.322 

I  .000 
0.846 
0.87s 

Primarv  miniinuiii 

0M182 
0.145 

0.154 
0.125 

Secondary  minimum 

Rectified  Curve 

Maximum 

0^467 
0.327 
0.364 

1. 000 
0.879 
0.910 

Primarv*  minimum 

o¥i40 
0.103 

0.121 

Secondary  minimum 

0.090 

TABLE  IV 

LlGHT-CtTRVE 


Phase 


Difference  of 
Magnitude 


^O^OO. 
=*=0.02. 
=^0.04. 
±0.06. 

=fco.o8. 
=fco. 10. 

±0. 116 
+0.15. 

0.20. 

0.30. 

0.40. 

0.488 

0.60. 

o.  70. 

0.80. 
0.864 
0.88. 

0.90. 
0.92. 


©¥285 

293 
316 

349 
384 
415 
430 
434 
440 
453 
464 
467 
462 

450 
437 
430 
418 

395 
369 


Phase 


0494. . 
0.96.  . 
0.98.. 
1 .  00 .  . 
I .02. . 
1 .  04 .  . 
1 . 06 .  . 
I . 08 . . 
I .096. 
I . 20. . 
1.30.. 
1 .40. 
I . 


■463- 
50.. 

.60.. 

,70.  . 

,80.. 
834. 


Difference  of 
Magnitude 


o¥345 
.328 
.322 
.328 

■345 
.370 
■396 
.419 
■  430 
.443 
-457 
.466 
.467 
■467 
•459 
•447 
■434 
•430 


from  this  curve  are  given  in  Table  II,  and  from  these  we  derive 

P.E.  single  normal  =  ±0^006  . 

The  normal  magnitudes  are  plotted  as  circles  in  Figure  i,  the  radius 
of  each  circle  being  equal  to  the  computed  probable  error. 
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The  data  of  the  spectroscopic  binary  system,'  are  given  in 
Table  V.  The  value  of  sin  i  was  known  from  the  photometric 
elements.  Combining  this  with  the  spectroscopic  elements  the 
absolute  dimensions  of  the  system  and  masses  of  the  bodies  were 
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G 
bo 
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•S  -s' 
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S    -34 


J9 
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•  30 


.26 
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-^ 
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^e 

G 

•vD 

f 
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\^ 

^ 

0 

"V 

f 
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1 

I 

p 

) 

Days  — .  2 


.2.4  .6  .8  i.o         1.2        1.4 

Fig.  I. — Light-Curve  of  a-  Aquilae 


1.6 


1.8 


2.0 


TABLE  V 

Spectroscopic  Elements  of  <r 

Aquilae  (Jordan) 

P 

I  "^Q  502  2 

±0^0001  (estimated) 

M 

184-595 

±o?oo95 

e 

0.0 

±0.01 

T  (Max. 

vel.) 

J.D.  2420054.331 

±o'?oo3i 

7 

—  5 .  00  km/ sec. 

±  1 .  04  km/sec. 

iTx 

163.52  km/sec. 

±1.35  km/sec. 

Oj  sin  i 

4,380,000  km 

±3600  km 

Wi  sin^  i 

5.30 

ii:. 

199  km/ sec. 

±4. 1  km/sec. 

Oa  sin  ^ 

5,340,000  km 

±110,000  km 

ma  sin3  i 

4.4O 

obtained.  Following  Russell,^  the  apparent  diameter  of  the 
brighter  star  was  computed  from  the  magnitude  and  spectral  type. 
From  this  and  the  actual  diameter,   the  distance  and  parallax 

'  Jordan,  Allegheny  Publications,  3,  192,  1916. 

'  Publications  of  the  Astronomical  Society  of  the  Pacific,  32,  315,  1920. 
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were  obtained,  the  hypothetical  parallax  being  c''oo6  corresponding 
to  a  distance  of  about  550  light-years. 

The  Hght  elements  are  assembled  in  Table  VI,  and  Figure  2  is 
the  system  represented  by  them.  The  ellipticity  of  the  star  disks 
has  been  neglected  in  the  figure. 


f       JThe  Sup 

Fig.  2. — System  of  cr  Aquilae 

TABLE  VI 

Elements  of  o-  Aqthlae 

Primary  minimum,  J.D.  242 2486.  797  G.M.T 

Period  of  revolution  (photometric) P  i'?9S026 

Phase  of  secondary  minimum o'^gSo 

Semi-duration  of  eclipse 0^116 

Component  of  eccentricity e  cos  co  +0. 004 

Cosine  of  inclination cos  i  o.  314 

Ratio  of  radii k  i .  00 

Ratio  of  axes b/a  o.  955 

Major  semi-axis 01  =  02  o.  242 

Minor  semi-axis bi  =  b2  o.  231 

Light  of  brighter  star Lt  o.  572 

Light  of  fainter  star L2  0.428 

Ratio  of  surface  brightness J1/J2  i  •  34 

Magnitude  of  system S'^'i? 

Magnitude  of  brighter  star 5'^78 

Magnitude  of  fainter  star 6'^'o9 

From  Allegheny  spectroscopic  elements    Sun  =  i 

Major  semi-axis 01  =  02  3 .  56 

Minor  semi-axis ^1  =  ^2  3-4° 

Density  of  brighter  star Pi  o.  150 

Density  of  fainter  star Pi  0.125 

Mean  density  of  system Po  o.  138 

Mass  of  brighter  star Wi  6. 19 

Mass  of  fainter  star ntj  5 .  14 

Parallax  (from  surface  brightness) ir  o'oo6 
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SUMMARY 

1.  A  series  of  observations  made  with  a  photo-electric  photom- 
eter during  1920  gives  the  Kght-curve  of  a  Aquilae. 

2.  Using  residuals  from  the  computed  curve  the  thirty-seven 
normal  magnitudes  show  a  probable  error  of  ='=o'^^oo6. 

3.  The  comparison  star  22  Aquilae  was  constant  within  the 
limit  of  the  measures  from  July  to  October  1920,  but  a  change  of 
0^02  between  1918  and  1920  is  indicated  for  either  22  Aquilae  or 
<r  Aquilae. 

4.  Because  of  the  small  range  in  partial  eclipse,  elements  of 
0-  Aquilae  from  the  light-curve  alone  would  be  indeterminate,  but 
since  two  spectra  appear  on  the  Allegheny  plates,  the  information 
on  this  ecUpsing  system  is  unusually  complete.  The  elements  and 
absolute  dimensions  derived  are  given  in  Table  VI,  and  the  system 
is  shown  in  Figure  2. 

I  am  indebted  to  Professor  Joel  Stebbins  for  supervision  and 
direction  throughout  these  investigations,  and  for  part  of  the 
observational  data,  and  to  Mr.  J.  K.  Willy  for  checking  some  of 
the  reductions. 

University  of  Illinois  Observatory 
May  1922 


A  SPECTROSCOPIC   METHOD   OF   DETERMINING    THE 

ABSOLUTE   MAGNITUDES   OF  A-TYPE   STARS   AND 

THE  PARALLAXES  OF  544  STARS 

By  WALTER  S.  ADAIMS  and  .ALFRED  H.  JOY' 

ABSTRACT 

Spectroscopic  method  of  determining  the  absolute  magnitudes  of  A -type  stars. — In 
order  to  ascertain  whether  a  spectroscopic  method  could  be  applied  to  these  stars, 
spectrograms  were  obtained  of  nearly  all  the  A-tj'pe  stars  in  the  Taurus  and  Ursa 
Major  groups,  fifty-six  in  all,  whose  absolute  magnitudes  are  accurately  known. 
The  stars  were  then  grouped  (a)  according  to  spectral  type  and  (b)  according  to  whether 
the  lines  were  diffuse  or  sharp.  A  good  correlation  between  magnitude  and  spectrum 
was  found,  the  magnitude  being  brighter  the  earlier  the  spectral  type  and  also  brighter 
for  spectra  with  sharp  lines.  The  study  was  then  extended  to  include  all  A-type  stars 
for  which  both  the  spectral  type  and  parallax  were  known,  and  the  same  correlation 
was  found  (see  Fig.  i),  the  average  difference  being  only  ^o^ooyy  for  eighty-two 
parallaxes  determined  by  group  motion,  and  o''oi3i  for  104  trigonometric  parallaxes. 
The  accuracy  of  parallax  determinations  by  this  method  for  A-type  stars  is  thus  of 
the  same  order  as  for  stars  of  later  types,  and  the  method  is  e\ddently  capable  of 
considerable  further  refinement.  A-type  stars  having  "c"  characteristics,  such  as 
a  Cygni,  require  separate  treatment,  which  may  perhaps  be  based  on  the  intensities 
of  the  well-known  enhanced  lines  X  4481  and  X  4233. 

Spectroscopic  parallaxes  of  544  stars  of  type  By  to  F2,  determined  on  the  basis  of  the 
foregoing  results,  are  given  in  Table  VI.  When  grouped  according  to  their  proper 
motions,  the  mean  parallax  of  each  group  is  found  to  increase  from  o'foii  for  ^i<o''oio 
to  o''o37  for  M  about  o''2  (Fig.  2).  This  correlation  is  a  ver\'  satisfactory  confirmation 
of  the  accuracy  of  the  method. 

The  spectroscopic  methods  used  in  the  determination  of  the 
absolute  magnitudes  of  stars  of  the  later  spectral  types  cannot  in 
general  be  apphed  to  those  of  the  A-type  of  spectrum.  With  some 
notable  exceptions,  such  as  a  Cygni  and  stars  of  similar  spectra 
and  those  in  which  certain  lines  like  XX  4077,  4216,  and  4481  are 
especially  strong,  the  stars  of  this  type  do  not  show  the  large  varia- 
tions in  the  intensities  of  the  lines  which  appear  in  the  later  t3rpes. 
They  do,  however,  show  very  great  differences  in  the  appearance 
of  the  lines,  in  some  stars  such  as  Sirius  the  lines  being  sharp  and 
well  defined,  and  in  others  such  as  Altair  very  diffuse  and  vague. 
The  importance  of  this  characteristic  will  appear  in  the  course  of 
the  discussion. 

With  a  view  to  studying  the  nature  of  the  spectra  of  stars  of 
this   type  with  known   absolute  magnitudes,  spectrograms  were 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  244. 
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obtained  of  nearly  all  the  stars  of  type  A  which  belong  to  the 
I'aurus  and  the  Ursa  Major  groups.  The  absolute  magnitudes 
of  these  stars  are  known  with  a  high  degree  of  accuracy  from  the 
motions  of  the  groups,  and  for  many  of  the  stars  of  the  latter 
group  trigonometric  parallaxes  are  also  available.  A  considerable 
range  in  absolute  magnitude  as  well  as  in  spectral  type  is  found 
among  these  stars,  and  they  afford,  accordingly,  excellent  material 
for  such  an  investigation. 

The  first  step  in  the  study  of  these  spectra,  and  as  it  proved  the 
most  important  one,  was  an  accurate  classification  of  spectral  type. 
Since  the  H  and  K  lines  of  calcium,  which  form  an  important 
criterion  in  the  classification  of  A  stars  by  Miss  Cannon  and  the 
other  Harvard  observers,  are  far  to  one  side  of  the  region  of  best 
definition  on  our  spectrograms  and  do  not  appear  at  all  on  those 
taken  with  high  dispersion,  we  have  based  our  classification  upon 
the  intensities  of  the  metallic  arc  lines  showing  in  the  stellar  spectra. 
In  this  we  were  aided  greatly  by  the  use  of  the  spectra  of  standard 
stars  chosen  from  among  those  classified  by  Dr.  Kohlschiitter  at 
this  Observatory  in  the  years  1912  to  1914.  Spectra  in  which  the 
helium  lines  do  not  appear  and  such  prominent  arc  lines  as  XX  4326 
and  4384  are  not  present  or  are  extremely  faint  are  called  Ao. 
With  increasing  intensity  of  the  arc  lines  the  stars  are  classified  as 
Ai,  A2,  A3,  etc.  When  the  helium  lines  XX  4026  and  4471  are 
just  visible,  the  spectrum  is  classed  as  B9,  and  when  X4471  and 
X  4481  are  equal,  as  B8.  This  system  appears  to  be  in  good  agree- 
ment with  that  of  the  Harvard  observers  and  of  Kohlschiitter, 
a  result  which  would  naturally  follow  from  the  use  of  the  standard 
types  of  the  latter  to  check  the  results.  A  comparison  of  the 
spectral  types  as  determined  by  Miss  Carmon  and  by  Kohlschiitter 
has  already  been  published  by  the  Harvard  College  Observatory.^ 

In  addition  to  the  symbols  indicating  the  spectral  type  the 
letters  "n"  for  nebulous  and  "s"  for  sharp  have  been  appended  to 
indicate  the  character  of  the  spectral  lines.  Thus  the  spectrum 
of  Sirius  is  A2S  and  that  of  Altair  A2n.  Stars  like  a  Cygni  have 
the  "c"  characteristics  noted  by  the  Harvard  observers  and  are 
indicated  by  cA2S,  for  example.     The  lines  are  always  exceptionally 

'  Annals  of  the  Harvard  College  Observatory,  56. 
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sharp  and  the  letter  "s"  is  scarcely  necessary.  These  stars  are  few 
in  number  and  do  not  enter  into  the  present  discussion,  but  a  brief 
reference  is  made  to  them  at  a  later  point. 

If  we  separate  the  stars  of  the  Taurus  and  Ursa  Major  groups 
into   the  successive   spectral  subdivisions  obtained   in  this  way, 


we  find  the  results  given  in  Table  I. 


The  absolute  magnitudes  are 


TABLE    I 


Boss 

M 

Boss 

M 

Boss 

M 

Aon 

Asn 

A3S 

3117 

+0.6 

919 

+3.0 

1029 

+  1-3 

3190 

1-7 

1086 

2.8 

2930 

0.8 

3752 
3961 

0.4 
0-3 

A6n 

A4S 

1 

4009 
5573 

Am 

0.6 

1-7 

1025 
1056 

+3-2 
2.8 

553 
1046 
3506 

+  2.3 
0.7 
0.6 

1024 

+  1.2 

A7n 

A6s 

1034 

1.8 

892 

+  3-2 

1054 

+  2.1 

1220 

o-S 

991 

2-5 

3480 

2.1 

1022 

2.1 

A7S 

A2n 

1058 

3-2 

1092 

+  2.3 

1033 

+  1.6 

3360 

2.8 

1122 
3475 

1.9 

2-3 

"43 

2.2 

A8n 

2972 

A3n 

2.2 

1004 
1007 

+  2.8 

2.4 

1114 

A8s 

+2.6 

1026 
1047 

+  1-3 

2-3 

1043 

3-2 

1226 
2813 

2.7 
3-3 

1051 

2.8 

Fon 

5425 

1.9 

1087 

1.6 

935 

+3-6 

Fis 

1 194 

A^n 

1.6 

1040 

2.9 

961 

+3-2 

3.0 

1027 

+  2.8 

A2S 

•J 

1055 

2.7 

1067 

1.9 

1732 

+  1-3 

1090 

1.6 

3363 

—0.2 

F2S 

3382 

2.7 

3474 

+0.6 

IO18 

+2.8 

those  given  by  Rasmuson  in  his  valuable  memoir  on  moving 
clusters,"  but  a  constant  correction  of  +1.57  magnitudes  has  been 
applied  to  reduce  to  the  imit  of  10  parsecs  instead  of  that  of  one 
siriometer  as  used  by  hun.  Six  of  the  stars  of  the  Ursa  Major 
group  are  of  type  Aon  and  thus  supplement  in  an  important  way 
those  of  the  Taurus  group  which  are  of  a  more  advanced  type  on 
the  average. 

'  Meddelanden  [ran  Lnnds  Astronomiska  Obscrvalorium,  Serie  II,  No.  26. 
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If  these  results  are  collected,  we  obtain  the  following  mean 
absolute  magnitudes  for  the  various  spectral  subdivisions. 


TABLE  II 


M 

No. 

M 

No. 

Aon +0.9 

Am 1.4 

6 
4 
3 

5 
4 
2 

2 
5 
3 

2 

A2S 

A3S 

A4S 

A6s 

+0.6 

1 .0 
1 .2 

2. 1 
2.2 
2.7 
30 
2.8 

3 

2 

A2n 2.0 

A3n 1          I .  Q 

3 

I 

A4n ;           2.2 

A7S 

3 

4 
3 

I 

Aqn '          2.0 

A8s 

Fis 

A6n ■          3.0 

A7n 2.8 

A8n j          2.8 

Fon 3.2 

F2S 

Two  conclusions  may  be  drawn  from  an  inspection  of  these 
results. 

1.  A  definite  progression  is  shown  between  absolute  magnitude 
and  spectral  type,  the  stars  of  the  more  advanced  types  being  the 
fainter.  The  change  of  absolute  magnitude  with  type  is  most 
rapid  among  the  earher  A  stars  and  becomes  comparatively  slight 
in  the  later  types. 

2.  The  average  absolute  magnitude  of  the  stars  with  sharp 
lines  is  in  the  case  of  the  earlier  A  stars  considerably  brighter  than 
that  of  the  stars  of  the  same  types  with  diffuse  lines.  This  difference 
becomes  small  for  the  later  t^pes. 

The  first  of  these  results  is  in  agreement  with  that  found  for 
the  stars  of  the  Taurus  group  in  the  case  of  the  larger  spectral 
divisions  by  Hertzsprung'  and  Kohlschiitter,^  who  showed  that  for 
the  successive  spectral  types  A,  F,  G,  and  K  the  apparent  magni- 
tudes, and  hence  the  absolute  magnitudes  for  stars  at  the  same 
distance,  become  progressively  fainter.  Without  a  more  accurate 
knowledge  of  spectral  t>pe,  however,  it  has  not  been  possible 
hitherto  to  estabhsh  such  a  relationship  for  the  subdivisions  within 
the  A  t}Tpe. 

The  second  conclusion,  that  stars  with  sharp  lines  are  brighter 
than  stars  of  the  same  type  with  diffuse  lines,  is  in  accord  with  our 

^  Aslronomische  Nachrichten,  209,  119,  1919. 
^  Ibid.,  211,  297,  1920. 
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knowledge  of  stars  of  the  later  types  of  spectrum.  Thus  the  high 
luminosity  of  the  Cepheid  variables,  the  stars  with  the  "c"  charac- 
teristics of  spectrum,  and  such  objects  as  a  Orionis  and  a  Scorpii, 
is  always  found  associated  with  narrow  well-defined  spectral  lines. 
It  is  well  known  that  the  absorption  spectrum  of  0  Ceti  changes 
from  one  with  sharp  lines  at  maximum  of  hght  to  one  with  vague 
and  diffuse  hnes  near  minimum.  It  seems  altogether  probable, 
as  the  measurement  of  stellar  diameters  has  shown  in  a  few  cases, 
that  the  giant  stars  are  large  expanded  bodies  of  gas  of  low  density, 
a  condition  which  favors  the  production  of  narrow  lines,  while  the 
dwarf  stars  are  smaller,  more  condensed  bodies  with  atmospheres 
which  show  a  much  more  rapid  density  gradient  and  so  produce 
diffuse  lines. 

The  results  for  the  Taurus  and  Ursa  Major  groups  proved 
to  be  of  such  interest  that  it  seemed  desirable  to  extend  the  investi- 
gation to  include  all  the  A-type  stars  for  which  reliable  absolute 
magnitudes  are  available  and  for  which  photographs  of  spectra 
have  been  secured  at  Mount  Wilson.  The  material  used  consists 
of  82  stars  with  absolute  magnitudes  derived  from  group  motion 
and  104  stars  with  trigonometric  parallaxes.  Some  of  these  are 
common  to  both  hsts  so  that  the  number  of  separate  stars  involved 
is  148.  The  absolute  magnitudes  of  these  stars  have  been  taken 
from  the  Hsts  of  Rasmuson  for  the  Taurus,  Ursa  Major,  Perseus, 
Praesepe,  and  a  Lyrae  groups,  and  a  few  of  his  results  have  been 
included  for  other  stars  for  which  group  motion  seems  to  be  clearly 
established.  The  trigonometric  parallaxes  are  mainly  from  the 
Allegheny,  McCormick,  Mount  Wilson,  Sproul,  Yale,  and  Yerkes 
observatories.  These  stars  are  all  given  in  the  general  catalogue, 
Table  VI  of  this  article,  with  the  corresponding  trigonometric  or 
group  parallax,  and  so  are  not  listed  separately  here.  When  an 
absolute  magnitude  has  been  derived  both  from  group  motion 
and  from  trigonometric  parallax  the  arithmetical  mean  has  been 
used. 

All  of  these  stars  were  classified  independently  by  Adams  and 
Joy,  and  in  Table  III  are  given  the  results  for  the  two  observers, 
collected  according  to  spectral  type  and  mean  absolute  magnitude. 
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TABLE  III 


Adams 

Joy 

Adams 

Joy 

No. 

M 

No. 

M 

No. 

A/ 

No. 

M 

Bgn 

Aon 

Am 

Aan 

A3n 

A4n 

Asn 

A6n 

A7n 

A8n 

Agn 

12 
16 

15 
12 

II 

13 

7 
6 

3 
2 

3 

+0.6 
0.9 

1-3 
2.0 
1.9 
2. 1 

2-3 

2.6 
30 

2.8 
2.7 

5 
28 

5 
II 

3 

7 

14 

10 

4 

9 
I 

2 

+0.5 
1 .0 
0.7 
1.9 

1.6 

2 . 2 

2-3 
2-3 
2.2 
2.6 

3-6 

2.9 

Bgs 

Ais 

A2S 

A3S 

A4S 

Ass 

A6s 

A7S 

A8s 

A9S 

Fos 

3 

4 
10 
8 
2 
4 
4 
2 

4 
I 

—  0.  I 
+0.6 
0.9 
1-4 
1-7 
2.0 
2.0 
2.9 

2-3 

3-8 

4 
4 
9 
4 
4 
3 
3 
2 

3 

I 
6 
I 
2 

0.0 

+0.6 

0.7 

1.6 

2.  I 

1-4 

2-3 

2.8 
30 

2-5 

30 
2.4 

Fon 

Fis 

F2S 

4 
2 

2.0 
3-4 

F2n I 

3-6 

F^n 

2 

3-0 

These  results,  although  showmg  considerable  variation  in  the 
number  of  stars  of  each  subdivision  as  classified  by  the  two  observers, 
are  in  good  agreement  as  regards  the  mean  absolute  magnitude 
for  groups  containing  a  fair  number  of  stars.  Most  of  the  differences 
in  classification  represent  variations  of  one  or  two  subdivisions,  as, 
for  example,  at  Aon  where  several  stars  classified  by  Joy  as  of  this 
t3^e  are  called  Bgn  by  Adams. 

TABLE  IV 


Adams 

Joy 

Adams 

Joy 

No. 

M 

No. 

M 

No. 

M 

No. 

M 

B9n 

Aon 

Am 

12 
16 
IS 
23 
20 

9 

+0.58 
0.87 

1-34 
1 .96 
2.14 
2.7 

5 
2,Z 

+0.5 
0.92 

B9S 

Ais 

A2.5S... 
A4.5S  .  . 

A7S 

Fis 

3 
4 

18 
6 

10 

—  0.  I 
+0.6 
I -IS 

1.9 

2.29 

4 
4 

13 
7 
8 

10 

+0.1 

o-S 

0.99 

1.8 

1.8 

2.71 

A2.5n 

A4.5n.... 

A6.5n 

A8n 

14 
21 

14 
10 

1.85 
2.29 
2.29 
2.68 

F2S 

7 

2.7 

A9n 

Fin 

6 

2.9 

4 

2.9 

1 

In  order  to  facihtate  the  plotting  of  these  quantities  and  partially 
to  equalize  the  weights,  the  values  have  been  further  combined  to 
form  the  mean  results  given  in  Table  IV. 
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The  curves  plotted  from  these  results  are  shown  in  Figure  i, 
and  from  these  curves  the  values  corresponding  to  each  spectral 
subdivision  have  been  determined  as  sho\vn  in  Table  V.  Under 
O  — C  is  given  the  difference  between  the  values  of  the  absolute 


+3.0- 


+2.0 


+  I.O- 


OO 


Fig.  I. — Curves  showing  the  relationship  between  average  absolute  magnitude 
and  spectral  type  for  stars  with  parallaxes  determined  trigonometrically  or  from 
group  motion.  The  points  indicate  groups  of  stars  with  diffuse  (n)  lines,  the  crosses 
sharp  (5)  lines.     The  curves  on  the  left  are  for  Adams,  those  on  the  right  for  Joj'. 


TABLE  V 


Ad.ams 

Joy 

Adams 

Joy 

M 

o-c 

No. 

M 

0-C 

No. 

M 

o-c 

No. 

M 

O-C 

No. 

B8n 

+0.2 
0.6 

0.0 

B8s.... 

—0.7 

-0.5 

Bpn .... 

0.0 

12 

+o.,S 

0.0 

S 

Bgs.... 

—0.2 

+0.1 

3 

—0.2 

+0.2 

4 

0.9 
1-3 

16 

0.9 

+0.1 

28 

.'^OS .... 

+0.2 

+0.2 

Am.  ... 

0.0 

IS 

1-3 

-0.6 

5 

Ais.... 

0.6 

0.0 

4 

0.5 

+0.1 

4 

A2n. . .  . 

1-7 

+0.4 

12 

1-7 

+0.2 

II 

A2S.... 

1 .0 

—  O.I 

10 

0.8 

—  O.I 

9 

Aan 

2  .0 

—0.1 

II 

1.9 

-0.3 

3 

A3S.... 

1-3 

+0.1 

8 

1 .2 

+0.4 

4 

A4n .... 

2.2 

—  O.I 

13 

2.2 

0.0 

7 

A4S.  ..  . 

1-7 

0.0 

2 

1-5 

+0.6 

4 

Asn. . . . 

2.3 

0.0 

7 

2.3 

0.0 

14 

.\5s.... 

1.9 

+0.1 

4 

1.7 

-0-3 

3 

A6n 

2.S 

+0.1 

6 

2.4 

—  O.I 

10 

.•\6s.... 

2  .2 

—0.2 

4 

2  .0 

-i-S 

3 

A7n. . . . 

2.7 

+0.3 

3 

2.6 

-0.4 

4 

A7S.... 

2-3 

+0.6 

2 

2  .2 

+0.1 

2 

A8n.... 

2.8 

0.0 

2 

2.7 

—0.1 

9 

.■\8s.... 

2.4 

—  O.I 

4 

2.4 

+0.4 

3 

Agn .... 

2.8 

—O.I 

3 

2.7 

+0.9 

I 

Ags 

2.S 

+1.3 

I 

2.6 

+0.4 

I 

2.9 
30 
31 

2.8 

+0.1 

2 

Fos. .  .  . 

2.6 

2  -7 

— 0. 2 

6 

Fin 

2.8 

Fis...  . 

2  .7 

—0.7 

4 

2.8 

Fan 

+O.S 

I 

2.9 

+0.1 

2 

F2S.... 

2.8 

+0.6 

2 

2.8 

-0.4 

2 

magnitudes  of  Table  III  and  those  obtained  from  these  curves. 
In  other  words,  it  shows  to  what  extent  the  mean  observed  absolute 
magnitudes  may  be  represented  by  a  relationship  based  simply 
upon  spectral  type  and  the  character  of  the  spectral  lines. 
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This  comparison  shows  clearly  that  the  relationship  between 
absolute  magnitude  and  spectral  type  may  be  used  to  determine 
the  mean  absolute  magnitudes  of  these  groups  of  stars  with  a  very 
satisfactory  degree  of  accuracy.  Since  a  large  amount  of  the 
material  consists  of  absolute  magnitudes  derived  from  the  trigono- 
metric parallaxes  of  stars  which  do  not  belong  to  recognized  clusters, 
we  may  draw  the  important  conclusion  that  this  same  relationship 
may  be  applied  to  A-t>^e  stars  in  general,  as  well  as  to  such  groups 
as  those  of  Taurus  and  Ursa  Major. 

The  vital  question  as  to  the  application  of  this  method  to  the 
case  of  individual  stars  is  the  next  to  be  considered.  If  it  can  be 
so  applied,  it  involves  the  conclusion  that  there  is  no  dispersion 
in  absolute  magnitude  among  A-type  stars  which  have  very  closely 
the  same  spectral  type  and  the  same  spectral  characteristics. 
This  conclusion  is  perhaps  not  so  radical  as  it  appears  at  first,  since 
the  definition  of  spectral  type  and  line-characteristics,  if  carried  to 
extreme  limits,  might  well  serve  to  define  the  absolute  magnitude 
of  a  star  uniquely.  Among  stars  of  the  M  type,  for  example,  the 
absolute  magnitudes  are  determined  by  the  relative  intensities  of 
certain  pairs  of  lines.  If  these  lines  were  used  to  define  the  spectral 
type,  the  latter  could  be  used  equally  well  to  determine  the  absolute 
magnitude.  With  a  few  striking  exceptions,  such  as  the  A-type 
companion  of  o^  Eridani  and  some  other  stars  to  which  reference 
will  be  made  later,  the  A-type  stars  in  general  appear  to  be  giant 
stars  with  no  very  wide  dispersion  in  absolute  magnitude.  Within 
these  limits,  accordingly,  it  is  quite  conceivable  that  an  accurate 
determination  of  the  spectral  characteristics  might  define  the 
absolute  magnitude. 

The  investigation  of  this  question  has  been  made  in  three  ways : 

1 .  Direct  comparison  with  individual  group  parallaxes. 

2.  Direct  comparison  with  individual  trigonometric  parallaxes. 

3.  Comparison  of  the  average  parallaxes  and  the  average  proper 
motion  of  544  stars. 

Since  the  results  for  the  individual  stars  are  all  given  in  the 
catalogue  appearing  as  Table  VI,  it  seems  unnecessary  to  repeat 
them  here.     The  absolute  magnitudes  have  all  been  determined 
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by  two  independent  observers  and  the  parallaxes  have  then  been 
combmed.  To  illustrate:  the  spectral  type  of  Boss  3474  (f^  Ursae 
Majoris)  as  determined  by  Adams  is  A2S  and  by  Joy  A3S.  Re- 
ferring to  Table  V  we  find  for  these  types  the  values  +1.0  and 
+  1.2  for  the  absolute  magnitude.  Combining  with  the  apparent 
magnitude  2.4,  we  derive  the  parallaxes  ©''052  and  o''o57,  or  o!'o54 
in  the  mean.  Summarizing  the  results  obtained  in  this  way  for 
82  stars  in  Table  VI  with  parallaxes  derived  from  group  motion, 
and  104  stars  with  trigonometric  parallaxes,  we  secure  the  following 
comparison: 

Group  parallaxes:     82  stars;   systematic  difference,  —of 0014; 

Average  difference,  ^o'fooTj. 

Trigonometric  parallaxes:    104  stars;  systematic  difference,  o'' 0000; 

Average  difference,  +o'''oi3i. 

These  results  compare  very  favorably  with  those  obtained  in 
the  case  of  the  later-type  stars  where  the  average  difference  between 
spectroscopic  and  trigonometric  parallaxes  is  =*=o''oi5. 

The  agreement  with  the  group  parallaxes  could,  of  course,  be 
improved  by  a  very  sUght  readjustment  of  our  reduction  curves, 
but  it  has  seemed  preferable  not  to  assign  too  great  weight  to  these 
stars,  both  on  account  of  the  uncertainty  still  outstanding  in  the 
parallax  of  the  Taurus  group  and  because  they  represent  a  special 
selection  of  stars,  while  the  trigonometric  parallaxes  are  more 
representative  of  stars  in  general. 

It  is  of  interest  to  call  attention  to  the  results  for  the  three  most 
prominent  stars  in  the  Hst,  Sirius  (Boss  1732),  Vega  (Boss  4722),  and 
Altair  (Boss  5062).  All  three  have  well-determined  trigonometric 
parallaxes,  and  in  addition  Sirius  and  Vega  belong  to  recognized 
stellar  groups  and  their  parallaxes  have  been  derived  from  group 
motion.  The  spectral  types  of  these  stars  have  been  determined 
as  A2S,  Ais,  and  A2n,  which  give  absolute  magnitudes  of  +0.9, 
+0.55,  and  +1.7,  and  parallaxes  of  o''3i6,  o''i23,  and  ©''145, 
respectively.  The  trigonometric  parallaxes  are  ©''374,  o''iio,  and 
o''205,  which  correspond  to  absolute  magnitudes  of  +1.3,  +0.3, 
and  +2.5.  The  group  motion  gives  a  parallax  of  o''38o  for  Sirius 
and  o''io4  for  Vega.     The  correction  of  4-0.4  to  the  spectroscopic 
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absolute  magnitude  of  Sirius  required  to  bring  it  into  agreement 
with  observation  is  not  excessive,  and  a  change  of  type  from  A2S 
to  A3S  would  account  for  nearly  the  entire  difference.  In  the  case 
of  Altair,  the  correction  of  +0.8  magnitude  is  larger  than  would 
be  expected,  but  it  may  find  its  explanation  in  the  well-known  fact 
that  the  spectral  lines  in  this  star  are  extraordinarily  diffuse. 
In  such  cases  the  absolute  magnitude  may  prove  to  be  fainter  than 
that  of  stars  with  the  usual  "n"  characteristics,  and  further  refine- 
ment of  the  method  may  show  that  these  stars  require  separate 
treatment. 

This  method  of  determining  parallaxes  has  been  applied  to  the 
544  stars  Hsted  in  Table  VI.  In  order  to  condense  the  results  the 
separate  determinations  of  the  absolute  magnitudes  and  parallaxes 
by  the  two  observers  have  been  combined.  As  a  result,  this  makes 
a  slight  apparent  discrepancy  in  a  few  cases  between  the  absolute 
magnitude  and  the  corresponding  parallax.  Since  all  of  the  stars 
in  Table  VI  are  designated  by  their  numbers  in  Boss's  Catalogue, 
it  has  not  seemed  necessary  to  add  their  positions.  The  successive 
columns  of  Table  VI,  therefore,  give  the  Boss  number,  the  apparent 
visual  magnitude  on  the  Harvard  system,'  the  proper  motion  accord- 
ing to  Boss,  the  spectral  types  by  Adams  and  Joy,  respectively, 
the  mean  of  the  absolute  magnitudes,  and  the  mean  of  the  corre- 
sponding parallaxes.  The  parallaxes  as  derived  from  group  motion, 
the  trigonometric  parallaxes,  and  the  sources  for  both  are  added  in 
the  last  three  columns.  The  following  letters  are  used  to  indicate 
the  principal  authorities  for  the  trigonometric  parallaxes:  A, 
Allegheny;  F,  Flint;  M,  McCormick;  S,  Sproul;  W,  Mount 
Wilson;  Y,  Yale;  Ye,  Yerkes. 

The  third  test  of  the  applicabihty  of  the  method  to  A-type 
stars  consists  in  a  comparison  betw^een  the  average  of  the  proper 
motions  and  the  average  of  the  parallaxes  of  the  stars  in  Table  VI. 
With  the  large  number  of  stars  available,  this  comparison  should 
prove  especially  valuable.  The  stars  have  been  divided  into  groups 
according  to  their  proper  motions,  with  the  limits  indicated.     The 

'  In  the  case  of  visual  binaries  the  values  of  m  refer  to  the  brighter  component. 
In  the  case  of  spectroscopic  binaries,  however,  owing  to  the  uncertainty  in  the  relative 
brightness  of  the  components  it  has  seemed  to  us  preferable  for  the  present  to  leave 
the  magnitudes  without  correction. 


252 


WALTER  S.  ADAMS  AND  ALFRED  H.  JOY 


TABLE  VI 


Boss 


Spectrum 


A. 


J. 


M 


Spect. 


Grotjp 

IT 


Trig. 

IT 


AUTH. 


lO.  .  .  . 

43 

50... . 
52.... 

66.... 
68.... 
91.... 

154.... 

159  ■• 
166.... 
169. . .  . 
198... . 

223 

224. .. . 
247.... 

252 

257... . 

263 

284.... 
289... . 

295 

314... 

340 

347 

379- ■■• 

42s 

446 

449 

463  Ft. 
466.... 

469 

490 

S08 .  .  . . 
521.... 

522. .  .  . 

526 

536.... 
550... 
551.. • . 
SSi--- 
616.  ... 
622. .  .  . 
644 ... , 
666.... 
674N . . 
674S. . . 
682  ..  . 
686.... 
696 ... . 
699.  ... 

715... 

719 

721. . . . 

727 

731... . 
757.... 

777 

791 

800 

8oi . . .  . 
802 ...  . 
833.... 
845.... 
849  ... 
878.... 
892... 
896.... 
898.... 
901  Ft. 
919.... 


213 
052 
081 
028 

OI5 
016 

039 

027 

022 

006 

014 

0.006 

0.024 

0.039 

o.oiS 

0.326 

O.OIO 

0.038 
0.028 
0.008 
056 
306 
025 
on 

053 

010 
0.061 

0.04s 

0.042 
0.023 
0.072 

0.035 
0.035 
0.015 
0.058 

0.012 

0.128 

0.015 
0.027 
0.076 
0.040 
0.210 
0.213 
0.054 
0.017 
0.017 
0.017 
0.014 
0.150 
0.006 
0.038 
0.019 

083 
018 
039 

,058 

on 
033 
017 
,021 
,040 
.032 

.055 
.020 
.042 
0.147 
0.00s 
0.039 
0.034 
o.  141 


Am 
Am 
Aon 
Bgs 
B7n 
Bgn 
Am 

A2S 

Bgs 

A2n 

Bgs 

A3n 

A4S 

Bgs 

Bgn 

A8n 

B8s 

Bgs 

A2sp 

Aon 

Am 

A3n 

Bgn 

Bgn 

Bgs 

B8s 

A4S 

Am 

A3n 

A2n 

Bgn 

Aon 

Aon 

Aon 

Am 

A3S 

Ags 

A3S 

Bgn 

A4S 

A2S 

Aon 
A4n 
Aon 
A3S 
A3S 
Bgn 
Ass 
Aon 
Ais 
Bgn 
Bgn 
A3n 
Aon 

A2S 

Am 
Ais 
Aon 
Am 
BSn 
B8n 
Bgn 
A4S 
A4S 
Am 
A7n 
Bgn 
B8n 
Aon 
Asn 


Aon 
A2n 

Am 

B8n 

Bgn 

Aon 

A3n 

A3S 

Aon 

Ais 

Aos 

Am 

A7S 

Aos 

Bgn 

A8n 

B8s 

Bgs 

Bgs 

Aon 

A2n 

A3n 

Aon 

Aon 

Bgs 

B8s 

Asn 

Aon 

A2n 

Am 

Aon 

Am 

Aon 

Aon 

Bgn 

Ais 

Fos 

A4S 

Bgn 

A3SP 

A3S 

Aon 

Asn 

Am 

A2S 
A2S 

Bgn 

A4S 
A3n 
Aos 
Bgn 
Aon 
A6n 
Aon 
A2S 
Aon 
Aos 
Aon 
A2n 
Bgn 
Bgn 
Aon 
Ass 
Asn 
Am 
A7n 
Bgn 
Bgn 
Aon 
Asn 


i-S 

2  .0 

0.8 

0.8 
-o 
-o 

2 

I 

I 

I 

o 

I 

o 

o 


0.9 

o.g 
2.6 

I  -4 
0.6 
1.4 
I .  I 


1-7 
1.4 


4 
6 
8 
2 
9 
9 
I 

4 
0.9 

1.5 

o, 
o, 
o. 
I , 

2  . 

1  , 

2  , 
O. 
O. 

o. 


4 
o 
8 

7 
o 

3 
6 
6 
4 
9 
2.3 


oro6o 

0.026 

0.021 

o  .006 

0,005 

012 

020 

014 

010 

008 

008 

O.OII 

0.016 
0.008 

O.OIO 

0.026 

O.OIO 

0.007 
0.008 
007 

018 
068 

010 

008 
008 

0.008 
0.029 
0.02s 
0.022 
016 
012 

008 
013 

on 
014 
0.014 
0.023 
0.021 
0.014 
0.014 

O.OIO 

0.027 

039 

014 
014 
012 
010 
014 

028 
008 

010 
010 
022 
007 
012 
016 

008 

oiS 
016 
on 
008 

O.OIO 

0.017 
0.018 
0.017 
0.022 
0.014 

O.OIO 

0.008 
0.020 


0:017 


0.017 


0.013 


o.oog 


o.oog 


o.oog 
0.008 
(0.013) 


0.028 


0.009 
0.028 


0.049 

0.022 


0.018 


Ye 
Perseus 


W 

Perseus 
S,  Ye 

A,F,S,Y 


Urs.  Maj. 

A,  M,  Y,  Ye 
A 


Perseus 


Perseus 
Perseus 
Perseus 


Taurus 

Perseus 

M 

Taurus 
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TABLE  VI — Continued 


Boss 


93S-.-. 
g6i. . . , 
974- ■• 
Q8g..., 
ggi... 

997 

1004. . . , 
1007. . . 

10I2.  . . 

I0I3 

loi8... 

I022  .  .. 

1023 

I024 

1025 

1026.  .  . 

1027.  .  .  , 
1029.  .  . 
1033... 
1034.. . 
1040. .  . 
1043... 
1046. .  . 
1047... 
IO5I  .  .. 
1054... 
1055.... 

1056 

1058... 
I061. .  . 
1064. .  . 
1067.  .  . 
1069.  . 
1076.  .  . 
1086.  . 
1087.,. 
1088... 

1089.  .  . 

1090.  .  . 
1092. .  . 
1093... 
1095... 
1097... 
1099... 
1 103  ... 
1 106 ... 
III4. . . 

m8... 
1122. . . 

II43-  ■ 
I 146. . . 
1150... 
IISS-- 
1161. . . 
1163... 
1165... 
1177... 
1182... 
1194... 
1220. . . 
1226. . . 
1248... 
1272. . . 
1275... 
X281... 
1293... 
1310... 
1318... 
1320  • • 
1366  Ft 


IS9 

143 
004 
066 
112 
064 
121 
116 

043 
O.I18 
O.II4 
0.124 
0.029 

072 

123 
112 
132 
109 

123 
118 
118 
III 
107 
III 
106 
116 

no 
no 
109 

007 
029 
104 
028 
066 
094 
104 
067 
074 
084 
082 
O.OS3 
0.046 
027 
06 1 
067 
047 
098 
0.052 
o  .066 
0.091 
0.013 
0.007 

O.OIO 

012 

145 
024 
067 

013 
0.082 
0.118 
0.074 
0.016 
0.019 
003 
020 

015 
019 
031 
039 
0.00s 


Spectrum 


Fzn 
Fis 
Am 

Ass 
A8n 
Ais 
A6n 

Agn 
Am 
Fis 
Fis 

A6n 
A3n 
Am 
Asn 
A3S 
A3n 
A3S 
A2n 
Aon 
Agn 
A8n 
A3S 
A2n 
A3n 
Ass 
Fis 
Asn 
Asn 
A3S 

A2S 

A2n 
A3S 
A3S 
A4n 
A3n 
A4S 
A4S 
A3n 
Ass 
Bgn 
A4S 
Bgn 
Aon 
Aon 
Am 
A8s 
Am 
A7S 
A2n 
A2n 
Am 
A2S 

A2S 

Am 
Bgn 
A2S 
Fis 
A3n 
Am 
A7S 

A2S 

A4n 
Am 
Bgs 
Bgn 
Bgs 
Aon 
Bgn 
Bgs 


Agn 
Fis 

Aon 
Ass 
A6n 
Aos 
Fon 
A8n 
Aon 
Fis 
F3S 
A  8s 
Asn 
Aon 
A6n 
A4n 
Asn 
A4S 
A3n 
A2n 
Fon 
ASn 
A6s 
A4n 
A4n 
A7S 
Fos 
ASn 
A8n 
Ass 
Bgs 
Asn 
A4S 
Aos 
A6n 
A4n 
A6n 
A6s 
Asn 
A8s 
Aon 
Ass 
Aon 
Aon 
Aon 
Aon 
A8n 
Am 
A7S 
A2n 
Aos 
Aon 
Ais 
A2S 
Aon 
Bgs 
A2n 

F2S 

A4n 
A2n 
Fos 
Ais 

Ass 

A2S 

Bgn 
Bgs 
Bgs 
Bgn 
Aon 
Bgn 


M 


2.9 
2.8 
I.I 
1.8 
2.6 
0.4 
2.6 


2 
I 

2 

2 
2 
2 
I 

2 

I 

2 

I 

I 

I 

2 

2 

I 

2 

2 

2 

2 

2 

2 

I 

o. 

2 

I 

o. 

2 

2 

2 

I 

2 

2 

0.8 

1.7 

0.8 

0.9 

o.g 
1 .1 
2.6 

1-3 
2.2 
1-7 

1 .0 

1  .1 
0.8 

o.g 

1 .1 
0.2 

1-4 
2.8 

2  .1 


-0.2 
0.7 
0.8 
0.2 


Spf.ct. 


0:030 
0.026 
o.ois 
0.02s 
0.02s 
0.010 
0.026 
0.031 
0.014 
0.024 
0.026 
0.034 
0.017 
0.016 
0.018 
0.030 
0.022 
0.028 
0.030 
022 
026 
022 
042 
024 
oig 
028 
027 
02s 
020 
012 
008 
0.028 
O.OI4 
oig 
020 
036 
022 
020 
028 
020 
010 
022 
012 
on 
014 
006 
027 
0.013 
0.024 
0.021 
0.012 
0.012 
0.010 
0.020 
o.oig 
0.008 
0.014 
0.022 
0.030 
0.052 
0.026 
0.008 
0.012 
o.oii 
0.012 
0.008 
0.007 
o.oii 

O.OIO 

0.004 


Group 


0.034 
0.032 


0.024 


0.028 
0.027 


0.028 
0.027 
0.029 


0.019 
(0.029) 
0.025 
030 
026 
028 
028 
027 
027 
026 
028 
(0.026) 
o.02g 
0.028 
0.028 
0.028 


0.027 


0.02s 
0.028 


0.023 
0.023 
(0.012) 


0.016 
0.016 


0.029 


(0.020) 
0.026 


(0.024) 
(0.033) 
0.029 


Trig. 


0:015 


—0.014 


.\UTH. 


Taurus 
Taurus 


Taurus 

Taurus 
Taurus 

Taurus 
Taurus 
Taurus 

Urs.  Maj. 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 

Taurus 


Taurus 


Taurus 
Taurus 


Taurus 
Taurus 
Perseus 


Perseus 
Perseus 
S 
Taurus 

Taurus 
Taurus 


M 


W 

Taurus 
Urs.  Maj 
Taurus 
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Boss 


1378 

1411 

1423 

1424 

1427 

1433 

I4S3 

1478 

1482 

1568 

IS72 

IS7S 

1588 

1607 

1646 

1672 

1673 

1690 

1716 

1732 

I7SI 

1778 

1880 

1886 

1894 

1897 

1898 

1903 

190S 

1930 

1952 

1956 

1977 

1979  Br.. . 

1984 

204s 

2051 

2054 

2078 

2121 

2122 

2178 

2185 

2237 

2240 

2241 , 

2246 , 

2287 

229s 

230s 

2309 

2311 

2313 

2314 

2328 

2343 

23S3 

2357 

2,?8r 

2400 

2404 

2407 

2417 

2423 

2424 

2429 

2443 

2461 

2465 

2476 


o"oi6 
0.009 
059 
010 
007 
024 
014 
0.047 
o.ios 
021 
017 
022 
006 
021 
03  s 
013 
620 
065 

01 S 
316 
023 
112 
oil 
068 

O.OII 

0.036 
0.025 
0.048 
0.029 
0.028 
0.236 
067 
029 
203 
016 
027 
017 
020 

047 
017 

on 

017 
00s 
071 
on 
on 
070 
027 
074 
036 
036 


0.036 
0.021 
041 
on 
005 
098 
046 

04s 
062 
502 

054 
007 
004 
0.073 
0.008 
O.I34 

O.IOO 

0.052 

0.086 


Spectrum 


A. 


A7S 
A2S 
Am 
Fos 
A2n 
Ass 

A2S 

Aonp 

Ais 

B8n 

Bgs 

A2S 

Am 

A7S 

Aasp 

Am 

F2S 

Aas 
Am 

A2S 

B9S 

A4n 
B9n 
A2n 
Ags 
A6n 
A3n 
A3n 
Aon 
Am 
A5S 
Am 
Aon 

A2S 

Bgn 
B9n 

A7n 
A7n 
Aon 
Am 
Aon 
A4S 
A3n 
Aon 
Am 
Asn 
A6s 

A2S 

Bgn 
A4n 
A2S 
A6n 
A4n 
A6s 
A5S 
A3n 
Aon 
Bgn 
A5n 
A3S 
A4n 
A4S 
Aan 
A2n 
Bgn 
Am 
A8s 
A3n 
Ais 
Am 


Fon 

A2S 

Aon 

Fos 

A2n 

A4S 

A2n 

A2np 

Ais 

Bgs 

Bgs 

A4S 

Am 

A6s 

A6sp 

Aos 

F3n 

A2S 

Aon 

A2S 

Bgs 
Asn 
Aon 

Am 
A8s 
A6n 
A6n 
A8n 
Aon 
A3n 
A4S 
A3n 
Aon 
A3S 
Aon 
Aon 
A6n 
A8n 
Am 
Am 
Aon 
A4n 
A3n 
Aon 
A2n 
A2n 
A6s 
A6s 
Aon 
A5n 
A2n 
A6n 
A7n 
A6s 
A6n 
Am 
Aon 
Aon 
Ass 
Asn 
A4n 
Ass 
A2n 
Aon 
Aon 
Aon 
Fos 
A4n 

A2S 

Aon 


M 


.6 

9 
I 

.6 
.7 
.7 
.4 
.5 
0.6 
0.0 
-0.2 
1 .2 
1-3 
2  .2 
1-7 

0.8 
2.9 
0.9 

1 .1 


2.4 
0.9 

1.6 
I 

I 
o 

I 
o 
o 

2 
2 


7 
6 
9 
I 
8 
8 
6 
7 

1 .1 

1-3 

o 

2 

2 

o 

I 

I 

2 

I 

o.» 

2.2 
1-4 
2.4 
2.4 
2  .1 
2.2 
1.6 
0.9 
0.8 
2.0 

1.8 
2 . 
1 . 
I , 
I . 
o, 
I , 


Spect. 


2.6 
2.1 
0.7 
1 .1 


0T02S 
0.012 
0.012 
0.026 

O.OII 

0.014 
0.020 

0.05s 
037 

009 

,008 

,024 
,010 
022 
.010 
,010 

,028 
0.063 
0.014 
316 
007 
030 
010 

03S 

017 
024 
OS  5 
010 
ooS 
018 
032 
021 
014 
066 
010 
012 
031 
020 
016 
,010 
010 
,012 
.019 
.024 
.on 
.012 
.022 
0.016 
0.020 
0.013 

O.OIO 

0.017 
0.014 
0.012 
0.020 
0.016 

O.OII 

0.013 

0.018 

0.022 

0.066 

0.030 

0.015 

0.014 

0.026 

0.009 

0.041 

0.018 

0.012  • 

0.018 


Group 


o':o25 


0.380 


O.OII 
O.OII 
O.OII 


Trig. 


0T017 


0.035 
0.019 


0.026 


0.039 
0.053 


0.374 
0.049 
0.038 


0.062 
0.009 
0.006 


o.oss 


0.073 


AUTH. 


0.090 


Urs.  Maj.,  F,  J,  M 
A 


M 


G,  Y 

F,  Ye 

Urs.  Maj..  F,  Gill,  Ye 

A 

A 


A,  M 

A 

A 


A,  Jo,  M 


A,  M,  et  al. 


Praesepe 
Praesepe 
Praesepe 

Praesepe 


Ab,  F,  Y 
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Boss 


2479. 
2484. 
2492. 
2494. 
2495. 
2540. 
2565- 
2576. 
2584. 
2598. 
2632. 
2634. 
2637. 
2641. 
2642. 
2647. 
2650. 
2692. 
2698. 
2712. 
2724. 
2726. 
2737- 
2744- 
2745. 
2756. 
2768. 
2773. 
2777. 
2787. 
2788. 
2797. 
2798. 
2802. 
2808, 
2813. 
2819 
2839 
2853. 
2866, 
2887 
2909 
2930 
2940 

2951 
2956 
2972 
2974 
2987 
2990 
3023 
3052 
3055 
3063 
3088 
3097 
3101 
3117 
3120 
3123 
3143 
3150 
3173 
3178 
3183 
3190 
3202 
3206 
3208 
3229 


or338 
0.022 
0.040 
0.058 
0.137 
0.117 
0.073 
0.042 
0.020 
0.029 
0.330 
0.049 
0.009 
0.033 
.194 
.204 
.076 
■  054 
.247 
.021 
.074 
0.090 
0.065 

O.OOI 

0.130 
0.027 
0.107 
0.102 
0.014 

O.OII 

0.052 
0.048 
o.ois 
0.141 
.040 
.074 
.050 
.013 
.289 
.049 
.021 
.077 
.089 
0.071 
0.004 
0.004 
0.207 
o.  106 
0.102 
0.095 
0.052 
0.035 
0.061 
0.154 
0.068 
0.050 
0.5II 
0.094 
0.009 
0.025 
0.323 

0.044 
0.013 
0.006 
0.096 

O.IIO 

0.030 
0.038 
0.067 

0.084 


Spectrum 


A. 


Am 
Ais 
B9n 
A2n 
B9n 
A4n 
B9n 
Am 
A5n 
A3n 
A4n 
Fis 
Ais 
A3n 
Asn 
Ais 
Aon 
A2n 
B6n 
Am 
Bgn 
A3n 
Am 
Am 
A2n 
Am 
Fis 
Am 
A3S 

A2S 

Aon 
B8n 
Aon 
A4n 
Bgn 
A8s 
Fos 
Bgn 
A6n 
Bgn 
A3n 
Bgn 
A3S 
A3n 
A3S 
A3S 
A2n 

A2S 

Aon 
Bgs 
Bgn 
Am 
Bgn 
A4n 
Am 
Am 
A2n 
Aon 
Am 
A3S 
A6s 
A7S 
Am 
Fis 
A7S 
Aon 
Am 
A8s 
Fon 
A6n 


J. 


Am 
A3S 

Aos 
A5n 
Bgn 
A6n 
Bgn 
Am 
A6n 
A3n 
A7n 
Fis 
A3S 
A4n 
A7S 
Ais 
Bgn 
A3n 
Bgn 
Aon 
Bgn 
A3n 
A2n 
Aon 
A2n 
A3n 
A8s 
A2n 
A2S 
Ais 
Aon 
B8n 
Aon 
A4n 
Aon 
A8s 
F3S 
Aon 
Fos 
Aon 
A3S 
Aon 
A2S 
A2n 
A2S 
A2n 
A2n 

A2S 

A  IS 
Bgs 

Aon 
A3n 
Aon 
A3n 
A2n 
Aos 
A2n 
Aon 
Aon 
Ass 
A6s 
A7S 
Ais 
A8s 
A8s 
Aon 
A2n 
A8s 
A6n 
A5n 


M 


13 
0.9 
0.4 
2.0 
0.6 

2.3 
0.6 

1.3 
2.4 
2.0 
2.4 
2.8 
0.9 
2  .1 
2.2 
0.6 
0.8 
1.8 
0.4 
1 .1 
0.6 
2  .0 
1.5 
1 .1 
1-7 
1.6 
2.6 

i-S 
1 .0 
0.8 
0.9 
0.1 
o.g 
2  .2 
0.8 

2.4 
2.8 
0.8 
2.6 
0.8 
1.6 
0.8 

1 .0 
1.8 
I 
I 
I 
o 
o 

— o 
o 
1.6 
0.8 
2.0 
1. 5 
0.8 
1-7 
0.9 

1 .1 

1 .2 
2  .1 
2.2 
0.9 
2.6 

2.4 
0.9 
IS 
2.4 
2.6 
2.4 


SPECT. 


0:032 
0.012 
O.OIO 
0.013 
0.021 
0.050 


016 
010 
026 
014 
050 
022 

ois 

016 

0.024 

0.008 

O.OIO 

0.028 
0.064 
0.010 

O.OIO 

0.018 
0.014 
0.008 
0.017 
0.015 
036 
014 
on 
oog 
.  014 
0.008 

O.OIO 

030 
010 
027 
020 
006 
0.028 
0.012 
0.012 
0.018 
O.OS4 
0.014 
0.009 
0.016 
0.066 
032 
016 
014 
012 
on 
oi6 
020 
019 
o.ois 
0.079 
0.048 
0.008 
0.014 
0.025 
0.017 
0.008 
0.014 
0.020 
0.032 
0.013 
0.017 
0.019 
o.oig 


Group 


(oToii) 


(o.oii ) 


0.043 


0.046 


(0.085) 


0.015 


0.041 


0.045 


Trig. 


0:017 


0.037 
0.033 


0.035 


0.033 


0.028 


0.034 


0.023 


AUTH. 


A,  M 
A 

Praesepe 


Praesepe 

A,  Ye 

Y 

a  Lj-rae 


0.114 

O.OII 


Urs.  Maj.,  A 
A,  Jo 

Urs.  Maj. 


Urs.  Maj. 
A 


a  Lyrae 


F  S  Y 

u'rs.Maj.,  F,  M 


Urs.  Maj. 


256 


WALTER  S.  ADAMS  AND  ALFRED  E.  JOY 


TABLE  YL— Continued 


Boss 


3231 

3256 

3257 

3266 

3276 

3277 

3284 

3290 

3309 

3310 

3323 

3329 

3332 

3334 

3337 

3338 

3339 

3343 

3360 

3363 

3371 

3382.... 

3392 

3409 

3428>... 
3428'.  .. 

3462 

3474 

3475.  ■• 
3478.... 
3480...  . 
3506... . 
3507... 
3518.... 

3526 

3S39 

3S40 

3546 

3580.... 

3585.... 
3612.  ... 

3652 

3653- •• . 
36S4--. 
3663... 
3666.... 
3669.... 
3684... 
3692  Br. 
3692  Ft. 
3706 

3719 

3722 

3729 

3743 

3752 

3756 

3766  Br. 
3771  Ft. 
3787.... 
3788.... 
3814.... 
3820.... 
3866... 
3868.... 
3875.... 
3883.... 
388s.... 

3902 

39" 


S-i 
31 

5-7 
5-4 
6.1 


4 
7 
9 
9 
5 
2 
o 

5.8 

6.4 

S.6 

6.2 

5.8 

5- 

6. 

I . 

2. 

4. 

$■ 

4. 

6 


9 
3 
7 
9 
9 
I 
4 
8 

7.2 

5-9 

2.4 

4.0 

S.8 

4- 

4. 

6. 

4- 

6. 

5. 

6 

6 

6 


c 
9 
3 
9 
3 
7 
4 
2 

6 
6.0 
4-3 
6.6 
5.6 
4.6 
5-8 
4-3 
5-7 
6.0 


4.6 
6.4 
4-7 
6.0 
6.3 
5-3 
5.6 
6.1 
S-5 


0.033 
0.251 
0.060 
0.020 
023 
084 
019 
040 
135 
078 
112 

054 
022 
068 
051 
05s 
095 

lOI 

067 
US 
237 

lOI 

027 
0.057 
0.039 
0.039 
0.080 
0.130 
0.136 
0.014 

123 
052 

067 
104 

112 
,060 
055 
053 
033 
038 
032 
065 

044 
067 

055 
0.238 
0.070 
0.030 
0.072 
0.072 
0.098 
0.088 
182 
228 
027 
061 
026 
238 
049 
131 
024 
192 
029 
061 
068 
0.029 
0.078 

o.  109 

0.029 
0.017 


Spectrum 


A3S 
Bgn 
Am 
A3S 
A4S 
Bgn 
A5S 
Aon 
B9n 
B9n 
A6n 
Aon 
A3n 
Aon 
Aon 
A8s 
Aon 
Aon 
A7n 

A2S 

Ais 
A4n 
Bgn 

A2S 
Am 
Am 

A5S 

A2S 

A8s 
A3S 
Am 
A3S 
Ais 
Am 
A7n 
Bgn 
Aos 
Bgn 
A2n 
Am 
Am 
Ags 
Aon 
A4n 
A5S 
Am 
A3.S 
Aon 
Bgn 
Fos 
A2n 
A2n 
A3n 
Fos 
Aon 
Aon 
Bgn 
A5n 
A2n 
Fin 
Bgn 
A4n 
Am 
Bgn 
Aon 
Bgs 
Aon 
Am 
Ass 
A2n 


J. 


A2S 

Aon 
Am 
A2S 
A4S 
Bgn 
A4S 
Am 
Bgn 
Bgn 
A4n 
Am 
A4n 
Aon 
Bgn 
Agn 
Aon 
Aon 
A7n 
A2S 
Ais 
Asn 
Bgn 

A2S 

Am 
A3n 

A5S 
A3S 
A5S 

A2S 

Aon 
A5S 
A2n 
A2n 
A5n 
Aon 
Ais 
Aon 
A2n 
A3n 
Aon 
F2S 
Bgn 
A5n 
Ajn 
Aon 
A3S 
Aon 
Aon 
F2n 
A2n 
A2n 
A3n 
Fos 
Aon 
Aon 
Bgn 
A5n 
A2n 
Fin 
Bgn 
A4n 
Am 
Bgn 
Aon 
Bgs 
Aon 
A3n 
A4n 
Am 


M 


1 .0 
0.8 

1-3 

1 .0 
1.6 
0.6 

1-7 

1 .1 
0.6 
0.6 

2.4 
1 .1 
2. 1 
o.g 
0.7 
2.5 
0.9 
o.g 
2.6 

0.9 
0.6 
2  .2 
0.6 
o.g 

1-3 

1.6 
1.8 
1 .1 
2 .0 

1 .0 

1 .1 


I . 
I . 

1 . 

2 . 
o, 
o. 
o, 
I , 
I , 
I 

2 
O 
2 
2 
I 
I 
O 

o.s 

2.8 
1-7 

1/ 

2  .0 
2.6 

o.g 
o 

o 

2 

I, 
2 

O 

2 

I 

O 

O 

—  O 

o 
I 

2 
I 


Spect. 


0T016 
0.034 
0.013 
0.014 
0.012 
O.OIO 
O  .OIO 
O.OII 

0.014 

O.OIO 

027 

OIO 

018 
008 

OIO 

018 

OIO 
OIO 

018 

069 

034 
030 

012 

020 
0.008 
0.008 
o.ois 

0.054 
0.052 

OI2 

026 
021 

OIO 

021 

018 

OIO 

006 

008 

OIO 

013 
0.023 
0.016 


Group 


0:019 
0.042 


0.036 


0.044 
0.046 


0.042 
0.014 


Trig. 


0T026 


0 

OIO 

0 

034 

0 

oiS 

0 

023 

0 

013 

0 

OIO 

0 

014 

0 

012 

0 

OI3 

0 

OIO 

0 

062 

0 

043 

0 

012 

0 

020 

0 

009 

0 

026 

0 

021 

0 

100 

0 

OIO 

0 

033 

0 

OIO 

0 

014 

0 

OIO 

0 

00s 

0 

013 

0 

016 

0 

016 

0 

016 

(0.016) 


0.044 
0.031 


0.049 
0.022 


0.03 
0.028 


0.052 
0.015 


AUTH. 


Ye 


0.025 

0.025 
o  .041 


0.017 
0.020 


o.oig 


Urs.  Maj. 

Urs.  Maj. 

Ye 

Urs.  Maj.,  A 

M 


Urs.  Maj.,  F,  M,  Pe,  Y 

Urs.  Maj.,  M 

Urs.  Maj.,  A,  M 
Urs.  Maj.,  M 


A,  M,  S,  Ye 


S,  Ye 
S,  Ye 


Urs.  Maj. 
A 


SPECTROSCOPIC  MAGNITUDES  AND  PARALLAXES       257 
TABLE  Vl—Conlinucd 


Boss 


391S 

3918 

3940 

3946 

3g6o  Br. . . 
3960  Ft . . . 
3961 


398s 

3993 

3998 

4007 

4009 

4016 

4021 

4022 

4026 

4028 

4037 

4041 

4070 

4072 

4080 

4097 

4119 

4120 

4122 

4146 

415s 

4163 

416s 

4176 

4181 

4182 

4184 

4203 

4206 

4210 

4213 

4221 

4229 

4260 

4285 

4291 

4300 

4332 

4338 

4348  Br. . 

43S3 

4360 

4376 

4391 

4395 

4402 

4418.... 

4419 

4420 

4430.. . . 

4442 

4449 

4458.... 

4459 

4461 

44'68.... 

4494 

4SII 

4514 

4S2I 

4552.... 
4554.... 
4557... . 


Spectrum 


0:051 
0.077 
0.190 
0.016 
0.068 
0.06S 
0.158 
o.  162 
0.044 
0.105 
o .  0,^3 
0.091 
0.092 
070 

OIO 

136 

099 
046 
0.034 
0.034 
0.193 
0.045 
0.06s 
0.027 
0.041 
0.014 
0.028 
042 

172 

062 
022 
261 
0.079 

0.026 

097 
033 
023 
042 
021 
024 
003 
o2g 
on 
098 
012 
0.038 
0.05s 
0.032 
0.093 
0.165 
066 
056 
018 
044 
038 
132 

015 
108 

O.OIS 

0.158 

o.  262 
0.028 
0.023 
0.043 
0.208 
0.009 
0.026 
0.026 
0.009 
0.030 


Aon 

Asn 

F2S 

Bgn 

A4n 

Asn 

Aon 

A7n 

A3np 

Aon 

A2S 

Am 

Aos 

Am 

A6s 

A6s 

Aon 

B7n 

Bgn 

Ais 

Asn 

Aos 

Bgn 

A3S 

Am 

A2S 

A2n 

A3S 
Asn 
A3n 
Am 
A6n 
A2S 
Am 
Am 

A2S 

Ais 
Bgr. 
Am 
Bgs 
Bgn 

A2S 

Aon 

Ass 

A3S 

Bgn 

Am 

Aon 

A3S 

Aon 

Aon 

Aon 

Bgn 

A4S 

Bgn 

A6s 

Am 

Aon 

Bgs 

Asn 

Aon 

Ass 

Bgn 

Bgn 

Am 

Aisp 

Aon 

Bgn 

Ags 

Am 


J. 


Bgn 

Asn 

F2S 

Bgn 
A7n 
A6n 
Aon 
Asn 

A2S 

Am 

Aon 

Aon 

Bgn 

A?n 

A8s 

A4S 

Aon 

H6n 

Aon 

Ais 

A8n 

A2n 

Aon 

A3S 

A3n 

A3S 

A2n 

A4S 

A7n 

Aon 

Bgn 

A8n 

A2S 

Aon 

Am 

Ass 

Ais 

Aon 

A2n 

Aon 

Aon 

Aon 

Ais 

A6n 

A3S 

Bgn 

A3n 

A2n 

Ais 

Aon 

Aon 

Am 

Bgs 

A3S 

Bgs 

A7S 

Aon 

A3n 

Ais 

A6s 

Bgn 

A8s 

Aon 

Aon 

Aon 

Bgs 

A2n 

Aon 

F2S 

Bgn 


M 


0.7 

2.3 


.8 
.6 
.4 
.4 
9 
.5 
■4 
.1 
.0 
I  .1 

0.4 
1.6 

2.3 
1.8 
o, 
-o 
o 
o 

2 
I 

o 
I 

1.6 
1 .1 


7 
4 
4 
4 

g 

6 

9 
I .  I 

1-3 

I  .4 


Spect. 


1 .1 

1.4 


012 
017 
066 

008 

044 
026 
052 
022 
018 
026 
012 
030 
022 
020 
020 
042 
014 
007 
010 
010 

032 
017 
010 
018 
016 
010 
016 
021 
034 
035 
008 

034 
019 
013 
029 
022 
010 
014 
014 
009 
009 
012 
008 
022 
016 
oog 
012 
012 
033 
03  5 
017 
022 
on 
014 
014 
038 
012 
014 
,00s 
027 
052 
019 
010 
010 
.016 
006 
,010 
018 
.027 
,014 


(iROUP 


0.050 


0.023 


(0.012 ) 

o.oog 


Tru-.. 


0:013 
0.019 
0.059 


0.035 


0.035 


0.031 

O.OI 


0.045 


AUTH. 


0.046 


-0.004 
0.014 


0.019 
0.062 


A,  Ye 
A,  Ye 
Urs.  Maj.,  Corona,  F,  M 


A,  S,  Ye 

Urs.  Maj.,  A,  M 

A 


Scorpius 
Scorpius 


Scorpius 

A 

A 


A,  M,  S,  Ye 


A,  M 

A 
Ye 


A,  F 

Corona,  F,  M.  Y,  Ye 


A,  Y 
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TABLE  VI — Continued 


Boss 


4s8i.... 
4S92.... 
4640. . . . 

4('43 

4669. .  .  . 
468s.... 
4702.... 
4713.... 
4719.... 
4722.... 
4748.... 
47SI  Br. 
4752.... 

4754 

4761.... 
4777  Ft. 
4779- ■•• 
4820. . . . 
4821.... 

4824 

4846 

4856.... 
4858. . . . 
4866.... 
4867.... 

4899 

4914 

4928 

4Q32 

4947 

49S3 

4965 

4974 

4979 

4980 

4988 

4998 

S007 

S024 

5042 

5048 

S062 

S092 

5105 

SII7 

5130 

S134 

S160 

S171 

S173 

S186 

S188 

S2II 

S220 

5224 

5233 

5236 

5244 

5249 

5269 

5282 

5292 

S29S 

5296 

S3or 

5322 

5337 

5366 

S37I 

5393 


0:103 
0.027 

O.OIO 

0.057 
0.034 
0.035 
0.007 
0.146 
0.026 

0.346 
0.057 
0.031 
0.031 

0.022 
0.123 
0.020 
O.OI9 
0.120 
0.002 
0.008 
0.091 
0.016 
0.102 
0.056 
0.098 
0.044 

O.OIl 

0.002 
0.031 
0.019 
0.265 
0.040 
0.037 
0.017 
0.041 
0.126 
0.004 
0.006 

0.032 
0.017 
0.065 
0.65s 

0.024 

0.051 
0.005 
0.020 
0.099 
0.038 
0.032 
0.007 
0.017 
0.094 
0.046 
0.022 
0.018 
0.008 
0.004 
0.026 

0.073 
0.005 
0.038 
0.048 
0.009 
0.069 

0.058 
0.017 
0.044 

O.OII 

0.051 
0.02s 


Spectrum 


Ass 
A4S 
B9n 
A4S 
A3S 
B9n 
B9S 
Asn 
A2S 
Ais 
A3n 
A3S 
Ass 
Am 
A2n 
B8n 
Aos 

F2S 

B8n 

B9SP 

A2n 

Bgn 

Bgn 

A3S 

A2n 

Am 

A^n 

B9S 

A4n 

A3S 

A3n 

Bgn 

Aon 

Aon 

Aos 

Am 

B9n 

Bgnp 

Aos 

Aos 

Am 

A2n 

B9n 

B9n 

Am 

Bqs 

A6n 

Aosp 

B9S 

Amp 

Aon 

A2n 

Am 

Aon 

B7n 

Aon 

B7n 

A4n 

Am 

Am 

Am 

A2S 

Aon 

A3n 

B9S 

B8s 

Am 

Bgs 

A7n 

B9n 


J. 


Ass 
A4S 
Aon 
A3S 
A3S 
Aon 
B9S 
A8n 

A2S 

Ais 
A6n 

A6s 
A8s 
A2n 
Asn 
B8n 
Ais 

F2S 

B8n 
B9S 

A4n 
Aon 
Aon 
A7S 
Asn 
Aon 
A3S 
Aon 
A7S 
A6s 
A6n 
Bgn 
Aon 
Aon 
Aos 
Aon 
B8n 
Aon 
Aos 
B9S 
Aon 
A2n 
A2n 
Aon 
Aon 
Bgn 
A6n 
Am 
Bgs 
Aon 
Aon 
Am 
Am 
Aon 
B8n 
Aon 
B8n 
A8n 
Aon 
Aon 
A4n 

A2S 

Aon 
Asn 
Am 
Bgs 
A3n 
Bgs 
Fos 
Bgn 


M 


I. a 
1.6 
0.8 
1.4 
1 .2 
0.8 
—0.2 
2.5 
o 
o 
2 
I 
2 
I 
2 
o 
o 

2.« 
O.I 

—  0.2 
2  .0 
0.8 
0.8 
1.8 
2  .0 
1  .1 

1.6 
0.4 

2.2 

1.6 

2.2 

0.6 

0.9 

0.9 

0.2 

1 

O 

O 

o 
o 

I 
I 
I 
o 
I 
o 


2.4 
0.8 

-0.2 
1 .1 

0.9 

1-5 
1-3 
0.9 

-0.1 
0.9 

-0.1 
2.4 

1  .r 
1 .1 
1.8 
0.9 
0.9 

2  .2 
0.6 

-0.4 

1.6 

-0.2 

2-7 
0.6 


Spect. 


0:042 
0.019 
0.008 
o.oi6 
0.013 
0.013 
0.008 
0.026 

O.OIO 

0.123 
0.018 
0.016 
0.037 
0.013 
0.034 
0.003 

O.OIO 

0.026 
0.007 
0.020 
0.024 

O.OIO 

0.036 
0.016 
0.020 
0.012 
0.020 

O.OIO 

0.044 
0.014 
0.058 
0.010 
010 
010 

008 
028 

012 
009 
0.009 
0.006 
0.042 

0.145 

0.014 
0.016 
0.009 
0.007 
0.026 
0.008 
.019 

•013 

•ois 
.020 
.014 
.oog 


Group 

IT 


008 

oog 
0.007 
0.031 
0.014 
0.008 
0.026 
0.013 
0.009 
0.014 
0.015 
0.006 
0.037 
0.007 
0.038 
0.014 


0:104 


Trig. 


0.037 


0.024 


O.IIO 

0.000 


0.026 

0.030 

0.056 

(—0.006) 


0.040 

0.012 


0.037 


0.011 


0.049 

O.OS7 


0.05s 
0.205 


0.024 


AUTH. 


0.023 


o  Lyrae,  F,  J,  Y,  Ye 
Ye 

A 
A 
A 
Ye 

A,  S 

M 

A,  M 

A 
M 
A,  M 

A.Ab 


M,  Y,  Ye,  el  al. 


A,  M 


M 


0.010 
0.000 


M 

M 
A 
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TABLE  \l— Continued 


Boss 


S4I7  -• 
S4^S••• 
S443••• 
5465- •• 
5480. . . 
S491  ■• 
5498- •• 
5SII.. 
SSiS  ■■ 
5532  Ft 
5548... 
5550... 
5555-  ■  • 
5558... 
5573- ■■ 
SS8i... 
5585... 
5591  ■• 
5600.. . 
5626... 

5639. ■ 
5641... 
5664... 
5667... 
5669 ••■ 
5709... 
5738... 
5742... 
5780. . . 
5803... 
S8i8... 
5847... 
5848... 
5858... 
5879... 
5904... 
5967... 
5969... 
5973... 
5996... 
601 1. . . 
6020. . . 
6023 . . . 
6031... 
6063... 
6075... 
6113... 
6128... 
6133... 
6139... 
6166... 
6168... 
6174... 
6180... 


ofo6o 
0.051 
0.169 
ois 
160 
054 
124 
206 
018 
012 
008 
026 
100 
,117 
.052 
030 
038 
o6i 
392 

OOI 

,009 

,036 

.004 
.007 

039 

,026 

.028 

452 

,004 

.030 

,014 

.019 

.019 

036 

0.037 

0.052 

0.024 

0.015 

0.017 

0.012 

0.017 

0.233 

0.00s 

0.124 

0.042 

0.016 

0.027 

0.033 

0.013 

0.014 

0.007 

0.013 

0.004 

0.008 


Spectrum 


A4S 
A8s 
A7S 
B9S 
A2n 
Ais 
A3n 
A4n 
Bgn 
A2n 
B9n 
Aon 
A3n 
Ain 
Aon 
A2n 
B9n 
Asn 
A3n 
B9n 
B8s 
Aon 
B7S 
B8n 
Bgn 
A4n 
B8n 
A6n 
Am 
Ais 
Am 
A2S 
Aon 

A2S 

Am 
Am 
Bgn 
A4S 
Am 
A6s 
A2S 
Agn 
A2n 
A3S 
Am 
B9n 
A3n 
Am 

A2S 

Ais 
Ass 
B9S 

A4S 
A2S 


Ass 
A8n 
A9S 
B9S 
Aon 
A4S 
A6n 
A4n 
B8n 
A2n 
Aon 
Aon 
Aon 
Asn 
Aon 
A4n 
A2n 
A8n 
Asn 
Aos 
B8n 
Aon 
B6s 
Bgn 
Am 
F2n 
Bgn 
A6n 
Aon 
B9S 
A2n 
Ais 
A2n 
A3S 
Aos 
Am 
Bgn 
A3S 
Aon 
A8s 
Ais 
Fos 
B9S 
A3S 
Bgn 
Bgn 
A4S 
A3  a 
Ais 
Aos 
A8s 
B9S 
A3n 
Ais 


M 


1.7 
2.6 
2.4 
-0.2 
1-3 
1 .0 
2.2 
2.2 
0.3 
1.7 
0.8 

0.9 
1.4 
2.0 
0.9 


0.9 
-I  .2 
0.4 
I  .0 
2.6 

0.4 
2.4 

1 .1 
0.2 
IS 
0.8 

1.3 
1 .1 
0.8 

1.3 
0.6 
1.6 

1 .1 

23 
0.8 
2.8 
0.8 

1 .2 
0.9 
0.6 


I 
I 
o. 
o. 

2 
-O. 

1.8 
0.8 


Spect. 


0:023 
o.oiS 
0.034 
0.008 
0.056 
0.016 
0.020 
0.022 

O.OIO 

0.005 
0.009 
0.008 
o.oi8 
0.018 
0.010 
0.016 
0.014 
0.013 
0.068 
0.006 
,006 
oil 
,004 
010 
,012 

■043 

,006 

045 

0.009 
0.012 
016 
009 

017 

018 

010 
0.036 

O.OII 

0.015 
0.016 
o.oig 
0.008 
0.018 
0.012 
0.018 
0.012 
o.oii 
0.016 
0.018 
0.008 
0.008 
0.016 
0.005 
0.012 
0.009 


Group 


0:013 


0.052 


0.108 


Trig. 


0:044 


0.084 


0.037 
(-0.011) 


0.115 


0.005 


o.oss 


0.016 


0.043 


AnTH. 


Urs.  Maj. 
M 

A,  F,  M 


a  Lyrae,  A,  Jo 
Ye 


Urs.  Maj.,  M 


M 


A,  M 

a  Lyrae,  A,  M,  S,  y,  Ye 


W 
A 


results  are  given  in  Table  VII  and  a  curve  drawn  from  them  is 
shown  in  Figure  2. 

Two  results  are  given  for  the  last  group  according  as  Boss  1732 
(Sirius)  is  included  or  not.  For  statistical  purposes  it  is,  no  doubt, 
better  to  omit  it. 

These  values  show  an  excellent  degree  of  correlation  between 
proper  motion   and  parallax.     The  influence  of  occasional  stars 
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of  small  proper  motion  and  large  parallax,  or  large  proper  motion 
and  small  parallax,  is  not  serious,  because  of  the  considerable  number 


Limits  of  m 


<o'oiO 

o'foio  to  o''oi9. 

0.020  to  0.029. 

0.030  to  0.039. 
o .  040  to  o .  049 . 
0.050  to  0.069. 
0.070  to  0.099. 
o.  100  to  o.  149. 
o.  150  to  o.  250. 

>o':2.so 


TABLE  VII 


Xo. 


49 
83 

72 

56 
39 

74 
55 
68 

30 

/18 

\i7 


Av. 


o'roo6 
0.015 

0.025 

0035 
0.044 
0.059 
0.084 
0.118 
o.  196 

0.430 

0.378 


Av. 


o';oii 

0.012 
014 
014 
016 
019 
020 
029 

037 

071 


0.057 


0.070 


O.OfcO- 


0.050- 


OO40- 


TT 


0.030- 


0.020 


0.010 


0.32O 


CWO 


0.000  0.0*0  O.lfcO  024-0 

Fig.  2. — This  curve  shows  the  relationship  between  the  average  value  of  the 
proper  motion  and  the  average  value  of  the  spectroscopic  parallax  for  the  544  stars  of 
Table  \T.  The  stars  have  been  grouped  according  to  the  limits  of  proper  motion 
given  in  Table  VII.  The  point  surrounded  by  a  circle  represents  the  value  for  the 
group  of  largest  proper  motion  when  Sirius  is  included;  the  neighboring  point  on  the 
curve  represents  the  same  group  when  Sirius  is  omitted. 

of  stars  in  each  group,  the  only  important  exception  being  that  of 
Sirius.  It  is  of  interest  to  note  that  the  curve  would  give  an  average 
parallax  of  o!'oo9  for  stars  of  zero  proper  motion,  a  result  almost 
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identical  with  that  found  by  Stromberg'  for  stars  of  the  later  types 
of  spectrum.  Reference  may  also  be  made  to  the  fact  that  the 
eighth  group  of  stars,  with  proper  motions  between  o!'ioo  and 
o''i49,  while  it  includes  most  of  the  members  of  the  Taurus  moving 
cluster,  also  includes  a  large  number  of  other  stars.  The  parallax 
of  o''o29  is  in  good  agreement  with  that  of  Rasmuson  for  the  Taurus 
cluster,  thus  indicating  that  the  latter  stars  do  not  differ  materially 
in  distance  from  other  A  stars  having  the  same  amount  of  proper 
motion. 

We  have  referred  previously  to  a  Cygni  (Boss  5320)  and  some 
other  stars  with  similar  spectral  characteristics.  Most  of  these 
are  listed  as  "c"  stars  by  Miss  Cannon  and  have  sharp  narrow 
lines  with  the  enhanced  lines  remarkably  strong  and  prominent. 


TABLE  VIII 


Boss 


Spectrum 


478 
533 
534 
724 
1268 

4503 
5320 
6111 


A2S 

Ais 

A2S 

A2S 

A4S 
A4S 

A2S 
A2S 


-3 
-3 
-5 
o 
—  I 

-7 
+1 

o 


Those  at  XX  4233  and  4481  are  especially  striking,  and  it  seems  prob- 
able from  a  brief  examination  already  made  that  these  lines  vary 
definitely  with  absolute  magnitude.  At  present,  however,  we  have 
no  results  based  upon  trigonometric  measures  or  other  data  from 
which  to  determine  absolute  magnitudes  which  may  serve  as 
standards  of  reduction  for  the  spectroscopic  intensities.  There 
can  be  little  question  that  a  Cygni  is  extremely  bright,  its  absolute 
magnitude  probably  being  of  the  order  of  —4  or  —5.  In  spectral 
characteristics,  great  luminosity,  small  proper  motion,  and  low 
galactic  latitude  these  stars  are  associated  with  the  Cepheid  vari- 
ables and  stars  of  similar  spectra  and  appear  to  form  a  contmuation 
of  the  Cepheid  chain  of  giant  stars.     Table  VIII  gives  the  stars 


'  Ml.  Wilson  Conlr.,  No.  170. 
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of  this  type  which  we  have  found  in  our  list.     The  galactic  latitude 
is  indicated  by  b. 

The  A-t;ype  companion  of  0^  Eridani  and  probably  the  companion 
of  Sirius  appear  to  be  cases  of  the  rare  phenomenon  of  A-type 
stars  of  very  low  luminosity.  Three  other  stars  of  which  we  have 
spectrograms  are  much  fainter  than  the  vast  majority  of  those  of 
the  A  type.     These  are : 


m 

Spectrum 

M 

Trig.  X 

8.0 

7-3 
8.4 

A2S 

A2S 
A2S 

o'rgo 
1. 17 
I  31 

o''o39 

0033 
0.028 

M 


Lai.  5761. . .  . 
Lai.  28607.  •  • 
W.  B.  23^175 


6.0 

4-9 

5-6 


The  last  star  is  a  double  and  the  value  of  M  refers  to  the  combined 
magnitude. 

The  spectra  of  these  stars  are  peculiar.  The  hydrogen  lines 
are  narrow  and  sharp,  the  metalHc  lines  are  very  faint,  and  X4481 
and  X  4233  are  hardly  visible.  These  latter  lines,  accordingly, 
show  a  behavior  just  the  reverse  of  that  in  "c"  stars  like  a  Cygni. 
It  is  of  interest  to  note  that  X  4481  and  X  4233  are  also  very  faint 
in  the  spectrum  of  the  companion  of  0^  Eridani. 

Forty-five  of  the  stars  which  appear  in  Table  VI  have  been 
included  in  the  Hst  of  1646  stars'  of  the  later  spectral  types  for  which 
absolute  magnitudes  derived  by  the  spectroscopic  method  have 
been  pubhshed.  The  latter  values  were  obtained  by  an  extrapola- 
tion of  the  reduction-curves  for  stars  of  the  F  type  and  have 
always  been  considered  by  us  as  subject  to  considerable  uncer- 
tainty. A  comparison  of  the  results  given  in  Table  VI  with  those 
in  the  list  of  1646  stars  shows  a  mean  difference  of  o'^5,  the  abso- 
lute magnitudes  in  Table  VI  being  the  fainter.  The  difference  is 
systematic  although  much  of  it  is  due  to  a  small  number  of  stars. 
We  consider  the  parallaxes  given  in  Table  VI  as  superior  to  the 
earher  values  and  hope  by  means  of  these  results  to  form  a  con- 
nection between  the  two  systems  which  will  render  them  consistent 
with  one  another. 


'  Mt.  Wilson  Conlr.,  No.  199;  Astrophysical  Journal,  53,  13,  1921. 
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In  conclusion,  we  may  call  attention  to  the  agreement  of  the 
results  of  this  investigation  with  those  obtained  by  Lindblad' 
through  a  spectrophotometric  study  of  the  intensity  of  the  continu- 
ous spectrum.  Lindblad  found  that  the  region  X3889-X3907, 
when  compared  with  the  adjacent  region  X3907-X3935,  was 
relatively  less  intense  in  the  spectrum  of  the  intrinsically  fainter 
stars.  This  effect  he  ascribed  to  the  expansion  of  the  wings  of 
Hf  in  such  stars,  as  well  as  to  the  widening  of  certain  of  the  arc 
lines  of  iron  and  silicon.  In  other  words,  the  spectra  of  such  stars 
are  diffuse,  and  we  obtain  the  same  differentiation  between  the 
absolute  magnitudes  of  stars  with  sharp  and  diffuse  lines  that 
has  been  found  by  other  methods  in  the  course  of  this  investi- 
gation. 

It  is  hardly  necessary  to  state  that  the  methods  described  in 
this  communication  can  no  doubt  be  greatly  improved  and  refined. 
They  appear  capable,  however,  of  yielding  results  of  considerable 
value  for  the  stars  belonging  to  the  largest  of  the  spectral  types. 
In  addition,  it  seems  probable  that  similar  methods  may  be  appUed 
to  the  stars  of  the  B  t^^e.  It  is  well  knowTi  from  the  work  of 
several  investigators  that  the  stars  of  types  B8  and  B9  are  con- 
siderably fainter  intrinsically  than  those  of  the  earher  divisions 
like  Bo  and  Bi.  There  is  a  strong  probability,  therefore,  that  a 
relationship  between  spectral  type  and  absolute  magnitude  similar 
to  that  found  for  the  A  stars  exists  among  those  of  type  B . 

SUMMARY 

The  principal  results  of  this  study  may  be  summarized  briefly. 

1.  A  considerable  number  of  A-type  stars  belonging  to  the 
Taurus  and  Ursa  Major  groups  have  been  classified  as  accurately 
as  possible  into  the  subdivisions  of  this  type  and  the  spectra 
designated  as  nebulous  or  sharp  according  to  the  character  of  the 
lines. 

2.  From  a  comparison  of  the  results  a  definite  relationship 
between  absolute  magnitude  and  spectral  type,  as  well  as  between 
absolute  magm'tude  and  the  sharp  or  diffuse  character  of  the  lines, 
has  been  established. 

■  Ml.  Wilson  Contr.,  No.  228;  Astrophysical  Journal,  55,  85,  1922. 
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3.  Through  an  extension  to  stars  with  parallaxes  determined 
by  trigonometric  methods,  it  is  found  that  the  same  relationships 
are  vahd  for  stars  outside  of  the  moving  clusters. 

4.  When  this  method  for  the  determination  of  absolute  magni- 
tudes is  appHed  to  individual  stars,  a  degree  of  accuracy  is  found 
quite  comparable  with  that  for  stars  of  the  later  spectral  types. 

5.  A  catalogue  of  the  parallaxes  of  544  stars  derived  in  this 
way  is  given. 

6.  A  comparison  between  the  average  of  the  proper  motions 
and  the  average  of  the  parallaxes  of  these  stars  shows  a  satisfactory 
degree  of  correlation  between  the  two. 

7.  The  stars  such  as  a  Cygni  having  the  so-called  "c"  charac- 
teristics require  separate  treatment.  It  seems  probable  that  the 
intensities  of  the  well-known  enhanced  lines  X  4481  and  X  4233 
may  be  used  as  criteria  for  the  determination  of  the  absolute 
magnitudes  of  such  stars.  The  same  lines  may  perhaps  be  used 
for  intrinsically  faint  A-type  stars,  in  which  these  Unes  are  very 
weak. 

Mount  Wilson  Observatory 
May  1922 


THE  DISTRIBUTION  OF  THE  VELOCITIES  OF 
STARS  OF  SPECTRAL  TYPES  F  TO  M' 

By  GUSTAF  STROMBERG 
ABSTRACT 

Frequency-distribution  of  the  velocity-vectors  of  stars  of  types  F  to  M. — The  three 
components  of  the  velocities  of  about  1300  stars  were  computed  from  available  data 
and  referred  to  the  galactic  system  of  co-ordinates,  assuming  a  solar  motion  of 
20  km  toward  the  apex  0  =  270°,  5  =  +30°.  The  frequency-distribution  of  the 
velocity-vectors  in  each  of  six  groups,  including,  respectively,  types  A6-F9,  F0-G5, 
G6-K1,  K2-K9,  Ma-Md,  Go-M,  and  magnitudes  0-6,  <3,  <4,  <4,  <3,  >3,  was 
represented  by  a  three-dimensional  cosine-series  with  a  large  number  of  terms  deter- 
mined by  harmonic  analysis.  From  these  results  curves  of  equal  frequency  were 
dra^vn  in  the  xy-  and  jc-planes  (Figs.  1-6).  It  is  evident  from  these  that 
giant  stars  of  t>T3es  F2M  form  a  single  group  or  stream  with  an  approximately 
ellipsoidal  distribution,  the  shortest  axis  being  nearly  in  the  direction  of  the  galac- 
tic pole.  The  elongation  of  the  ellipsoid  is  greatest  for  the  bright  F  stars  and  least 
for  the  late  K  and  M  stars,  for  which  the  distribution  is  nearly  spherical.  Among 
stars  of  spectral  type  F  and  magnitude  o  to  6  an  additional  stream  was  found  moving 
nearl}'  parallel  with  the  Taurus  group  and  including  about  one-fifth  of  the  stars  of  this 
type.  There  is  a  marked  asymmetry  in  the  distribution  of  velocities,  especially  for  the 
higher  velocities.  As  a  result,  the  most  frequent  velocity  coincides  neither  with 
the  mean  velocity  nor  with  the  center  of  the  velocity-ellipsoid,  but  has  the  values 
given  in  Table  VII,  being  13.4  km  in  the  direction  a=86?2,  5  =  — 3o?8  (relative 
to  the  sun)  for  the  giant  stars.  Another  consequence  of  the  asymmetry  is  that 
the  constants  of  the  ellipsoidal  frequency-function  depend  somewhat  on  the  method 
of  computation  on  account  of  the  difference  in  weighting  the  high  velocities.  The 
results  of  two  methods  are  given  (Tables  IV,  V,  and  VI).  The  dwarf  stars  also  form  a 
single  group  and  show  an  ellipsoidal  distribution  of  velocities,  the  most  frequent  ve- 
locity being  37.7  km  in  the  direction  a  =  98?8,  5=  — 17?4  (relative  to  the  sun). 

Solar  motion  derived  from  the  algebraic  means  of  velocities  of  stars  of  types  F  to  M  is 
found  to  be  dependent  on  the  spectral  types  and  absolute  magnitudes  of  the  group 
of  stars  used.  Giant  stars  of  later  t>'pes  give  a  somewhat  higher  declination  of  the 
apex  (+44°)  than  stars  of  earlier  types  (-f-2  7°),  while  dwarf  stars  give  +30°.  The 
velocity  from  giants  comes  out  18.8  km  while  dwarfs  give  31.7  km;  in  fact,  stars  of 
high  velocity  give,  in  general,  a  higher  solar  motion  than  slower  stars,  which  indicates 
that  the  high-velocity  stars  have  a  systematic  motion  in  a  direction  opposite  to 
the  sun's  motion. 

The  large  number  of  spectroscopic  parallaxes  recently  deter- 
mined by  Mr.  Adams  and  his  collaborators^  has  made  it  possible 
to  compute  the  absolute  motions  in  space  of  about  1300  stars  for 
which  the  proper  motions  and  radial  velocities  are  determined.  The 
fact  that  the  errors  of  the  spectroscopic  parallaxes  are  proportional 
to  the  parallaxes  themselves  makes  them  in  general  better  adapted 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  245. 
^  Ibid.,  No.  199;   Astrophysical  Journal,  53,  13,  1921. 
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to  this  purpose  than  the  trigonometric  parallaxes.  A  large  number 
of  radial  velocities  have  been  determined  at  the  Mount  Wilson 
Observatory  during  recent  years,  and  I  am  greatly  indebted  to 
my  colleagues  engaged  in  this  work  for  permission  to  use  these, 
as  well  as  the  spectroscopic  parallaxes,  in  advance  of  publication. 

The  result  of  a  study  of  the  space- velocities,  irrespective  of  their 
directions,  was  pubhshed  in  Mount  Wilson  Contribution  No.  210; 
Astrophysical  Journal,  54,  9,  192 1.  Since  it  is  well  known  that 
the  frequency  of  velocity- vectors  of  a  given  size  is  quite  different  in 
different  directions,  a  detailed  study  has  been  made  of  the  general 
distribution  of  the  three-dimensional  velocities.  In  order  to  obtain 
the  general  character  of  this  distribution,  the  possible  dependency 
of  the  velocity-distribution  upon  position  in  space  was  neglected. 
The  known  dependency  of  velocity  upon  absolute  magnitude  and 
spectral  type  has  been  taken  into  account  to  some  extent  by  group- 
ing the  stars  according  to  spectral  type  and  for  each  type  dividing 
them  into  two  groups  of  different  absolute  magnitudes. 

COMPUTATION   OF   THE   VELOCITY-COMPONENTS 

The  three  co-ordinates  of  a  star  relative  to  the  sun  and  referred 
to  the  equatorial  system  are 

S=jC>  cos  a  cos  5  ;     H=Z>  sin  a  cos  5  ;     Z  =  Z>sin5, 

where  a  and  5  are  the  right  ascension  and  declination  of  the  star 
and  D  its  distance  from  the  sun  in  kilometers.  Differentiating 
these  equations  with  respect  to  the  time,  we  obtain  the  three 
velocity-components  in  the  equatorial  system  relative  to  the  sun : 

f  =  -^=  V  COS  a  cos  5 ()Ua  sin  a  cos  5+/i5  cos  a  sin  5) 

at  TV 


ri  =  ——=  V  sin  a  cos  b-{-    (jUa  cos  a  cos  b— jjls  sin  a  sin  5) 
at  IT 

.     dTi     .J.    .    .  .  k 
f=^-=  F  sin  5+"  ixh  cos  5 

at  TV 


(i) 


where  V  is  the  radial  velocity  relative  to  the  sun,  ju^  and  ms  are 
the  proper  motions  in  right  ascension  and  declination  expressed  in 
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seconds  of  arc  per  year,  tt  is  the  parallax,  and  k  is  the  mean  distance 
earth-sun  in  kilometers  divided  by  the  number  of  seconds  in  a 
year.     We  have  thus  ^  =4 .  737  km  year/sec. 

The  proper  motions  have  been  taken  from  Boss's  Catalogue 
and  corrected  accordinof  to  the  formula:^ 


^Ma=  +o!ooo2i  —  o^ooois  sin  a  tan  8 
Afji's'=  —  o''oo23  cos  a 

For  stars  not  in  the  Boss  Catalogue  the  proper  motions  have  in 
most  cases  been  taken  from  the  Publications  of  the  Cincinnati 
Observatory,  No.  18,  Part  IV,  and  in  some  cases,  proper  motions 
determined  at  Greenwich,  and  by  Kapteyn,  Roy,  and  others  have 
been  used.  The  radial  velocities  are  from  the  Hsts  published  by 
the  Lick,  Mount  Wilson,  Yerkes,  Cape,  and  other  observatories, 
and  in  addition  to  these,  use  has  been  made  of  a  large  number  of 
unpubHshed  radial  velocities  determined  at  the  Mount  Wilson 
Observatory.  The  spectroscopic  parallaxes  have  been  used  except 
in  a  few  cases  where  the  trigonometric  parallaxes  are  large  and 
well  determined. 

From  this  Hst  of  stars  of  known  parallax,  proper  motion,  and 
radial  velocity,  the  following  stars  have  been  omitted:  (i)  the 
fainter  components  of  binaries,  the  absolute  magnitude  used  being 
that  of  the  brighter  component;  (2)  stars  selected  for  observation 
on  account  of  small  proper  motion,  ninety-nine  such  stars  being 
omitted;  (3)  spectroscopic  binaries  with  large  variation  of  the 
radial  velocity  for  which  the  orbits  are  not  determined.  Many 
of  the  stars  were  of  course  selected  for  observation  originally  on 
account  of  large  proper  motion,  but  as  this  selection  is  mainly  a 
selection  of  near  and  thus  absolutely  faint  stars  which  have  been 
treated  separately,  no  omission  is  made  for  this  reason.  The 
inclusion  of  a  large  number  of  stars  of  large  proper  motion  produces, 
however,  an  excess  of  stars  of  high  speed  among  the  giant  stars. 

SOLAR  MOTION 

If  we  form  the  means  of  the  three  velocity-components  ^,  77,  and  ^ 
for  a  group  of  stars,  we  obtain  the  velocity  of  the  "centroid"  of 

'  Op.  cit.,  p.  xxviii. 
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this  group  of  stars  relative  to  the  sun.  The  opposite  vector  is 
the  velocity  of  the  sun  relative  to  this  centroid.  The  polar  co- 
ordinates of  this  vector  are  given  by  the  equations : 


Vo  cos  Ao  cos  Z>o=  —  ^ 
Vo  sin  Aq  cos  Do=  —rj 
Vo  sin  Do  =—f 


(2) 


where  Ao  and  Do  are  the  right  ascension  and  declination  of  the  sun's 
apex  and  Vo  is  the  solar  velocity.  Table  I  gives  the  results  of  this 
computation  for  different  spectral  types  and  absolute  magnitudes. 
In  this  case  all  stars  with  a  space- velocity  higher  than  100  km  have 
been  omitted. 

TABLE  I 


Spectral  Type 


A6  toFg. 
Go  to  Gg 
Kg  to  K9 

M 

A6  to  M . 
A6  to  M . 


Absolute 
Magnitude 


<3.0 


1^3-1 
\>4.i 


/<4.o 
l>6.o 


Giants 
Dwarfs 


Number 

Ac 

Do 

153 

269° 

+  27° 

^33 

274 

+35 

224 

266 

+32 

154 

279 

+  23 

325 

282 

+43 

112 

286 

+31 

98 

271 

+44 

16 

354: 

-F68: 

800 

272.7 

+36.9 

415 

280.8 

+29-5 

V. 


21  .2 

23-4 

19.9 

40.  2 

18.3 

33-^ 

16.  2 
26.6: 

18.8 
31-7 


From  Table  I  we  see  that  for  the  giant  stars  the  declination  of 
the  sun's  apex  shows  a  steady  increase  from  -1-27°  to  +-44°,  which 
is  in  agreement  with  the  results  of  several  investigators  who  have 
determined  its  value  from  proper  motions.  This  increase  of  the 
declination  of  the  sun's  apex  with  advancing  spectral  type  was 
found  by  Dyson  and  Thackeray'  to  be  especially  pronounced 
among  the  faint  stars  in  the  zone  -1-24°  to  +32°,  and  was  attributed 
by  them  to  an  increase  in  the  proportion  of  stars  belonging  to  the 
second  stream  among  stars  of  later  types.     That  this  explanation 
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is  in  agreement  with  the  results  obtained  in  the  present  investigation 
will  be  seen  later. 

Another  conclusion  to  be  drawn  from  Table  I  is  that  the  dwarf 
stars  apparently  show  a  higher  velocity  for  the  sun  than  the  giant 
stars.  This  result  seems  to  explain  the  pecuHar  fact  that  the 
velocity  of  the  sun  as  determined  from  the  Mount  Wilson  radial 
velocities  is  somewhat  larger  than  the  original  values  of  Campbell. 
The  proportion  of  faint  stars  of  large  proper  motion  measured  for 
radial  velocity,  most  of  which  are  dwarf  stars,  is  fairly  large 
among  the  stars  observed  at  the  Mount  Wilson  Observatory. 

This  increase  in  the  velocity  of  the  sun  is  especially  marked  if 
we  group  the  stars  according  to  space- velocity.  This  velocity, 
V,  corrected  for  a  standard  solar  motion  of  20  km  toward  the  point 
0  =  270°,  5  =  +30°,  has  been  computed  for  each  star  according  to 
the  formula 

Grouping  the  stars  according  to  this  space-velocity,  v,  and  com- 
puting the  solar  motion  for  each  group,  we  find  a  very  great  in- 
crease of  the  sun's  motion  with  increasing  space- velocity  of  the  stars 
(Table  II).  This  indicates  that  the  stars  of  high  velocity  have  a 
systematic  motion  opposite  to  the  sun's  motion,  a  result  which 
was  found  by  Adams  and  Joy^  from  a  study  of  the  space  motion  of 
thirty-seven  stars  of  large  radial  velocity. 

TABLE  II 


V 

No. 

^0 

D. 

Vo 

km 

0  to    60 

60  to  100 

1026 

210 

50 

37 

272?! 

295-4 
288.9 

313-1 

+  29°S 
+43-4 
-t-38.6 

+  53-8 

km 
20.6 

36.3 

75-7 

209.1 

100  to  150 

>i50 

DISTRIBUTION   OF   VELOCITIES 


The  solar  motion  is  only  one  of  a  large  number  of  characteristics 
which  determine  the  general  distribution  of  the  velocities.     To 

^  Ml.  Wilson  Contr.,  No.  163;   Astrophysical  Journal,  49,  179,  1919. 
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describe  this  distribution  we  may  think  of  a  certain  number  of 
stars  starting  at  the  same  moment  from  a  common  origin  with 
velocities  equal  and  parallel  to  their  velocities  in  space.  After  one 
second  they  will  have  spread  out  into  a  cluster,  the  mean  density 
of  which  at  a  certain  point  is  proportional  to  the  probability  that  a 
star  of  this  group  has  the  velocity  corresponding  to  the  point  in 
question.  In  studying  this  distribution  two  different  types  of 
frequency-functions  have  been  used,  viz.,  those  based  upon  the 
two-drift  theory  of  Kapteyn  and  the  ellipsoidal  theory  of  Schwarz- 
schild.  In  order  to  make  an  inductive  study  of  the  distribution  of 
the  velocity-vectors  without  restricting  ourselves  to  a  special 
frequency-function,  a  more  general  type  of  function  has .  to  be 
used.  One  such  function  has  been  introduced  by  Charlier^  for  a 
"unitary  statistical  population"  with  three  variables.  The  prac- 
tical appHcation  of  this  function,  however,  requires  the  use  of 
moments  of  high  order,  and  this  necessarily  gives  the  stars  of  high 
velocity  a  much  higher  weight  in  the  determination  of  the  constants 
of  the  function  than  stars  of  low  velocity.  In  the  present  case  we 
are  dealing  with  fairly  small  groups  of  stars  and,  on  account  of  the 
selection  of  stars  of  large  proper  motion,  too  great  a  proportion  of 
stars  of  high  speed  has  probably  been  included.  Hence  it  is  espe- 
cially important,  at  least  when  dealing  with  linear  velocities,  to 
use  a  function,  the  constants  of  which  can  be  determined  directly 
from  the  numbers  of  stars  whose  velocity-vectors  he  between 
certain  limits.  To  obtain  the  general  character  of  the  distribution 
of  the  velocities,  we  need,  therefore,  a  general  interpolation  formula 
in  three  dimensions  which  can  easily  be  integrated  and  whose 
constants  can  be  determined  simply  from  the  integrated  function. 
For  this  purpose  use  has  been  made  of  a  three-dimensional  cosine- 
series  with  the  origin  in  the  center  of  the  limiting  planes.  Such  a 
series  can  be  written 


F{xyz)  =  ao-\-aioo  sin  a-|-aoio  sin  /3-|-Oooi  sin  7-f  O200  cos  2a-|-Oiio  sin  a  sin  /3 ' 
-f-Cioi  sin  a  sin  7-f-Oo2o  cos  2j3-|-aoii  sin  )3  sin  7-faoo2  cos  27 
-I-O300  sin  3a-|-a2io  cos  2a  sin  |8-(-a2oi  cos  2a  sin  7-|-cfi2o  sin  a  cos  2/3 
+fliii  sin  a  sin  /3  sin  y-\- 

'  Meddelanden  fran  Lunds  Observatorium,  Serie  II,  No.  9,  p.  79,  1913. 
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where 

Xir  -      VTT  stt 

a  =  — ,       P  =  ^—,       7  =  — • 
2Ct  2C2  2Cj 

The  six  Kmitmg  planes  are  x==i=Ci,  y==^C2,  2=  =^Cy  The  three 
angles  a,  0,  and  7  vary  between  the  limits  —t/2  and  +7r/2.  The 
only  assumptions  made  in  using  this  frequency-function  are  that 
the  number  of  velocity-vectors  terminating  in  a  cube  dx  dy  dz 
varies  continuously  with  x,  y,  and  z,  and  that 

dF  dF  ,    dF         , 

-^—  =  0,     -T-  =  o,     and     -,—  =  0     for    x=  =tc, ,     v=^C2,    z=^c,, 

dx  dy  dz 

respectively. 

The  disadvantages  of  this  function  are  that  we  must  use  a  very 
large  number  of  terms,  and  even  then  it  may  not  be  possible  to 
represent  the  more  rapid  changes  of  the  mean  density  of  the  velocity- 
cluster.  The  function  is  characterized  by  a  large  number  of 
coefl&cients,  and  it  is  necessary  to  plot  it  graphically  in  order  to 
gain  an  idea  of  its  general  character.  It  is,  however,  a  convenient 
means  for  obtaining  some  information  about  the  actual  distribution 
of  velocities,  from  which  we  can  afterward  decide  what  t>^e  of 
theoretical  frequency-function  can  best  be  adopted. 

The  number  of  velocity-vectors  of  a  group  of  stars  terminating 
in  a  cube  dx  dy  dz  is  expressed  by 

F{xyz)  dx  dy  dz . 

Integrating  this  function  between  the  limits  Xi,  x^;  yi,  yi',  Zi,  22, 
we  find 


Jx'  Jy'  J^t 


F(xyz)dxdydz  =  A{Ao-\-Aioo  sin  a-f-^oio  sin  /3+.4ooi  sin  7 

4-.-I200  cos  2a-\-Aiio  sin  a  sin  3+^ioi  sin  a  sin  7 

+^020  cos  2^-|-^oii  sin^  sin7-f-/loo2  cos  27-!- .4 300  sin  3a 

-\-A210  cos  2a.  sin  JS-I-  .  .  .  .) 


(4) 
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where 

A  =  {x. — -Vi)  {y2 — y^)  (s2 — Si) . 

d  =  1(01+02)  =  — {X1+X2) 

TT 

7=1(71+72)  =  — (si+22) 

.    lAa 

sm  — 

h=--^,~i ;     Aa=a2— ai  =  — (Xj  — :Ci) 

2 

.    wA/3 
sm 

2 

.    «A7 
sm 

2  TT 

kn=  .  >      A7=7,-7x  =  -7(S2-Si)  . 

WA7  2C3 


As  the  unit  of  volume,  we  have  for  convenience  used  1000  km^; 
thus  we  have  to  replace  the  A  just  given  by 

O  .  001  (X.—  Xi)  (^2—  A'l)  (S2  —  Si) . 

Starting  with  a  group  of  N  stars  of  a  certain  range  in  spectral 
type  and  absolute  magnitude,  we  can  compute  how  many  rectilinear 
velocity-components  fall  inside  a  parallelopiped  inclosed  by  the 
planes  x  =  Xi;  x  =  X2;  y  =  yi;  y^J^',  s  =  Zi;  2  =  22.  If  A^  is  the 
total  number  of  stars  in  the  group  and  n  is  the  number  of  velocity- 
vectors  terminating  inside  this  parallelopiped,  we  have  equations  of 
condition  of  the  form 

TV  I       I       I    F{xyz)dxdy  dz  =  NA{A^-\-A-,no^^'cva. 

Jx,    Jy,    Jz,  _ 

+.loiosin/3+  .  .  .  .)  =  ».     (s) 
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The  computation  of  the  constants  of  the  series  is  very  much 
faciUtated  by  dividing  the  distances  — c,  to  +Ci,  — C2  to  +C2,  —c^  to 
+^3  into  pi,  p2,  and  p^  equal  parts,  respectively,  the  p's  being  even 
numbers. 

The  solution  of  the  equations  of  condition  (5)  is  then  simphtied 
by    the    relationships 

2  sin-  d=w  cos-  2d=w  sin^  3d=I2  cos^  4a,  etc.=  - 


-  P2 

S  sin^  /3=S  cos^  2/3=2  sin^  3/3=2  cos^  4/3,  etc.  =  - 

.      -  -  Pi 

2  sin'  7=2  cos'  27=2  sin'  37=2  cos'  47,  etc.  =  — 


(6) 


All  the  products  in  the  least-squares  solution  vanish,  and  we  have, 
for  example, 

,r  .  .         2«  -^  .  ,         22»  sin  d       ..  .  ,         22m  cos  2d 

NAAo  =  —-rr,    NAAioo=    ^^^      ,    NAA^,o=      .  .. — , 
pip2pi  Pip2p3  Pip2p3 

,^ ,  ,        82w  sin  d  sin  ^  sin  7       ,^  .  .         82w  cos  2d  sin  3^  sin  7 

Pip2pi  Plp2pi 

When  the  coefficients  yl;,„„  have  been  determined,  the  coefficients 
ai„„  are  found  from  the  equation 

The  total  number  of  stars  in  the  group  has  been  reduced  to  1000, 
and  the  series  i^  =  ao-+-fl^ioo  sin  a-f  aoio  sin  /3  ....  ,  gives  us  then  the 
number  of  velocity- vectors  terminating  in  a  cube  of  10  km  on  the 
edge,  the  center  of  which  is  in  the  point  x,  y,  z. 

The  fact  that  the  motions  of  the  stars  are  related  to  the  plane 
of  the  galaxy  makes  it  convenient  to  use  galactic  co-ordinates 
instead  of  equatorial.  In  order  to  have  the  origin  near  the  center 
of  the  distribution,  we  have  corrected  all  velocities  for  a  standard 
solar  motion  of  20  km  toward  the  point  ^10  =  270°,  Do  =+30°. 
The  pole  of  the  galaxy  is  supposed  to  have  the  position  a  =  i90?6, 
5  =  -f  2  7  ?  2  (Kapte>Ti) . 
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If  X,  y,  and  z  denote  the  galactic  co-ordinates,  we  have  the 
following  equations  of  transformation: 


x=+o.i85  ^-0.983  77+17.0 
>'=+o.449  ^+0.084  77+0.889  r+7.4 
s=-o.874  ^-0.164  77+0.457  f+7.4 


(7) 


All  constants  derived  from  the  frequency-functions  are  given  in 
this  system  of  co-ordinates.  They  can  readily  be  converted  into 
equatorial  co-ordinates  relative  to  the  sun  by  aid  of  the  equations 


^=v  cos  a  cos  5=+o.  185X+0. 4493'— 0.8743 

'q  =  v  sin  a  cos  5=  —  0.983X+0.084V— o.  1642+17. 3 

^= I)  sin  5  =  +o.889_>'+o.457s— lo.o 


(8) 


In  Table  III  are  given  some  data  for  the  six  different  groups  for 
which  the  coefficients  in  the  series  have  been  computed.  The 
first  two  of  these  groups  are  overlapping.  All  terms  up  to  the 
sixth  order  have  been  computed  and  in  some  cases  terms  of  an  even 
higher  order.     The  total  number  of  stars  is  in  all  cases  reduced  to 

TABLE  III 


Spectrum 

Absolute  magnitude 

Ci 

C2 


Group 


I 


Number  of  stars. .  .  . 
Number  within  limits 
Taurus  stars  omitted 


A6  to  F9 
o.ot05.5 

40 

30 

30 

278 

174 
9 


II 


Fo  to  G5 

<2.9 

40 

30 

30 

197 

148 
4 


III 


G6  to  Ki 

^3-9 

60 

60 

60 

252 

231 

5 


IV 


K2  to  K9 

;^3-9 
60 
60 
60 

220 

205 

o 


V 


Ma  to  JVId 

<3 

60 
60 
60 

IIS 

108 

o 


VI 


GotoM 
>3.o 
160 
160 
160 

343 

340 

o 


1000,  and  the  unit  of  volume  is  1000  km^  The  most  frequent 
velocity  corresponds  to  the  point  of  highest  density  in  the  velocity- 
cluster,  and  such  a  point  is  inclosed  by  non-intersecting  surfaces  of 
equal  density.  The  intersections  of  these  equi-frequential  surfaces 
with  any  plane  are  closed  curves  surrounding  the  point  or  points 
of  highest  density. 
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In  Figures  i  to  6  are  shown  the  intersections  of  the  surfaces  of 
equal  frequency  with  the  x>'-plane  (galactic  plane)  and  the  xs-plane. 
The  :t:-axis  is  directed  toward  the  intersection  of  the  galactic  plane 
with  the  equator  (in  Aquila).  The  velocity  of  the  sun  in  this 
system  of  co-ordinates  has   the  components    +17.0,    -f-7.4,   and 


-■40        -iO  -JO  -10 


tzo  'ZO 


-40       -30        -20         -10 


♦  10        ^ZO        +30        ♦40 


-40        -30         -20         -10 


»I0         tZO        +30         '40 


-40        -JO        -20        -10  2         *\0        ■»20       ^30       tAO 


-40       -30        -20        -10  Z         »10        ■•20        '30       »40 


«30         '30 


•»20         tZO 


■MO        tZO       t30       *A0 

A6to  f9;M  =  0.oto5.5 
Fig.  I 


♦30 


♦20 


■■40         -30  -20  -10 

ro  To  G5 


»I0  +20        fiO         ^40 

Mi   2£> 


Fig.  2 


-f  7.4  km,  and  is  denoted  by  the  symbol  O.  The  recognized  mem- 
bers of  the  Taurus  stream  were  omitted  in  the  computation  but  are 
marked  in  the  diagram  by  crosses.  The  dots  in  the  diagrams 
represent  the  velocities  of  those  stars  whose  velocity-components 
perpendicular  to  the  plane  of  projection  are  small,  the  limits  in 
Figures  i  and  2  being  =>=  10  km  and  in  Figures  3  to  5,  =±=20  km.  For 
the  dwarf  stars  in  Figure  6  the  projections  in  the  xy-  and  :\;z-planes 
of  the  velocities  of  all  the  stars  are  given. 
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-bO         -50-       -40         -30         -20  -10  Y  ♦lO         »20        i-SO        »40        +50         *hO 


-60 


-60       -50       -40       -30       -20        -10  -HO        t20       t30       t40       *50        t60 
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A  study  of  the  diagrams  in  figures  i  to  6  and  the  series  upon 
which  they  are  based  leads  to  the  following  conclusions : 

1.  The  giant  stars  of  all  types  form  a  single  "group"  with  an 
approximately  ellipsoidal  distribution,  the  longest  and  the  inter- 
mediate axes  in  all  cases  lying  very  nearly  in  the  galactic  plane 
and  coinciding  approximately  with  the  x-  and  ^/-axes.  The  shortest 
axis  is  nearly  perpendicular  to  the  galactic  plane.  The  elongation 
of  the  ellipsoids  is  largest  for  the  bright  F  stars  and  decreases  for 
later  t}pes,  the  distribution  being  nearly  spherical  for  the  later 
K  and  the  M  stars. 

2.  The  spread  of  the  velocity-cluster  increases  with  advancing 
spectral  t}'pe  and  is  much  larger  for  the  dwarf  stars  than  for  the 
giant  stars. 

3.  The  most  frequent  velocity  does  not  coincide  with  the  origin 
but  lies  for  all  the  groups  of  giant  stars  in  the  first  quadrant  of  the 
x3'-plane  and  has  the  approximate  values,  x=+5.8,  ^=+2.7, 
c  =  +  i.7  km.  Relative  to  the  sun  this  velocity  is  13.4  km  toward 
the  point  a  =  86°,  5=  —31°. 

4.  If  we  exclude  the  very  brightest  F  stars,  many  of  which  are 
Cepheid  variables  and  stars  of  similar  spectra,  and  take  together 
stars  of  t}^es  A6  to  F9,  absolute  magnitude  o  to  5.5,  we  find 
that  these  stars  divide  themselves  into  two  streams.  One  of  these 
coincides  with  the  general  group  of  giant  stars,  as  can  be  seen 
from  the  agreement  of  its  condensation  point  with  that  of  the 
giant  stars  of  other  spectral  types,  while  the  other  stream  moves 
nearly  parallel  to  the  Taurus  group.  This  latter  stream  comprises 
about  20  per  cent  of  the  ordinary  stars  of  F  type  and  its  existence 
seems  to  indicate  that  a  large  number  of  stars  of  this  spectral  t>^e 
in  all  regions  of  the  sky  are  traveling  with  a  velocity  nearly  identical 
with  that  of  the  Taurus  group.  Even  among  the  brighter  F  stars, 
as  well- as  among  the  G-tj'pe  giants,  the  presence  of  members  of  this 
group  is  indicated  by  the  protruding  form  of  the  equi-frequential 
surfaces  in  this  region.  This  stream  might  be  identified  with 
Kapteyn's  first  drift,  although  the  galactic  latitude  is  not  quite  zero. 

5.  The  dwarf  stars,  among  which  have  been  included  stars  of 
spectral  types  Go  to  M  of  absolute  magnitude  fainter  than  3.0, 
seem  to  form  a  group  of  their  own  as  regards  their  motions.     The 
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distribution  of  the  velocities  is  ellipsoidal,  with  the  major  axis 
forming  an  angle  of  about  160°  with  the  x-axis.  The  most  frequent 
velocity  is  approximately  x=— 19,  v=— 2.  s=+ikm,  which 
nearly  coincides  with  Kapteyn's  first  drift,  while  his  second  drift 
has  been  swallowed  up  by  the  elKpsoidal  stream  of  giant  stars. 

6.  There  is  a  very  marked  as>Tnmetry  in  the  distribution  of  the 
velocities  around  the  most  frequent  velocity-vector.  The  stars 
of  high  velocity  show  a  tendency  to  avoid  the  first  quadrant  of  the 
:>;y-plane.  This  produces  a  difference  between  the  most  frequent 
velocity  and  the  mean  velocity.  The  latter  nearly  coincides  with 
the  origin  if  the  stars  of  very  high  speed  are  omitted,  as  was  shown 
in  the  values  for  the  solar  motion  given  before.  That  this  asym- 
metry is  not  due  to  any  selection  of  stars  of  large  proper  motion 
mo\'ing  opposite  to  the  sun  is  shown  by  a  study  of  the  velocity- 
distribution  of  stars  having  very  high  speeds.  In  the  diagram  in 
Figure  7  are  plotted  the  projections  in  the  a:y-plane  of  the  velocities 
of  the  stars  ha\dng  space  motions  larger  than  100  km  relative  to  the 
origin.  The  effect  of  the  selection  of  large  proper  motions  relative 
to  the  sun  instead  of  to  our  adopted  origin  is  then  insignificant,  and 
we  find  that,  whatever  the  spectral  type  or  the  absolute  magnitude, 
if  the  velocity  of  a  star  is  great  there  is  an  avoidance  of  the  first 
quadrant  of  the  icy-plane.'  No  star  of  speed  higher  than  100  km 
is  moving  in  this  direction,  a  result  in  agreement  with  that  found 
by  Adams  and  Joy^  for  stars  of  high  radial  velocity. 

Different  methods  can  be  employed  to  obtain  the  constants 
of  the  frequency-functions.  For  all  groups  of  stars  except  Group  I 
we  may  use  the  ellipsoidal  theory  to  represent  approximately  the 
distribution.  We  then  disregard  the  asymmetry  already  alluded 
to  and  the  excess  of  stars  of  high  velocity  which  has  been  found  to 
exist  when  a  comparison  is  made  with  the  distribution  of  velocities 
as  given  by  Maxwell's  law.^    The  first  method  was  to  use  the 

'  Dr.  Merrill  has  called  my  attention  to  the  fact  that  this  asymmetry'  in  the  motion 
of  stars  of  high  velocity  is  also  indicated  by  the  high  value  of  the  solar  motion  as 
derived  from  Md  stars  and  bright-line  nebulae.  The  former  have  a  residual  radial 
velocity  of  31  km  and  give  a  velocity  of  the  sun  of  56  km  (P.  W.  Merrill,  Popular 
Astronomy,  29,  637,  192 1).  The  latter  have  a  residual  radial  velocity  of  30  km  and 
give  a  velocity  of  the  sun  of  29  km  (Lick  Observatory  Publication,  13). 

'  Loc.  oil.  ^Mt.  Wilson  Contr.,  No.  210;  Astrophysical  Journal,  54,  9,  192 1. 
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trigonometric  series  already  determined,  and  from  the  coefficients 
to  derive  the  moments  of  first  and  second  order.  We  thus  diminish 
to  a  large  extent  the  elTect  of  the  higher  velocities,  although  in  a 
somewhat  arbitrary  way. 

The  values  of  x,  y,  z,  x',  yx,  etc.,  can  be  found  from  the  relations 


kx^y"'z"=  I       I       I     x''y"*z'*F{xyz)dxdydz 
j       I     F{xyz)dxdzdy 
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From  the  trigonometric  series  we  find 


ir^_ 


Qym  I   O500 


t*ooo        X  —  «ioo  r '      "I 

4Cx  9       25 


TT     — Q030    I    ^050 

O/OOQ  y ^010  I 

4C2  9       25 


■« ^003   I    flpos 

flooo  Z  —  Qooi  r " 


a, 


1    /  \ ^noo 


n-i  f, 


w- 


4C3 


9       25 


.+(-!)- 


oon 
2 


n 


0^- 


f= 


3        floooTT^ 

d       8f^ 


^200  O4OO 


2^ 


"4""    I 


+  (-l) 


"  I     n 


W*' 


3        OoooTT 

8c^ 


-^ — 7+  •  •  ■  +(-I)^    - 

2^  4^ 


vr 


i=='i 


flo02         0^004    I 


+( 


l6CiC: 


x>'=ai 


3         OoooTT 

Q310       ^130  I    Osio  I   ^330   I   ^150 


-1)2        -T 


9    9    25   81   25 


m-\-n 


-lO't, 


^  XZ      flioi 

16C1C3  9 

floooTT" 


^301        Q'103    I    ^soi    I    O303   ,    Qias 


m+n 


16C2C3 


yz  =  aoii— 


9       25      81      25 

^031       O033   .    <Zosi   1    ^033   ,    <Iois     I 

9         0        2^       81       2^ 


+  (-!)— 


-iO» 


m+n 


+  (-l)~ 


(10) 


From  these  moments  we  can  determine  the  axes  upon  which  we 
have  to  project  the  velocity-components  in  order  to  make  the  sum 
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of  the  squares  of  the  projected  velocities  a  maximum  or  a  minimum. 
We  thus  obtain  the  principal  axes  of  the  velocity-ellipsoids,  except 
for  the  effect  of  the  stars  outside  the  planes  =^Ci,  ^c^,  and  =^^3, 
which  have  been  omitted.  We  should  expect  in  this  case  to  find 
the  length  of  the  axes  somewhat  smaller  than  if  they  had  been 
computed  directly  from  all  the  velocity-components.  On  the 
other  hand,  the  directions  of  the  axes  can  be  determined  with 


TABLE  IV 

Constants  of  Velocity-Ellipsoids  as  Computed  from  ^Moments 
AND  Referred  to  the  Galactic  Co-ordinate  System 
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higher  accuracy  than  if  the  high-velocity  stars  had  been  included. 
In  Table  IV  are  given  the  co-ordinates  of  the  centroid  as  computed 
from  the  trigonometric  series.  For  comparison  the  co-ordinates 
of  the  centroid  computed  directly  from  the  velocity-components 
are  added,  as  well  as  the  co-ordinates  of  the  axes  of  the  velocity- 
ellipsoids.     All  of  these  results  are  in  galactic  co-ordinates. 

The  moments,  however,  are  affected  to  an  unequal  extent  by 
small  changes  in  the  larger  and  smaller  velocities,  and  furthermore 
we  have  arbitrarily  omitted  stars  of  high  velocity.  This  effect 
may  be  quite  appreciable  since  we  have  reason  to  expect  an  excess 
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of  stars  of  high  velocity  compared  with  elUpsoidal  distribution,  and 
the  influence  of  the  asymmetry  of  the  distribution  may  not  be 
ehminated  properly.  Accordingly  another  method  has  been  used 
which  gives  the  constants  of  the  ellipsoidal  distribution  directly 
from  the  observed  number  of  velocity-components  of  definite  size. 
Starting  from  approximate  values  of  the  constants  of  the  function, 
we  can  compute  corrections  to  these  values  from  the  differences 
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Fig.  7. — Projection  on  galactic  plane  of  v^elocities  of  stars  having  speeds  greater 
than  loo  km  per  second. 

between  the  observed  and  the  computed  number  of  velocity- 
vectors  terminating  in  different  regions  of  space.  In  order  to 
simplify  conditions  we  have  to  start  from  axes  of  co-ordinates  which 
nearly  coincide  with  the  prmcipal  axes  of  the  velocity-ellipsoids. 
We  assume  the  following  form  for  the  frequency-function: 

F{x)dx  dy  dz  =  Ke -^  dx  dy  dz;    6'  =  h\^'+hlt+h]^' . 
Integrating  between  infinite  limits,  we  have  for  a  total  of  looo  stars 
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Thus 

„     1000  //,//,/?, 
K=- 


ir 


3/2 


The  equation  of  the  velocit)-ellipsoid  of  Schwarzschild  is  then 


a^     0^     c^ 


and  for  the  axes  of  the  eUipsoid,  in  other  words,  the  dispersion  (mean 
square  de\'iation)  along  the  principal  axes,  we  have 


a= — r^ ,      0  = 


We  shall  assume  that  the  axes  of  the  system  of  co-ordinates  are 
approximately  parallel  to  the  principal  axes  of  the  ellipsoids.  This 
assumption  can  be  made  in  all  cases  except  for  the  dwarf  stars. 
For  these  a  recomputation  of  the  distribution  has  been  made 
relative  to  another  co-ordinate  system  turned  through  an  angle  of 
—  24°  about  the  s-axis. 

The  co-ordinates  ^,  77,  f  in  the  system  of  co-ordinates  which 
corresponds  to  the  principal  axes  of  the  ellipsoids  and  the  center  of 
which  coincides  with  the  center  of  the  ellipsoids  are  connected 
with  the  co-ordinate  system  used  previously  by  the  equations 


^  =  Oi  (a-  —  .Vo)  -i-  a.  {y — Jo)  +  ttj  (s  —  2o) 
77  =  /3x(r»:-Xo)  +  i82(>'-Vo)+ft(2-2o) 
7=7i(a:-Xo)  +  72(3'-,Vo)  +  T3(z-Zo) 


(11) 


Xo,  To.  and  So  here  denote  the  co-ordinates  of  the   center  of  the 
eUipsoid;  aj,  a2,  and  a^,  the  direction  cosines  for  the  ^-axis,  etc. 

Assuming  approximate  value  of  Aj,  /fj,  h^,Xo,  Vo.  So  and  ai  =  /32  = 
73= +1;  a2  =  a3  =  /3i  =  iS3  =  7i  =  72  =  o,  we  can  compute  the  number 
of  velocity-vectors  that  terminate  in  a  parallelopiped  limited  by  the 
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six  planes  oc^,  X2;  ji,  ji',  z^^  Z2,  a^s  well  as  its  deri\'atives  with  regard 
to  the  constants  of  the  frequency-function.  If  w^  is  this  number, 
we  have 

no=K\    e-h'i'd^  I  \->'Wdri  j    'e-f'Td^ 
Ji'  Jv  Ji^ 

=  i25ea,^.)e(77:77,)e(r:f.)   (12) 

where 

e(^x|.)  =  -7=  e-m  ;    9(17,1?,)  =  —=  e-'-dt ; 

e(rif.)=--=      e-'-dt. 

The  orientation  of  the  elhpsoid  can  be  determined  by  three 
independent  quantities  L^,  Bi,  and  B2,  of  which  Li  and  Bj  are  the 
galactic  longitude  and  latitude  of  the  ^-axis  and  B2  the  galactic 
latitude  of  the  77-axis.  These  are  all  supposed  to  be  fairly  small 
quantities  and  correspond  to  small  rotations  about  the  z-,  y-,  and 
ic-axis,  respectively. 

The  equations  of  conditions  then  take  the  form 


dn  dn  dn  ^,    .  dn  ^      .  dn  ^      ,  dn  ^ 

ahx  dtii  an^  dXo  dy^  dSo 


dn  dn  dn 

—  ii+^77  Bi+y^  B2+ncK=no—nc 


(13) 


dL,      '  dB,'  '  dB2 


The  observed  number  iio  is  reduced  to  a  total  of  1000  stars. 
Since  we  wish  to  determine  the  constants  of  the  function  from 
the  distribution  of  velocities  within  a  limited  space,  and  do  not 
wish  to  impose  the  condition  that  the  number  of  stars  of  very 
high  velocity  is  in  exact  agreement  with  the  assumed  distribution- 
law,  we  add  the  term  HcK. 

The  expressions  for  the  derivatives  have  been  found  to  be  the 
following : 
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dhi         Virhr 


dn 
dh] 


250 


^■Kh-. 


e(^:?.)4>(7,.77,)e(f,r.) 


^=--^-ea.miv^v.mu.) 


dk 


V  irh. 


dXo     y  TT 
djo      Vtt 


dn  _2<,ohi 

dzo       1 '  TT 

dn      250(^2— /?i) 


dL^ 


irhihi 


e(^x^a)e(7,,7/,)^(f,ra) 


</w  _25o(A3— /?2) 


e(ex?3)^(r?x^2)^(rir.) 


(/^a  7r^2/'3 


where  ^i,  ^2,  "Hi,  etc.,  are  determined  by  equation  (11).  Using 
the  products  of  the  functions  9,  <l>,  and  ^  as  coefficients,  we  secure 
a  homogeneous  set  of  equations  of  condition. 

The  distribution  of  velocities  for  Group  I  cannot  be  represented 
even  approximately  by  an  ellipsoidal  frequency-function.     In  this 


(14) 
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case  the  sum  of  one  ellipsoidal  and  one  spherical  frequency-function 
has  been  used,  viz. : 

^(^72)  =  ixKe-^-{-  (i  -  fji)Ke-i''['''-<)'+b-yl)'+iz-zi)'] 

fx/{i—ix)  is  the  relative  proportion  of  stars  belonging  to  ellipsoidal 
and  to  the  spherical  stream. 

The  new  derivatives  in  this  case  are 


dN,^_  2Nj  \^{x\x\)     ^{y\y\)     ^{z^z",) 

xi=x—xl,    y\=y—yl,    etc. 
^=N,-N2,    n=nc=fiNr+(i-n)N2 

^  =  ^^(x]xl)eiy]yl)e{zlzl),  etc. 

uXq        \/  Tj- 


We  have  then 

~dN,  ^.      dN,  ^,.  ,dN 

+  ^^  -  ^^  idh    ^^+^  ^^°+^  ^'^'"+^  ^^°J 


:^ 


The  results  of  this  computation  are  given  in  Table  V.  The  probable 
errors  in  each  case  are  given  below  the  corresponding  numerical 
values.  According  to  the  usual  convention,  that  direction  of  the 
major  axis  is  given  which  most  nearly  corresponds  to  180°  of 
galactic  longitude  in  order  to  be  comparable  with  Kapteyn's 
first  stream.  The  dispersion  along  the  two  shortest  axes  in  several 
cases  is  so  nearly  the  same  that  only  the  direction  of  the  major 
axis  can  be  well  determined. 
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The  elements  of  the  spherical  stream  of  Group  I  are  found  to  be. 

.Vo  =  —  3 1 . 1  ±  1 . 4  km 

So=+  3.0^0.7 

a= — ^-=8. 1  ±0.  s 
1    2I1 

I  — M  =  o.  185  ±0.028. 

Relative  to  the  sun  and  in  the  equatorial  system  of  co-ordinates, 
this  condensation-point  has  the  co-ordinates 

a  =  92?3,         5=+4?9,         v^ 48. -J  km 

Boss's  value^  for  the  convergent  point  of  the  Taurus  group  is 

a  =  9i?8,         5=+6?9,        i'  =  45.6km. 

We  can  thus  identify  this  stream,  which  is  superimposed  on  the 
general  elHpsoidal  distribution,  with  the  Taurus  stream,  although 
these  stars  are  scattered  all  over  the  sky.  The  percentage  of 
stars  belonging  to  this  general  Taurus  stream  is,  as  appears  from 
the  value  of  i— ^t,  18.5=^2.8  per  cent  of  the  stars  of  spectral  tj^e 
Ay  to  F9  and  absolute  magnitude  0.0  to  5.5.  If  we  include  in 
this  group  the  nine  recognized  members  of  the  Taurus  stream  which 
were  omitted  in  the  analysis,  we  find  that  22  per  cent  of  the  stars  of 
this  t}'pe  and  absolute  magnitude  belong  to  the  general  Taurus 
stream.  The  spread  corresponding  to  a  dispersion  of  8.1  km  is  no 
doubt  due  in  part  to  errors  in  the  quantities  involved,  but  may  also 
be  due  in  part  to  an  inherent  dispersion  of  the  velocities.  Attention 
may  be  called  to  the  fact  that  the  dispersion  of  the  velocities  of  the 
members  of  the  Taurus  stream  has  necessarily  been  estimated  too 
low  hitherto  because  of  the  selection  of  stars  whose  velocities  are 
ver^'  nearly  parallel.  Even  among  the  stars  of  type  G  there  are 
several  which  belong  to  this  general  Taurus  stream.     This  may  be 

'  L.  Boss,  Astronomical  Journal,  26,  31,  Xo.  604,  1908. 
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seen  from  the  form  of  the  equi-frequential  surfaces  as  well  as  from 
an  inspection  of  the  points  in  the  diagram. 

In  Table  VI  are  given  the  same  quantities  as  in  Table  V  but 
referred  to  the  equatorial  system  of  co-ordinates,  the  center  of 
the  elhpsoids  being  referred  to  the  sun. 


TABLE  VI 

Constants  of  the  Velocity-Ellipsoids  as  Computed  from  the 
Distribution  of  Velocity- Vectors  Referred  to  the  Sun 
and  to  the  equatorial  co-ordinate  system 


Group 

Center 

M.\JOR  .\xis 

Intermediate 
Axis 

Minor  Axis 

a 

5 

V 

a 

& 

a 

5 

a 

S 

I 

84  ?o 
88.0 
91.7 
98.7 
109.6 
102.4 

-37?7 
-340 

-36.7 
-3S-7 
-29-S 
—  24.6 

km 

IS-2 

14.2 

17. S 

16.8 
18.2 
37.4 

90?  2 

955 
104.8 

89.4 

105.7 

92.4 

+  l?7 
+  2.1 

4-  1.0 

-1-24.8 
+44.0 
-I-3I-I 

II 

30 

+71.7 

190. 1 

+18. 1 

ni 

IV 

V 

VI 

252.4 

-f-61.8 

181.6 

-  9-4 

If  we  take  the  vectors  opposite  to  those  given  in  columns  2-4 
of  Table  VI,  we  have  the  velocity  of  the  sun  referred  to  the  center  of 
the  velocity-ellipsoid.  For  the  giant  stars  this  velocity  is  appreci- 
ably smaller  than  the  velocity  of  the  sun  computed  from  the  mean 
velocity.  This  result  is  due  to  the  asymmetry  of  the  distribution 
of  the  velocities  taken  in  combination  with  the  different  weights 
given  different  stars  in  the  use  of  quantities  of  zero  order  (numbers) 
and  of  first  order  (means).  If  the  solar  motion  is  used  for  the  pur- 
pose of  computing  parallaxes  from  parallactic  motion,  the  velocity 
based  upon  the  means  of  the  components  should  be  employed. 

Another  consequence  of  this  asymmetry  is  that  the  most  fre- 
quent velocity  does  not  correspond  either  to  the  mean  velocity  or 
to  the  center  of  the  ellipsoidal  distribution.  From  the  diagrams 
we  can  easily  estimate  this  most  frequent  velocity  by  determining 
the  points  of  highest  density  of  the  general  frequency-function. 
In  Table  VII  these  values  are  given  both  in  galactic  rectilinear 
co-ordinates  relative  to  our  adopted  origin,  and  in  equatorial 
polar  co-ordinates  relative  to  the  sun. 
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TABLE  VII 

Most  Frequent  Velocity- Vectors 


Group 


X 

y 

= 

a 

a 

km 

km 

km 

+  9 

+3 

+5 

100° 

-33° 

+  6.1 

+  I.I 

+  1.9 

90.4 

-36.6 

+  6.0 

+4.9 

+0.4 

75-9 

—  24.6 

+  5.8 

+  2 . 2 

+  2.0 

88.6 

-32.2 

+  4.7 

+  1.0 

+3.4 

97-9 

-31.8 

—  ig.o 

—  2.0 

+  1.2 

98,8 

-17.4 

+  5.8 

+  2.7 

+  1.7 

86.2 

-30.8 

I 

II 

Ill 

IV 

V 

VI 

Giants  (II  to  V) 


km 

9 
13.7 
13.2 

13-5 
14.4 

37-7 
13-4 


SUMMARY 

The  three  components  of  the  velocities  of  about  1300  stars  of 
spectral  types  F  to  M  have  been  computed  from  the  proper  motions, 
radial  velocities,  and  parallaxes.  The  following  are  the  principal 
results  of  the  investigation : 

I.  The  solar  motion  as  derived  from  the  algebraic  means  of  the 
velocity-components  is  found  to  be  dependent  on  the  spectral 
t}pes  and  absolute  magnitudes  of  the  stars  to  which  it  is  referred. 
The  giant  stars  of  the  later  types  give  a  somewhat  higher  declination 
of  the  sun's  apex  than  the  giant  stars  of  earlier  types.  The  dwarf 
stars  give  a  much  larger  solar  motion  than  the  giant  stars,  and,  in 
general,  stars  of  high  velocity  give  a  larger  motion  than  stars  of 
low  velocity. 

The  distribution  of  velocities  of  different  groups  of  stars  has 
been  studied  in  different  ways.  The  velocities  are  referred  to  the 
galactic  system  of  stars  and  have  been  corrected  for  a  standard 
solar  velocity  of  20  km  toward  the  point  a  =270°,  5= +30°. 

In  order  to  learn  the  nature  of  this  distribution  a  very  general 
type  of  frequency-function  has  been  used,  which  in  reality  is  an 
interpolation  formula  in  three  dimensions.  The  function  is  a 
three-dimensional  cosine-series  in  which  the  coefficients  are  deter- 
mined directly  from  the  number  of  velocity-vectors  within  different 
limits.  A  very  large  number  of  terms  has  been  determined  by 
harmonic  analysis,  a  synthesis  has  been  made  for  the  xy-  and 
rjcz-planes,  and  curves  of  equal  frequency  have  been  drawn  in  these 
planes  (Figs.  1-6  and  Table  III) .  From  a  study  of  these  figures  we 
can  draw  the  following  conclusions: 
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2.  The  giant  stars  of  t>pes  F  to  M  form  a  single  group  or 
"stream"  with  an  approximately  ellipsoidal  distribution,  the  longest 
axis  lying  in  the  galactic  plane  and  nearly  coinciding  with  the  x-axis, 
the  line  of  intersection  of  the  equator  with  the  galactic  plane.  The 
shortest  axis  is  nearly  in  the  direction  of  the  galactic  pole.  The 
elongation  of  the  velocity-ellipsoid  is  largest  for  the  bright  F  stars 
and  smallest  for  the  late  K  and  M  stars,  for  which  the  distribution  is 
nearly  spherical. 

3.  The  most  frequent  velocity  does  not  coincide  with  the  origin, 
but  for  all  groups  of  giant  stars  lies  in  the  first  quadrant  of  the  xy~ 
plane,  and  corresponds  approximately  to  a  velocity  13.4  km  relative 
to  the  sun  in  the  direction  a  =  86?2,  5=— 30?8.  For  the  dwarf 
stars  the  most  frequent  velocity  relative  to  the  sun  is  37.7  km  in  the 
direction  a  =  98?8,  5=  -i7?4  (Table  VII). 

4.  Among  the  stars  of  spectral  t^pes  A7  to  F9  and  absolute 
magnitudes  o  to  +6  there  is  in  addition  to  the  general  group  of 
giants  another  stream  the  motion  of  which  coincides  with  that  of 
'the  Taurus  group.  These  stars  are  scattered  all  over  the  sky  and 
comprise  about  20  per  cent  of  the  stars  of  the  above-mentioned 
spectral  t>pes  and  absolute  magnitudes.  Even  among  stars  of 
somewhat  later  t^'pes  there  are  stars  belonging  to  this  general 
Taurus  group. 

5.  There  is  a  marked  asymmetry  in  the  distribution  of  the 
velocities  around  the  most  frequent'  velocity-vector.  Stars  of  high 
velocity  show  a  tendency  to  avoid  moving  toward  the  first  quadrant 
of  the  xy-plsLTie.  This  asymmetr>^  which  is  especially  marked  among 
the  stars  of  ver}^  high  velocity  can  be  traced  even  among  stars  of 
ordinary  velocity,  thus  producing  a  systematic  difference  between 
the  most  frequent  velocity- vectors  and  the  mean  velocity. 

6.  Neglecting  this  asymmetry-,  the  constants  of  the  ellipsoidal 
frequency-function  have  been  computed  in  two  different  ways: 
First,  the  method  of  moments  was  used,  the  moments  being  com- 
puted from  the  trigonometric  series  previously  determined  (Table 
IV).  Second,  the  constants  were  determined  from  the  distribution 
of  velocities  itself,  approximate  values  for  the  constants  being 
assumed  and  then  corrected  by  values  computed  from  the  difference 
between  the  observed  and  the  computed  number  of  velocity-vectors 
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terminating  in  diflferent  parallelepipeds  (Tables  V  and  VI).  The 
values  computed  in  this  way  differ  somewhat  from  those  computed 
from  the  moments  on  account  of  the  difference  in  weighting.  The 
asymmetry  in  the  distribution  produces  different  values  for  the  ve- 
locity of  the  sun,  according  as  the  latter  is  computed  from  the 
distribution  of  velocities  itself,  or  from  algebraic  means.  The 
first  necessarily  gives  the  smallest  value  for  the  sun's  velocity, 
the  latter  the  highest. 

In  the  extensive  computation  involved  in  this  investigation  the 
author  has  received  valuable  help  from  the  following  members  of  the 
computing  division:  Mrs.  Hannah  M.  Marsh,  Miss  Ada  M.  Brayton, 
and  Miss  Florence  MacCreadie.  Dr.  Jean  Paraskevopoulos  of 
Athens  and  Professor  D.  T.  Wilson  of  Cleveland  also  have  taken 
part  in  the  computations. 

MotJNT  Wilson  Observatory 
June  1922 


THE  APPLICATION  OF  VACUUM  THERMOCOUPLES 
TO  PROBLEMS  IN  ASTROPHYSICS' 

By  EDISON  PETTIT  and  SETH  B.  NICHOLSON 

ABSTRACT 

Sensitive  vacuum  Ihermocouph's.—Coustruclioii  of  the  couple  and  cells  is  described. 
The  couples  were  made  of  metal  strips  about  3  mm  long,  /,,  mm  wide  and  1 J  „  'ti'^i  thick, 
each  overlap{)in<i  junction  being  fused  to  a  blackened  tin  disk  receiver,  |  mm  in  diameter 
and  yjjjmm  thick,  each  couple  weighing  only  about  3',)  nig.  The  sensitivity  with  a 
high  vacuum  (10— 4  mm)  was  found  to  be  from  two  to  eleven  times  the  value  at  atmos- 
pheric pressure,  depending  on  the  couple.  To  maintain  the  vacuum,  metallic  calcium 
was  used.  With  a  sensitive  galvanometer  (5X10-10  amp. /mm)  the  temperature 
sensitivity  ohtained  was  SXio-s  deg./mm,  in  one  case.  The  efficiency,  however,  was 
very  low,  only  about  10-6  of  the  incident  energy  being  transformed  into  electrical 
energy.     An  ideal  heat  engine  would  be  a  hundred  times  more  efficient. 

Stellar  radiation  measurements. — Method  of  application  of  the  vacuum  thermocouple 
is  described.  The  cell  was  mounted  on  a  plate  adapted  to  the  Newtonian  double-slide 
plate-holder  of  the  100-inch  telescope,  and  connected  by  wires  to  a  D'Arsonval  galva- 
nometer in  the  basement  where  the  deflections  were  recorded  on  a  moving  plate,  F holo- 
graphic records  of  the  deflections  for  Vega,  Arcturtis,  a  Hcrculis,  and  R  Hydrae,  with  and 
without  a  water  absorption  cell,  are  reproduced  (Plate  VII). 

Applications  of  thermocouple  to  solar  energy  measurements  already  made  are  the 
registration  (i)  of  spectral  energy  distribution,  (2)  of  drift  curves  across  the  disk  in 
various  wave-lengths,  and  (3)  of  total  radiation  curves  across  sun-spots  and  faculae. 

Self-registering  micro plwtometer  is  described  in  which  the  photo-electric  cell  is 
replaced  by  a  vacuum  thermopile.  A  suitable  optical  system  enables  the  light  through 
a  slit  9  mm  long  and  o.i  mm  wide  to  be  integrated  so  as  to  eliminate  the  grain  effect 
in  the  spectrograms  measured. 

Transmission  curve  for  water,  i  cm  thick,  is  reproduced. 

Optical  system  for  sensitive  galvanometer. ^By  placing  a  spectacle  lens  of  6  m  focus 
at  the  galvanometer  and  observing  the  image  with  cross-hair  and  eyepiece,  a  power 
of  350  could  be  used  and  the  scale  read  accurately  to  o.i  mm  at  8  m. 

In  1895  Lebedew-  found  that  a  thermocouple  of  iron-constantan 
was  more  sensitive  in  a  vacuum  than  at  atmospheric  pressure. 
Since  that  time  the  thermocouple  has  been  used  both  in  vacuum 
and  at  atmospheric  pressure  by  a  number  of  physicists,  for  the 
study  of  radiation  problems.  The  vacuum  thermocouple  has  been 
applied  to  the  study  of  stellar  radiation  with  marked  success  by 
Pfund,  and  more  recently  by  Coblentz.  Pfund  employed  couples  of 
95Bi  +  5Sn  against  97Bi+3Sb,  and  Coblentz  employed  Bi  against 
95Bi+5Sn  and  also  Bi  against  Pt  with  success.     The  former^  used 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  246. 

^  Annalen  der  Physik,  56,  12,  1S95. 

^  Allegheny  Observatory  Publications,  3,  45,  1913. 
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charcoal  heated  by  electric  discharge,  while  the  latter'  employed 
metallic  calcium,  to  maintain  the  vacuum. 

FORM    OF    CELL   EMPLOYED 

In  the  present  investigation  we  have  used  the  three  t^'pes  of 
cell  shown  in  Plate  VI.  After  considerable  experimenting  type  3 
was  adopted.  The  cell  body  and  connecting  tubes  are  made  of 
Pyrex  glass,  the  calcium  tube  C  is  of  clear  quartz,  and  the  plug  P, 
containing  the  platinum  wires  carrying  the  thermocouples,  is  of 
soda  glass.  The  cell  body  A  has  an  inside  diameter  of  42  mm  and 
a  wall  1.5  mm  thick.  The  quartz  tube  C  (14  mm  inside  diameter) 
is  attached  to  the  Pyrex  tube  by  a  ground  joint  and  stop-cock 
grease,  and  sealed  with  red  sealing  wax.  The  metallic  calcium  is 
held  in  place  by  a  wad  of  glass  wool.  The  plug  P  carries  three 
platinum  wires  to  which  two  thermocouples  are  attached,  at  T.  It 
is  attached  with  a  ground  joint,  sealed  with  stop-cock  grease,  and 
may  be  removed  or  replaced  without  destroying  the  thermocouples. 

The  cell  A  is  fitted  with  two  windows,  Wj,  W2,  of  10  mm  clear 
aperture.  The  window  Wi,  which  admits  the  radiation  to  the 
thermocouple,  is  closed  with  a  quartz  window  1.5  mm  thick,  the 
junction  with  the  ground  surface  of  the  lip  being  made  with  stop- 
cock grease  and  protected  by  a  rim  of  red  sealing  wax.  In  type  2 
the  window  Wi  is  of  microscope  cover-glass  0.12  mm  thick.  W^ 
is  closed  with  a  piece  of  microscope  slide-glass  1.28  mm  thick.  On 
looking  through  W2  the  thermocouple  junction  may  be  seen  pro- 
jected against  the  star  image  or  other  radiation  entering  Wi. 

The  advantages  of  this  design  of  cell  are  as  follows:  (i)  large 
bearing  surfaces  at  the  ground  junctions  of  the  plug  and  calcium 
tube;  (2)  a  minimum  exposure  of  contact  surfaces  at  the  windows; 
(3)  couples  may  be  withdrawn  or  replaced  within  the  cell  without 
danger  of  damage;  (4)  the  blackened  surfaces  of  the  couples  may 
be  exposed  to  either  window  by  simply  rotating  the  plug,  thus 
enabling  the  cell  to  be  adapted  to  various  apparatus. 

PREPARATION   OF   THE   THERMOCOUPLES 

The  choice  of  metals  for  the  couples  is  dependent  on  a  number  of 
physical  properties,  which  may  be  briefly  enumerated  as  follows: 

■  Bulletin  Bureau  of  Standards,  11,  185,  1915. 
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(i)  high  electrical  conductivity;  (2)  high  thermoelectric  power; 
(3)  low  heat  conductivity;  (4)  low  coefficient  of  brittleness; 
(5)  approximately  equal  melting  points;   (6)  low  specific  heat. 

Of  these  six  conditions  (i)  and  (3)  and  also  (2)  and  (4)  are  obvi- 
ously antagonistic  in  nature.  Generally  the  relative  specific  coeffi- 
cients of  thermal  and  electrical  conductivity  are  nearly  equal,  and 
high  thermoelectric  power  is  associated  with  a  crystalline  struc- 
ture making  for  great  brittleness.  There  is  a  considerable  range 
in  the  constants  for  some  of  the  metals,  especially  those  of  more 
crystalline  structure.  This  is  due  prmcipally  to  two  causes: 
differing  conductivity  and  thermoelectric  power  in  axial  and  equa- 
torial directions,  and  impurities  in  the  metal.  Taking  bismuth  as 
an  example,  the  thermoelectric  power  axially  is  65Xio~'^F/deg.  C, 
and  equatorially  45Xio~^F/deg.  C.  An  impurity  of  |  of  i  per 
cent  of  tin  will  reduce  the  thermoelectric  power  to  o  relative  to  lead. 
The  thermoelectric  properties  of  alloys  have  been  investigated  by 
Mattheissen,  Tait,  Becquerel,  Hutchins,  and  others,  and  it  is  found 
that  most  of  the  metals  investigated  are  very  sensitive  to  changes 
in  the  relative  proportions  of  the  alloy. 

The  current  produced  by  the  junction  of  a  couple  will  depend  on 
the  thermoelectric  power,  p,  the  resistance,  R,  and  the  difference  in 
temperature  AT  between  the  hot  and  the  cold  junction.  The 
latter  in  turn  depends  on  the  specific  heat  of  the  junction,  S;  the 
mass,  M;  the  quantity  of  heat,  C,  conducted  away  along  the  strips; 
the  quantity  Ci  conducted  through  the  air;  the  quantity  C2  con- 
vected  away;  the  quantity  radiated,  r;  and  the  quantity  incident 
on  the  junction,  Q. 

Then 

r_    kp 


SMR 


[Q-(C,+C.+C+r)]  (i) 


where  /  is  the  current  and  ^  is  a  constant  depending  on  the  units 
employed. 

Obviously  Ci,  C2  may  be  eliminated  by  placing  the  couple  in  a 
vacuum.  Then  r  will  depend  only  on  the  absolute  temperature  and 
C  should  be  made  as  small  as  possible.  In  only  a  few  cases,  how- 
ever, will  this  be  of  any  advantage,  since  C  and  R  are  physically 
connected,  and  a  decrease  in  C  will  correspondingly  increase  R. 
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The  values  of  C  and  i/R  are  both  directly  proportional  to  M, 
so  that  after  a  certain  limit  is  reached,  the  only  advantage  in  redu- 
cing M  lies  in  the  quickness  of  action  of  the  couple  in  responding  to 
changes  in  Q.  Some  advantage  is  gained,  however,  by  placing  at 
the  junction  of  the  two  metals  a  thin  plate  of  a  third  metal,  func- 
tioning only  as  a  receiver  of  the  radiation  and  chosen  so  that  the 
specific  heat  will  be  low.  If  the  plate  is  very  thin  and  M  is  small, 
then  its  conductivity  is  unimportant. 

The  thermoelectric  power,  p,  is  itself  dependent  on  the  absolute 
temperature  at  which  the  thermocouple  is  working.  Generally 
this  is  high  for  low  temperatures  and  decreases  for  the  higher 
temperatures,  passing  through  zero  and  reversing  sign  at  the  "tem- 
perature of  inversion."  Considerable  advantage  would  be  gained 
in  operating  the  couple  at  the  temperature,  let  us  say,  of  liquid  air, 
but  the  difficulties  attending  this  modification  of  the  apparatus 
have  thus  far  prevented  its  successful  application. 

We  have  employed  chiefly  the  following  metals:  Bi,  9561 -f5Sn, 
Pb,  Sn,  Pt,  Au,  Cu,  8o6Sb+696Cd,  Ag,  97Bi-F3Sb,  Te.  When 
the  metals  are  easily  fusible,  the  simplest  method  of  producing  fine 
flat  strips  suitable  for  thermocouples  is  that  first  proposed  by  Pfund. 
About  10  gm  of  the  metals  to  be  fused  and  alloyed  are  placed  in  a 
Rose's  crucible  and  heated  in  a  current  of  hydrogen,  which  prevents 
oxidation  from  destroying  the  ratios  of  the  metals  introduced.  The 
molten  metal  is  then  dashed  with  all  possible  force  perpendicularly 
on  a  large  plate  of  window  glass.  The  spattered  metal  is  thus 
transformed  into  a  spray  of  fine  radiating  wires.  An  abundant 
supply  of  strips  0.005  ^^^  ^^  more  thick  and  0.05  mm  or  more  wide 
is  thus  obtained. 

The  operation  of  forming  the  junctions  is  carried  out  on  a  large 
sheet  of  plate  glass.  As  one  must  everywhere  avoid  adhesion  when 
working  with  such  small  masses,  the  glass  is  kept  warm  by  laying  it 
on  the  planed  surface  of  a  large  iron  casting  which  has  previously 
been  heated.  A  sheet  of  white  paper  lies  between  the  glass  and  the 
casting. 

Because  of  its  low  specific  heat  and  melting  point,  tin  or  ordinary 
tinner's  solder  is  chosen  for  the  receivers.  Shavings  of  the  metal 
are  rolled  out  into  thin  sheets;    these  are  cut  into  narrow  strips, 
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which  are  cut  into  small  pieces  by  means  of  a  scalpel.  The  latter  are 
fused  with  a  bit  of  rosin  by  touching  them  with  a  loop  of  nichrome 
wire  heated  by  a  current  of  electricity.  This  immediately  produces 
a  minute  sphere  of  the  metal,  which  when  pressed  flat  by  a  plate  of 
glass  produces  a  thin  disk  suitable  for  the  receivers.  By  trial  it  is 
found  that  a  sphere  0.15  mm  in  diameter  can  be  pressed  into  a 
receiver  0.5  mm  in  diameter,  which  is  almost  as  thin  as  can  be 
handled.  It  is  easy  to  find  the  length  of  strip  necessary  for  these 
spheres,  which  can  then  be  produced  in  quantity.  After  several 
dozens  of  them  have  been  fused  with  a  bit  of  rosin,  the  latter  is 
dissolved  away  with  amyl  alcohol  and  the  disks  made  as  needed. 

The  operation  of  forming  the  couples,  such  as  are  shown  in 
Figure  i,  is  carried  out  about  as  follows:  The  strips  to  be  employed 


OU 
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Fig.  I. — Types  of  thermopiles  and  thermocouples 


are  removed  from  the  glass  plates  carrying  the  spattered  metals 
by  means  of  a  razor  blade  attached  to  a  convenient  handle.  These 
strips  are  first  examined  under  a  microscope  to  detect  any  defects 
which  might  weaken  them,  and  then  laid  so  that  the  ends  overlap. 
One  of  the  prepared  receivers  is  then  laid  over  the  junction  without 
rosin  or  other  soldering  flux.  A  strip  of  mica  i2X3oX.02mm, 
bent  in  the  middle  so  as  to  keep  the  center  raised  i  or  2  mm  above 
the  glass  is  then  laid  over  the  junction  and  held  down  with  the  finger 
and  two  lo-gm  weights  laid  close  on  either  side  of  the  couple  to 
keep  the  mica  in  contact  with  it.  The  welding  together  of  the 
junction  and  receiver  is  accomplished  by  touching  the  mica  directly 
above  the  receiver  with  the  electrically  heated  loop  of  nichrome  wire. 
The  loop  must  be  heated  just  below  redness  and  only  the  briefest 
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possible  contact  made  with  the  mica.  Only  one  junction  at  a  time 
is  welded,  otherwise  one  may  adhere  to  the  glass  and  the  other  to 
the  mica,  in  which  case  it  is  impossible  to  remove  the  mica  without 
destroying  the  couple. 

The  receivers  are  painted  with  a  mixture  of  lampblack,  two  parts; 
platinum  black,  one  part;  turpentine,  five  parts;  and  alcohol, 
twenty  parts.  This  paint,  put  on  with  a  fine  camel's  hair  brush, 
forms  a  black  mat  surface  which  will  dry  quickly. 

In  Figure  i  are  shown  five  forms  of  thermocouple \  A,  B,  and  C 
are  compensated  junctions  adapted  to  stellar  observations,  D  and  E 
are  piles  adapted  to  spectroscopic  work;  and  F  shows  the  method 
of  mounting  the  couples  on  the  platinum  wires  K,  Z,,  M.  Forms 
B  and  C  have  been  adopted  for  stellar  observations,  since  the 
deflections  may  be  doubled  by  shifting  the  junctions  alternately 
on  the  star  image  as  first  applied  by  Pfund.  In  B  the  middle 
strip  is  folded  into  a  U  form  in  order  to  bring  the  junctions  close 
together  and  leave  a  space  between  them,  but  for  some  of  the  more 
brittle  metals  which  cannot  be  folded  without  breaking  them, 
t^'pe  C  is  used,  where  two  short  strips  are  welded  together  in 
V  form.  Type  Z)  is  a  pile  which  we  have  used  on  the  registering 
microphotometer,  and  E  is  another  type  of  pile  first  employed  by 
Ri^bens'  in  1898  for  spectroscopic  work  at  atmospheric  pressure, 
and  used  more  recently  by  Coblentz^  in  a  vacuum. 

The  platinum  wires  K,  L,  M  (Fig.  i,  F)  are  flattened  out  on  the 
free  ends  and  solder  is  run  over  them  on  one  side.  After  being 
washed  in  alcohol,  the  thermocouples  are  laid  in  place  and  small 
disks  of  solder,  S,  formed  in  the  same  manner  as  above  described 
for  the  receivers,  except  that  they  are  flattened  out  without  first 
removing  the  rosin,  are  laid  upon  the  ends  of  the  couples  where 
they  cross  the  platinum  wires  at  S.  The  solder  on  the  platinum 
wires  is  then  melted  by  touching  it  with  the  nichrome  loop. 

The  masses  of  the  couples  so  constructed  are  exceedingly  small. 
The  mass  of  the  entire  couple  ^ ,  ^,  or  C  is  approximately  ^^  to  ^V  ^^g' 
while  the  mass  of  the  portion  heated  by  the  incident  stellar  radia- 
tion is  only  0.012  mg.     The  metal  strips  forming  the  couple  are 

^  Zeitschrlft  fur  Instrumenlenkiinde,  18,  65,  1898. 
^Scientific  Papers,  Bureau  of  Standards,  17,  188,  1921. 
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each  approximately  3  mm  long  and  o.ooSXo.io  mm  in  cross-section, 
and  the  receivers  are  |  mm  in  diameter  by  0.009  nim  thick.  The 
resistance  of  course  depends  on  the  metals  employed,  but  generally 
is  8  to  20  ohms. 

VACUUM  EFFECTS 

Lebedew'  determined  the  law  of  sensitivity  change  with  change 
in  pressure  for  a  constantan-platinum  couple,  and  found  that  for 
the  blackened  couple  the  increase  was  7.4  times  and  for  the  un- 
blackened  couple  34  times,  for  the  highest  vacuum  attained,  esti- 
mated less  than  0.000 1  mm.  Pfund^  found  an  increase  of  "six 
times,"  and  Coblentz^  a  "four  and  one-half  fold"  increase.  In  the 
present  investigation  we  have  found  increases  of  two  to  eleven  fold 
for  the  vacuum  effect. 

The  effect  of  the  vacuum  on  the  sensitivity  does  not  appear  to 
be  the  same  for  all  thermocouples,  even  of  the  same  construction 
and  materials,  though  the  effect  of  differing  materials  seems  to  be 
the  most  pronounced.  Graphs  of  the  galvanometer  deflection 
against  the  pressure  for  three  thermocouples  are  given  in  Figure  2. 
It  will  be  seen  that  the  vacuum  has  little  effect  upon  the  sensitivity 
until  the  region  of  i  mm  mercury  pressure  is  reached.  Then  for  the 
Ag-Te  couple  the  entire  increase  takes  place  between  i  mm  and 
o.oi  mm,  while  the  Bi-Bi  Sn  couple  shows  an  increase  of  20  per  cent 
between  o.oi  mm  and  o.oooi  mm.  From  this  it  appears  that  the 
vacuum  which  must  be  maintained  in  order  to  keep  the  sensitivity 
constant  depends  on  the  metals  employed  in  the  thermocouple. 
Thus  for  Ag-Te  couples  a  vacuum  of  o.oi  mm  is  sufficient;  but  for 
Bi-Bi  Sn  this  vacuum  would  occur  on  a  steep  part  of  the  curve  and 
in  order  to  insure  constant  sensitivity  a  vacuum  of  0.0001  mm  should 
be  maintained. 

A  general  explanation  of  the  character  of  the  curve  is  easily  given. 
It  is~  known  that  the  thermal  conductivity  of  a  gas  is  independent 
of  the  pressure  until  the  region  of  i  mm  is  reached,  when  it  begins 
to  drop  rapidly  to  zero  as  the  mean  free  path  of  the  molecules 
becomes  comparable  to  the  dimensions  of  the  container. 

'  Aividlcn  der  Physik,  9,  209,  1902. 
^  Pkysikalische  Zeitschrift,  13,  870,  191 2. 
'Bulletin  of  the  Bureau  of  Standards,  11,  636,  1915. 
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The  thermal  conductivity  also  depends  on  the  nature  of  the  gas; 
for  hydrogen  it  is  much  greater  than  for  any  other.  This  should 
make  a  thermocouple  less  sensitive  in  this  gas  than  in  air,  say. 
Figure  2  shows  how  this  efifect  appears  in  the  sensitivity  curves 
when  this  gas  is  employed. 
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Fig.  2. — Variation  of  thermocouple  sensitivity  with  pressure 

The  use  of  metallic  calcium  to  maintain  the  vacuum  has  been 
studied  by  both  Soddy''  and  Coblentz.^  The  calcium  is  heated 
while  the  pump  is  in  operation  to  remove  the  hydrocarbon  vapors. 
We  have  found  it  necessary  to  pump  a  considerable  time  to  remove 
these  gases  completely.  After  the  vacuum  has  been  raised  by  the 
pump  to  a  desired  limit,  it  may  thereafter  be  brought  back  to  this 
point  by  merely  heating  the  calcium  tube  to  a  low  red  heat  with 
a  small  electric  heater  or  lamp.     After  the  lamp  is  removed  the 


^Proceedings  of  the  Royal  Society,  A,  78,  429,  1907. 


'Op.  cit.,  II,  625,  1915. 
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absorption  of  the  gases  continues  for  about  twenty  minutes  until 
the  tube  has  cooled  considerably. 

Coblentz  uses  a  discharge  between  two  platinum  terminals 
inserted  in  that  part  of  the  tube  connecting  the  calcium  tube  to 
the  thermocouple  cell,  to  test  the  degree  of  evacuation  obtained 
while  heating  the  calcium.  Since  our  cells  are  made  of  Pyrex 
glass,  it  was  not  feasible  to  use  sealed-in  electrodes  for  this  pur- 
pose; outside  electrodes  were  therefore  substituted.  It  was  found, 
however,  that  after  the  discharge  passed,  the  sensitivity  decreased 
to  about  30  per  cent  to  50  per  cent  and  remained  at  this  level  for 
some  hours.  On  opening  the  stop-cock  to  the  pump  which  was 
maintained  at  about  o.ooi  mm  pressure,  the  sensitivity  immediately 
rose  to  normal  again,  and  this  could  be  repeated  at  will.  Apparently 
the  discharge  did  not  produce  a  change  in  pressure,  for  none  was 
detectable  on  opening  the  stop-cock  to  the  gauge.  On  this  account, 
the  discharge  test  was  discarded  and  tests  of  the  sensitivity  by  use 
of  a  standard  lamp  were  substituted.  This  is  more  satisfactory  in 
another  way,  for  it  gives  a  quantitative  test  of  the  sensitivity  which 
the  discharge  test  does  not  give,  and  all  that  is  necessary  is  to  heat  the 
calcium  tube  till  the  sensitivity  rises  to  normal. 

SOME   PROPERTIES    OF   VACUUM   THERMOCOUPLES 

In  thermocouples  of  these  small  dimensions  some  interesting 
properties  were  observed.  Generally  in  a  compensated  couple, 
such  as  Figure  i  {A,  B,  C),  the  two  junctions  do  not  give  the  same 
deflections,  i.e.,  the  compensation  is  not  exact.  One  case  was 
observed  in  a  couple  of  Bi-Bi  Sn  where  the  deflections  for  the  two 
junctions  were  125  mm  and  25  mm  and  both  in  the  same  direction, 
the  current  flowing  normally  across  the  first  junction  and  in  reverse 
across  the  second.  How  this  could  occur  we  are  unable  to  explain. 
As  a  rule,  however,  the  compensation  is  so  complete  that,  while 
observing  star  deflections,  we  can  turn  on  all  the  lights  in  the 
dome,  without  disturbing  the  galvanometer.  With  this  couple  the 
Peltier  efi'ect  was  quite  pronounced.  When  a  deflection  was  ob- 
served with  the  first  junction,  the  galvanometer  mirror  swung 
rapidly  at  first,  then  suddenly  slowed  dowTi  and  crept  up  to  maxi- 
mum over  8  or  10  mm,  but  when  a  deflection  was  observed  with 
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the  second  junction  the  galvanometer  mirror  over-ran  its  maximum 
2  or  3  mm  and  returned  to  normal  deflection  after  one  or  two 
seconds. 

The  absorbing  power  of  the  black  paint  of  course  depends  on 
the  wave-lengths  of  the  incident  radiation,  being  somewhat  greater 
for  the  shorter  waves.  Coblentz  has  found  that  the  reflecting  power 
of  this  paint  is  only  about  2  per  cent.  Tests  were  made  with  both 
blackened  and  unblackened  sides  of  the  receivers  turned  to  the 
window  admitting  the  radiation.  The  ratio  of  deflections  for  the 
unblackened  side  to  the  blackened  side  was  |  to  |.  It  was  thought 
that  the  sensitiveness  of  the  couple  might  be  increased  by  blacken- 
ing, on  both  sides,  the  entire  couple  and  strips  except  the  receiver, 
but  the  effect  was  very  shght.  Several  couples  were  repainted  after 
testing,  but  this  seemed  to  have  little  effect  on  the  sensitivity. 

The  efficiency  of  a  thermocouple  is  exceedingly  low.  An 
approximate  value  of  this  quantity  may  be  obtained  from  data 
relating  to  the  sensitivity  tests  of  No.  19,  for  example.  This 
efficiency  is  the  ratio  between  the  electrical  energy  produced  and  the 
quantity  of  the  incident  radiation,  expressed  in  the  same  units.  If 
W  is  the  wattage  of  the  lamp,  D  its  distance  from  the  couple,  r 
the  radius  of  the  receiver  of  the  thermocouple,  R  its  resistance,  i 
the  galvanometer  sensitivity  in  amperes,  5  the  observed  deflection, 
then  the  efficiency  is 

Now  for  No.  19,  1^  =  90,  r  =  ^mm,  7?  =  20  ohms,  Z)  =  30oomm, 
5  =  125  mm,  z  =  4. 75X10"'°  amp./mm.  Hence,  £  =  4.5X10"^  i.e., 
only  about  half  a  millionth  of  the  incident  radiation  actually 
produces  deflection  in  the  galvanometer.  Of  course  we  are 
assuming  a  uniform  distribution  of  radiation  about  the  lamp, 
and  neglecting  the  heat  convected  away  from  it,  as  well  as  the 
absorption  of  the  air  through  which  the  beam  must  pass.  For  a 
value  of  E  so  small,  however,  these  quantities  could  hardly  affect 
the  order  of  the  result. 

We  may  approach  the  problem  in  another  way.  The  receiver 
of  the  thermocouple  will  continue  to  increase  in  temperature  until 
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the  heat  U)st.  antl  con\erle(l  into  electrical  energy  equals  the  amount 
being  absorbed  from  the  incident  ray.  The  ratio  of  the  heat  con- 
verted into  electrical  energy  to  the  total  heat  received  is  the  desired 
value  of  E.  As  was  seen  in  equation  (i),  since  the  thermocouple 
is  in  a  vacuum,  the  only  sources  of  lost  heat  are  the  quantity  C, 
conducted  away  by  the  strips,  and  the  quantity  radiated,  r. 

In  order  to  determine  these  values,  let  us  assume  the  tempera- 
ture at  which  the  couple  is  working  to  be  20°  C,  and  that  a  difference 
of  1°  C.  between  the  two  junctions  is  produced  by  the  incident  radia- 
tion. Let  us  take  couple  No.  19  already  cited.  Since  the  area 
of  the  receiver  is  about  ^Xio~^  sq.  cm,  and  since,  as  already  seen,  it 
radiates  about  \  as  much  from  the  unblackened  as  from  the  black- 
ened side,  then  Stefan's  law  becomes 

r  =  ;♦  X  .\  X  lo-^X  1 .  28X  io-"(r^-  T")  cal./sec.  = 

3.4X10-^^7'^-^^)  cal./sec.     (3) 

and  since  Ti=2gT)  and  r=2g2,  then 

^  =  3.4X10"'  cal./sec. 

The  amount  conducted  away  varies  directly  as  the  cross-section 
of  the  metal  strips  A ,  and  inversely  with  their  length  L,  the  constant 
of  proportionality  K  being  the  amount  conducted  through  one 
centimeter  cube  in  one  second  per  degree  centigrade.  This  con- 
stant for  bismuth  is  0.02  cal./sec.  Since  there  are  two  strips  3  mm 
long  at  each  junction,  one  of  which  contains  only  5  per  cent  tin, 
we  may  compute  the  heat  conducted  through  one  strip  and  call  the 
total  amount  just  double  this.  Hence  the  amount  of  heat  con- 
ducted away  is 

2KA 

C  =  —j —  cal./sec.  =  2X0.02X0.000008X3  cal./sec. 

=  9.6X10"' cal./sec.     (4) 

Now  the  amount  of  heat,  /,  converted  into  electricity,  expressed  in 
cal./sec,  varies  directly  with  the  square  of  the  thermoelectric 
power  p,  the  square  of  the  difference  in  temperature  AT,  and  the 
reciprocal  of  the  resistance  R,  the  constant  of  proportionality  being 
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the  Joule  equivalent, 0.24.    Since  Ar=  i°C.,/>  =  about5oX  io~^volts, 
and  R  =  2o  ohms,  we  have 

j^o.2,(pATy  ,^iy,ec.  =  ^^^-^5£Xio-)^  cal./sec.=  3X10-  cal./sec. 
R  20  /  -J 

The  efficiency  then  is 

P_       / 3  X 10  ~"  cal./sec. ,. 

~  r-\-C-\-I~^ .  4  X  10-7+9 . 6  X 10-7+  3  X 10-"  cal./sec.        ^^^ 
or 

£=2.3X10-5. 

These  low  values  of  the  efficiency  computed  here  are  in  part  due 
to  the  small  range  in  temperature  over  which  the  thermocouple 
works.  From  the  principle  of  Carnot's  Cycle  it  is  known  that  the 
efficiency  of  the  theoretically  perfect  heat  engine  is 

E=I^.  (6) 

The  efficiency  of  the  thermocouple,  then,  considered  as  a  con- 
verter of  available  heat,  may  be  obtained  by  multiplying  the 
values  of  E  found  in  equations  (2)  and  (5)  by  the  reciprocal  of 
equation  (6).  For  equation  (2)  the  value  of  Tj,  is  the  room  tempera- 
ture at  which  the  thermocouple  was  tested,  which  was  293°  C. 
absolute.  The  difference  in  temperature  {T^  —  T)  between  the  hot 
and  cold  junction  for  this  thermocouple  will  be  shown  in  equation 
(7)  to  be  16  X  lo"^  deg.  C.  per  mm  deflection.  Since  in  equation  (2) 
the  deflection  was  125mm,  then  {T^  —  T)  =  2y:^io~\  The  value 
then  of  T,;(T^-T)  is  1.5X10I  Multiplying  the  value  of  E 
obtained  in  equation  (2)  by  this  coefficient,  we  obtain  for  the 
relative  efficiency  £  =  6.7  X  lo"^.  For  the  value  of  £  in  equation  (5) 
7*1  =  293,  T  =  292,  which  gives  for  the  coefficient  2.93  X IO^  Multi- 
pl^dng  the  value  of  £  in  equation  (5)  by  this  quantity  we  obtain 
for  the  relative  efficiency  E  =  6.yXio~^.  It  is,  then,  theoretically 
possible  to  construct  a  thermocouple  over  one  hundred  times  as 
sensitive  as  No.  19  considered  here. 

Ganot  states  that  Clamond's  thermoelectric  battery  of  Fe-Sb  Zn 
heated  directly  with  coal  gas  under  favorable  conditions  has  an 
efficiency  of  £  =  5  X  io~^. 
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Some  attempts  to  prevent  the  losses  by  radiation  have  been 
made  by  placing  the  couple  at  the  center  of  curvature  of  a  hemi- 
spherical mirror,  the  radiation  being  admitted  through  a  hole  in 
its  center.  We  have  not  found  it  possible  to  apply  this  principle 
with  the  present  apparatus  since  a  slight  displacement  of  the  junc- 
tion would  render  the  mirror  inactive.  Again  this  would  be  effective 
on  only  one  junction.  The  effect  of  a  hemispherical  mirror  would  be 
to  reduce  the  losses  by  radiation  to  that  emitted  by  the  unblackened 
surface  of  the  receiver,  which  is  approximately  one-fourth  of  the 
whole  amount.  Reducing  the  value  of  r  in  equation  (5)  to  one- 
fourth  of  its  value,  we  obtain  a  value  for  E  which  is  just  five- 
fourths  its  original  value.  Hence  we  may  say  that  the  effect  of  a 
hemispherical  mirror  is  to  increase  the  sensitivity  one-fourth, 
assuming  the  mirror  to  reflect  perfectly  and  the  central  hole  to  be 
of  negligible  area.  In  the  case  of  the  stellar  thermocouples,  Figure 
I,  B  and  C,  the  increase  would  be  only  one-eighth  when  the  method 
of  double  deflections  is  used. 

It  is  of  interest  to  know  the  temperature  sensitivity  of  the 
thermocouple.  This  may  be  determined  from  the  current  relations 
in  the  circuit. 

Let  us  determine  what  change  in  temperature  of  the  receiver 
will  be  required  to  give  a  deflection  of  i  mm  on  the  scale.     If  we  let 
P=the  potential  produced  in  the  circuit  expressed  in  volts 
p=th.e  thermoelectric  power  of  the  junction  in  volts 
'/=the  sensitivity  of  the  galvanometer  in  amperes/mm 
i?=the  total  resistance  of  the  circuit 
A/=the  required  change  of  temperature  in  deg.  C. 
r= temperature  of  cold  junction 

then  all  the  constants  are  known  for  any  particular  couple.  Let 
us  take  No.  19  cited  above.  Here  p  normally  should  be  about 
150X  io~^  V,  but  on  account  of  the  impurity  of  the  bismuth,  prob- 
ably it  is  not  greater  than  about  60X  lo"^  V.  i  =  4.75X10"'°  amp., 
R  =  2o  ohms.     Then 

^^     P    iR    4.75Xio-«'X2o       .^     _.  ,       r-  (.\ 

A/=-  =  — =      '^^   ^, 1 =16X10   ^  deg.  C.  (7) 

p      p  60X10"" 

and  with  a  more  sensitive  galvanometer  this  figure  could  easily  be 
pushed  to  one-millionth  of  a  degree. 
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Since  deflections  of  about  150  mm  are  employed  ordinarily  on 
recording  apparatus,  the  difference  in  junction  temperature  must 
be  approximately  2.4X10"^  deg.  C.  at  maximum  working  deflec- 
tion for  the  galvanometer  employed.  We  may  now  form  an  esti- 
mate of  the  speed  of  action  of  the  couple. 

We  may  state  the  speed  of  action  in  terms  of  the  time  required 
for  the  heat  to  travel  from  the  blackened  face  of  the  receiver  to  the 
junction  on  the  rear  side  and  reach  a  state  of  steady  flow.  The 
increase  A/2  =  2.4X10"-  deg.  C.  is  that  reached  by  the  rear  side 
of  the  receiver  after  the  steady  state  is  established.  To  deter- 
mine the  time  required,  it  will  be  necessary  to  know  the  increase 
in  temperature  of  the  front  (blackened)  face  also.     This  is  given  by 

^..'   k{M,-AQ       .^^      ^   -     Wu  .„. 

W  =  — ^  or  (A/i— A/2)  =  -^—  (8) 

u  k 

where  W  is  the  rate  at  which  heat  flows  through  unit  cross-section, 
k  is  the  conductivity,  A/j  — A^2  is  the  difference  of  temperature 
between  the  two  faces  and  u  is  the  thickness  of  the  receiver  in  cm. 
Now  W  =  {Ci+R-^/A ,  where  Ci  =  heat  conducted  away  along  the  two 
strips,  i?i  =heat  radiated  from  the  rear  face,  and  A  is  the  area  of  the 
receiver  in  square  centimeters. 

Now  taking  couple  No.  19  again  as  an  example, 

Ci  =  A/2C  [where  C  is  the  value  in  eq.  (4)] 

=  2.4Xio~^X9.6Xio~'^  cal./sec.  =  2.3Xio~^  cal./sec.    (9) 

The  amount  radiated  from  the  rear  face  is  given  by 

^i=ixiXio-^xi.28Xio-"[(r+A/2)^-r^].  (lo) 

Let  T=  293°  C.  then 

R^  =  hl^^^X  2 .  4X  io^=  2 . oX  10-9  cal./sec, 
15 

hence  the  total  loss  is  2.5X10"^  cal./sec.  and  the  value  of  W  is 

TF=2.5Xio~*X5Xio^  cal./sec.  =  I.  25  Xio~5  cal./sec.       (11) 
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and  from  equation  (8) 

A/,-A/,  = ^—-— — ^ =7.8X10   «deg.  C.  (12) 

16X10^ 

This  is  the  stable  condition  and  is  reached  only  after  an  indefinite 
period  of  time.  Since  A/,  —  A/2  is  insignificant  compared  to  the  value 
of  A/2  =  2.4  X  io~^  deg.  C,  we  may  neglect  it  in  the  following  compu- 
tation. Let  us  inquire  what  time  will  be  required  for  the  rear  face 
to  reach  a  temperature  99  per  cent  of  the  steady  state,  i.e.,  the  time 
required  for  the  thermoelectric  current  to  reach  99  per  cent  of  its 
value  under  the  influence  of  the  incident  radiation.  We  have 
Fourier's  equation  for  the  flow  of  heat 


u 


^^=99X10-=^  I        e-^d^  (13) 


2h\/t 

Since  u  =  io~^  cm,  ^^  =  0.4,  this  gives  us 

t=6.  2Xio~^  sec. 

It  foUows  then  that  the  lag  of  the  thermocouple  is  negligible  when 
appHed  to  recording  apparatus.  If  we  multiply  the  equation  (10) 
by  the  factor  4,  we  obtain  the  total  radiation  from  both  faces  of  the 
receiver.  This  gives  us  8Xio~^  cal./sec.  as  the  loss  by  radiation. 
This  is  only  one-third  the  loss  by  conduction  along  the  strips,  which 
is  23X10"^  cal./sec.  Hence  the  desirability  of  using  substances  of 
low  heat  conductivity  for  the  strips. 

APPLICATIONS   TO   THE   ASTROPHYSICAL  PROBLEMS 

I.  Stellar  radiation  problems. — To  observe  the  total  radiation 
from  stars,  the  thermocouple  is  mounted  on  a  plate  provided  with  a 
low-power  eyepiece  and  water  cell  which  can  be  moved  in  front  of  the 
thermocouple  or  moved  away  by  means  of  a  lever  on  the  face  of  the 
plate.  The  apparatus  is  adapted  to  the  Newtonian  double-sKde 
plate  holder  of  the  100-inch  telescope.  A  four- wire  cable  135  feet 
long  connects  the  thermocouple  with  the  galvanometer  room  in  the 
basement  of  the  dome.     Two  of  these  wires  are  used  for  the  thermo- 
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couple  circuit,  and  the  other  two  connect  the  observer  at  the  tele- 
scope with  the  observ^er  at  the  galvanometer  by  telephone.  The 
deflections  are  obtained  by  orienting  the  thermocouple  so  that  the 
line  connecting  the  two  receivers  is  parallel  to  one  of  the  guiding 
screw^s,  and  by  shiftmg  the  receivers  alternately  upon  the  star 
image  with  a  half-turn  of  this  screw. 

In  order  to  test  the  fundamental  sensitivity  of  the  thermo- 
couple during  the  observations,  an  electric  lamp  (loo-watt  ''Peer- 
less" mazda)  is  placed  on  a  bracket  in  the  Cassegrain  plate  holder. 
The  light  from  this  lamp  is  reflected  from  the  Cassegrain  flat 
to  the  Newtonian  flat  and  is  received  by  a  small  lens  at  the  New- 
tonian plate  holder  and  projected  on  the  thermocouple.  When 
not  in  use,  the  lens  may  be  swung  aside  and  the  lamp  turned  off. 

Two  types  of  galvanometer  have  been  employed,  viz.,  Leeds 
and  Northrup  high  sensitivity  D'Arsonval  No.  2285,  and  more 
recently  the  Coblentz-Thompson  galvanometer  of  the  same  make. 
Of  the  D'Arsonval  galvanometers,  two  of  different  electrical  prop- 
erties have  been  used.  No.  (i)  has  a  period  of  4.44  seconds, 
resistance  of  9.1  ohms,  and  mirror  sufficiently  flat  to  use  a  scale  at 
8  m,  which  gives  a  sensitivity  of  4.75Xio~'°amp./mm.  No.  (2) 
has  a  period  of  6.5  sec,  resistance  of  17.4  ohms,  and  sensitivity  of 
3.1  X  io~^°  amp./mm  with  scale  at  8  m. 

This  latter  galvanometer  had  a  mirror  ^^g^  inch  in  diameter  with 
very  good  figure  when  tested  in  the  Pasadena  laboratory,  so  good  in 
fact  that  a  scale  could  be  read  at  1 1  m.  When  the  galvanometer 
was  taken  to  Mount  Wilson  and  set  up  in  the  100-inch  dome  at  a 
temperature  of  34°  F.,  the  figure  became  so  bad  that  a  scale  could 
scarcely  be  read  at  i  m,  and  the  projected  image  of  a  lamp  filament 
at  a  distance  of  4  m  was  a  band  7  mm  broad  with  sharp  edges  and 
dark  center.  On  removing  the  galvanometer  to  Pasadena  the  figure 
was  restored.  The  mirror  was  then  detached  and  the  beeswax 
which  covered  the  entire  back  and  was  used  as  a  cement  to  attach 
it  to  the  moving  cofl  was  removed,  and  the  mirror  attached  to  the 
coil  again  by  a  bit  of  universal  wax  placed  in  the  center  of  the  back. 
This  procedure  effectually  removed  the  annoying  change  in  figure 
of  the  mirror,  which  has  since  performed  admirably,  although  sub- 
jected to  temperatures  below  freezing. 
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No.  (i)  was  placed  under  a  bell  jar  and  subjected  to  variations 
in  pressure.  No  change  in  sensitivity  was  observed,  even  when  the 
pressure  was  reduced  to  10 ~^  mm.  At  this  pressure  the  period 
was  reduced  4  per  cent,  while  an  enormous  drift  was  introduced 
which  could  not  be  removed  even  by  grounding  various  parts  of  the 
galvanometer. 

Both  visual  and  photographic  methods  have  been  employed  to 
observe  the  galvanometer  deflections.  Visually  two  methods  have 
been  used.  When  the  scale  was  at  8  m  the  highest  power  tele- 
scope it  was  found  feasible  to  employ  was  approximately  45.  But 
by  placing  a  spectacle  lens  of  6  m  focus  directly  in  front  of  the 
galvanometer  mirror  and  observing  the  image  with  an  eyepiece 
with  cross-hair  in  the  field,  a  power  of  350  could  be  employed 
advantageously,  and  the  scale  read  with  accuracy  to  tenths  of  a 
millimeter. 

When  visual  observations  are  made,  the  drift  of  the  galvanometer 
is  difficult  to  allow  for.  This  drift  can  be  reduced  to  a  minimum  by 
inclosing  the  thermocouple  cell  in  a  wad  of  cotton  wool,  and  sur- 
rounding the  galvanometer  by  a  double  wall  box,  the  space  also 
being  filled  with  cotton.  With  this  arrangement  the  observed  drift 
of  the  D'Arsonval  galvanometer  is  at  most  only  i  or  2  mm  per  min- 
ute, and  is  often  absent.  By  taking  the  observations  at  regular 
inter\-als,  keeping  the  star  on  the  receiver  in  the  meantime,  an 
approximate  value  of  the  drift  may  be  obtained. 

The  method  which  we  have  adopted  at  Mount  Wilson  consists 
in  recording  photographically  the  deflections  and  drift.  The  pho- 
tographic plate  7X17  inches,  or  8X10  inches,  is  carried  by  a  slide 
moA'ing  in  cast-iron  ways,  which  is  driven  by  a  screw  so  that 
the  film  is  always  in  the  focal  plane  of  a  cylindrical  lens  of  semi- 
circular cross-section,  f-inch  aperture  and  8  inches  long,  set  with 
its  axis  at  right  angles  to  the  motion  of  the  plate.  The  image 
of  a  straight  filament  lamp,  formed  by  the  spectacle  lens  before 
the  galvanometer  mirror,  is  at  right  angles  to  the  axis  of  the 
cylindrical  lens.  That  portion,  then,  which  the  lens  intercepts, 
will  form  a  point  image  on  the  plate,  which  in  turn  registers  the 
motion  of  the  galvanometer.  The  plate  is  driven  2  cm  a  minute  by 
a  motor-driven  gear  from  which  a  large  range  of  speeds  can  be  had. 
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Plate  VII  is  a  reproduction  of  photographic  records  of  Vega 
(mag.  o.i),  Arcturus  (mag.  0.2),  a  HercuHs  (mag,  3.0),  and  R  Hydrae 
(mag.  8.0),  respectively,  made  with  this  apparatus  on  the  same  night 
and  reduced  to  one  half  the  original  scale.  The  larger  deflections, 
on  the  left,  for  each  star  were  taken  without  a  water  cell,  those 
on  the  right  with  a  water  cell  i  cm  thick  interposed  in  the  beam. 
The  increasing  absorption  of  the  water  cell  with  the  advance  in 
spectral  type  is  well  shown,  as  is  also  the  increase  in  total  radiation 
for  a  given  magnitude.  The  effects  of  poor  seeing  are  well  shown 
in  the  deflections  for  a  Herculis  without  the  water  cell. 
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Fig.  3. — Transmission  of  a  water  cell  i  cm  thick,  having  windows  of  microscope 
cover-glass  o.  1 2  mm  thick. 

The  water  cell  employed  in  these  observations  consists  of  a  brass 
cylinder  i  cm  long  with  microscope  cover-glasses  0.12  mm  thick 
cemented  to  the  two  ends.  The  transmission  curve  of  this  cell, 
filled  with  distilled  water,  as  observed  with  the  thermocouple  in 
the  Pasadena  laboratory,  is  shown  in  Figure  3.  From  the  curve  it 
will  be  seen  that  very  little  energy  is  transmitted  beyond  i .  i  /x  and 
none  at  all  beyond  1.4  /x.  It  will  also  be  noted  that  star  deflections 
observed  through  the  water  cell  cannot  exceed  90  per  cent  of  the 
deflections  observed  without  it. 

2.  Solar  applications. — The  problems  to  which  we  have  thus  far 
applied  the  thermocouple  may  be  listed  as  follows:  (i)  registration 
of  the  spectral  energy  curve  of  the  sun;    (2)  registration  of  drift 
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curves  across  the  disk  in  various  wave-lengths;  (3)  energy  relations 
across  sun-spots  and  faculae. 

The  apparatus  employed  in  these  investigations  consists  of  the 
photographic  registering  apparatus  already  described.  For  study- 
ing the  energy  relations  across  spots  and  faculae  the  apparatus  is 
mounted  on  the  head  of  the  spectrograph  of  the  150-foot  tower 
telescope.  The  thermocouple  is  contained  in  a  wooden  case  carried 
horizontally  by  a  screw-driven  plate,  which  is  connected  by  a  back 
gear  to  the  driving  shaft  of  the  photographic  registering  apparatus. 
A  paper-covered  metal  shield,  perforated  with  a  needle  point,  is 
attached  to  the  thermocouple  case  directly  above  one  of  the  receivers 
in  such  a  way  that  the  needle  hole  can  be  adjusted  by  means  of  a 
screw  so  that  the  light  from  the  solar  image  passing  through  it  will 
fall  on  the  receiver.  An  aperture  in  the  side  of  the  case,  closed  by 
a  cork,  enables  the  observer  to  effect  this  adjustment. 

The  spot  is  now  brought  by  the  slow  motions  of  the  coelostat  in 
line  with  the  pin  hole,  and  the  photographic  registering  apparatus 
set  in  motion.  By  means  of  the  back  gear,  the  ratio  is  so  adjusted 
that  the  thermocouple  is  driven  about  i  cm  while  the  photographic 
plate  travels  20  cm.  The  galvanometer,  which  is  set  on  an  arm  of 
the  spectrograph  head,  is  connected  to  the  photographic  registering 
apparatus  by  means  of  an  aluminum  box  i  m  long,  which  shuts  out 
the  light  of  the  room  from  the  cylindrical  lens.  By  this  apparatus 
the  total  radiation  curve  across  the  spot  is  obtained.  By  rotating 
the  spectrograph  head,  curves  may  be  obtained  across  the  spot  in 
any  direction. 

THE   REGISTERING   MICROPHOTOMETER 

In  191 2  Koch  first  iatroduced  the  principle  of  the  registering 
microphotometer,  using  a  photo-electric  cell  and  string  electrom- 
eter as  the  registering  device.  The  curves  were  photographically 
registered  on  a  falling  plate  controlled  by  clock  work.  In  191 5 
Stetson'  modified  the  apparatus  by  substituting  a  thermopile  and 
galvanometer  for  the  photo-electric  cell  and  electrometer,  thus 
making  the  apparatus  simpler  and  freer  from  the  annoyances 
to  which  the  photo-electric  cell  is  subject.     Stetson's  apparatus 

'  Astrophysical  Journal,  43,  253,  1916. 
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was  read  visually  and  was  not  a  self-recording  apparatus.  In 
192 1  MolP  applied  the  self-registering  principle  to  the  thermo- 
couple, the  negative  and  plate  being  driven  by  hand.  In  both 
Stetson's  and  Moll's  apparatus  the  thermocouple  operated  at  atmos- 
pheric pressure. 

The  new  registering  microphotometer  now  in  use  at  Mount 
Wilson  was  built  in  the  Pasadena  shop  after  designs  by  Mr.  Bab- 
cock  and  set  in  operation  in  1914.  The  photo-electric  cell  and  string 
electrometer  were  employed  by  him  as  in  Koch's  apparatus.  The 
modifications  introduced  by  Babcock  consisted  in  (i)  moving  the 
plate  by  a  motor-driven  screw,  (2)  providing  for  plates  i5cmX 
100  cm,  (3)  introducing  a  gear  shift  between  the  moving  microscope 
stage  and  plate  screw  so  that  a  number  of  magnifications  of  motion 
between  the  negative  and  moving  plate  could  be  used,  (4)  use  of  a 
cylindrical  lens  in  place  of  a  slit  before  the  moving  plate,  and  (5)  tak- 
ing all  light  used  in  the  apparatus  from  one  Nernst  filament.  The 
modifications  introduced  by  us  consist  in  (i)  replacing  the  photo- 
electric cell  and  electrometer  by  a  vacuum  thermopile  and  D'Arson- 
val  galvanometer,  (2)  the  use  of  both  sunlight  and  a  nitrogen-filled 
straight-filament  lamp  as  sources  of  illumination,  (3)  adding  a 
second  microscope  for  setting  purposes,  (4)  introducing  an  adjustable 
second  slit  before  the  thermopile,  (5)  projecting  an  illuminated  slit 
upon  the  photographic  film  as  in  Moll's  apparatus  instead  of  limiting 
a  large  beam  by  means  of  a  slit  directly  above  the  film  as  in  Koch's 
machine,  and  (6)  the  introduction  of  parallel  silvered  plates  into 
the  barrel  of  the  microscope  to  increase  the  field  of  the  objective 
and  the  deflections  of  the  galvanometer. 

Plate  VIII  shows  the  m.achine  as  it  is  now  used,  arranged  for  solar 
illumination.  The  whole  instrument  rests  on  a  cast-iron  bed-plate 
AB\  12  ft.  long  and  28  in.  wide,  which  stands  on  a  cement  pier. 
The  photographic  registering  device  C  and  the  travehng  microscope 
stage  D  are  connected  by  the  shift-gear  box  G  and  driven  by  the 
motor  M.  The  plate  carrier  K  carries  the  plate  P  horizontally 
past  the  cylindrical  lens  L,  and  is  moved  by  the  long  screw  Sc  of 
2  mm  pitch  in  the  casting  below.     By  means  of  two  mirrors  the 

'  Proceedings  of  the  Physical  Society  of  London,  33,  207,  1921. 
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image  formed  by  the  galvanometer  mirror  is  made  to  play  up  and 
do\Mi  along  the  cylindrical  lens,  and  thus  the  curves  are  produced. 
The  microscope  stage  D  rests  on  four  steel  balls  and  is  driven  by  a 
screw  of  i  mm  pitch  comiected  to  the  gear  box  G,  in  the  same 
direction  as  the  photographic  plate  F.  By  means  of  the  gear 
box  G  the  ratio  of  speeds  between  C  and  D  may  be  varied  from 
two  to  fifty  fold.  The  microscope  m  contains  at  its  upper  end  an 
adjustable  slit  5  above  which  the  thermopile  T  is  placed.  Lead- 
wires  from  the  thermopile  are  connected  with  the  registering  gal- 
vanometer Ga  on  the  bed  plate  of  the  instrument.  A  motor  is  also 
pro\ided  to  drive  the  machine  at  high  speed  so  that  the  plate  may 
be  returned  to  starting  position  when  several  curves  are  being 
compared.  In  this  way  all  the  runs  may  be  made  in  the  same 
direction,  thus  eliminating  the  lag  of  the  galvanometer,  due  to  its 
period. 

In  securing  a  curve  representing  the  energy  relations  across  a 
spectral  line  in  a  photograph,  it  is  obvious  that  in  order  to  avoid 
distortions  of  the  curve  it  will  be  necessary  to  employ  as  narrow 
an  element  of  the.  line  as  possible.  This  means,  in  effect,  that 
the  magnification  of  the  microscope  m  should  be  large  and  that 
the  second  slit  S,  which  limits  the  beam  reaching  the  thermopile, 
should  be  narrow.  There  is,  however,  a  limit  to  the  width  of  the 
slit  S,  since  too  narrow  a  slit  wdll  introduce  irregularities  due  to  the 
clustering  of  silver  grains  in  the  film,  or  dust  and  defects  in  the  film. 
With  the  present  apparatus  these  irregularities  begin  to  appear 
whea  the  slit  width  is  reduced  to  about  o.i  mm  for  the  negatives 
employed.  For  very  fine-grained  plates  this  limit  can  of  course  be 
further  reduced. 

In  order  to  remedy  this  defect  it  will  be  necessary  to  integrate 
over  a  greater  length  of  line  than  is  available  with  Koch's  arrange- 
ment. The  device  adopted  to  facilitate  this  is  shown  in  the  dia- 
gram of  the  optical  system  now  employed  (Fig.  4).  Artificial  light 
or  sunlight  passes  through  a  condenser  and  falls  on  a  slit  ^i,  an 
image  of  which,  formed  by  the  objective  Oi,  is  projected  on  the 
spectral  line  L  of  the  negative  on  the  moving  microscope  stage. 
An  image  of  this  illuminated  portion  of  the  spectral  line  L  is  pro- 
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jected  by  the  microscope  objective  O2  on  to  the  second  sKt  6"  placed 
just  in  front  of  the  thermopile  T.  By  means  of  the  two  parallel 
mirrors  Mi,  M2  the  portions  of  the  beam  which  would  otherwise 

fall  outside  of  the  field  are  thrown  back 
upon  the  thermopile  and  become  effective. 
From  tests  it  was  found  that  the  40  mm 
objective  employed  had  fair  field  over  10°, 
so  that  a  spectral  line  9  mm  long  could 
be  employed.  By  adjusting  the  length  of 
the  slit  Si,  or  the  distance  from  the  mirrors 
Ml,  M.  to  the  objective  O,,  the  field  may 
be  limited  to  this  value.  The  full  lines 
indicate  the  path  of  the  rays  in  the  pres- 
ent arrangement,  and  the  dotted  lines  the 
same  for  the  arrangements  of  Koch  and 
MoU. 

By  adjusting  the  width  of  the  first  slit 
Si,  only  that  portion  of  the  spectral  line 
L  is  illuminated  which  is  included  in  the 
image  which  passes  through  the  second  slit 
at  S.  This  device  employed  by  Moll  re- 
duces the  scattering  of  the  light  in  the  film, 
but  probably  its  greatest  advantage  is  in 
eliminating  the  use  of  the  first  slit  just 
above  the  moving  plate  at  L,  thus  facil- 
itating the  adjustment  of  the  negative. 

When  the  thermocouple  is  employed  to 
replace  the  photo-electric  cell  on  the  regis- 
tering microphotometer,  no  means  is  avail- 
FiG.  4— Optical  system    able  for  compensating  the  apparatus  against 
of  the  registering  micro-    changes  in  the  intensity  of  the  illumination 
^  °  '  used.     No  mention  of  this  is  made  in  the 

descriptions  of  the  apparatus  employed  by  Stetson  and  Moll,  who 
used  storage  batteries  as  a  source  of  current  for  the  illumination. 
While  we  cannot  compensate  the  thermopile,  we  may,  at  the 
same  time,  however,  register  the  variations  in  the  illumination  by 
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projecting  a  portion  of  the  beam  incident  on  the  first  slit  5, ,  on  a 
second  thermopile  and  registering  the  fluctuations  in  intensity  on 
the  photographic  plate  by  means  of  a  second  galvanometer  of  the 
same  period  as  the  one  employed  with  the  first  thermopile  T.  The 
results  of  investigations  with  the  apparatus  and  methods  here  de- 
scribed will  appear  in  a  future  paper. 

Mount  Wilson  Observatory 
July  1922 


THE  ELECTRIC  FURNACE  SPECTRUM  OF  IRON  IN 

THE  ULTRA-VIOLET,  WITH  SUPPLEMENTARY 

DATA  FOR  THE  BLUE  AND  VIOLET^ 

By  ARTHUR  S.  KING 

ABSTRACT 

Electric  furnace  emission  and  absorption  spectra  of  iron  in  the  ultra-violet,  for  various 
temperatures  from  1400°  to  2600°  C. — This  paper  supplements  one  published  in  1013  on 
the  iron  furnace  spectrum  from  X  3884  to  X  7208.  Furnace  emission  spectra  extend 
into  the  ultra-violet  only  as  far  as  the  continuous  spectrum  of  a  black  bodj-  at  the  same 
temperature.  It  has  now  been  found,  howe\er,  that  by  using  a  very  hot  source,  such 
as  a  gas-filled  tungsten  lamp  or  a  series  of  fine  wires  exploded  by  Anderson's  method, 
absorption  spectra  corresponding  to  either  low  or  high  temperatures  of  the  vapor  maj-  be 
obtained  extending  to  X  2298  or  bej'ond.  The  relative  intensities  in  absorption  spectra 
are  the  same  as  in  emission  spectra  of  the  same  temperature.  A  large  number  of 
spectrograms  have  been  made  in  the  first  and  second  orders  of  a  15-foot  concave  grating. 
Tables  I-III  contain  the  temperature  classification  of  904  lines,  X  22g8  to  X  jSyS,  and 
the  relative  intensities  in  the  arc  and  in  high,  medium,  and  low  temperature  furnace 
spectra,  either  emission  or  absorption,  upon  which  the  classification  is  based.  For 
iron,  the  low-temperature  lines,  classes  I  and  II,  are  well  developed  at  1600°,  the 
medium,  class  III,  at  2000°,  and  the  high-temperature  lines,  class  IV,  at  2300°. 
About  sLxty  lines,  of  various  classes,  are  relatively  very  weak  in  the  arc;  they  are  denoted 
by  I  A,  II  A,  etc.  A  revised  classification  of  262  lines,  X  38S4  to  X  4531,  based  on  later 
spectrograms,  is  given  in  Table  IV;  and  Table  V  contains  a  list  of  the  most  persistent 
low- temperature  lines,  the  twenty-one  from  X  3745  to  X  4482  emitted  by  the  vapor  at 
1400°,  as  photographed  by  long  ex-posure  with  a  i-meter  concave  grating.  On  Plate  XI 
a  high-temperature  absorption  spectrum  is  shown  between  two  arc  spectra. 

Discussion  of  the  significance  of  the  temperature  classification  of  spectral  lines. — 
Work  with  various  metals  indicates  a  parallelism  between  the  successive  temperature 
excitation  stages  and  the  radiation  stages  as  the  potential  is  increased  in  low-voltage 
vacuum  arcs.  For  high  boiling-point  metals,  the  classification  can  perhaps  be  more 
readily  made  by  the  furnace  method.  To  assist  in  the  correlation  of  the  two  types 
of  classification,  elements  which  may  have  their  spectra  excited  in  either  way  should 
be  carefull}^  studied  in  both  ways. 

A  paper  on  the  electric  furnace  spectrum  of  iron  from  X  3884  to 
X  7208  was  published  by  the  writer^  in  19 13.  The  present  paper 
begins  at  the  \iolet  Hmit  of  the  former  investigation  and  extends - 
the  study  to  X  2298,  which  is  as  far  as  it  has  been  possible  to  obtain 
lines  by  means  of  the  furnace.  Within  this  range,  the  lines  given 
in  tables  of  arc  wave-lengths  are  covered  with  reasonable  complete- 
ness, the  missing  lines  generally  being  very  faint  in  the  arc  or  of  the 
enhanced-line  type,  both  of  these  classes  requiring,  as  a  rule,  the 
stronger  excitation  of  the  electric  discharge.     As  in  other  studies  of 

'  Contributions  from  the  Mount  Wilson  Observatory,  Xo.  247. 
*  Ibid.,  Xo.  66;  Astrophysical  Journal,  37,  239,  1913. 
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furnace  spectra,  the  puq^ose  has  been  to  show  the  changes  in  relative 
hne  intensity  through  various  furnace  temperatures  and  into  the 
conditions  of  the  arc,  and  from  these  data  to  classify  the  hnes  accord- 
ing to  the  temperatures  at  which  they  first  appear  and  their  rates 
of  growth  as  the  temperature  rises. 

The  temperature  stages  for  this  purpose  must  be  selected  for 
each  element  according  to  the  observ^ed  changes  in  its  spectrum,  and 
it  is  desirable  that  at  each  stage  there  be  a  marked  change  from  the 
spectrum  at  the  stage  below.  For  iron,  the  low-temperature  spec- 
trum was  found  to  be  well  developed  at  1600°  C.  and  the  plates  for 
this  group  of  lines  were  taken  from  1600°  to  1700°.  For  the  medium 
temperature,  at  which  another  set  of  Hnes  appears,  about  2000° 
was  used.  The  high-temperature  spectrum  develops  at  about  2300° 
and  still  higher  temperature  has  httle  effect  beyond  increasing  the 
reversals  and  giving  general  intensification.  Nevertheless,  tempera- 
tures of  2500°  to  2600°  were  used  for  most  of  the  high-temperature 
spectra,  in  order  to  obtain  the  full  effect  of  the  conditions  corre- 
sponding to  this  stage. 

The  same  methods  of  classification  have  been  used  as  in  previ- 
ous studies,  but  an  important  new  feature  is  the  use  which  has 
been  made  of  absorption  spectra,  obtained  by  methods  described 
in  recent  papers,^  and  by  others  still  more  recently  developed. 

It  was  noted  in  the  first  paper  on  the  iron  spectrum,  and  has  been 
many  times  confirmed  for  this  and  other  spectra,  that  at  a  given 
temperature  of  the  furnace  the  emission  spectrum  stops  at  a  point 
in  the  ultra-violet  somewhat  short  of  the  limit  of  the  continuous 
spectrum  given  by  a  black  body  at  the  same  temperature.  A  close 
approach  to  such  a  black  body  is  easily  obtained  by  placing  a  graph- 
ite plug  in  the  central  part  of  the  tube  and  heating  the  furnace  to 
the  temperature  previously  used  for  the  emission  spectrum. 

A  limit  is  thus  set  to  the  wave-length  range  within  which  the 
furnace  at  a  certain  temperature  can  give  emission  lines,  and  if 
appearance  at  this  temperature  is  the  criterion  indicating  that 
hnes  belong  to  a  certain  class,  all  lines  of  shorter  wave-length  auto- 
matically go  into  a  higher  class.     It  is  often  the  case,  however, 

^  Mt.  Wilson  Contr.,  Xos.   174,   233;    Aslrophysical  Journal,   51,   13,1920;    55, 
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that  the  Hnes  of  shorter  wave-length,  when  produced  by  the  furnace 
at  a  higher  temperature  or  in  the  arc,  show  no  features  that  w^ould 
distinguish  them  from  those  in  the  region  given  by  the  low- 
temperature  furnace.  This  forced  distinction,  due  to  the  fact  that 
the  furnace  cannot  emit  beyond  a  certain  point,  was  noted  in  the 
study  of  the  spectrum  of  calcium,  strontium,  barium,  and  mag- 
nesium/ 

In  the  present  investigation,  trials  were  made  to  see  if  iron  vapor 
at  low  temperature  would  absorb  radiation  of  shorter  wave-length 
than  it  was  able  to  emit.  This  proved  to  be  the  case.  When  a 
beam  of  white  light  from  a  very  hot  source  was  passed  through  the 
moderately  heated  furnace,  iron  absorption  Unes  appeared  as  far 
in  the  ultra-violet  as  the  solid  body  was  able  to  build  up  a  continuous 
spectrum;  and  by  using  successively  hotter  sources  behind  it,  the 
furnace  at  1600°  C.  gave  absorption  lines  as  far  as  X  2298.  The 
emission  spectrum  at  this  temperature  ends  at  X  3440,  though  this 
is  due  partly  to  the  fact  that  for  a  considerable  range  below  this, 
no  low-temperature  Hnes  occur. 

There  seems  to  be  no  reason  why  ultra-violet  absorption  hnes 
obtained  in  this  way  should  not  be  classed  as  low-temperature  Unes. 
A  stellar  spectrum  produced  by  sufiicient  difference  of  temperature 
between  the  body  of  the  star  and  cool  iron  vapor  surrounding  it 
should  show  no  difference  (disregarding  atmospheric  absorption) 
between  these  Hnes  and  the  low-temperature  lines  of  the  visible 
spectrum. 

It  has  therefore  been  considered  legitimate  to  use  the  absorption 
spectrum  for  a  certain  temperature  stage  as  a  means  of  extending 
the  data  beyond  the  point  where  the  emission  lines  die  out.  This 
has  resulted  in  a  division  of  the  tabulated  Hnes  into  three  sections. 
In  Table  I,  from  X  2298  to  X  2808,  the  comparison  is  between  the 
absorption  spectra  at  high  and  low  temperatures.  Both  of  these 
extend  to  shorter  wa^^e-lengths  than  the  corresponding  emission 
spectra.  At  high  temperature,  however,  it  has  been  possible  to 
force  the  emission  spectrum  to  X  2462.  The  relative  intensities 
of  emission  and  absorption  Hnes  with  the  furnace  at  high  and  low 

^  Ml.  Wilson  Conlr.,  No.  150;   Aslropkysical  Journal,  48,  13,  1918. 
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temperatures  were  so  nearly  the  same  as  to  justify  printing  only  a 
single  list.  Table  II  includes  data  from  X  2813  to  X  3437.  The 
high-  and  medium-temperature  columns  are  for  emission  lines,  but 
intensities  of  the  low-temperature  lines  are  to  be  obtained  only  from 
the  absorption  spectrum.  Table  III,  for  the  range  X  3440  to  X  3788, 
makes  use  of  emission  spectra  at  the  three  temperature  stages, 
though  in  compiling  it  constant  reference  was  made  to  the  reversi- 
bility of  lines  as  shown  by  their  strength  in  absorption  spectra. 

EXPERIMENTAL  METHOD 

a)  Furnaces. — Two  electric  furnaces  have  been  employed.  The 
first,  in  which  the  tube  with  its  supports  is  inclosed  in  a  strong 
cylindrical  chamber,  adapted  for  high  pressure  as  well  as  vacuum, 
was  used  throughout  the  previous  investigations.  The  other  is  for 
pressures  not  above  the  atmospheric  limit,  and  consists  of  a  heavy 
sheet-iron  hood  which  is  lowered  upon  a  base-plate  through  which 
the  connections  for  electric  current  and  water  pass  to  the  supports 
of  the  furnace  tube.  These  supports  are  hollow  bronze  blocks, 
water-cooled,  and  bored  to  hold  cylindrical  graphite  bushings  which 
make  direct  contact  with  the  tube.  The  latter  is  of  Acheson  graph- 
ite, and  various  forms  have  been  used  in  special  experiments,  but 
the  size  regularly  employed  has  been  of  13-mm  bore,  19-mm  out- 
side diameter,  and  30-cm  length.  The  heated  portion  of  the  tube 
between  the  contact  blocks  is  about  20  cm  long.  A  tubular  water 
jacket  of  cast  iron,  of  17.5  cm  internal  diameter,  surrounds  the  fur- 
nace tube,  so  that  no  cooling  of  the  outer  inclosure  is  required. 
This  furnace,  and  also  the  older  one,  were  usually  pumped  out  to  a 
pressure  of  less  than  i  cm  of  mercury,  but  numerous  experiments 
were  made  at  atmospheric  pressure.  An  illustration  of  this  furnace 
with  the  hood  raised  is  shown  in  Plate  IX. 

Iron  in  powdered  form  was  placed  in  the  heated  portion  of  the 
tube.  A  preliminary  heat  was  given  at  a  temperature  sufficient  to 
melt  the  iron,  which  then  stuck  to  the  wall  of  the  tube,  probably 
forming  a  carbide.  A  supply  of  iron  thus  remained  in  place  during 
the  life  of  the  tube,  and  no  fresh  charging  was  needed.  The  presence 
of  air  appeared  to  cause  a  more  vigorous  combination  of  the  metal 
with  the  material  of  the  tube. 
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Alternating  current  of  from  lo  to  30  volts  was  usually  employed 
on  the  furnace  tube;  but  in  the  later  work,  direct  current  from  a 
500-kw  generator  was  often  used.  This  was  especially  useful  in 
experiments  with  the  furnace  at  atmospheric  pressure,  as  the 
temperature  changes  caused  by  the  thinning  tube  could  be  com- 
pensated by  a  close  control  of  the  voltage. 

b)  Production  of  absorption  spectra. — ^Three  methods  of  obtain- 
ing absorption  spectra  were  used  during  the  investigation.  A  very 
useful  method  was  to  place  a  cylindrical  plug  of  graphite  near  the 
center  of  the  tube  and  observe  the  absorption  produced  by  iron 
vapor  in  front  of  this  plug.  Very  high  black-body  temperatures 
are  obtainable  in  this  way,  the  plug  frequently  being  heated  above 
3200°  C,  the  highest  temperature  readable  on  the  pyrometer.  With 
this  arrangement,  however,  it  is  a  question  as  to  the  temperature 
of  the  vapor  which  absorbs.  As  in  previous  work  with  this  method, 
the  spectrum  indicated  a  difference  of  about  400°  between  the  plug 
and  the  absorbing  layer,  which  would  mean  that  the  relatively  cool 
vapor  near  the  end  of  the  tube  is  effecti^•e,  while  the  main  mass  of 
vapor  in  the  tube  is  too  hot  to  give  the  required  gradient.  This 
method,  especially  when  the  tube  was  made  thinner  near  the  middle, 
so  that  the  plug  was  much  hotter  than  the  main  length  of  the  tube, 
gave  good  results  for  the  high- temperature  absorption  spectrum. 
An  absorption  spectrogram  for  which  the  plug  was  held  at  a  tempera- 
ture of  3000°  gave  Unes  as  far  as  X  2447,  the  relative  intensities 
showing  no  important  difference  from  an  emission  spectrum  at 
2600°.  In  another  test,  the  emission  spectrum  at  2400°  was  com- 
pared with  absorption  spectra  for  which  the  plug  was  held  closely 
at  2400°,  2600°,  and  2800°,  respectively.  The  2800°  spectrum  was 
identical  in  all  essential  features  with  the  emission  spectrum  at  2400°. 
At  low  temperatures,  however,  it  is  desirable  to  know  as  accurately 
as  possible  the  temperature  of  the  absorbing  vapor.  For  this  pur- 
pose it  is  best  to  use  an  open  tube,  the  temperature  of  whose  wall 
can  be  closely  measured,  and  pass  through  the  tube  a  beam  of  Hght 
from  a  source  so  much  hotter  that  the  vapor  in  the  main  section 
of  the  tube  can  be  safely  assumed  to  be  in  a  condition  to  absorb. 
This  was  arranged  by  placing  a  900-watt  gas-filled  lamp,  operating 
at  30  amperes,  behind  the  furnace,  and  directing  its  beam  through 
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the  tube.  The  rated  temperature  of  the  tungsten  spiral  in  this 
lamp  is  2Qoo°  C.  To  get  the  full  benefit  of  the  lamp  in  the  ultra- 
violet region,  a  side  tube  closed  by  a  quartz  window  was  set  in  the 
bulb,  which  was  then  refilled  with  pure  nitrogen. 

A  third  method  was  to  use  as  a  source  of  continuous  spectrum 
the  light  from  exploding  wires  inclosed  in  a  block  of  wood.  This 
has  been  shown  by  Anderson'  to  give  excellent  absorption  spectra 
of  the  material  of  the  wire,  extending  far  into  the  ultra-violet.  Dr. 
Anderson  kindly  operated  the  explosion  apparatus  and  the  hght 
was  passed  through  the  furnace  heated  at  various  temperatures. 
As  it  is  necessary  to  use  metals  gi^•ing  as  few  lines  as  possible  in  the 
region  to  be  studied,  wires  of  aluminium  and  of  lead  were  tried- 
The  latter  was  most  nearly  free  from  disturbing  Hnes,  both  of  the 
metal  itself  and  of  iron  impurities,  and  a  number  of  furnace  absorp- 
tion hnes  were  added  to  the  list  obtainable  by  the  other  methods. 
The  explosion  method  promises  to  be  generally  useful,  the  chief 
drawback,  aside  from  the  disturbing  lines  in  the  source,  being  the 
very  large  number  of  explosions  required  (on  account  of  their  almost 
infinitesimal  duration)  to  build  up  a  continuous  spectrum  with  a 
high-dispersion  spectrograph. 

c)  Photography  of  the  spectrum. — The  spectrograms  for  the 
various  furnace  temperatures  were  made  as  far  as  possible  with  the 
vertical  concave-grating  spectrograph  of  15-foot  radius.  All  of 
the  photographs  used  for  the  final  intensity  estimates  were  made  in 
this  way,  except  when  wire  explosions  were  used  as  an  absorption 
source,  a  i-meter  concave  grating  giving  high  intensity  beyond 
X  3000  then  being  employed.  The  second  order  of  the  15-foot 
instrument,  giving  a  scale  of  1.86  A  per  millimeter,  was  used  as 
far  as  X  2800,  while  the  first  order  was  used  for  the  shorter  wave- 
lengths. IMany  spectrograms,  especially  for  low-temperature 
spectra,  were  made  with  the  i -meter  spectrograph  and  used  for 
checking  those  of  the  higher  dispersion.  These  were  particularly 
useful  in  deciding  whether  certain  lines  can  be  brought  out  at  a 
given  temperature,  since  a  long  exposure  with  this  instrument  may 
be  depended  on  to  show  lines  which  with  higher  dispersion  are  under- 
exposed. 

*  Mt.  Wilson  Contr.,  No.  178;  Aslrophysical  Journal,  51,  37,  1920. 
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EXPLANATION   OF   THE   TABLES 

Tables  I,  II,  and  III  contain  in  the  first  column  the  wave-lengths 
of  iron  lines  on  the  international  system.  These  are  for  the  most 
part  according  to  the  measurements  of  Burns,^  rounded  off  to  two 
decimal  places,  though  in  some  cases  values  from  the  table  of  iron 
lines  given  by  Kayser^  have  been  used.  Lines  in  the  arc  tables 
which  are  not  given  by  the  furnace  even  at  high  temperature  are 
entered  only  when  they  offer  a  striking  contrast  with  neighboring 
lines  which  in  the  arc  are  of  equal  intensity  or  even  weaker,  but 
which  appear  distinctly  in  the  furnace.  This  rule  is  not  followed 
closely  in  the  region  of  wave-lengths  shorter  than  X  2500,  where 
a  large  proportion  of  the  strong  arc  lines  are  of  polar  type  and  are 
usually  absent  from  the  furnace  spectrum. 

The  arc  intensities  in  the  tables  are  graded  so  that  a  large  pro- 
portion of  the  lines  are  given  values  comparable  with  those  for  the 
high-temperature  furnace.  In  the  ultra-violet,  the  arc  spectrum 
taken  close  to  the  poles  is  very  different  from  that  emitted  by  the 
central  region,  and  it  is  the  lines  of  the  latter  which  in  the  main 
make  up  the  furnace  spectrum.  The  photographs  for  estimation 
of  arc  intensities  were  therefore  made  with  the  slit  across  the  image 
of  the  arc  and  about  midway  between  the  poles.  For  the  arc,  as 
for  the  emission  furnace,  "r"  and  "R"  refer  to  degrees  of  reversal, 
while  a  line  of  nebulous  structure  is  denoted  by  "n." 

In  the  gradation  of  furnace  intensities,  "tr"  indicates  that  a 
trace  is  visible  on  a  strongly  exposed  spectrogram,  while  a  line  dis- 
tinctly outhned  is  given  intensity  "  i."  Lines  of  strength  above  20 
are  likely  to  show  some  degree  of  reversal,  and  before  this  intensity 
is  reached,  the  line  has  a  softened  appearance  which  may  be  mis- 
taken for  faintness.  Some  plates  out  of  the  large  collection  for 
each  temperature  stage  usually  showed  the  true  condition  of  the 
line.  The  scale  for  absorption  Unes  was  made  as  closely  comparable 
as  possible  with  that  for  emission  lines. 

The  "arc  type,"  in  the  fifth  column  of  Table  I,  refers  to  the 
relative  strength  of  a  line  at  the  center  and  near  the  poles  of  the 
arc.     Type  "  C  "  is  strong  in  the  center  of  the  arc,  while  type  "  C-P  " 

'  Lick  Observatory  Biillelin,  8,  27  (No.  247),  1913. 
'  Handhiich  der  Speklroscopie,  6,  896. 
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TABLE  I 
Temperature  Classification  of  Iron  Lines,  X  2  298-X  2808 


X 

(I.A.) 


2298.18.. 
2299.25... 
2303.57 
2309.00. . . 
2313.12.. . 

2320.37  ■ 
2354.88... 
2368.60.  . 

2373.74.. 
2382.04... 

2438.19  . 
2447.72*. 
2453  48.., 
2457.60.. 

2462. IQ 

2462.65.. 

2465.16*. 

2468.89.. 

247237. 

2472.90.. 

2473  07.. 

2476.67.. 

2479.48.. 

2479.78.. 

2483.28.. 

2483.54-. 
2484.19*. 
2488.15.. 
2489.76*. 
2490.66.  , 
2491  .16.  . 
2496.54. 
2498.90.  . 

2501.14 

2507.90.. 

2510.84.. 

2512.37.. 

2518.11.. 

2522.86.  . 

2524.29.. 

252744.. 
2529.27.. 
252983.. 
2530.70.. 
2533  80.. 
2535.61.. 
2540.98.. 
2542.11.. 

2543. 93  ^. 
2544.72.. 
2545.98.. 
2549.62.. 
2552.63.. 
2556.87.. 
2576.70.. 
2582.31.. 
2584  54-. 
2585.89*. 
2588.01*. 
2594.05.. 
2594.16.. 


Akc 
In- 
ten- 
sity 


lor 

2 

3 

2 
2 
2 

3 
10 

15 
20 

2 

4 

5 

6 

4 

lor 
6 

4 

5 

12 


f] 


3 

6 
20R 
60R 

10 

15R 
40R 

i5r 
30R 
20R 

6 

10 
20R 

6 
15R 

5r 
i2r 
40R 

8r 
i5r 
I  or 

3 

3 

4 

8r 
loR 

6 

6 

6 

lor 
lor 

2 

I 

4 

6 

8 
20 

8 

I 

I 


F CRN ACE 

Intensities 


High- 
Temp. 
Ab- 
sorp- 
tion 


4 
I 

2 
I 

I 
I 
2 
1 
2 
2 
1 

4 

I 

3 

4 

12 

3 
2 
2 

20 

2 


40 

8 
30 

8 
20 

15 

1 

tr 

15 

2 

12 

3 

10 

30 

5 

12 

8 

2 

2 

tr 

6 

10 

tr 

tr 

tr 

10 

10 

2 

I 

2 

I 

3 

1 
I 


Low- 
Temp. 
Ab- 
sorp- 
tion 


2 
tr 
2 
5 
2 

3 
tr 


Arc 
Type 


C 

C 

C 

C 

C 

C-P 
C-P 
C-P 
C-P 
C-P 

C 

C 

C 
C-P 

C 

c 

C-P 
C-P 
C-P 

c 
c 
c 

c 
c 
c 
c 
c 

C-P 

p 
c 

C-P 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

C-P 
C-P 

c 
c 
c 
c 
c 

C-P 

c 

C-P 

p 
c 

^£ 

ic 


Class 


II 
III 

II 
III 
III 
III 

II 
III 

II 

II 
III 

II ; 
ni 

II 
III 

II 
III 
ni 
III 

II 

II 
ni 
III 

II 

II 

II 

II 

II 

II 

II 

II 
III 

IV 

II 
III 

II 
III 

II 

II 

II 

II 
III 
III 
III 

IV 

III 
III 

IV 
IV 
IV 

III 
III 
III 
III 
III 
III 
ni 
i\' 
III 
III 
III 


X 

(I.A.) 


2599 

2605 

2606. 

2610 

2612. 

2614. 

2618 

2618 

2623. 

2623. 

2629. 

2632. 

2632. 

2635. 

2636. 

2641 . 

2644. 

2645. 

2647. 

2651. 

2656. 

2660. 

2662. 

2666. 

2666. 

2666. 

2667 . 

2669. 

2673. 

2679. 

2680. 

2689. 

2689. 

2690. 

2695. 

2697. 

2699. 

2706. 

2706. 

2708. 

2710. 

2711 . 

2714. 

2715. 

2717. 

2718. 

2719, 

2719. 

2720, 

2723 

2724 

2726 

2728 

2728 

2730 

2733 

2734 

27.34 

2735 

2735 

2737 


8.. 
69 
84.. 
76.. 
79  . 
51.. 
03.. 
72.. 
38.. 
54  ■ 
60*. 

25  . 
60.. 
82.. 


49 
6S- 
01. 

43 

57. 

72. 

15 

41 

07. 

41 

82. 

97. 

92. 

50* 

22. 

07. 

46. 

22. 

84. 

07. 

04. 

03. 

,11. 


59  . 
58*. 
55.. 
66.. 
88.. 
33- ■ 
79  • 
45*. 
04.. 

43*. 
91.. 

58.. 
96*. 
06.. 
03-. 
83.. 
98.. 
58.. 
01. . 
27.. 
48*. 
61*. 
31 


Arc 

In- 
ten- 
sity 


6 
6 
6 

I 
2 
I 

S 
2 

2 

s 

2 

4 
2 
8 

I 
4 
8 

I 

3 
2 

3 

I 

3 
2 
8 

3 

I 
2 
I 
10 
2 
8 
2 
2 
I 
2 
6 
4 
8 

4 
2 

4 
I 
I 
2 
6 
60R 

3 
4or 

IS 

10 

6 

3 
2 
2 

15 
2 

2 

1} 

2  or 


Furnace 
Intensities 


High- 
Temp. 
Ab- 
sorp- 
tion 


3 
I 

3 

I 
2 
1 
2 
2 
2 
2 
2 
2 
4 
4 
1 
2 
3 
2 
4 
1 

tr 
I 
2 
I 

4 
2 


tr 

3 

1 

3 
tr 

2 
tr 
tr 
2 
tr 

3 


tr 

2 

tr 
tr 

I 

60 

> 

40 

IS 

3 

2 
2 
2 
2 

5 
tr 
tr 

5 

20 


Low- 
Temp. 
Ab- 
sorp- 
tion 


Arc 
Type 


C-P 
C-P 
C-P 

C 

C 

C 
C-P 

C 

C 
C-P 

C 
C-P 

C 
C-P 

c 
c 

C-P 

c 
c 
c 
c 
c 
c 
c 

fC-P 

I  c 
c 
c 
c 

C-P 

c 

C-P 
C 

c 
c 
c 

C-P 

c 

C-P 

c 
c 

C-P 
C 

c 
c 

C-P 

c 
c 
c 
c 

C-P 

C-P 

C 

c 

c 

c 

c 

c 
;c-p 
I  c 

c 


Class 


III 
III 
III 
III 
III 
III 

m 
III 
III 
m 
III 
III 

III  A 

in 
in 
III 
III 

III  A 

III 
III 
III 
in 
III 
III 
III 
III 

HI  A 
IV 

III 
III 
in 
ni 
m 
ni 
III 
III 
m 
i\- 
in 

IV 

ni 
ni 
m 
in 
III 
in? 

II 
III  ? 

II 

II 
III 
III 
m 
III 
III 

II 
III 
III 
in 
ni 

n 


;26 


ARTHUR  S.  KING 


TABLE  I— Continued 


Arc 
In- 
ten- 
sity 

Furnace 
Intensities 

Mc 
Type 

Class 

X 

(LA.) 

-Arc 
In- 
ten- 
sity 

Furnace 
Intensities 

Arc 
Type 

X 

(LA.) 

High- 
Temp. 
Ab- 
sorp- 
tion 

Low- 
Temp. 
Ab- 
sorp- 
tion 

High- 
Temp. 
Ab- 
sorp- 
tion 

Low- 
Temp. 
Ab- 
sorp- 
tion 

Class 

2742 .02 

2742.26 

2742.41 

2743-57 

2744-07 

2744-53 

2746.99* 

2750. IS 

2753.69 

2754.03 

2754.43 

2756.33 

2757.32 

2759.82 

2761 .79* 

2762.03 

2763.11 

2764.33 

2766.91 

2767.52* 

2 
20  1 
3or/ 

3 
10 

8 
20 
25r 

3 

3 

2 
20 

lO 

4 
18 

15 
4 
3 
2 

20 

I 

30 

I 
8 
2 
2 

20 
2 
2 
I 

10 
3 

2 

3 
3 
2 

I 
2 

3 

5 

2 

4 
"6" 

C 
/C-P 

1  c 

C-P 

c 

C-P 

p 
c 
c 
c 
c 
c 

C-P 

c 

C-P 
C-P 

c 
c 
c 
p 

III 
III 

II 
III 

II 
III 
III 

II 
III 
III 
III 
I 
III 
III 
III 
III 
III 
III 
III 
III 

2769.67 

2772 .08 

2772.11 

2773.23 

2774.73* 

2778.08 

2778.23 

2778.85 

2780.70 

2781.84 

2787.94 

2788.11 

2792.40 

2795.01 

2797.78 

2799.15 

2804.52 

2806.99 

2807 .24 

2808.33 

il 

2 
3 

31 

20/ 

3 

I 

3^1 

I 

3 
15 

I 
20 
20 

2 

2 

I 

6 

tr  - 
2 

5 

3 

tr 
2 

8 

I 
2 

3 
tr 

3 
3 

I 
I 

y'2" 

\ 

/::::: 
I  2 

I 
I 

C 

C-P 

C 

C 

c 
f  c 
,C-P 

c 
c 

C-P 

c 
c 
c 

C-P 

c 

C-P 

C-P 

C 

c 

III 

II 

III 

III 

III 

III 

III 

III 

III 

III 

II 

II 

III 

III 

III 

III 

II 

II 

III 

III 

2447.72 

2465.16 

2484.19 
2489.76 

2585.89 

2588.01 

2629.60 
2669.50 

2708.58 
2718.45 
2719.43 

2724  .96 

2735.48 
2746.99 
2761.79 
2767.52 
2774.73 


Probably  present  at  low  temperature  close  to  Pb  absorption  line. 

Blends  in  arc  with  close  polar  line  to  red. 

Some  strengthening  at  pole  in  arc.     Possibly  blend  with  polar  line. 

Blend  in  arc  with  polar  line  to  red. 

Blend  in  arc  with  polar  line  to  red. 

Strong  throughout  arc,  enhanced  at  poles. 

Blend  in  arc  with  polar  line  to  red. 

Close  blend  in  arc  with  polar  line. 

Appears  faintly  in  high-temperature  emission  spectrum. 

Appears  faintly  in  high-temperature  emission  spectrum. 

Blend  in  furnace  with  X  2719.04. 

Blends  in  arc  with  polar  line  X  2724.89. 
.61     Furnace  line  is  chiefly  X  2735  .61. 
Strong  throughout  arc,  enhanced  at  poles. 
Slightly  strengthened  at  poles. 
Much  enhanced  at  pole. 
Blend  in  arc  with  polar  line  to  violet. 


indicates  that  the  line  is  emitted  with  Jittle  change  of  intensity 
from  center  to  pole.  Polar  Hnes,  denoted  by  "  P,"  are  rarely  visible 
in  the  furnace  spectrum. 

The  classification  of  Hnes  given  in  the  last  column  of  each  table 
has  been  carried  out  in  the  same  manner  as  in  previous  papers, 
except  that  class  I  B  of  the  former  paper  on  the  iron  spectrum  is 
here  replaced,  as  has  been  the  case  for  the  other  metals  studied,  by 
class  I. 

Classes  I  and  II  are  low-temperature  lines,  but  those  of  class  I 
maintain  their  strength  at  low  temperature  longer  than  do  the  hnes 
of  class  11.     These  classes  include  practically  all  of  the  hnes  which 
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X 

1 1.  A) 


TABLE  II 
Temperature  Classification  of  Iron  Lines.  X2.Si3-X;5437 


2813. 2Q. 

2815.51. 

2Si7.iil 

2820.81. 
2823.28. 
2825.56. 

282s.6g. 
2827.89. 
2828.81. 
2832.4,5. 
2835.46. 
2838.12. 
2840.42. 
2843.63. 
2843.97. 
284s .60. 
2846.85. 
2848.71. 
2851.80. 
2858.90. 
2862.50. 
2863.43. 
2S63.87. 
2866.63. 
2867.31. 
2867.57. 
2868.44. 
2869.31. 
2872.34. 
2874.18. 

2875.31* 

287  7., 50. 

2880.58. 

2880.76* 

2883.73* 

2886.52 

2887.81* 

2893.76. 

2893.88. 

2894.51. 

2895.04. 

2899.42. 

2901 .38. 

2901 .92. 

2907.52. 

2912 .16. 

2912.26. 

2914.31. 

2918.03. 

2918.3.'). 

2920.69. 

2923. 29 

2923-85 

2925. .36. 

2925.90. 

2926.58* 

2929.01. 

2929.12. 

2929.62. . 

2936.90. 

2937.81., 

2941.34., 

2944.40* 


Arc 
In- 

TKN- 


20 

20 

6 

5 

7 

6 
to 

6 
10 
2or 


5 
4 
8 
8 
7 
3 
3 
5 

10 
7 

10 
5 
8 
2 
5 
4 
3 
5 
I 
2 

10 

8 


5 
2or 

3 

.5 
10 

i 

5 

7 

7 

■1 

4 
10 
25r 

6 

60R 

ion 

isr 

6 


Furnace 
Intensities 


ni,sh- 
Temp. 
Emis- 
sion 


tr 

4 

I 

SOT 

I 
I5r 


.Med. 
Temp 
Emis- 
sion 


2or         1 5 


Low- 
Temp 
Ah- 
.sorp- 
llon 


10  8 


Cl.xss 


II 
IV 
III 
IV 

II 

II 

II 
III 
III 

II 

I 
III 

II 
III 

II 
III 

IV 

III 
II 
II 

IV 

III 

I 

II 

IV 
IV 

IV 

I 

III 

I 

IV 

III 

IV 

V 

V 
IV 

V 

IV  a 
IV 

III 
III 

IV 
IV 
IV 

x 
I 

IV 
IV 
IV 
IV 
IV 
IV 
IV 

\' 

IV 
V 

I 

IV 
IV 

I 

IV 

I 

V 


X 
(I.A. 


2945.07.. 
2947 .66*. 
2947.88. . 

2948.44.. 
2949.21*. 
2950.25.. 

2953  49-. 
2953.78*. 
2953.94.. 
2954.66.. 

2957.37.. 
2960.00. . 
2960.30  . 
2965.26. . 
2065 .82.. 
2966 .90. . 
2969.36. . 
2969.48. . 
2970.11. . 
2970.52*. 
2972.28. . 

2973.14.. 
2073  24. . 
2976.13.. 
2980.54.. 

2981.45.. 
2981.86.. 

3983.57.. 
2984.83*. 

2985.55.. 
2986.46.  . 
2987 .29. . 
2988.47.. 
2990  39  . 
2991.65. . 

2994 .  43* ;, 

2994.50*1 
2996.39.. 
2999.52.. 
3000.45.. 
3000.95.. 
3002.65*. 
3003.03.. 
3005.31.. 
3007.15.. 
3007 .28. . 
3008.14. . 
3009.10.  . 
3009.58.. 
3011.48.. 
3014.18.. 
3014.92.. 
.5015.93.. 
3016.18.. 
3017.63. . 
3018.99. . 
3020.50.. 
3020.64. . 
3021 .08. . 
3024.04.. 
,5025.28.. 
3025.64.. 
.5025.85.. 


Arc 
In- 
ten- 
sity 


3 

6 

60R 

4 

8 
2on 

5 

5 
50R 

5 
30  R 
10 

I 
20 

125R 

5 
10 
40R 

4 

3 
60R 
60R 

5 

5 
2or 

6 

125R 

10 

4 

3 
10 

2 

6 

511 
tooR 

5 
30R 

8 
[ooR 

5 
10 

.5 

8 

I2r 
60R 

5 
25r 

7 

3 

I 

4 

I  2 

I5r 

isr 
looK 
200K 
iSoR 

i5r 
5 

15 

50R 


Furnace 

Intensities 


HiKh- 
Temp. 
Emis- 
sion 


I 

'50R 
I 


3 


3SR 

25R 

3 

I 

isr 

I 

looR 

.5 

6 

30R 


50R 
50R 

2 

I 
I5r 

4 
looR 

6 


3 

4 

3 

80R 

2 

30R 

8 
80R 


10 

I 

S 

lor 
SoR 

3 
2or 

3 
5 


8 

,;oR 
i2r 
75R 
150R 
looR 
30R 


50R 


Merl- 

Temp. 
Emis- 


isr 


10 


40R 
2 

4 
I  or 


2  or 
2or 


.ior 


40R 

12 
.5 

3or 


3 

7 

2or 


8 

iSr 

10 

30R 

SoR 

40R 

iSr 

2 

I 
25r 


Low- 
Temp 
Ab- 
sorp- 
tion 


20 
I 

4 
10 


15 
15 


35 


25 
tr 


5 
12 


tr 
10 
I 
10 
50 
30 
lo 


Cl.ass 


IV 

V 

I 
IV 

V 
IV 
IV 

V 
II 
IV 
II 
IV 
IV 
II 
IV 
II 

n 
I 
I 

V 
IV 

I 
I 

IV 
IV 

I 

IV 

I 

IV 
V 

III 
III 

IV 
IV 
IV 

I 

IV 

II 

III 

I 

V 

III 

IV 

III 
I 
I 

IV 

II 

IV 
IV 
IV  A 
IV 

III 

I  A 

III 
II 

I 

I 

lA 

III 

IV 

I 
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TABLE  \l— Continued 


K 
(l.A) 


3026.47. 
3029.24. 
3030.15- 
3031.22. 
3031.64. 

3037 -39 ■ 
3037.78. 
3040.43. 
3041.64. 

3041.7s. 

3042-03. 

3042.67. 

3045.08. 

3047.61, 

.S05307, 

3055  27. 

3057.4s. 

3059,09. 

3060.99. 

3066 ,49, 

3067.12. 

3067.25. 

3068.18. 

3075.73, 

3078.02. 

3078.44. 

3083.75. 

3091 .58. 

3092.79* 

3093.81. 

3098.19. 

3099.90. 

3099.97. 

3100.31. 

3100.67. 

3112.08. 

3116.63. 

3117.63. 

3119.50. 

3120.44. 

3125.66. 

3126.17. 

3128.88. 

3129.33 

3132.51 

3134.11* 

3«39  91 

3140.39. 

3142.45 

3142.89, 

3143.24 

3143.98, 

3144.49 

3151-34 

3153.21 

3154.51. 

3ISS-29 

3156.27, 

3157  04, 

3157-88 

3160,65 

3161,37 

3161.95 

3162.34 

3165,01, 


Arc 
In- 
ten- 
sity 


IS 

3 

15 

12 

15 

80R 
2 

15 
lo 
15 
IS 
IS 

s 

rooR 

5 

12 

40R 

looR 

4 

3 

8 
3or 

8 
251 

4 

.^ 
20 
20 

2 

,5 
6 

20 

15     , 

20 

20 

3 
12 

I 

6 

6 
IS 

8n 

I 

5 

411 
10 

411 

sn 

b 

5 
2 

8 

6n 
10 

5 
2 

2 

sn 
8 
6 
10 
4 
8 
211 
3 


Furnace 

Intensities 


High- 
Temp. 
Emis- 


10 

3 

8 

6 

I  or 
60R 

5 
10 

6 
10 

8r 
I  or 

4 
80R 

2 

6 
20R 
80R 

3 

3 

6 
isr 

8 
isr 

8 

1 
12 
1 2 

2? 

6 

2 

20 

12 
IS 

1 

8 

3 

4 

3 
10 

I 


Med.- 
Temp. 
Emis- 


10 

3or 

tr 

8 

I 

8 

8 

8 

3 
4or 


I  or 
4or 


ir 

8 


tr 
Ir 


Low- 
Temp. 
Ab- 
sorp- 
tion 


tr 
20 


2"; 


5 

2.S 


Class 


III 
IV 
IV 

IV 

III 
I 

IV  A 
III 

IV 

III 
III 
III 
III 
I 

IV 

III 

II 

1 

IV 
IV 
IV 

II 

IV 

II 

IV  A 
IV 

II 

II 

III  ? 

IV  A 
IV 

II 

II 

il 

11 
IV 
III 
III  A 
IV 
IV 
III 
IV 
IV 
IV 

V 
III 

V 

V 
IV 
IV 

III  A 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

l\ 


X 

(l.A.) 


3165.86. 
3166.44. 
3168.86. 
3171-3S- 
3171 -66, 
3172.07. 
3175-45. 
3176.37. 
3178-01. 

3178.5s- 
3178.97- 
3179-54, 
3180,22, 
3180.76, 
3181.53. 
3182.08. 
3182  99 . 
3184.63. 
3184  90. 
3186.75. 

3188.59, 

3188.84. 

3191-67- 

3192-81. 

3193  21, 

3193.31- 

3194-42, 

3196,09, 

3196.15, 

3196,94* 

3199-53- 

3200,48, 

3200.79, 

3202.56, 

3205,40, 

3207.09. 

3208.48. 

3209.33. 

3210.25. 

3210.83. 

3211 .49 

3211.69, 

3211 ,87, 

3  2 1 2 , 00 

3214.04* 

3214    39 

321s   94 

3217-39 

3219-58 

3219,82. 

3221 ,94 

3222 ,07 

3225,79. 

3226,73, 

3227,07, 

3227.76! 

3227  .81/ 

3228.26 

3228.92, 

3229,13 

3230,21, 

3230  98, 

3  2.53- 00, 

3233  98, 

3234  62. 


Arc 
In- 
ten- 
sity 


4 
6 
2 
5 
2 
2 

12 
2 

10 
2 
3 
3 

20 
S 
4 
3 
3 
,i 
7 
3 
4 
7 
7 
8 

10 
8 

3 

2 

2 

20 

15 

15 

2 

2 

15 

2 

4 

6 

S 

10 

-1 
8 

4 
10 
20 

8 
12 
10 
12 
10 

2 
20 
25 

2 

3 

IS 

5 
3 
4 
0 

10 
8 

12 
7 


Furnace 

Intensities 


High- 
Temp, 
Emis- 


2 

3 

I 

I 

1 

I 

6 

I 

S 

1 

I 

I 

7 
10 

I 

I 

1 

I 
iSr 


iSr 

5 
2Sr 

5 

I 


8 
8 

5 
6 
1 

5 
I 

I 
2 
4 
4 

1 
I 

S 
8 

isr 

5 
S 
S 
8 
] 
6 
8 

5 
1 


8 

S 

I 

6 

isr 


Med.- 
Temp 

Emis- 


tr 


1 
10 


10 
tr 
10 


6 

0 

tr 

4 


tr 


I 

2 
8 
I 

Ir 
I 


,s 

Ir 
tr 


ir 

8 


Low- 
Temp, 
Ab- 
sorp- 
tion 


tr 


Class 


IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

II A 
IV 
IV 
IV 
IV 
lA 

V 
IV 
IV 

lA 
IV 

lA 

IV 

IV 

fIV 

IIV 

II 

II 
IV 

III  A 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

III 

lA 
IV 
IV 
IV 
III 
IV 
III 
III 
III  A 
IV 

IV 

IV 
IV 
IIA 
IV 
IV 
IV 
IV 
lA 
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X 

(I.A.) 


3236.23. 

3239.45. 

3243-41 

3244.19 

3246.02. 

3246.49. 

3246.97. 

3247.30 
3248.22, 
3249.20. 
3250.63. 
325X.24. 
3252.93 
3253-61. 
3254-37 
3257-24 
3257-60. 
3260.00. 
3260.28 
3262.28, 
3264.52, 
3265.06, 
3265.63 
3268.25 
3271.01 
3276.48 
3278-74 
3280.27 
3284.60 
3286.03 
3286.76 
3288.97 
3291 .00 
3292.03 
3292.60 
3298.14 
3305-98 
3306.36 
3307-24 
3310.3s 
3314.75 
3317.13 
3319.26 
3322.50 
3323-74 
3324.54 
3325-47 
3328.87 
3331.62 
3335.78 
3337  67 
3339-20 
3340.57 
3341.91 
3342 • 23 


Arc 
In- 
ten- 
sity 

Furnace 
Intensities 

Class 

High- 
Temp. 
Emis- 
sion 

Med- 
Temp. 
Emis- 
sion 

Low- 
Temp. 
Ab- 
sorp- 
tion 

8 
15 

3 
IS 

8 

3 
6 

3 
10 

3 
4 
8 
4 
4 
10 

2 

8 
6 
4 
4 
5 
8 

IS 

S 

IS 

4 
4 
8 

5 

2 

20 

2 

5 

8 

8 

6 
20 
20 

S 

4 

7 

3 

2 

sn 

7 

4 

4 

5 

3 

4 

6 

2 

6 

5 

S 

2or 
8 

I 

8 

12 

I 
3 

I 
S 
I 
2 
I 
I 
I 
2 
I 
4 
2 
I 
I 
2 

isr 
6 
2 
6 
2 
I 
2 
3 
I 
8 
I 

3 

2 

5 

s 

8 
8 

I 
I 
2 
2 
I 
I 
3 
2 
2 
I 
I 
1 
3 
I 
4 
10 
2 

10 
I 

10 

lA 
IV 
IV 
IV 

I 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

lA 
III 
IV 
III 
IV 
IV 
IV 
IV 
IV 
III 
IV 
IV 
IV 
IV 
IV 

III 
III 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

III  A 

IV 

I 
10 

"8  " 

tr 

10 

2 

8 

2 

4 

I 

I 
4 
4 

10 

X 
(I.A.) 


3342.30.. 

3346.94.- 

3347.93.. 

3351 -S3- • 

3351.75.- 

3354.07.. 

3355.24. ■ 

3356.33.. 

3356.41.. 

335950.. 

3366.79., 

3366.87.. 

3369-57* 

3370.79.. 

3372.08.. 

3378.68., 

3379.02., 

3380.12., 

3382.41., 

3383.70., 

3383.99 

3387.41. 

3389.75. 

3392.02. 

3392.31. 
3392.66. 
3394  59. 
3396.98. 
3397.64- 
3399.34. 
3401.52. 
3402.26. 
3404.30. 
3404.36. 
3406.45. 
3406.81. 

3407.47* 
3410.18. 
3411.36. 
3413.14. 
341554. 
3417.85. 
3418.51. 
3422.50. 
3422.67. 
3424.29. 
3425.02. 
3426.39* 
3426.65. 
3426.99. 
3427-13. 
3428.20. 
3431-83. 
3437.05. 


Arc 
In- 
ten- 
sity 


4 
I 
6 
2 
3 
3 
6 
I 
3 
2 

5 

5 

8 

10 

3 
6 
6 
8 
3 
5 
8 
2 
2 
2 
8 
15 
5 
4 
2 

15 
6 

5 
3 
6 

3 
6 

20 
3 
3 

IS 
4 

12 

10 

3 
7 

10 
4 
5 
5 
2 

20 
8 
3 
3 


Furnace 
Intensities 


High- 
Temp. 
Emis- 
sion 


I 

4 

I 
I 
I 
I 
2 
2 
5 
I 
2 

3? 

6 

I 

3 

4 

4 

2 

4 

6 

I 

I 
tr 

6 

9 

5 

8 

4 

8 
10 

2 

7 

S 

I 

S 
IS 
tr 

2 
10 

4 

7 

6 

I 

5 
8 
2 
10 
6 

4 
8 
6 

I 
I 


Med.- 
Temp. 
Emis- 


2? 
tr 


tr 
I 


tr 

3 

tr 

5 
I 
2 
9 


6 

tr 

2 

6 

2 


Low- 
Temp, 
Ab- 
sorp- 
tion 


Class 


V 
IV 
IV 
IV 
IV 
IV 
IV 
IV  A 
IV 

III  A 
IV 
IV 
III 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

III 

IV 

III  A 

III  A 

III 

III 

IV 

III  A 

IV 

IV 

IV 

III 

IV 

IV 

III 

IV 

III 

III 

IV 

IV 

III 

IV 

IIIA 

IV 

IIIA 

III 

III 

IV 

IV 


2875.31     Blend  in  arc  with  polar  line. 

2880 .  76,  2883  .  73     Strong  polar  lines. 

2887  .81     Not  a  polar  line,  though  absent  in  furnace. 

2926.58] 

2944.40 

2947 .66 

2949.21 

2953.78 

2970.52 

2984.83 

2994.43 


Polar  lines. 


Blend  in  arc  with  polar  X  2984 .  79. 

50     X  2994  .  43  is  chief  part  of  blend,  which 

shows  in  furnace  as  a  reversed  line  with 

violet  side  strongest. 


3002  .65     Polar  line. 

3092  .  79     Blend  with  strong  A\  line. 

3134. II  Blend  Ni.  but  arc  and  furnace  lines 
chiefly  Fe. 

3196.94     Blend  Ni  on  red  side. 

3214.04  Apparently  a  close  double  with  compo- 
nents of  equal  strength. 

3369.57  Blend  Ni.  Probable  intensity  of  Ni 
line  subtracted. 

3407  .47     Probably  double. 

3426.39     Double  with  faint  violet  component. 
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TABLE  III 
Temperature  Classification  of  Iron  Lines,  X  3441-X  3878 


X 

(I.A.) 


3440.61. 

3440.09. 

3442-36 

3442.68. 

3443.88. 

3445.16. 

3447.28. 

3450 ■33- 

3451-62. 

3451-92. 

3452.28. 

34S8.31. 

3459-92. 

3462.35. 

3463-31- 

3465.86. 

3466.50. 

3468.85. 

3469-83. 

3471-27. 

3471-34- 

3475-45- 

3475-65. 

3476.71 

3483.01. 

3485 -34 • 

3489-67. 

3490-58. 

3495-29- 

3497-11- 

3497-84. 

3500.57. 

3504-87. 

3505-07. 

3506.50. 

3508.49* 

3513-82. 

3516.41 

3521.26* 

3521-84- 

3524-08. 

3524-24 

3526.02. 

3526.07. 

3526.17. 

3526.38. 

3526.47. 

3526.67. 

3527-80. 

3529-82. 

3530.38. 

3533 -00, 

3533.20. 

3536.5s 

3537-50. 

3537-73 

3537-89. 

3540.13- 

3540.71- 

3541-09. 

3542.08. 

3542.24. 

3545-64- 

3549.87 

3552.11 


Arc 
In- 
ten- 
sity 


150R 
75R 

5 

3 
5or 
20 
,  8 
10 

2 
10 
lo 

4 

4 

2 

2 

6or 
3 
4 
2 

5 

6 
7  or 

6 
40 

3 

7 

4 
loor 

8 
10 
40 

2 

2 

2 

6 

5 
30 

5 
25 

2 

3 

4 

I 
20 
15 

4 

4 

5 

4 

6 

2 

5 
10 
15 

I 

3 

4 

3 

3 
IS 
15 

I 

5 
4 

I 


Furnace 
Intensities 
(Emission) 


High 
Temp. 


125R 
75R 

4 

8  . 
50R 

8 

6 

7 

I 

7 
12 

2 

I 

I 

2 
60R 

6 

2 

I 

3 

3 
75R 

6 
40R 

6 

6 

2 
looR 

4 
10 
40R 

2 

2 

I 

4 

3 
25R 

I 
20R 

4 


30R 


3 
4 
4 
8 
2 
4 
7 
10 
I 


8 

lO 

10 
I 

4 
4 
I 


Med. 
Temp, 


125R 
75r 
tr 

5 
Sor 

4 
I 
I 


I 


6or 
4 


7Sr 

tr 

40 

5 
tr 


7Sr 


2 
4or 


tr 


3or 
10 


tr 


Low 
Temp. 


i25r 
60 


50 


so 


60 


40 
tr 


75 
40 


Class 


I 

I 
IV 
III  A 

I 
III 
IV 
IV 
IV 
IV 
III 
IV 
IV 
IV 
IV 

I 
III  A 
IV 
IV 
IV 
IV 

I 
IV 

I 
III  A 
IV 
IV 

I 
IV 
III 

I 
IV 
IV 
IV 
IV 
IV 

II 

IV 

II 

1\'  A 
IV 
IV 
IV 
I 

II 
IV 
IV 
IV 
IV 

III 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

III  A 

IV 

IV 

IV 

IV 

III 

IV 


X 

(LA.) 


3552.84. 

3553-74- 

3554.12. 

3554-52. 

3554-92.. 

3556.88. 

3558.52* 

3559-51- 

3560.71. 

3565.38. 

3565-58. 

3567.05, 

3568.98. 

3S70.I0. 

3570.24. 

3571-23- 

3572.00. 

3573   40. 

3573-84* 

3573-89* 

3575-25- 

3575  38. 

3575-98. 

3576.76. 

3.581.20. 

3581.65. 

3582.20. 

3583.32. 

3584.66. 

3584. 79- 

3584.96. 

3585-32* 

3585-71* 

3586.12, 

3586.99* 

3587.25. 

35S7.42. 

3587.75. 

3588.62. 

3588.92. 

3589-11. 

3589-45. 

3594-63- 

3595-29- 

3596.20, 

3597.05. 

3598.71. 

3599-63- 

3602 .10. 

3602 .46. 

3602.54. 

3603 .20. 

3603.82. 

3605.45* 

3606.68. 

3608.15. 

3608.86. 

3610.15. 

3610.71. 

3612 .08. 

3612.94. 

3614.56. 

3616.58. 

3617-32. 

3617-79- 


Arc 
In- 
ten- 
sity 


3 
6 

4 

2 
40 

7 

30 

2 

5 
6or 


4 
looR 

20 


6 

2 

3l 
4J 
2 
4 
2 
2 
2S0R 
I 

5 

2 

8 

I 

4 
30 
20 
10 
30 

2 

2 

3 

3 

2 


2 

I 

3n 

I 

3 

I 

2 

3 

10 

I 

15 

20 

3 

loor 

20 

2 

8 

I 

2n 

3n 

2 
12 


Furnace 
Intensities 
(Emission) 


High 
Temp. 


2 

2 

12 

2 

IS 
10 
30R 

I 

I 
60R 

2 

I 

2 

looR 

10 

4 

5 
tr 


I 

4 

I 

I 

200R 

I 
2 
I 
7 
I 
2 

?oR 

20R 

6 

25R 

I 

I 

2 

3 

I 
i2r 

2 

6 

I 

I 

I 

2 
tr 

3 

I 

2 

7 

I 
12 
10 

80R 

9 

I 

3 

4 
tr 
tr 
tr 

6 


Med. 
Temp, 


3 
tr 
20 


6or 


loor 

4 


150R 


15 
15 


18 


12 
tr 


tr 
4 


6or 

2 


tr 


Low 
Temp. 


50 


75 


i5or 


60 


Class 


IV 
IV 

III  A 

IV 
III 

IV 

II 
IV 
IV 

II 

IV 
IV 
IV 

I 
III 

IV  A 
IV 
IV 

fIV 

liv 

IV 

III 
I\' 

IV 

I 

IV 
IV 
IV 
IV 
IV 
IV 

II 
II 

IV 

II 

IV 
IV 
IV 
IV 
IV 

III 

IV 

IV 

IV 

IV 

IV 

IV  A 

IV 

IV  A 

IV 

IV 

IV 

I\' 

IV 

III 

IV 

I 

III 

IV 

IV 

IV  A 

IV 

IV 

IV 

IV 
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X 

(I.A.) 


3618.39 

3618.77. 

3621.46. 

3622.01. 

3623.19. 

3623.4s 

3623.78. 

3625.15- 

3628.09, 

3630.35. 

3631  09. 

3631  46. 
3632.04. 

3632  55 • 
3632.98. 

3633  84. 

3634 -34. 
3634 -68. 

3635   19 

,^636. 19. 

3636.65. 

3636.99 

3637.25. 

3637.86. 

3638.30. 

3640.39 

364.?.  62. 

3643   72. 

3645.09. 

364s  49. 

3645.83. 

3647.43. 
3647.85. 
3649.31* 

3649  51 

3650.03. 

3050.28. 

3651.47. 

3653.76. 

3655.47. 

3656.23. 

3657.14. 

3657.89 

3659.52. 

3663.46. 

3664.56. 

3666.24. 

3667.28. 

3668.00. 

3669.16. 

3669.53. 

3670.04. 

3670.09. 

3670.81., 

3672.69. , 

3674.77. 

.5676.31., 

,?677.3i., 

,5677.63., 

.5678.86., 

3679.92.. 

3680 . 69 . , 

3680.80., 

3681.77.. 

3682 ,24, , 

3683.06* 

3684.11.. 


Arc 
In- 
ten- 
sity 


2 
125R 

15 

12 

8 

I 
2 
6 
I 
4 
7 
125R 
10 
3 
3 
I 

6n 
411 
2 
2 
I 
2 
I 
3n 

12 
15 

2 
I 

2 

I 

6 

3 

looR 

5 
12 

4 
5 
20 
I 
4 

3n 
t 
I 
8 
I 
2 
I 

3" 

I 

3 
10 

3 

3 

I 

I 

2 

6 

2 
12 

3 
4or 

2n 

I 

I 
20 
10 
IS 


FimNACE 

Intensities 
(Emission) 


Hiph 
Temp, 

Med. 
Temp, 

Low 
Temp, 

2 
looR 

S 

7 

7 
I 
I 
3 
I 

2 

4 
looR 

5 

I 

2 
tr 

I 
tr 

6 

3 
tr 

I 

I 
tr 

7 
10 

I 

I 

I 

I 

2 

I 

looR 

2or 

10 

2 

5 
12 

I 

8or 
I 

I 
I 

80 

tr 
75r 

75 

I 

tr 
I 

75r 
25 

I 

75 
20 

I 

2 

2 

tr 

tr 

I 

6 
I 

I 

I 

tr 

I 

ir 

tr 

8 
2 

I 

2 

1 

I 

I 

6 
tr 

tr 

9 

3 

I 

looR 

tr 

8or 

80 

tr 

tr 

8 

2or 
8 

tr 
20 

I 

20 

Class 


l\ 

I 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
I\' 

I 
IV 
IV 
IV 
IV 
IV 
IV 
IV  A 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
I\' 
IV 
IV 
IV 
IV 

I 

lA 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

I\' 

IV 
IV 
IV 

I\' 

IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

lA 
IV 
IV 
IV 
IV 

I  A 
IV 


(I.A.) 


5686.00. , 

3686.26.. 

3687.10.. 

3687.46.. 

3687.66.. 

3689.46. . 

3690 . 73 . . 

3693,02. . 

3694.00  . 

3695.05.. 

3697.44.. 

3698.61.. 

3699.14.. 

3701.08.. 

3702.03.. 

3702.49.. 

3703.56*. 

3703.70.. 

3703.82., 

3704-46.. 

3705.57.. 

3707.05,. 

3707.83.. 

3707.92.. 

3709-25.. 

3711.23 

3711.41   . 

3715-92., 

3716.45,, 

3718.41.. 

3719.94. 

3721.28, , 

3721.40,, 

3721.51.. 

3722.57.. 

3724.38,. 

3726.92,, 

3727.10,, 

3727.62.. 

3727.81.. 

3728.67.. 

3730.39-- 

3730-95- 

3731.37.. 

3732.40.. 

3733.32.. 

3734.87.. 

3735. 33.. 

3737.14.. 

3738.31.    - 

37.59.11--. 

3739-32,., 

3739. 54- - 

3740-26,., 

3742.62,.. 

3743.36,.. 

3743-47*- . 

3744-10... 

3745.56... 

3745   90... 

3746.48... 

3746.93--- 

3748-26,.. 

3748.49*. 

3748.96,.. 

3749  49 

3753.61*.. 


Arc 
In- 
ten- 
sity 


isn 

2 

2 
40  r 

4 
12 

4 

I 
20 

8 

6n 

2 

I 
20 

3 
I 

5 

3 

3 

10 

loor 

8 
20 

8 
75r 

3 

2 

4 
12 

3 
2SoR 

2 
I 
2 

5or 
8 
6 

4 
Sor 

3 

1 

3 

2 

2 

10 

4or 

30or 

6 

150R 

10 

I 

I 

3 

3 

4 

20 

6 

4 

looR 

4or 

I 

6 

60R 

7 

5 

2ooR 


Furnace 
Intensities 
(Emission) 


Hiph 
Temp, 

Med. 
Temp. 

Low 
Temp, 

7 

2 

3 

40R 

i 

tr 

8 

4 

3 

I 
tr 

9 

2 
2 

'.* 

I 
I 
4 

looR 

3 

2or 
10 
40R 

2 
tr 

4 
6 

2 
300R 

2 
I 
I 
looR 
8 
4 

2 

40R 

2 

I 

40 
t 

I 

30 

I 

I 

> 

tr 
8or 

"'80" 

20 

5 

30 

20 
15 

tr 
tr 

300R 

30or 

8or 
2 
tr 
tr 
30 

80 
20 

I 

2 

I 

I 

10 

80R 

I50R 

4 

6 

6or 

looR 

I 

60 

loor 

200R 

4 

200R 

20or 

I 

I 

-> 

2 

^ 

40R 

25 

? 

20 

isoR 

80R 

I 

isoR 
8or 

I  sor 
75r 

125R 

? 
3 

loor 

? 

loor 

I2SR 

5? 

8or 
3? 

50 

Class 


IV 
IV 
IV 

I 
III 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV  A 
IV  ? 
IV 
IV 
l\ 

I 
IV 

I 
III 
II 
IV 
IV 
IV 
IV 
IV 

I 
IV 
IV 
IV 

I A 
III 
IV 
IV 
II 
IV 
IV 
IV 
IV 
IV 

III 

I  A 
II 
IV 

I 
IV 
IV 
IV 
IV 
IV 
IV 
II  A 
IV  ? 
IV 

I 

I  A 

IV 
IV 

I  A 
IV  ? 
IV 

II 
III 


332 


ARTHUR  S.  KING 


TABLE  III— Continued 


X 

(LA.) 


3754 -so 

3756.07 

3756.94 

3757-46 

3758.23 

3760.0s 

3760.53 

3761.41 

3763 -79 

3765-54 

3766.67 

3767.19 

3768.03 

3770.00 

3770.31 

3770.41 

3773-69. 

3774-83- 

3776.46. 

3777.45- 

3778.52. 

3779-42. 

3779-50. 

3781.19. 

3782.46. 

3785.95- 

3786.18* 

3786.68. 

3787.88. 

3789.18. 

3790.09. 

3790.76. 

3792.16. 

3792.83. 

3793-35- 

3793-87- 

3794.34. 

3795 -00. 

3797-52. 

3798.51- 

3799. 55- 

3801.68. 

3801.81. 

3805.35. 

3806.22. 

3806.70. 

3807.54* 

3808.73. 

3810.76. 

3811.89. 

3812.97. 


Arc 
In- 
ten- 
sity 


I 
I 

4 

I 
150R 

8 

6 

I 

loor 

20 

I 
8or 

3 

4 


1 

5 
6 
2 
4 
3 
2 
2 
1 
6 

4 
8 

50 
3 

12 
I 
2 
I 
I 
I 

8 
60 
12 

40 

50 
3 
1 

12 
2 

10 
7 
4 
2 
2 

40 


Furnace 
Intensities 
(Emission) 


High 
Temp. 


I 
2 
I 

tr 

i2sR 

6 

5 

I 
80R 

6 
tr 
60R 

3 

I 


tr 

4 

5 

I 
tr 

I 

I 

3 
tr 

4 

I 

8 

30R 

I 
10 

2 

2 

I 

I 

I 

4 
40R 

4 
30R 
40R 

2 
tr 

5 
tr 

4 

8? 

3 
tr 
tr 
25R 


Med. 

Temp. 


75r 

3 
2 


50 

I 


40 
tr 


tr 
tr 


tr 
tr 


10 
tr 


I 
30 

I 
20 
20 


tr 


1 

3? 


Low 

Temp. 


40 


30 
25 


2 
20 


25 


20 
20 


Class 


IV 
IV  A 
IV 
IV 
II 
III 
III 
IV 

II 

IV 
IV 

II 

IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

III 
II 

IV 

II 

IV  A 

IV 

IV 

IV 

IV 

III 

II 
III 

II 

II 

IV 
IV 
IV 
IV 

III 
III 

IV 
IV 
IV 

II 


X 
(LA.) 


3813.06* 
3813-64. 

3813.89. 
3814-53. 
3815-84. 

3816.34. 
3817.64. 
3820.43, 
3821.18. 
3821.84. 
3824.08. 
3824.31* 
3824.44. 

3825.89. 
3826.84. 
3827.57. 

3827.83. 

3829.46. 
3830.76. 

3830.87. 

3833.31- 
3834-23- 
3836.34. 
3837-14. 
3839-26. 
3840.44. 
3841-05- 
3843-26. 
3846.41. 
3846.81. 
3849.97. 
3850.82. 
3852.58. 

3856.37. 
3859.22. 

3859.91. 
3861.34. 

3863.7s. 
3865.53. 

3867.22. 

3867.93. 

3869.56! 

3869.59/ 
3871.75. 
3872.51. 
3872.92. 

3873.77- 
3876.04. 
3878.02. 
3878.58. 


Furnace 

Intensities 

Arc 
In- 
ten- 

(Emission) 

sity 

High 

Med. 

Low 

Temp. 

Temp. 

Temp. 

5? 

? 

2 
2 
5 

I 

10 

8 

2 

loor 

SoR 

30 

20 

4 

5 

I 

311 

I 

250R 

200R 

200R 

60 

10 

4 

tr 

3 

2 

I 

2 

5or 

I 

? 

looR 

loor 

loor 

200R 

125R 

8or 

40 

1 

I 

75r 

I 

1 

50R 

30 

20 

I 

I 
1 
5 

1 
I 
I 

5 

I 

loor 

SoR 

60 

30 

4 

2 

I 

7 
8or 

I 

60R 

40 

25 

Sor 

25r 

25 

IS 

8 

4 

tr 

2 

8 

40 

tr 
2 

4or 

30 

25 

12 

isr 

20 

10 

6 

6 

I 

sor 

looR 

loor 

100 

10 

6 

3 

300R 

250R 

200R 

2oor 

2 

2 
30 

I 

I 

4or 

25 

20 

7 

I 
3 

tr 
2 

3 

60 

60R 

35 

20 

I 
8 

tr 

8 

I 

4 

IS 

12 

I 

60 

60R 

40 

20 

loor 

looR 

loor 

75r 

Class 


IV 
IV 

V 
III  A 

II 
IV 
IV 

II 

IV 
IV 
IV 
IV? 
lA 
II 
IV 
IV 

II 

IV 
IV 
IV 
IV 

II 

IV 
IV 
IV 

II 

H 
IV 
IV 
IV 

II 
II 

IV 
lA 

III 
I 

IV 

IV 

II 

IV 

IV 
fIV 
I IV 

IV 

II 

IV 
IV 

III 
II 
II 


3508.49 

3573  84- 

3521.26 

3558.52 

3585.32- 

3586.99 

3605.4s 

3649.31 

3583.06 

3703.56 

3743.47 

3748.49 

3753.61 

3786.18 

3807 . 54 

3813.06 

3824.31 


Probably  double. 

89    Blend  in  furnace. 


Violet  component  appears  strongest. 
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Become  very  faint  at  1600° 


Blend  Cr  on  violet  side. 

Between  Classes  I  and  II.     Weak  at  1600°. 

Blend  V  on  red  side. 

Blend  V. 

Blend  with  preceding  line. 

Blend  with  preceding  line. 

Blend  V.     Probable  intensity  of  V  line  subtracted. 

Probably  double. 

May  be  partly  V. 

Blend  with  preceding  line. 

Blend  with  foUoving  line. 


ELECTRIC  FURNACE  SPECTRUM  OF  IRON  S33 

reverse  readily  in  the  furnace  or  in  the  arc  with  moderate  current. 
The  distinction  between  the  two  classes  will  be  considered  further 
in  the  discussion.  Lines  of  class  III  are  absent  or  at  least  very- 
faint  at  low  temperature,  and  first  appear  distinctly  at  medium 
temperature.  There  is  much  variety  among  these  hnes,  but  a  large 
proportion  show  a  rapid  increase  in  intensity  through  the  high- 
temperature  stage  and  under  the  conditions  of  the  arc.  Class  IV 
lines  require  strong  excitation  and  usually  appear  only  at  high  tem- 
perature, though  perhaps  faintly  at  medium  temperature.  Most  of 
the  fainter  arc  lines  belong  in  this  class,  but  many  lines  of  intensity 
lo  or  higher  in  the  arc  require  the  high-temperature  furnace  for 
their  appearance.  Class  V  lines  appear  in  the  arc  but  are  absent 
from  the  furnace.  Lines  of  this  character  are  listed  in  Tables  I-III 
only  when  they  show  considerable  strength  in  the  arc.  Their  num- 
ber is  relatively  few,  since  polar  lines  are  seldom  included,  and, 
except  for  these,  class  V  is  made  up  chiefly  of  very  faint  arc  lines. 

"A"  after  the  class  number  denotes  that  the  line  is  relatively 
weak  in  the  arc.  The  selection  depends  to  some  extent  on  the 
average  intensity  adopted  for  arc  and  furnace  spectra.  In  the 
tables,  a  line  whose  arc  intensity  is  not  more  than  half  of  that  for 
the  high-temperature  furnace  is  placed  in  this  division. 

An  asterisk  after  the  wave-length  refers  to  a  note  at  the  end  of 
the  tables. 

REVISED   CLASSIFICATION   OE   BLUE  AND   VIOLET  IRON   LINES 

Table  IV  contains  262  lines,  from  X  3884  to  X4531,  which  are 
within  the  range  covered  by  the  former  paper.  A  revision  of  the 
classification  seemed  desirable  to  make  this  portion  of  the  spectrum 
uniform  with  the  ultra-violet  region  treated  in  the  present  paper. 
This  is  chiefly  on  account  of  the  change  in  the  temperature  steps, 
i6oO°-i7oo°  now  being  used  for  the  low  temperature  stage  instead 
of  1 800°- 1 900°.  Twenty-six  lines  not  in  the  former  list  are  included 
in  Table  IV,  and  ninety  lines  have  their  classes  changed.  About 
half  of  the  changes  are  from  class  V  to  class  IV,  due  to  improved 
high- temperature  spectrograms,  which  show  distinctly  many  faint 
lines  not  obtained  before  with  the  furnace.  Of  the  remaining 
changes,  a  few  are  due  to  errors  incident  to  the  first  attempt  at  a 
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TABLE  IV 

Classification  of  Iron  Lines,  X3884-X4531 


Class 


3884.37.. 

3885.51. ■ 

5886.29.  . 

3887.05.. 

3888.52.. 

3888.83.. 

3890.84. . 

.5891.93.  . 

3893.40.. 

3893.92. 

3894.01 . 

.5895.66. 

3897 ■45- 

3897.89. 

3898.01.. 

3899.03.. 

3899.71- 

3900.52. 

3902.95.  . 

3903.90. 

3906.48. , 

3907.47. ■ 

3907.94   . 

3909.67. 

3909.83. 

.5910.85. 

3913.64. 

3916.74. 

3917.19. 

3918.42. 

3918.65. 

3920.26. . 

3922.92.. 

3925.65- 

3925.95.. 

3927   93.  ■ 

3930.30. 

3932.64., 

3933.61. 

3935.82. 

3937-33. 

3940.89. 

3942-45- 

3943-35. 

3944.90. 

3945.12. 

3947.00. 

3947. 54- 

3948.11 . 

3948.78. 

3949.96- 

3951-17- 

3952-61. 

3953-16. 

3955-37. 

3956.46. 

3956.68. 

3957.04. 

3963.12. 

3964.52. 

3966.07. 

3966.63. 

3967.43. 

3967 .97 ■ 

3969 . 26 . 

3970-39 


IV 
III 

I 

I 

II 
IV 
IV 

\' 

IV 
IV 

III 
I 

IV 
IV 

II 

IV 

I 

V 

II 

IV 

I 

III 

IV 
V 

III 

IV 

III 

IV 

II 

IV 
IV 

I 
I 

IV 
IV 

I 

I 

IV 
IV 

III 

IV 

II 

IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

III 

IV 
IV 
IV 
IV 
IV 

III 

IV 
V 
V 

III 

IV 
IV 
IV 

II 

IV 


3971 

3973 

3976 
3977. 

3981. 
3983. 
3985. 
3986. 

3989. 
3990. 

3994 . 
3995- 
3997- 

3998. 

4001  . 

4005. 

4006 . 

4006. 

4007. 

4009. 

4014 

4017 

4021 

4024 

4030 

4032 

4043 

4044 

404s 

4058 

4058 

4062 
4063 

4066 

4067 
4067 
4070 
4071 

4074 
4076 
4078 
4079 
4079 
4080 
4083 
4084 
4085 
4085 
409s 

4098 
4100 

4104 
4107 
4109 
4II4 
4II8 

4120 
4I2I 
4122 
4126 

4127 
4132 
4132 
4134 
4137 
4139 


a-  ■ 

66. 

62. 

75. 

78. 
96. 

39- 

,18. 

.86. 
.38. 
.12  . 

99- ■ 

.40. 
.06. 
.67. 
.25. 
.31  . 
.63. 
.27. 
.72. 

■  54- 

■  15- 
.87. 
.75- 
.51  . 
.64. 
.go. 
.62. 
.82. 
.23.. 
■77- 
.45- 
.60. 
.98. 
.28. 
.09- 
.78. 
.75. 
.79. 
.64. 
.36. 
.25. 
.85. 

■  23- 
.78. 
.51. 
.01  . 

■31  ■ 
.98. 
.19. 
.75- 
.14. 
.50. 
.81. 

■  45. 
.56. 
.21  . 
.81. 

■  52. 
.19. 
.62. 
.06. 
.91. 
.68. 
.00. 
.94. 


Class 


III 

V 

IV 

III 

III 

III 

IV 

IV 

V 

V 

V 

IV 

III 

III 

III 

II 

IV 
IV 
IV 

III 
III 
III 
III 

V 
IV 

III 

IV 
IV 

II 

IV 

IV 

III 

II 
III 
III 
III 
III 

II 

IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 
IV 

II A 

V 

III 

IV  ? 

IV 

IV 

IV 

IV 

IV 

IV 

IV 

II 
III 

IV 
IV 
II A 


4143 

4143 

4147 

4149 

4152 

4153 

4154  ■ 

4154. 

4156, 

4157. 

4158. 

4170. 

4172. 

4172. 

4173- 

4173. 

4174 

417s 

4176 

4177 
4I8I 
4182 
4184 

4187 
4187 

4191 
4195 
4196 
4198 

4199 
4199 

4202 

4203 

4206 

4207 

4208 
4210 

4213 
4215 

4216 

4217 
4219 

4220 
4222 

4224 
4224 
4225 
4225 

4226 

4227 
4229 
4232 
4233 
4235 
4237 

4238 
4238 

4239 
4245 
4247 
4248 
4250 
4250 

4258 

4260 
4266 


42. 

87. 

68. 

37. 

18. 

92. 

so. 
.82. 
.81. 
.81. 
.81. 
.91  . 
■  13- 
.75. 
•  32  ■ 

93. 
.92. 

.64. 
■57. 
.60. 
.76. 
.39. 


.05. 
.81. 
.45. 

.34. 
.22  . 

■31- 
.lo. 
.97. 
.03. 
.99. 
.70. 
.13. 
.61. 

■  36. 
.65. 
.42. 
.19. 
.56. 
.36. 
.34. 
.23. 
.17. 

SI- 
.46. 
.96. 
■43. 
.45. 
.75. 
.72. 
.61. 

95. 
.16. 
.04. 

■  83. 
.85. 
.26. 

.44. 
.22  . 

13. 
79. 
39. 
49- 
97. 


Class 


111 

I 

III 

\' 

II  A 
IV 
III 
IV 
III 
IV 

V 
IV 
IV 

II  A 
IV 

II  A 

II  A 
III 
IV 

11  A 

III 

IV 

III 

III 

III 

III 

IV 

IV 

III 

III 

lA 

I 

III 

lA 

IV 

V 
III 

IV 

IV 

I 

IV 
IV 
IV 

111 

IV 

IV 
IV 
IV 
IV 

III 
111 

lA 
III 
111 

III  A 
IV 
IV 
111 
III 
III 
IV 

III 
II 

lA 
III 
IV 


4267.83. 
4268.75. 
4271.17. 
4271 .76 . 
4282 .41 . 
4285.45. 
4291.47. 

4294  ■  13  ■ 

4298 .04 . 

4299.25. 

4305.46. 

4307.91  ■ 

4309  38 ■ 

4315.09. 

4325.77. 

4337.05. 

4351.55. 

4352.74. 

4358.51 

4367.58. 

4367.91 

4369.78 

4375.93 

4383.55 

4387.90 

4388.42 

4389.25 

4390.96 

4404 -75 

4415.13 

4422.57 

4427.31 

4430 . 20 

4430.62 

4433.22 

4435.15 

4439.89 

4442.35 

4442.84 

4443 ■ 20 

4445  ..43 

4447.14 

4447.73 

4454.39 

4459.13 

4461 .66 

4462 .01 
4464.77 
4466.56 
4469 -39 

4476 .02 

4479.61 

4480. 14 

4482.18 

4482 .26 

4484.24 
4485.67 

4488.92 

4489.74 
4490.09 

4494.57 
4525.15 
4528.62 
4531  16 


Class 

IV 
IV 
III 

II 
111 
IV 
lA 

11 
IV 
111 
IV 

II 

IV 

111 
II 
II 

IV 

111 

IV 
IV 
III  A 
III 
1 

II 
IV 
IV 

II A 
IV 

11 

II 

111 

1 

IV 

III 

IV 
II A 
IV 
111 
IV 
III 

lA 
IV 
111 
111 
III 

I 
IV 
IV 

II 

IV 

III 

IV 
IV 

1 

IV 
IV 
IV 

lA 
IV 
III 
IV 

II 

II 


3^, 


X 

w 

< 


m 

> 

■4^ 

<J 

<u 

» 

cfi 

p 

^ 

h-l 

pq 

U 

Q 

'.^ 

o 

< 

LO 

o 

H 

M 

W 

^ 

hJ 

0_ 

O 

O 

»-< 

() 

> 

o 

Z 

*"• 

"o 

O 

o 

« 

HH 

4~> 

a 

o 

-*-» 

<!' 

V 

H 

C/3 

w 

4) 

f^ 

tj 

CA! 

o 
< 

3 

^5 

t3 

<o 

U. 

-o 

o 

g 

.  -X 

<: 

a 

2 

< 

in 


ELECTRIC  FURNACE  SPECTRUM  OF  IRON  335 

classification  of  this  kind,  but  most  of  the  alterations  result  from 
the  new  low- temperature  stage.  A  line  may  retain  at  i8oo°-i9oo° 
an  intensity  sufficient  to  place  it  in  class  I  if  this  were  the  low 
temperature  selected;  but  a  temperature  drop  of  200°  may  weaken 
it  so  that  it  clearly  belongs  in  class  II,  possibly  verging  on  class  III. 
Naturally  some  lines  still  strong  at  1600°  may  weaken  rapidly  below 
this,  and  the  most  pronounced  low-temperature  lines  reduce  to  the 
small  number  in  Table  V  (see  p.  337)  emitted  at  1400°.  The 
i6oo°-i7oo°  stage  emits,  however,  a  set  of  lines  retaining  fair 
intensity  under  as  weak  excitation  as  is  ordinarily  usable  for  the 
iron  spectrum  in  the  laboratory,  and  the  high-temperature  lines 
have  had  an  opportunity  to  drop  out  in  the  range  below  2000°. 

As  the  gradation  of  intensities  for  the  Knes  included  in  Table  IV 
is  shown  in  the  19 13  paper,  it  was  considered  sufficient  in  this 
revision  to  print  the  classes  only.  Beyond  X  4600  into  the  red,  the 
later  photographs  confirm  the  earher  so  closely  as  to  classes  that  it 
seems  unnecessary  to  go  over  the  ground. 

Table  IV  is  supplemented  by  a  reproduction  of  this  region  in 
Plate  X.  Three  furnace  spectra  for  temperatures  of  2600°, 
2000°,  and  1650°,  respectively,  are  given  with  a  strong  arc  spectrum, 
the  latter  just  sufficing  to  show  some  of  the  more  pronounced  lines 
of  the  sort  which  are  relatively  stronger  in  the  furnace  than  in  the 
arc.  The  strong  fines  emitted  in  the  furnace  and  not  in  the  iron 
arc  are  due  chiefly  to  titanium  and  vanadium.  X  4227  of  calcium 
is  strong  in  the  medium-  and  low-temperature  spectra. 

DISCUSSION   OF   RESULTS 

a)  Distinctive  features  of  classes  I,  II,  and  III. — The  difference 
between  classes  I  and  II  is  not  as  decided  in  the  ultra-violet  as  in 
the  visible  region  and  for  many  purposes  the  two  classes  may  per- 
haps be  considered  together  as  the  low- temperature  group.  In 
segregating  the  lines  in  this  paper,  the  absorption  spectrum  at  low 
temperature  has  been  of  much  service.  It  was  considered  that 
fines  appearing  in  absorption  at  a  temperature  as  low  as  1600°  were 
at  least  in  class  II,  and  those  which  maintained  their  intensity 
to  the  greatest  extent  were  placed  in  class  I.  In  the  portion  covered 
by  the  low-temperature  emission  spectrum,  as  far  as  X  3440,  the 
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appearance  of  the  lines  both  in  emission  and  absorption  was  con- 
sidered. The  experiments  of  Hemsalech'  with  the  flame  spectrum 
of  iron  showed  that,  of  the  stronger  lines,  a  portion  are  emitted  with 
relatively  high  intensity  in  the  outer  mantle  of  the  flame,  while 
others  require  the  stronger  excitation  found  on  the  boundary  of 
the  cone.  The  lines  of  these  two  classes  correspond  closely,  in  the 
region  common  to  both  investigations,  with  classes  I  and  II,  respec- 
tively, of  the  furnace  hues.  The  susceptibility  to  reversal  in  either 
the  high-temperature  furnace  or  the  arc  often  distinguishes  between 
these  two  classes.  Of  the  two  emission  hnes  having  approximately 
the  same  width,  one  may  show  a  wider  reversal.  In  a  low- 
temperature  absorption  spectrum  it  will  be  distinctly  the  stronger 
line.  This  indication  that  the  line  maintains  its  strength  in  the 
lower-temperature  absorbing  vapor  distinguishes  the  class  I  Hne. 
The  contrast  between  X  3734.87  and  X  3737.14  illustrates  this  point. 
The  first,  having  in  the  arc  much  greater  brightness  in  proportion 
to  its  width,  is  given  the  higher  intensity.  In  the  low-temperature 
furnace,  the  second  is  much  the  stronger.  In  the  visible  region, 
the  quartet  of  class  I  Unes  XX  3920-3930  contrasts  in  the  same  way 
with  the  class  II  triplets  having  stronger  lines  at  X  4045  and  X  4384. 

Class  III  lines,  by  reason  of  their  absence  from  low-temperature 
vapors,  do  not  show  reversal  in  the  furnace  emission  spectrum,  and 
in  the  absorption  spectrum,  when  the  furnace  is  hot  enough  to 
absorb  these  wave-lengths,  their  weakness  in  comparison  with  lines 
of  classes  I  and  II  is  very  pronounced.  The  rapid  development  of 
class  III  lines  is  the  chief  cause  of  the  very  different  appearance 
of  the  low-  and  high- temperature  spectra ;  while  in  the  arc,  the  fact 
that  the  class  III  hnes  are  often  among  the  strongest  in  the  spectrum 
and  classes  IV  and  V  have  become  prominent  makes  the  arc  spec- 
trum of  iron  very  different  from  that  of  the  furnace. 

h)  Lines  appearing  at  1400°  C. — ^It  may  be  of  interest  to  record 
a  Hst  of  the  most  persistent  low- temperature  lines  of  iron.  By 
means  of  long  exposure  with  a  i -meter  concave  grating  spectro- 
graph, the  emission  Hnes  listed  in  Table  V  were  obtained.  The 
furnace  temperature  was  held  close  to  1400°  C.  The  film  was  of  the 
Eastman  portrait  variety,  showing  little  sensitiveness  beyond  the 

^Philosophical  Magazine,  33,  i,  191 7. 
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blue.  The  twenty-one  lines  which  appear  are  all  pronounced  mem- 
bers of  class  I,  except  that  a  bare  trace  is  visible  of  X  4384,  the 
strongest  of  the  class  II  lines.  The  absence  of  the  triplets  to 
which  X  4384  and  X  4046  belong  is  one  of  the  striking  features  of 
this  very  low- temperature  emission.  X  4376  is  under  these  condi- 
tions the  strongest  line  of  the  spectrum. 

TABLE  V 
Persistent  Low-Temperature  Lines  of  Iron 


X 

Intensity 

X 

Intensity 

3745-56 

3820.43 

3824-44 

3825.89......... 

3856.37 

3859-91 

3878.58 

3886.29 

3895-65 

3899.70 

3906.47 

I 
I 
2 

I 

4 
4 
5 
6 

5 
5 
2 

3920 
3922 

3927 
3930 
4216 

4375 
4383 
4427 
4461 
4482 

26 

92 

94 

30 

18 

93 

55 

31 

65- 

18 

8 
8 

8 
8 
2 
10 
tr 
8 

4 
2 

c)  Lines  relatively  weaker  in  arc  than  in  furnace.— In  all  of 
the  furnace  spectra  thus  far  studied,  attention  has  been  drawn 
to  this  type.  Such  a  Hne  may  be  extremely  weak  in  the  arc  and 
still  strong  in  the  furnace.  The  type  may  be  found  in  any  tempera- 
ture class  and  its  occurrence  points  to  a  difference,  as  yet  obscure, 
between  the  arc  and  furnace  excitations.  These  Hues,  designated 
by  "A"  after  the  class  number,  may  reverse  at  high  temperature, 
in  which  case  they  remain  strong  at  low  temperature  and  belong 
in  class  I  A.  Those  w^hich  do  not  reverse  are  of  two  types.  The 
type  prevailing  in  the  ultra-violet  usually  comes  under  class  III  A, 
becoming  very  faint  at  low  temperature.  The  other  type  consists 
of  I A  lines,  which  are  narrow  at  all  temperatures,  but  remain 
strong  at  low  temperature.  These  appear  to  be  confined  to  the 
visible  region,  where  XX  4200,  4258,  4291,  5225,  5247,  5250.2,  5255 
may  be  noted  as  conspicuous  examples. 

d)  Relation  to  arc  types. — It  has  been  noted  that  Hnes  appearing 
in  the  furnace  spectrum  are  Kkely,  in  the  arc  spectrum,  to  show 
strongest  in  the  region  of  the  arc  away  from  the  poles.     It  was 
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possible  to  photograph  the  spectral  region  below  X  2800,  covered 
in  Table  I,  so  as  to  show  this  change  from  center  to  pole,  as  the 
astigmatism  of  the  concave  grating  is  small  for  this  part  of  the 
spectrum.  Plate  XI  reproduces  a  section  of  this  region,  a  high- 
temperature  furnace  absorption  spectrum  being  placed  between  two 
arc  spectra,  the  upper  being  the  integrated  spectrum  of  the  central 
and  polar  vapors,  and  the  lower  taken  with  the  axis  of  the  arc  along 
the  sHt.  In  the  upper  strip  it  may  be  seen  that  some  lines 
relatively  faint  in  the  arc,  such  as  X2750  and  X2756  are  distinct 
in  the  furnace,  being  radiated  chiefly  by  the  vapors  away  from 
the  pole,  while  the  adjacent  strong  lines  X2749  and  X2755,  with 
major  emission  at  the  poles,  are  absent  in  the  furnace.  Strong 
furnace  lines  are  wide  and  frequently  reversed  in  the  hood  of  vapor 
above  the  center  of  a  vertical  arc,  and  fade  rapidly  toward  the  lower 
pole,  where  polar  conditions  are  more  concentrated.  Lines  of  the 
intermediate  type,  designated  in  Table  I  as  "C-P,"  of  about  the 
same  strength  from  center  to  pole,  are  usually  present  in  the 
furnace,  but  relatively  weaker  than  lines  which  are  more  closely 
confined  to  the  center. 

d)  Probable  relation  to  ionization  phenomena. — The  trend  of 
recent  investigations  has  been  to  show  a  parallelism  between  the 
excitation  stages  given  by  different  temperatures  and  those  pro- 
duced by  various  voltages  in  studies  of  ionization  potentials.  As 
no  work  has  been  done  with  iron  vapor  as  to  the  eft'ect  of  different 
voltages,  nothing  definite  can  be  said  for  this  spectrum,  but  for 
metals  which  have  been  studied  in  both  ways,  there  has  as  yet  been 
no  contradiction  of  the  view  that  the  two  modes  of  excitation  result, 
at  corresponding  points,  in  the  same  radiative  processes.  In 
other  words,  temperatures  can  be  selected  to  bring  out  successive 
groups  of  lines  in  the  same  way  that  various  voltages  may  be  used, 
as  in  the  recent  work  of  Foote,  Meggers,  and  Mohler.'  On  account 
of  the  high  vaporization  point  of  substances  such  as  iron,  the  classi- 
fication of  many  spectra  can  be  carried  out  best  by  the  furnace 
method,  but  the  close  connection  of  the  critical  voltages  with 
the  quantum  theory,  in  the  results  obtained  by  the  voltage  method, 
makes  desirable  a  study  of  the  correspondence  for  those  elements 

^Philosophical  Magazine,  42,  1002,  1921;    Astrophysicul  Journal,  55,  145.  1922. 
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which  may  have  their  spectra  excited  in  either  way.  The  short 
extension  into  the  ultra-violet  of  the  furnace  spectrum  has  pre- 
vented the  observation  of  many  important  low- temperature  lines 
as  long  as  emission  spectra  only  were  employed.  The  methods 
here  described  for  the  production  of  the  low-temperature  absorption 
spectrum  of  iron  can  be  applied  with  other  elements  to  the  grouping 
of  their  Hues  at  various  temperatures  through  the  range  from  per- 
haps X  2300  into  the  infra-red. 

Moi'NT  Wilson  Observatory 
August  1922 


CHANGES  IN  THE  SPECTROGRAPHIC  ELEMENTS 

OF  Y  SAGITTARII' 

By  JOHN  C.  DUNCAN 

ABSTR.\CT 

Changes  in  the  spectro graphic  elements  of  Y  Sagitt'arii. — A  velocity  curve  of  this  Cepheid 
variable,  derived  from  1 7  single-prism  spectrograms  made  at  Mount  Wilson  and  three 
triple-prism  spectrograms  made  at  Mount  Hamilton  in  192 1,  is  compared  with  the  curve 
derived  from  26  single-prism  spectrograms  made  at  Mount  Hamilton  in  1908  (Fig.  i). 
ElUptic  elements  for  both  years  are  given.  The  velocity  of  the  system  is  found  to 
have  changed  from  +3.6  to  —5.9  km/sec,  while  the  eccentricity  in  1921  appears  to 
be  double  its  value  in  1908.  Other  elements  also  seem  to  have  changed,  but  less 
markedly. 

Y  Sagittarii  is  a  well-known  variable  star  of  the  5  Cephei  class. 
The  variability  of  its  brightness  was  discovered  by  Sawyer  in  1886, 
and  that  of  its  radial  velocity  by  Curtiss  in  1904.  A  preliminary 
velocity  curve  and  elliptic  elements,  derived  from  observations  made 
with  the  single-prism  spectrograph  of  the  Lick  Observatory  in  1908, 
were  published  by  me  in  1909.^  Last  winter  my  attention  was 
called  by  Mr.  Joy  to  the  fact  that  observations  made  at  Mount 
Wilson  in  19 18  gave  a  velocity  some  twenty  kilometers  below  that 
shown  by  my  curve  of  1908,  and  I  then  undertook  a  new  determina- 
tion of  the  curve. 

The  star  was  placed  by  Mr.  Adams  on  the  observing  list  of  the 
60-inch  and  100-inch  reflectors,  and  in  the  spring  and  summer  of 
192 1  seventeen  one-prism  spectrograms  were  secured.  An  approxi- 
mate curve  derived  from  these  observations  showed  unmistakably 
a  velocity  of  the  system  several  kilometers  less  than  that  of  1908. 
This  difference  seemed  too  great  to  be  due  to  the  use  of  different 
spectrographs  and  methods  of  measurement,  but  that  question  was 
nevertheless  referred  to  Director  Campbell,  who  very  kindly  had 
three  plates  made  with  the  three-prism  spectrograph  and  measured 
at  the  Lick  Observatory,  the  dates  of  the  plates  corresponding  to 
sahent  points  of  the  curve.     These  plates  agree  very  well  with 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  248.  Read  at  the  Swarth- 
more  meeting  of  the  American  Astronomical  Society,  December,  1921. 

'  Lick  Observatory  Bulletin,  5,  82,  1909. 
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the  Mount  Wilson  plates,  and  in  the  final  determination  of  the 
elements  were  given  additional  weight  on  account  of  their  high 
dis])ersion.  Data  concerning  the  192 1  plates,  and  also  three  i)lates 
made  at  Mount  Wilson  in  1918  and  one  in  1919,  are  given  in  Table  I. 
Plates  with  numbers  preceded  by  7  were  made  with  the  60-Lnch 
telescope;  by  C,  with  the  100-inch.  The  phase  (days  since  maxi- 
mum  brightness)   is  computed   from   the  elements  of  Hellerich.' 

TABLK  I 


Plate 


Date,  G.M.T. 


7    7145 1918  July   i9''i9''22" 


7157- 
7206. 


July  21  17  27 
Aug.  17  16  20 


7  8710 1919  Sept.  13  15  cx) 


7  10002 1921 

7  icon 

C  952 

7  10088 

7  10127 

7  10136 

7  10 1 65. ......  . 

7  10166 j 

7  10178 1 

7  10204 

7  10207 

7  10216 

7  10221 

7  10233 

C  "74 

Lick 

C  1185 

7  10337 

Lick 

Lick 


Mar. 

iMar. 

Mar. 

Apr 

Apr. 

Apr. 

May 

May 

May 

June 

June 

June 

June 

June 

July 

July 

July 

July 

Aug. 

Aug. 


17  01  10 

18  or  05 
20  00  42 
17  00  19 
25  23  26 
27  23  53 
25  19  57 

25  20  45 

26  22  28 

15  22  07 

16  21  II 

19  21  30 

20  19  45 
22  21  09 

24  19  42 
26  18  43 
26  18  54 
26  19  07 

H  17  13 
16   17  06 


J.D.  2420000+ 


1794.807 
1796.727 
1823.681 

2215.625 

2766.048 
2767.045 
2769.029 
2797.013 
2805.976 
2807.995 
2835.831 
2835.865 
2836.936 
2856.922 
2857.883 
2860.896 
2861.823 
2863.881 
2895.821 
2897.780 
2897.787 
2897.797 
2916. 717 
2918.712 


Phase 

Vel. 

o.-c. 

3.912 

0.0 

—  12. 1 

0.059 

-23.0 

-f-  0.1 

3919 

-|-    2.2 

—  lO.O 

3.281 

-  3  3 

-   7-3 

5   244 

-  9-8 

-   1.6 

0.468 

-28.4 

-  5-9 

2.452 

-  0.9 

+  4-3 

1 .  569 

—  lO.O 

+  3-8 

4-759 

+18.7 

+  3-4 

1.005 

-19.9 

—   1.2 

5  748 

-14.4 

-h  8.1 

5.782 

-15-5 

+  7.3 

1.079 

-259 

-   7-8 

3-745 

+  9-3 

-  0.6 

4.706 

-t-t9-8 

+  3-4 

1.946 

—  lO.O 

-f-  0.  2 

2.873 

-  3-9 

-   3-2 

4931 

0.0 

-  91 

2.232 

—  10.4 

-    2.9 

4. 191 

+  150 

-  0.7 

4.198 

-l-ii.o 

-   4.8 

4.208 

-hl2.8 

-  31 

0.035 

-21.5 

+   1.4 

2.030 

-   8.6 

-t-  0.8 

Wt. 


The  velocity  is  in  each  case  the  mean  result  of  measures  by  two 
or  more  observers.  The  residuals  O.  — C.  are  taken  from  the  192 1 
velocity  curve  shown  in  Figure  i. 

Although  the  binary  hypothesis  of  Cepheid  variation  is  not  uni- 
versally accepted,  the  usual  elliptic  elements  seem  still  to  be  the 
best  means  for  numerically  representing  the  observed  variations 
in  radial  velocity;  and  I  accordingly  give  these  elements,  leaving 
their  interpretation  on  the  pulsation  and  other  hypotheses  to  the 

•  Inaugural  Dissertation,  Berlin,  1913. 
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reader.  Corrections  to  the  preliminary  elements  of  1908  (except 
the  period)  were  computed  by  least  squares.  These  corrections 
were  in  every  case  smaller  than  their  probable  errors.  The  period 
found  from  photometric  observations  by  Hellerich  was  adopted.     A 


Fig.  I. — Velocity  curves  of  Y  Sagittarii,  1008  and  1921 

least-squares  solution  was  made  for  the  elements  of  192 1,  using  the 
seventeen  plates  made  at  Mount  Wilson  and  the  three  made  at 
Mount  Hamilton.     The  results  are  shown  in  Table  II. 

TABLE  II 


1908 
P 

K 19-3=^  0.8  km/sec. 

-y -}-^.6=^   I.  2  km /sec. 

w 43?o=fci3?8 

e o.  2i=t  0.04 

T 451=^  0.21 

a  sin  i i   500  000  km 

mj  sin^  /  ^ 

T~ — ., 0.004O 

e ='=2.4  km/sec. 


ig2i 


5. 773268  days 
(Hellericli)' 
20. 6=1=0. 8  km/sec. 
-5.9=^1.5  km/sec. 
74- 5  ^6?  2 
0.42=*=  0.04 
5.05=1=0.08 

I  354  000  km 

0.003O 
=*=3. 1  km/sec. 


Difference 


-f-   1.3='=   1.2  km/sec. 
—  9.6=*=   1. 9  km/sec. 

+0.21='=  0.06 
+0.54=^  0.22 
—  146  000  km 


The  time  T  of  periastron  passage  is  counted  in  days  from  the 
time  of  light-maximum.     The   interval   from    light-maximum   to 
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velocity  minimum  was  0.64  days  in  1908  and  0.19  days  in  1921; 
the  interval  from  light  minimum  to  velocity  maximum  was  0.27 
and  0.72,  respectively — the  former  interval  having  diminished  and 
the  latter  increased,  each  by  0.45  days.  The  observations,  and  the 
velocity  curves  representing  the  above  elements,  are  plotted  in 
Figure  i.  The  Lick  observations  of  1908  are  indicated  by  filled 
circles;  those  of  192 1  by  barred  rings;  the  Mount  Wilson  observa- 
tions of  192 1  by  plain  rings;  and  those  of  1918  and  19 19  by  crosses. 
The  most  important  changes  found  are  those  in  the  velocity  of 
the  system  and  in  the  eccentricity,  which  are  so  large  as  to  leave 
little  doubt  of  their  reality.  From  the  large  negative  residuals  of 
the  observations  made  near  light  minimum  in  1918  and  1919,  one 
might  infer  that  the  curve  has  differed  more  from  its  position  of  1908 
at  some  intermediate  epoch  than  in  192 1.  It  seems  evident  that 
the  star  will  repay  further  observation. 

W'hitin  Observatory 

Wellesley,  Massachusetts 

February  1922 


PREPARATION  OF  ABSTRACTS 

Even'  article  in  the  AstropJiysical  Journal,  however  short,  is  to  be  preceded 
b}'  an  abstract  which  should  be  submitted  by  the  author  with  the  manuscript. 
In  order  that  the  abstract  may  aid  the  reader  by  furnishing  an  index  and  brief 
summar}'  of  the  contents  of  the  article,  and  may  also  be  suitable  for  reprinting 
in  an  abstract  journal,  it  should  be  of  the  type  of  those  which  have  been 
appearing  in  the  Astrophysical  Journal  since  1920.  It  is  requested  that  the 
abstracts  be  prepared  in  accordance  with  the  following: 

DIRECTIONS   AND    RULES 

1.  Notes. — Read  the  article  carefully,  taking  rough  notes  covering  all  the 
new  information  reported,  keeping  a  specially  sharp  lookout  for  new  incidental 
results  and  suggestions  not  directly  related  to  the  main  subject. 

2.  Subtitles. — Write,  first,  a  title  describing  the  group  of  results  forming 
the  main  contribution  of  the  article,  including  all  that  belong  together.  If 
there  are  in  addition  results  which  do  not  come  under  that  title,  gather  them 
into  as  few  groups  as  possible  and  formulate  a  complete  and  precise  title  for 
each.  For  examples  of  such  subtitles  see  the  italicized  parts  of  the  abstracts 
for  1920. 

The  subtitles  s/iould  together  form  a  complete  index  of  the  new  information; 
that  is.  they  should  include  every  measurement,  observation,  method,  sugges- 
tion, and  theor\'  which  is  presented  as  new  and  of  value  in  itself.  They  should 
be  complete  in  themselves  and  independent  of  the  main  title  of  the  article. 

3.  Text. — Write  a  paragraph  summarizing  the  main  group  of  results  and 
including  the  corresponding  subtitle  either  all  at  the  beginning  or  with  parts 
scattered  through  the  text;  and  then  do  likewise  for  the  other  groups. 

The  text  should  summarize  the  author's  conclusicns  and  should  transcribe  all 
numerical  results  of  general  interest,  including  all  that  might  be  looked  for 
in  a  table  of  astronomical  and  physical  constants,  with  an  indication  of  the 
accuracy  of  each.  It  should  give  all  the  information  that  anyone,  not  a 
specialist  in  the  particular  field  involved,  might  care  to  have  in  his  notebook. 

Complete  sentences  should  be  used  except  in  the  case  of  subtitles.  The 
abstract  should  be  made  as  readable  as  the  necessary  brevity  will  permit. 
Italicize  subtitles  but  no  other  words  or  phrases. 

4.  Final  checking. — Re-read  the  article  so  as  to  check  the  abstract  and 
correct  any  omissions  and  mistakes;  read  the  subtitles  by  themselves  to  see 
that  they  properly  index  the  information;  and  read  the  abstract  to  see  whether 
it  cannot  be  condensed  and  its  English  be  improved. 

These  rules,  and  the  abstracts  which  have  appeared  up  to  this  time,  have 
been  prepared  by  Dr.  Gordon  S.  Fulcher,  recently  of  the  National  Research 
Council,  now  of  Corning,  New  York.  The  editors  desire  formally  to  express 
their  obligation  and  that  of  all  readers  of  the  Journal  to  Dr.  Fulcher  for  the 
patience  and  skill  which  he  has  shown  in  revising,  according  to  the  technical 
standards,  the  abstracts  sent  in  by  authors,  and  in  many  cases  in  writing 
entireh-  new  abstracts  where  the  authors  had  neglected  our  request  for  abstracts. 
It  will  in  future  be  absolutely  impossible  for  Dr.  Fulcher  to  continue  this  labor 
of  love.  JNIeantime,  authors  are  notified  that  their  articles  cannot  be  accepted 
unless  accompanied  by  adequate  abstracts,  and  if  articles  are  sent  without 
abstracts,  otherwise  acceptable  for  publication,  the}'  will  not  be  forwarded  to 
the  printer  for  composition  until  the  abstracts  are  received. 
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The  Stone  of  the  Sun  and  the  First 
Chapter  of  the  History  of  Mexico 

By  ENRIQUE  JUAN  PALAGIOS 

Translated  by  FREDERICK  STARR 

This  famous  stone  in  the  Archaeological  Museum  of  Mexico  has  been  the 
cause  of  much  idle  speculation  and  the  object  of  no  little  intelligent  study. 

In  his  translation  Professor  Starr  says,  "As  a  specimen  of  native  American 
art  it  is  of  extraordinary  interest;  as  a  mass  of  symbols,  in  which  the  astronomical 
and  chronometric  knowledge  of  the  ancient  Mexicans  is,  in  a  sense,  summarized, 
it  is  of  the  highest  importance."  Continuing  he  says  that  it  had  long  been  his 
purpose  to  print  a  study  guide  of  the  stone  for  the  use  of  his  students,  but  that 
the  work  of  Palacios  was  so  well  done  he  decided  to  translate  instead. 

The  monograph  contains  illustrations  of  several  different  portions  of  the  stone. 
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spectrograms  obtained  with  the  Bruce  spectrograph  attached  to  the  40-inch  telescope.  These 
are  suitable  for  measurement  in  a  laboratory  course  in  astronomy,  or  for  detailed  study  by  the 
spectroscopist. 

5  The  dispersion  used  is  adapted  to  the  character  of  the  spectrum,  fourteen  having  been  made 
with  one-prism,  two  with  two  prisms,  and  eight  with  three  prisms.  The  plates  (4X2  inches) 
cover  the  principal  types  of  spectra  from  AO  to  MO,  together  with  a  spectrum  of  the  Orion 
nebula,  two  of  Nova  Aquilae,  and  four  giving  different  velocities  of  a  suitable  spectroscopic 
binary.  A  print  is  supplied,  identifying  the  principal  lines  in  the  comparison  spectrum,  which 
was  either  that  of  titanium  or  of  titanium  and  iron,  and  the  data  necessary  for  the  reduction  of 
the  measures  is  given,  together  with  the  results  obtained  from  the  originals  at  the  Yerkes 
Observatory.  The  spectra  are  reproduced  in  the  negative  form,  by  contact,  and  are  intended 
to  represent  the  originals  faithfull}'. 

5  It  is  believed  that  this  collection  furnishes  the  material  necessary  for  a  year's  work  in  stellar 
spectroscopy  at  institutions  not  having  the  requisite  instrumental  equipment,  and  will  sufficiently 
acquaint  the  student  with  the  classification  of  stellar  spectra. 
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FROM  THE  PREFACE 

"In  telKng  the  story  of  this  search  for  the  mode  by  which  the  earth  came 
into  being,  we  have  let  the  incidents  that  led  the  inquiry  on  from  one  stage  to 
another  fall  in  with  the  steps  of  the  inquiry  itself.  It  is  in  keeping  with  the 
purposes  of  this  series  of  booklets  that  the  motives  which  set  researches  going 

should  have  their  place  with  the  quests  that  arose  from  them The  final 

story  of  the  birth  of  the  earth  will  come  only  after  a  time,  when  the  vestiges  of 
creation  have  been  more  keenly  discerned  and  more  faithfully  rendered  than  is 
possible  now." 
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ASTRONOMICAL  PHOTOGRAPHIC  PHOTOMETRY 
AND  THE  PURKINJE  EFFECT.     IP 

By  F.  E.  ROSS 

ABSTRACT 

PJiotographic  photometry  of  stars. — The  four  methods  in  use  are  outlined  and  the 
principles  underlying  each  are  pointed  out.  The  turbidity  method  depends  on  the 
increase  of  size  of  image  with  intensity.  The  Greenwich  formula  connecting  the 
diameter  of  the  image  with  the  star's  magnitude  is  shown  to  fail  for  images  less  than 
50  ju  in  diameter  and  a  new  formula  which  holds  for  all  cases  is  suggested:  V  {d-\-h)  = 
a-\-b  log  /,  where  a,  b,  and  h  are  constants.  On  the  assumption  that  the  growth  of  the 
image  is  due  to  diffuse  scattering  and  reflection  of  the  hght,  formulae  for  the  intensity 
of  this  light  at  any  distance  from  the  edge  are  deduced  and  sections  of  images  are  given 
which  show  both  theoretical  and  actual  equiluminous  surfaces  (Fig.  i,  and  PI.  XII). 
However,  it  is  found  by  experiment  that  the  rate  of  growth  or  turbidity  (A)  is  not  con- 
stant but  increases  with  the  intensity,  for  instance  from  g  to  1 2  ^  when  the  intensity  is 
multiplied  three  hundred  fold.  This  effect  is  of  importance  in  accurate  measurements, 
since  if  it  is  not  allowed  for,  deduced  relative  magnitudes  will  vary  with  the  time  of 
exposure.  Data  are  also  given  showing  marked  variations  of  turbidity  with  the  kind 
of  plate  (Table  IV)  and  with  the  telescope  used,  but  if  the  optical  system  is  well  cor- 
rected the  optical  turbidity  should  be  negUgible.  The  probable  error  of  this  method 
is  about  o¥i  for  very  sharp  images  but  may  be  reduced  considerably  by  using  plates 
of  greater  turbidity  and  with  small  inherent  irregularity.  In  the  densitomctric  method, 
which  involves  the  measurement  of  out-of-focus  images,  the  probable  error  is  small 
except  that  due  to  inherent  plate  irregularities,  so  the  more  these  are  reduced  the 
greater  will  be  the  relative  accuracy  of  this  method.  The  variation  of  turbidity  with 
wave-length,  the  photographic  Purkinjc  effect,  is  of  great  importance.  The  results 
obtained  are  reviewed,  but  because  of  the  complexity  of  the  effect  no  general  con- 
clusions can  as  yet  be  given.  An  explanation  is  suggested  for  Abney's  discovery  that 
for  some  plates  the  least  gradation  is  for  the  wave-length  of  maximum  sensitivity. 

Transmission  of  some  photographic  plates  to  white,  blue,  green,  and  red  light  is  given 
(Table  I).  WTiile  Block  and  Renwick  have  found  that  the  absorption  is  not  expo- 
nential, for  very  thin  films  the  law  (Bouguer's)  may  hold,  at  least  approximately. 

Photographic  turbidity  for  spectrum  lines  is  found  to  be  the  same  as  for  circular 
images  of  the  same  width. 

'  Communication  No.  150  from  the  Research  Laboratory  of  the  Eastman  Kodak 
Company. 
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There  are  in  use  at  present  four  methods  of  astronomical  photo- 
graphic photometr\'.     These  are,  in  historical  sequence: 

A.  Measurement  of  diameters  of  stellar  images. 

B.  Measurement  of  densities  or  degree  of  blackness  of  out-of- 
focus  images. 

C.  Eye  comparisons  of  blackness  and  size  of  image  with  a 
sequence  of  images  of  known  light  value. 

D.  Measurement  of  total  obstructance  of  the  photographic 
image  to  radiation,  as  in  the  thermoelectric  method  of  Stetson. 

The  usefulness  of  any  photometric  method  depends  primarily 
upon  its  sensitivity,  which  mathematically  can  be  defined  as  the 
ratio  of  effect  to  stimulus.  In  the  case  of  method  A,  the  sensitivity 
is  the  ratio  of  the  increase  in  diameter  of  a  focal  image  to  the 
logarithm  of  the  exposure,  called  "astrogamma."  In  method  B, 
it  is  the  ratio  of  the  increase  in  density  to  the  logarithm  of  the 
exposure,  usually  called  "gamma"  or  gradation.  In  D  it  is  the 
ratio  of  the  increase  in  the  mass  of  exposed  and  developed  grains  in 
a  focal  image  to  the  logarithm  of  the  exposure.  C  is  essentially  the 
same  as  D,  but  is  limited  in  practice  to  faint  images.  Method  A 
depends  for  its  efficacy  on  the  sidewise  scatter  of  hght  in  the  emulsion. 
Method  B  depends  largely  on  the  depth  penetration  of  the  light. 
Methods  C  and  D  depend  upon  a  combination  or  addition  of  A  and 
B,  and  accordingly  make  use  of  the  total  action  of  the  light,  which  A 
or  B  do  not.  Their  sensitivity  is  therefore  higher  and  they  must 
moreover  be  considered  more  logical  methods  than  A  or  B. 

Distribution  of  light  in  the  emulsion. — The  increase  in  density 
of  a  photographic  image  and  the  increase  in  size  are  phenomena 
partly  of  common  origin.  The  increase  in  size  of  an  image  in  the 
case  of  a  perfectly  sharp  image  is  due  to  multiple  reflection,  refrac- 
tion, and  diffraction  of  the  image-forming  light  by  the  grains  of 
silver  halide,  which,  in  thickly  packed  layers,  constitute  the  emul- 
sion. The  light  is  thus  deflected  from  its  original  direction  per- 
pendicular to  the  plate  in  a  succession  of  steps  until  its  direction  of 
flow,  measured  by  normals  to  the  equiluminous  surfaces,  lies  in  the 
plane  of  the  emulsion  perpendicular  to  the  geometrical  edge  of  the 
image.  The  equiluminous  surfaces  A  ....  N  (Fig.  i)  which  lie 
under  the  image  itself  are  parallel  to  the  surface  of  the  emulsion, 
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and  can  obviously  be  joined  or  linked  with  the  equiluminous  sur- 
faces which  lie  oflf  the  edge.  The  photometric  characteristics  of  the 
density  of  an  image,  upon  which  method  B  is  based,  are  determined, 
in  part  at  least,  by  the  surfaces  A  ....  N,  while  method  A  is 
based  upon  the  characteristics  of  the  surfaces  A  ....  R. 

There  are  a  variety  of  factors  which  govern  the  penetration  of 
light  in  an  emulsion.  Among  these  may  be  mentioned  the  size, 
shape,  packing,  orientation,  and  optical  properties  of  the  silver 
halide  grain,  optical  properties  of  the  embedding  gelatine,  wave- 
length and  composition  of  the  light,  and  thickness  of  the  emulsion 


Fig.  I. — Equiluminous  surfaces  at  edge  of  a  sharp  image 

layer.  Concerning  the  specific  action  of  each  of  these  factors,  little 
or  nothing  is  known,  although  the  subject  is  of  great  importance 
from  many  points  of  view. 

The  silver  halide  grains  which  are  contained  in  the  high  speed 
emulsion  are  in  great  measure  in  the  form  of  plates  or  tablets  which 
must  be  oriented  nearly  parallel  to  the  surface  of  the  emulsion.^ 
Such  emulsion  would  accordingly  be  expected  to  show  very  little 
side  scatter  and  a  high  direct  or  specular  transmission.     If  there 


'L.  Silberstein,  "The  Orientation  of  the  Grains  in  a  Dried  Photographic  Emul- 
sion," Jour,  of  tlic  Optical  Society  of  America,  2,  171,  1921,  and  3,  363,  1921. 
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were  no  reflections  or  diffraction  in  the  passage  of  the  light  through 
the  emulsion,  the  transmission  would  follow  Bouguer's  law,  which 
states  that  equal  thicknesses  absorb  equal  percentages  of  the  incident 
light.  The  subject  has  been  investigated  theoretically  and  experi- 
mentally by  Bloch  and  Renwick'  who  found  considerable  devia- 
tion from  Bouguer's  law.  Calling  D  the  effective  density  where 
Z)  =  logio  opacity,  and  putting  1^  =  weight  of  silver  bromide  in  mg 
per  cm^  they  find  for  a  typical  fast  emulsion: 

White  light  illumination:        D=o.66    W°-^^\  ,. 

Violet  light  illumination:       Z>- 1 .  123  W°-^^  J   *  ^^^ 

With  Bouguer's  law  holding,  the  exponent  of  W  should  be  unity. 
A  strong  color  effect  is  shown,  as  was  to  be  expected. 

For  the  average  fast  emulsion  W  =  i  very  nearly.     Accordingly 
the  corresponding  opacities  from  (i)  are: 


Opacity 

Transmission 

White  light 

4.58 
13-3 

Per  Cent 
21.8 

Violet  liffht 

7-5 

These  values  show  that  the  penetration  of  light  in  an  emulsion  is 
extremely  sensitive  to  wave-length  variations.  Abney  found  from 
photographic  tests  that  an  ordinary  Kodak  film  transmitted  22  per 
cent  of  the  incident  light  agreeing  with  the  results  from  Bloch  and 
Ren  wick  for  white  Hght. 

Values  of  the  transmission  of  various  types  of  plates  have  been 
determined  photographically  in  this  laboratory  by  E.  Huse  for 
the  three  primary  colors  and  for  white,  with  results  shown  in 
Table  I.  The  receiving  medium  in  all  cases  was  a  Wratten  and 
Wainwright  panchromatic  plate. 

The  blue,  green,  and  red  in  Table  I  refer  to  the  transmission  of 
Wratten  and  Wainwright  filters  C,  B,  and  A  respectively.  White 
refers  to  the  acetylene  flame  screened  with  Wratten  and  Wain- 
wright filter  No.  79. 

»  "The  Opacity  of  Diffusing  Media,"  Photographic  Journal,  40,  49,  1916. 
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Data  on  the  optical  behavior  of  emulsion  film  are  given  by  Nut- 
ting."    The  distribution  curves  of  reflected  and  transmitted  light, 


TABLE  I 

Transmissions 


Plate 


White 


Blue 


Green 


Red 


Seed  30 

Seed  23 

Seed  process 

Seed  lantern 

Std.  orthonon 

W.  and  W.  panchromatic 


Per  Cent 

22 

18 

34 

41 

13 
10 


8 
II 
25 


39 
32 
40 

43 
26 
12 


41 
39 
36 
44 
30 
23 


drawn  from  his  data,  are  shown  in  Figure  2.  According  to  these 
results  approximately  57  per  cent  of  the  incident  light  is  reflected 
and  35  per  cent  transmitted. 


100 


Fig.  2. — Distribution  curves  (reflection  and  transmission)  of  a  photographic 
emulsion,  Nutting's  data,  from  visual  measurement. 

The  equiluminous  surfaces  A  ,  .  .  .  N  (Fig.  i)  are  drawn  to 
scale  from  the  first  of  equation  (i).  The  illumination  at  each  sur- 
face is  90  per  cent  of  that  at  the  preceding  surface,  so  that  each  layer 

'  "The  Optical  Properties  of  Diffusing  Media,"  Transactions  of  the  Illuminating 
Engineers  Society,  10,  353,  1915. 
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absorbs  lo  per  cent  of  the  light  incident  upon  it.  It  is  seen  that  the 
effective  densities  decrease  downward  in  the  fikn,  it  requiring  a 
progressively  greater  thickness  to  produce  the  lo  per  cent  drop  in 
illumination.  Assuming  the  total  thickness  of  the  emulsion  20  /x, 
it  can  be  calculated  from  equation  (i)  that  38  per  cent  of  the  total 
light  absorbed  is  absorbed  in  a  layer  2  ix  thick  adjoining  the  surface, 
while  only  3  per  cent  is  absorbed  in  a  similar  layer  at  the  bottom. 
Assuming  Bouguer's  law  to  be  the  correct  one,  these  numbers  become 
18  and  5  per  cent  respectively. 

It  remains  to  trace  the  course  of  the  equiluminous  surfaces  upon 
entering  the  shadow  adjacent  to  the  image,  where  they  must  rise 
to  the  surface.  Their  course  will  evidently  depend  upon  the  degree 
of  sharpness  of  the  image  under  consideration.  The  nearly  ideal 
case  of  an  exceedingly  sharp  image  such  as  is  produced  by  contact 
printing  will  be  chosen.  It  is  a  simple  matter  to  calculate  the  light- 
intensity  at  any  point  in  the  shadow  from  the  rate  of  spreading  of 
the  image,  assuming  Bouguer's  law  to  hold  in  this  region,  which  is 
approximately  true,  as  will  be  shown  later.  Thus  it  is  found,  assum- 
ing light  of  wave-length  4600  A,  that  a  10  per  cent  drop  in  illumina- 
tion occurs  uniformly  in  a  horizontal  distance  of  0.71  ^t.  Scaling  off 
this  distance  in  succession  from  the  point  I  toward  N  in  Figure  i, 
the  exit  points  for  the  complete  series  of  equiluminous  surfaces 
A  ....  N  are  obtained.  The  intermediate  portions  of  the  curves 
lying  to  the  right  of  //'  can  be  only  roughly  sketched.  To  obtain 
their  true  form  would  require  an  intricate  mathematical  investiga- 
tion which  would  be  without  profit,  on  account  of  the  many  parame- 
ters of  unknown  relative  values. 

The  formula  proposed  by  Tugman^  for  the  light-intensity  in 
the  shadow  adjacent  to  an  image,  namely 

where  x  is  the  distance  from  the  edge  and  y  the  distance  below  the 
surface,  obviously  does  not  hold.  A  much  more  complicated  rela- 
tion is  necessary.  The  rate  of  diminution  of  intensity  downward 
appears  to  follow  a  different  law  than  the  law  of  sidewise  drop  in 
intensity.  From  Figure  i  it  is  seen  that  in  the  ideal  case  chosen 
'  "Resolving  Power  of  Plates,"  AstrophysicalJournal,  42,  341,  1915. 
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the  equiluminous  surfaces  which  lie  off  the  edge  of  the  image  are 
much  more  closely  packed  than  those  lying  under  the  image.  This 
can  be  explained  as  a  color  absorption  effect.  The  light  which  is 
traveling  parallel  to  the  surface  of  the  emulsion  must,  on  account 
of  its  being  composed  largely  of  diffracted  light,  be  of  shorter  aver- 
age wave-length  than  the  light  passing  normally  through  the  emul- 
sion. The  opacity  in  this  direction  will  accordingly  be  higher, 
resulting  in  a  compression  of  the  series  of  equiluminous  surfaces. 
In  the  case  of  images  formed  by  optical  systems,  the  degree  of 
compression  will  vary  widely  with  the  sharpness  or  perfection  of 
the  image.  The  horizontal  system  under  the  image  will  be  inde- 
pendent of  all  conditions  except  composition  of  the  imaging  light 
and  its  converging  angle.  For  parallel  light  the  opacity  should  be 
higher  and  the  penetration  less  than  for  light  impinging  in  a  wide 
cone,  corresponding  to  the  condition  of  diffuse  illumination.  It  will 
be  observed  that  the  equiluminous  surfaces  are  shown  rising  to  the 
surface  in  a  nearly  vertical  direction.  That  they  actually  are  of  this 
form  in  the  case  of  very  sharp  images  seems  to  be  proved  by  the 
photomicrograms  of  an  image  in  which  a  small  amount  of  spreading 
has  taken  place  (PI.  XII).  The  image  appears  to  have  expanded 
as  much  in  the  lower  layers  as  in  the  upper.  The  section  was  made 
while  the  strips  were  swollen  (with  dilute  alcohol),  the  vertical  scale 
being  approximately  ten  times  the  horizontal.  Other  cases  have 
been  obtained  in  which  the  incHnation  is  of  intermediate  types, 
corresponding  to  images  of  an  inferior  degree  of  sharpness.  In 
general  it  can  be  stated  that  the  form  and  orientation  of  the  surfaces 
of  equal  illumination  are  the  resultant  of  the  surface  distribution 
due  to  the  optical  system  and  the  emulsion  distribution  due  to  the 
spreading  of  the  image-forming  light.  The  problem  is  thus  an 
exceedingly  complicated  one.  Further  difficulties  are  introduced 
if  the  anomalies  of  development  taking  place  at  the  edge  of  an  image 
are  considered. 

The  principles  underlying  the  two  methods  of  astronomical 
photometry  will  now  be  considered.  In  the  densitometric  method 
photometric  measurement  is  limited  by  the  amount  of  silver  which 
can  be  deposited  in  the  film  perpendicular  to  the  surface,  which 
depends  upon  penetration  of  the  light  and  of  the  developer.     When 
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a  long  working-range  of  moderate  sensitivity  is  desired,  it  is  of 
advantage  to  have  the  specific  opacity  of  the  emulsion  as  high  as 
possible  and  considerable  dispersion  in  grain  sensitivity.  If,  on  the 
other  hand,  high  sensitivity  in  photometric  measurement  is  desired 
regardless  of  a  short  working-scale,  an  emulsion  of  low  specific 
opacity  of  uniform  sensitivity,  but  rich  in  silver,  is  preferable.  In 
the  second  method  of  astronomical  photometry,  in  which  the 
increase  in  size  of  a  small  image  is  made  use  of,  obviously  a  much 
wider  range  of  intensities  can  be  measured.  The  sensitivity  of 
both  methods  is  subject  to  control  in  a  variety  of  ways;  that  of 
the  densitometric  method  depends  upon  gamma  or  contrast,  upon 
developer  and  development  time,  and  upon  the  wave-length  of  light 
used ;  that  of  the  size-of-image  method  depends  upon  the  emulsion, 
the  wave-length  of  light,  but  not  to  any  extent  upon  developer  or 
development  time.  An  additional  important  factor  in  determining 
the  sensitivity  of  the  second  method  is  the  optical  sharpness  of  the 
image,  which  in  the  case  of  astronomical  observations  depends  to  a 
great  extent  upon  the  steadiness  of  the  air.  Perfectly  steady  air 
is  a  detriment  to  accurate  photometric  work  of  this  kind,  on  account 
of  the  sharp  images,  which  increase  in  size  at  such  a  slow  rate  with 
respect  to  increase  in  intensity  that  a  correspondingly  low  sensitivity 
is  produced.  Accordingly  a  telescope  of  long  focus  is  preferable  in 
this  case  to  one  of  short  focus,  on  account  of  its  greater  magnifica- 
tion of  atmospheric  disturbances  and,  in  addition,  on  account  of  its 
optical  aberrations,  which  in  general  are  proportional  to  focal  length 
(see  p.  363). 

The  writer  has  reviewed  in  another  place  the  formulae  con- 
necting photographic  density  and  exposure.^  Astronomers  rightly 
are  generally  interested  in  such  formulae  only  to  the  extent  that 
photographic  exposure  E  involves  the  stellar  magnitude  M  and 
exposure  time  t.  This  relationship,  undoubtedly  involving  the 
fundamental  law  of  photographic  action,  has  been  given  three  forms: 
(i)  the  reciprocity  law;  (2)  Schwarzschild's  law;  (3)  Kron's  law. 
In  order  to  show  that  these  laws  are  fundamentally  at  variance, 
it  is  only  necessary  to  point  out  that  according  to  the  reciprocity 
law,  the  photographic  eflficiency  is  constant  for  all  hght-intensities. 

»  "On  the  Relation  between  Photographic  Density,  Light-Intensity,  and  Exposure 
Time,"  Journal  of  the  Optical  Society  of  America,  4,  255,  1920. 
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In  the  case  of  Schwarzschild's  law,  the  efficiency  increases  uniformly 
as  the  h'ght-intensity  increases,  while  in  the  case  of  the  Kron  law, 
there  is  an  optimal  intensity,  or  a  light-intensity  at  which  the  energy 
applied  has  greater  efficiency  than  when  applied  at  any  other  inten- 
sity, greater  or  smaller.  It  is  thus  seen  how  radically  different  the 
three  laws  are,  laws  which  undoubtedly  have  root  in  important 
physical  or  chemical  phenomena  of  which  we  are  at  present  in 
ignorance.  Since  they  all  have  been  found  to  be  of  undoubted 
appHcability  in  numerous  cases,  it  must  be  concluded  that  special 
circumstances  alter  the  photographic  action,  throwing  it  to  one  or 
the  other  of  the  three  modi  operandi,  in  a  manner  which  we  are 
unable  at  the  present  time  to  conceive. 

The  mathematical  relation  between  the  diameter  of  photographic 
star  images  and  stellar  magnitude  and  exposure  time  appears  to 
have  attracted  the  attention  of  astronomers  even  before  the  intro- 
duction of  the  dry  plate.     The  earliest  formula  by  Bond  in  1857  is: 

d^=Q+Pt.  (2) 

To  see  how  closely  this  formula  fits  the  modem  dry  plate,  some 
measures  by  the  writer  are  plotted  in  Figure  3,  according  to  this 
formula.  It  is  seen  that  the  linear  relation  is  far  from  being  realized 
except  for  a  very  short  range  of  i  to  4  (1.5  magnitudes).  Bond  notes 
that  the  sensitiveness  of  his  plate  increased  toward  the  end  of  the 
exposure,  a  fact  which  appears  capable  of  explaining  his  com- 
paratively unique  formula. 

About  1890  a  number  of  formulae  appHcable  to  the  dry  plate 
were  proposed  by  Scheiner,  Charlier,  and  others,  which  involved 
roots  of  the  intensity  and  exposure  time.  Among  others,  the  square 
and  fourth  root  were  adopted.  As  in  the  case  of  the  Bond  formula, 
these  formulae  are  compared  with  the  same  data  as  in  Figure  3. 
In  addition  formulae  involving  the  sixth  and  eighth  roots  are  shown 
on  the  same  diagram  (Fig.  4).  It  will  be  noticed  that  as  the  root 
increases  the  relation  becomes  more  nearly  linear,  exception  being 
made  of  the  smaller  measured  diameters.  If  the  lenses  used  were  of 
poor  quality  and  other  conditions  were  such  that  it  was  not  possible 
to  obtain  small  star  images  such  as  are  obtained  at  the  present  day, 
it  is  not  surprising  that  equations  of  this  type  were  obtained.    In  the 
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modem  development  of  the  subject,  working  along  more  correct 
lines,  investigators  have  introduced  logarithmic  functions  of  time 
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Fig.  3. — Comparison  of  Bond's  formula  for  diameter  of  images  with  measures  on 
modem  dry  plate. 


and  intensity  in  their  equations,  instead  of  those  quantities  them- 
selves and  their  roots.  This  procedure  is  based  on  the  principle 
that  equal  fractional  or  percentage  variations  in  exposure  produce 
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equal  effects  on  the  photographic  plate,  at  least  in  its  useful  exposure 
region.     Scheiner's  formula, 

d=a+h\ogI,  (3) 

is  of  this  type.  It  has  been  shown  to  follow  mathematically  it  the 
distribution  of  light  at  the  edge  of  an  image  is  of  the  simple  form  of 
Bouguer's  law, 

/=/o-'*.  (4) 


DiAM 

{M) 


ISO 


100 


50 


Root  of    T 


5  10  15 

Fig.  4. — Diameters  of  images  plotted  against  ^1,  square;  B,  fourth;  C,  sixth;  and 
D,  eighth  root  of  /. 

This  form  of  the  intensity  function  has  been  adopted  in  deriving 
the  series  of  equiluminous  surfaces  adjacent  to  the  edge  of  an  image 
(Fig.  i).     It  was  soon  found,  however,  that  for  the  higher  Hght- 
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intensities  and  longer  exposures  this  simple  formula  no  longer 
applied.  It  was  superseded  by  the  Greenwich  formula  which  is 
equivalent  to 

l/d=a+blogL  (S) 

The  relation  between  b  and  k  is 


mod.    b  ' 

This  formula  appears  to  satisfy  the  demands  of  most  photo- 
metric work.  So  far  as  the  writer  is  aware  no  question  has  been 
raised  as  to  its  applicability  to  very  small  star  images  such  as  are 
frequently  obtained  under  the  best  conditions  with  well-corrected 
telescopes  of  not  too  great  focal  length. 

In  Table  II  the  series  of  measured  diameters  adopted  in  the  pre- 
vious comparisons  is  used.  The  error  of  the  Greenwich  formula  for 
diameters  below  50  fx  is  seen  to  be  very  pronounced. 

TABLE  II 
GREEN-mcH  Formula  Compared  with  Observation 


Exposure  Time 

Measured 
Diameter 

Diameter  Green- 
wich Formula 

Error  of  Formula 

l!o 

M 

19 

29 

39 

47 
57 
68 

77 
86 

97 
109 

120 
130 

30 
36 

43 
51 
58 
67 

77 
86 

97 
108 
120 
131 

-l-II 

1 . 0 

+  7 

28        

+  4 

7.  e 

+  4 

ic  .0 

+   I 

20  0 

—    I 

60  0        

0 

120.0 

0 

24.0  0 

0 

4.80  0 

—    I 

q6o  0 

0 

1920  0        

+   I 

The  diameters  in  Table  II  are  plotted  in  Figure  5  according  to 
the  Scheiner  equation  (A)  and  the  Greenwich  equation  (B).  The 
Scheiner  equation  fits  the  observations,  except  in  the  case  of  the 
larger  diameters.  On  the  other  hand  the  Greenwich  equation  is 
seen  to  be  very  seriously  in  error  for  the  smaller  diameters.  It  is 
not  surprising  that  this  error  is  not  generally  in  evidence,  since 
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the  images  which  have  been  usually  obtained  in  photometric  work 
have  not  been  sufficiently  small,  owing  either  to  length  of  focus, 
poor  optical  corrections,  or  bad  seeing. 

The  modification  which  is  necessary  in  the  Greenwich  formula 
to  make  it  fit  the  observ^ations  is  quite  obvious.  It  is  only  necessary 
to  add  a  constant  //  to  the  measured  diameter,  the  equation  thus 
becoming 

Vd^i  =  a+b\ogI .  (6) 

Curves  C,  D,  and  E  (Fig.  5)  show  the  result  for  h  =  $o,  100,  and  150 
respectively.     In  the  last  case,  for  h  =  i^o,  the  representation  is 


Fig.  5.— Diameters  plotted  against  log  t  according  to  the  Scheiner  {A),  Green- 
wich {B),  and  new  formula  (C,  D,  E). 

entirely  satisfactory.  The  correct  value  of  h  in  any  given  case  may 
be  sufficiently  well  determined  in  a  few  minutes  by  graphical 
methods. 

The  problem  of  image  growth  will  now  be  treated  mathemati- 
cally, in  so  far  as  this  is  practicable.  It  was  formerly  supposed  that 
the  growth  of  images  was  a  chemical  phenomenon,  grains  of  silver 
bromide  being  supposed  to  develop  by  infection  from  neighboring 
grains.  While  there  may  be  a  certain  measure  of  truth  in  this  sup- 
position, in  so  far  as  secondary  actions  are  concerned,  e.g.,  develop- 
ment of  clumps  of  grains  as  a  unit,  it  is  not  necessary  to  resort 
to  hypotheses  of  this  nature  to  explain  the  phenomenon,  for  the 
evidence  shows  that  there  is  sufficient  scattered  light,  in  the  region 
immediately  surrounding  an  image,  to  account  for  its  spread  or 


358 


F.  E.  ROSS 


increase  in  size.  It  is  quite  impossible  to  deduce  mathematically 
the  curve  of  light  distribution  in  a  direct  manner,  on  account  of  the 
number  of  separate  factors  entering,  very  few  of  which  can  be 
expressed  in  any  kind  of  mathematical  form.  Attempts  at  solving 
the  problem  must  therefore  be  restricted  to  the  other  end,  working 
backward  from  photographic  effect  to  light  distribution,  ignoring 
secondary  development  disturbances. 

Let  the  light-intensity  over  the  uniformly  illuminated  central 
stellar  disk  be  denoted  by  /«;  the  diameter  of  the  disk  by  g,  which 
depends  on  the  optical  system  and  upon  the  seeing,  and  in  nowise 
upon  the  photographic  plate.    Let  the  light-intensity  at  a  distance  x 

from  the  edge  of  the  uniformly  illuminated  cen- 
tral disk  be  denoted  by  /.  Assuming  Scheiner's 
equation  of  image  growth,  it  has  been  shown 
that  the  hght  distribution  is  given  by 

(7) 

Assuming  the  Greenwich  equation,  the  equation 
for  light  distribution  can  be  shown  to  reduce  to 


i.eo 


/=/  g-KV[x+g/2-Vi/2\   _ 


(8) 


tOyU 


Fig.  6. — Light  intensities  near  edge  of  an  image:    Scheiner  formula,  A;  new 
formula,  B;  Greenwich  formula,  Ci,  C2,  and  C3,  for  increasing  values  of  g. 


The  new  equation  (6)  leads  to  the  distribution 

I=he-'l'\'+—-yi—\. 


(9) 


The  curves  of  light  distribution  for  the  three  cases  of  the 
Scheiner,  Greenwich,  and  revised  Greenwich  formulae,  computed 
from  the  foregoing  equations,  are  given  in  Figures  6  and  7,  using 
constants  determined  from  Figure  5.     Figure  6  is  for  the  region 
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1.00 


within  30  ju  of  the  edge  of  the  image;  Figure  7  for  the  region  50  /x 
to  100  ju.     The  curves  show  the  characteristic  differences  known  to 

exist.  For  example,  the  Scheiner  and  the 
new  formula  agree  near  the  edge  of  the 
image,  as  was  to  be  expected,  but  diverge 
widely  at  greater  distances.  The  Greenwich 
formula  appears  to  stand  alone  at  all  dis- 
tances, but  in  the  region  of  greater  distances 
this  divergence  is  only  apparent,  for  if  in 
Figure  8  the  ordinates  of  the  Greenwich 
formula  are  multipUed  by  5.9  the  two 
curves  are  made  to  coincide. 


Fig.  7. — Relative  light  intensities,  50-100^1  from  edge  of  image.  Continuation 
of  Figure  6. 

Cause  of  the  deviation  from  the  Scheiner  equation. — Some  experi- 
ments have  been  made  with  the  object  of  throwing  light  on  the  in- 
crease in  the  rate  of  growth  of  images  with  increased  exposure. 
The  data  obtained  by  Bloch  and  Renwick  (p.  348)  on  the  opacity  of 
emulsions  are  suggestive  and  useful  in  this  connection.  Using  their 
equation  for  white  hght, 

where  D  is  the  optical  density  of  a  film  and  W  the  mass  of  silver 
bromide.     Calling  x  the  distance  below  the  surface, 


W=a'X, 


where  a  is  a  constant.     Also 


^=logy, 
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whence 

I=he-'^-''.  (10) 

This  equation,  which  purports  to  give  the  distribution  of  Hght 
do^Tiward  in  an  emulsion,  is  quite  similar  to  the  sideways  light  dis- 
tribution (eq.  8)  which  was  derived  from  the  Greenwich  formula, 
the  only  essential  difference  being  in  the  exponent  of  x,  which  is  0.64 
instead  of  0.50. 

Consider  two  round  images  of  equal  intensity  on  the  photo- 
graphic plate,  with  diameters  respectively  of  the  order  of  .05  mm  and 
I  mm,  for  example.  If  the  physical  constants  of  the  emulsion  are 
known,  the  light  distribution  is  mathematically  determinable,  but, 
as  pointed  out  above,  the  solution  has  never  been  attempted. 
Nevertheless,  it  is  easy  to  see  in  a  general  way  that  the  light  distri- 
bution should  not  be  the  same  for  the  two  images,  an  equahty  which 
would  be  required  by  Bouguer's  law.  The  falling  off  in  intensity 
in  the  case  of  the  larger  image  should  be  less  rapid,  on  account  of 
reinforcing  illumination  filtering  out  from  the  central  region  of  the 
image.  This  reinforcement  must  be  less  effective  in  the  case  'of  the 
smaller  image.  The  same  reasoning  applies  to  a  certain  extent  in  the 
case  of  two  true  star  images  formed  by  stars  very  unequal  in  magni- 
tude, and  is  materially  strengthened  when  expansion  of  the  disks 
caused  by  atmospheric  unsteadiness  is  taken  into  account.  Accord- 
ingly, with  increase  in  intensity,  an  increase  in  the  rate  of  growth, 
such  as  is  tacitly  assumed  in  the  Greenwich  and  the  new  equation,  is 
to  be  expected.  But  the  fact  that  the  Greenwich  equation  is  greatly 
in  error  for  the  small  diameters  must  be  remembered.  It  should 
be  noted  that  Bloch  and  Renwick's  equation  (p.  348)  was  not  based 
on  data  from  extremely  thin  emulsions,  so  there  is  no  experimental 
evidence  that  it  actually  holds  for  the  top  layers  of  an  emulsion. 
Its  appHcability  as  embodied  in  the  Greenwich  equation,  to  the 
limited  region  immediately  bordering  the  true  edge  of  an  image,  is 
accordingly  open  to  question. 

Figure  8  shows  the  intensity  of  light  distribution  downward  in 
an  emulsion,  computed  from  Bloch  and  Renwick's  equation.  W  is 
taken  as  unity,  which  is  a  close  approximation,  and  the  thickness 
of  the  emulsion  is  taken  equal  to  20  n.     The  distribution  curve  for 
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Bouguer's  law  is  also  shown  for  comparison.  Assuming  each  layer 
of  grains  equal  to  2  /x  in  depth,  it  is  seen  that  the  absorption  in  the 
first  layer  of  grains  at  the  surface  is  twice  as  much  from  Bloch  and 
Renwick's  equation  as  it  is  from  Bouguer's.  The  same  steep  drop 
in  vertical  transmission  is  shown  by  Bloch  and  Renwick's  curves  as 

is  shown  by  the  sideways  transmis- 
sion curve  computed  from  the  Green- 
wich equation  (Fig.  6).  Reasoning 
from  analogy,  it  is  probable  that  in 
the  first  few  layers  of  an  emulsion  the 
transmission  downward  is  more  nearly 
in  accord  with  Bouguer  than  with 
Bloch  and  Renwick. 


loyu 


Fig.  8. — Light  intensity  at  various  depths  in  an  emulsion  according  to  Bouguer's 
(A)  and  Bloch  and  Renwick's  (B)  formulae. 


To  obtain  data  with  respect  to  the  dependence  of  A,  the  rate 
of  growth,  on  the  size  of  the  unexpanded  or  optical  image,  a  series 
of  measurements  was  made,  the  results  of  which  are  contained  in 
Table  III.  A  test  object  having  a  series  of  nine  circular  apertures 
varying  in  diameter  from  0.16  mm  to  2.3  mm  was  photographed 
in  the  precision  reducing  camera,  exposure  times  ranging   from 
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I  second  to  32  minutes,  from  which  A  was  computed  for  each 
aperture.     The  plate  used  was  Seed  23,  quality  of  light,  white. 

In  the  case  of  the  images  of  the  five  smallest  apertures,  no  depar- 
ture from  Scheiner's  law  was  apparent  over  an  exposure  range  of 
I  second  to  32  minutes,  or  i  to  1920.  For  the  largest  aperture.  No.  9, 
the  strictly  linear  relation  (Scheiner's)  held  over  a  range  of  i  second 
to  8  minutes  or  i  to  480.  Using  the  same  test  object  and  reducing 
the  intensity  of  the  light  fifty  times  diminished  A  about  10  per  cent 
for  the  larger  holes,  but  had  no  effect  on  A  for  the  smaller  apertures. 
In  addition  it  was  found  that  for  this  case  of  diminished  light- 
intensity  there  was  neither  increase  nor  decrease  of  the  range  over 
which  the  linear  relation  holds. 

TABLE  III 
Variation  of  A  with  Size  of  Image 


Aperture 

Diameter  of  Image 
(Geometrical) 

Diameter  of  Image 
(Lightest  Exposure) 

A 

I 

mm 

.004 

.006 

.008 

.Oil 

.014 
.017 
.025 
•034 

•057 

mm 

.010 

.012 

.015 

.018 

.020 

.031 

.046 

.058 

.085 

M 

9.0 
9.2 

95 

9-7 

9-9 

10.8 

2 

■z 

A, 

e 

6 

7 

II. 2 

8 

ii-S 

Q 

II. 9 

In  obtaining  turbidity  values  for  a  very  intense  diffraction  image, 
the  diffusing  screen  between  the  light  source  and  the  test  object 
was  removed,  and  the  light  adjusted  in  position  until  it  was  in  line 
with  aperture  No.  i  and  the  center  of  the  lens.  Under  these  condi- 
tions an  exposure  of  i  second  gave  an  image  of  diameter  64  ^i,  which 
is  as  large  as  that  previously  obtained  with  a  6-minute  exposure 
through  the  same  aperture.  From  this  it  can  be  calculated  that  the 
increase  in  intensity  is  300  times  (6.2  magnitudes).  The  value  of 
A  was  found  to  have  increased  from  9.0  to  12.5,  which  is  approxi- 
mately the  value  for  aperture  No.  9.  However,  the  shape  of  the 
curve  was  quite  different,  the  linear  relation  between  diameter  and 
exposure  time  holding  only  over  the  very  Hmited  range  from  i^ 
to  3o^     Since  in  this  experiment  there  has  been  no  change  in  the 
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size  of  the  geometrical  image,  nor  in  the  character  of  the  aberration 
or  diffraction  pattern,  the  conditions  are  analogous  to  the  practical 
astronomical  case  of  photographing  a  field  of  stars  of  varying  bright- 
nesses. The  conclusion  is  that  under  these  circumstances  the 
deduced  relative  magnitudes  are  dependent  on  the  exposure  time,  A 
being  a  function  of  the  star's  magnitude.  This  phenomenon  is 
similar  to  the  Purkinje  or  color-gradation  change.  In  accurate 
astronomical  photometry  it  is  not  to  be  overlooked. 

The  dependence  of  A  upon  telescope  and  plate  is  shown  in  the 
three  paragraphs  below  which  were  communicated  by  J.  A.  Parkhurst, 
of  the  Yerkes  Observatory,  from  a  thesis  of  Miss  Alice  Farnsworth. 

Forty-inch  refractor. — The  focal  length  is  62.5  feet.  Size  of 
minimum  image,  approximately  .080  mm.  There  does  not  appear 
to  be  any  straight-line  portion  to  the  diameter-magnitude  curve. 
The  following  are  the  values  of  A,  the  plate  being  Cramer  Iso. 

A 
Diameter  mm  mm 

,oSo 020 

.500 050 

A  having  been  defined  as  the  increase  in  diameter  for  doubling  of 
the  exposure  time,  if  the  value  is  desired  for  unit  increase  in  stellar 
magnitude,  the  values  given  must  be  multiplied  by  the  ratio  of  0.4  to 
log  2. 

Twelve-inch  aperture  of  2-foot  reflector. — The  focal  length  is 
93  inches.  Size  of  minimum  image,  .017  nun.  In  the  case  of  this 
telescope  the  relation  between  diameter  and  magnitude,  as  well  as 
between  diameter  and  log  exposure  time  appear  to  be  linear  over 
the  unusually  wide  range  of  approximately  8  magnitudes.  The 
deduced  values  of  A  are: 

A 
Plate  mm 

Seed  30 on 

Cramer  Isochromatic      .     .     .    .020 

Ultra-violet  6-inch  camera. — The  focal  length  is  32  inches.  Size 
of  minimum  image,  .014  mm.  The  characteristics  are  the  same  as 
those  of  the  reflector  noted  above.     The  values  of  A  are: 

A 

Plate  mm 

Seed  30 013 

Cramer  Isochromatic     .     .     .   .020 
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Probable  errors. — The  accuracy  with  which  stellar  magnitudes 
can  be  calculated  by  the  turbidity  of  "growth  of  image"  method 
depends  upon  two  factors:  (a)  accuracy  with  which  the  diameters 
of  the  star  disks  can  be  measured,  (b)  magnitude  of  A.  These  are 
not  independent,  however,  since  the  accuracy  of  measurement 
depends  on  the  sharpness,  which  is  a  function  of  the  turbidity.  Call- 
ing the  diameter  d,  and  the  magnitude  m, 

m  =  b-\-2.5  log/, 
giving  the  increment  or  probable  error  relation 

8m=^4^8d.  (11) 

A 

For  very  sharp  images  the  probable  error  8d  is  approximately  =■=  i  m- 
Taking  A  equal  to  10  )U,  this  relation  gives  5w  =  =i=.o75  mag. 
Since  the  irregularities  of  the  photographic  emulsion  are  known  to 
have  an  inherent  probable  error  of  approximately  =±=.06  mag.,  the 
total  probable  error  in  this  case  becomes  =•=  .096.  For  larger  values 
of  A,  the  images  become  less  sharp,  so  that  dd  increases,  but  not  in 
the  same  ratio.  For  example,  taking  A  =  50  ju,  we  should  expect  d 
to  be  approximately  =*=  2  /i,  giving  8m  =  .030  mag.  In  this  case 
the  total  error  is  =t  .067  mag.  The  advantage  of  greater  turbidity 
which  is  gained  both  by  proper  choice  of  telescope  and  of  emulsion 
is  apparent. 

The  densitometric  method,  or  measurement  of  density  D  for 
out-of-focus  images,  leads  to  a  greater  accuracy  than  can  be  attained 
by  the  turbidity  method.     In  this  case 

D=a-\-y  log/, 
giving 

8fn=^^8D. 
7 

The  error  in  magnitude  thus  is  inversely  proportional  to  7  or  the 
contrast  of  the  emulsion.     If  the  exposures  are  properly  made, 
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7  =  1.5='=  for  a  fast  plate,  bD  will  vary  but  will  not  differ  greatly 
from  .01.  Accordingly  from  the  formula  5w  =  .0 1 7  mag.  In  extreme 
cases,  where  contrasty  plate  and  developer  is  used,  7  =  3.5,  giving 
bm  =  .007  mag.  The  inherent  plate  errors  must  of  course  be  added 
to  these  values.  According  to  recent  tests  by  H.  T.  Stetson'  a 
means  has  been  found  of  reducing  the  plate  error  to  one-half  of  its 
former  amount.  This  will  increase  the  value  of  the  densitometric 
and  the  Stetson  methods  in  stellar  photometry  relatively  to  the 
turbidity  method. 

Turbidity    of   fine-grain    plates. — Table    IV    gives     turbidity 
values  of  Seed  lantern  and  yellow-dyed  Seed  lantern  plates.     The 

TABLE  IV 

Turbidity 


Geometrical 

Diameter  of 

Image 

Seed  Lantern 

Yellow-Dyed  Seed  Lantern 

Aperture 

Threshold  Diam- 
eter of  Image 

A 

Threshold  Diam- 
eter of  Image 

A 

I 

mm 
.004 
.006 
.008 

.Oil 

.014 
.017 
.025 
•034 
•057 

mm 

.007 

.007 

.007 

.009 

.Oil 

.018 

.021 
.030 
.056 

8.0 
8.2 

8.5 

9.0 

10.4 

II.  I 

II-3 
II. 6 

mm 

.005 

.005 

.006 

.008 

.010 

.014 

.020 

.025 

•053 

M 

2. .  . 

3 

4 

<; 

6 

6.5 
6.9 
8.2 

7 

8 

9 

same  test  object  as  before  was  used.  A  considerable  decrease  in 
turbidity  for  yellow-dyed  plates  is  apparent.  The  unexpected 
result  is  obtained  that  there  is  no  difference  between  the  turbidity 
of  Seed  23  (Table  III)  and  of  Seed  lantern. 

Relative  turbidity  of  star  images  and  spectral  lines. — In  order  to 
compare  turbidities  in  this  case,  it  is  evident  from  the  preceding 
that  the  images  must  be  of  approximately  the  same  width.  A  test 
object  was  made  having  a  slit  aperture  i  mm  in  width  with  circular 
holes  of  the  same  width  arranged  on  each  side  of  the  slit.     This  was 

^  Popular  Astronomy,  29,  287,  1921. 
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photographed  in  the  reducing  camera  in  the  usual  way  on  a  Seed  23 
plate.     The  results  are  as  follows: 


Width  of  image  (i  sec.  exposure). .  .  . 
Obsen^ed  A  (exp.  range  i*  to  120^).  . 


Star  Images 


.082  mm 
8.2      fi 


Slit 


.068  mm 

1.2         IX 


A  violet  combined  with  an  aesculine  filter  was  used,  which  accounts 
for  the  small  values  of  A  compared  with  those  in  Table  III,  in  which 
unscreened  white  tungsten  light  was  used.  The  values  of  A  for 
star  images  and  slit  are  seen  to  be  the  same.  This  is  contrary  to 
expectation,  for  it  was  supposed  that  the  slit  would  show  greater 
turbidity,  on  account  ot  the  reinforcing  illumination  from  a  greater 
extent  of  illuminated  area,  just  as  it  was  found  that  larger  star 
images,  for  this  same  reason,  showed  greater  turbidity  than  small 


images. 


Variation  of  A  with  wave-length. — The  values  of  A  for  a  number 
of  plates  differing  in  type  were  determined  in  the  precision  camera 
behind  a  series  of  color  filters.  Typical  curves  have  been  given  in  a 
former  publication.^  A  has  been  found  to  be  smallest  in  the  violet, 
agreeing  with  theory.  Curves  of  these  types  are  of  importance  with 
respect  to  the  photographic  Purkinje  phenomenon  considered  in  the 
following  section. 

The  extent  to  which  the  measured  values  of  A  depends  on  the 
optical  system  and  on  its  accuracy  of  focus  has  not  yet  been  deter- 
mined. In  the  case  of  printing  by  contact  (of  a  specially  prepared 
metaUic  slit)  with  the  emulsion,  it  can  be  taken  for  granted  that  the 
"optical"  turbidity  is  neghgible,  so  that  the  measured  turbidity 
should  be  that  of  the  emulsion  itseK.  By  comparing  values  thus 
obtained  with  those  obtained  in  conjunction  with  optical  instru- 
ments, the  relative  importance  of  optical  and  emulsion  turbidities 
may  be  judged.  Determinations  of  A  for  contact  slit  images  were 
made  for  various  wave-lengths  on  Seed  23  and  Seed  panchromatic 
plates.  The  printing  light  was  derived  from  a  monochromatic 
illuminator.     The  A-wave-length  curves   resulting   are   shown   in 

*  F.  E.  Ross,  "Photographic  Photometry  and  the  Purkinje  Effect,"  Aslrophysical 
Journal,  52,  90,  1920. 
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Figure  9.  Comparing  with  the  values  in  Table  III,  there  is  seen 
to  be  substantial  agreement.  The  conclusion  is  that  for  well- 
corrected  optical  systems  the  optical  turbidity  is  neghgible.  The 
extremely  small  turbidity  in  the  violet  (A  =  5  ju)  is  noteworthy.  It 
must  not  be  overlooked  that  this  is  of  profound  importance  in  the 
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Fig.  9. — Turbidity  depending  on  wave-length 
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Purkinje  effect,  whether  considered  from  the  standpoint  of  the 
turbidity  or  densitometric  method  of  photometry. 

""  PHOTOGRAPHIC  PURKINJE  EFFECT 

A  brief  historical  account  will  be  given  of  the  photographic 
Purkinje  phenomenon,  the  change  of  gradation  or  contrast  with 
change  of  color.  That  there  is  an  appreciable  effect  of  this  kind 
appears  to  have  been  discovered  nearly  simultaneously  by  Sir  W. 
Abney*  and  J.  Precht^  in  1899.     Precht  discovered  the  phenomenon 

'  "On  the  Variation  in  Gradation  of  a  Developed  Photographic  Image  When 
Impressed  by  Monochromatic  Light  of  Different  Wave-Lengths,"  Proceedings  of  the 
Royal  Society,  6i,  300,  1901. 

'  "  Photographisches  Analog  zu  Phanomen  von  Purkinje,"  Arch.  wiss.  Photographic, 
1,  277,  1899. 
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through  comparing  densitometric  results  obtained  by  using  as 
sources  of  illumination  a  benzene  lamp  and  an  amyl-acetate  lamp, 
respectively  poor  and  rich  in  actinic  rays,  it  is  claimed.  He  con- 
cluded: (i)  "Die  relative  chemische  Helligkeit  zweier  Lichtquellen 
ist  abhangig  vom  absoluten  Intensitat."  (2)  "Die  relative  che- 
mische Helligkeit  zweier  Lichtquellen  ist  abhangig  vom  absoluten 
Wert  der  Expositionszeit." 

C.  Jones'  made  a  careful  study  of  the  phenomena  at  about  the 
same  period.  He  concluded  that  in  general  the  gradation  increases 
continuously  from  the  ultra-violet  to  the  red.  An  exception  is 
found  when  development  is  in  pyro-ammonia,  in  which  case  the 
gradation  curve  was  found  to  be  reversed. 

The  following  quotation  from  Abney  clearly  summarizes  his 
conclusions : 

Neariy  two  years  ago,  in  an  article  in  Photography  I  indicated  that  a  varia- 
tion in  gradation  due  to  differences  in  the  monochromatic  hght  in  which  the 
exposure  was  made  did  exist,  and  some  six  months  ago  Mr.  Chapman  Jones,  in 
a  paper  communicated  to  the  Royal  Photographic  Society,  independently 
announced  the  same  result  from  experiments  made  principally  with  ortho- 
chromatic  plates  with  light  passing  through  various  colored  media  and  he 
generalized  from  his  experiments  that  the  smaller  the  wave-length  the  less  steep 
was  the  gradation,  the  ultra-violet  rays  giving  the  least  steep  and  the  red  the 
most  steep  gradation.  My  experiments  which  at  that  time  had  been  partially 
completed  did  not  bear  out  this  generalization  to  the  full  when  pure  silver  salts 
were  used,  and  my  subsequent  measurements  with  them  show  that  the  least 
steep  gradation  is  that  given  by  the  monochromatic  light  to  which  the  simple 
silver  salt  experimented  with  is  most  sensitive,  and  that  the  gradation  becomes 
steeper  as  the  wave-length  of  light  employed  departs  in  either  direction  in  the 
spectrum  from  this  point,  the  steepest  gradation  being  given  by  the  extreme 
red.  The  case  of  orthochromatic  plates  in  which  is  a  complex  mixture  of  silver 
salt  and  dye  is  necessarily  less  simple,  involving  consideration  of  the  localities 
in  the  spectrum  to  which  the  dye  or  dyes,  together  with  that  of  the  silver  salt, 
are  most  sensitive.  For  this  reason  the  simple  salts  have  been  experimented 
with  in  preference  to  the  more  compHcated  organic  compounds.  It  may  be 
thought  that  these  results  might  be  peculiar  to  the  salt  of  silver  experimented 
with.  A  further  series  of  experiments  were  conducted  with  the  chloride  of 
silver  in  gelatine.  The  maximum  sensitiveness  of  these  plates  was  found  to 
be  near  H  (;u  =  3968.6  A)  in  the  solar  spectrum.  The  gradation  was  found  to 
be  least  at  this  point  and  increased  when  rays  on  each  side  of  this  point  were 

'  "The  Effect  of  Wave-Length  on  Gradation,"  Photographic  Journal,  24,  279,  1900. 
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employed  to  act  on  the  film.  In  the  blue,  near  the  F  line,  where  the  sensitive- 
ness of  the  plate  was  very  small,  the  gradation  was  excessively  steep,  as  it  also 
was  in  the  extreme  ultra-violet. 

Abney's  conclusion,  that  the  least  gradation  is  at  the  point  of 
maximum  sensitivity,  is  a  beautiful  and  somewhat  startling  theorem. 
Abney  himself  appears  at  a  loss  to  account  for  it.  "What  scientific 
explanation  there  is  of  this  difference  in  true  gradation  factor  is  hard 
to  say."  The  following  explanation  is  proposed  by  the  writer.  It 
has  been  shown  in  a  previous  paper'  by  the  writer  that  for  emulsions 
composed  of  grains  of  equal  sensitivity  the  gradation  or  gamma  is  a 
maximum,  and  that  as  the  number  of  groups  of  grains  of  varying 
sensitivity  increases,  gamma  decreases.  A  simple  case  in  point  is 
the  mixture  on  one  plate  of  a  fast  and  a  slow  emulsion.  It  appears 
quite  probable  that  in  the  case  of  the  emulsions  studied  by  Abney, 
a  greater  number  of  groups,  with  no  inert  grains,  come  into  action  at 
the  wave-length  where  the  general  sensitivity  is  a  maximum.  This 
should  result  in  a  lower  gamma,  as  just  shown. 

Contrary  to  the  results  quoted  so  far,  G.  Leimbach^  obtains 
no  change  of  gradation  with  wave-length.  "In  Bereiche  der  nor- 
malen  Belichtung  wachst  die  Schwarzung  mit  zunehmender  BeHcht- 
ungszeit  nach  demselben  Gesetz,  "or,"  Die  Gradation  ist  fiir  alle 
Wellenlangen  die  selbe." 

The  astronomical  importance  of  the  subject  is  well  illustrated 
in  the  attempts  which  have  been  made  to  prove  from  photographic 
data  that  light  suffers  an  appreciable  absorption  in  its  passage 
through  space,  which  were  based  upon  the  assumption  that  the 
photographic  gradation  is  the  same  for  all  colors.  That  the  data 
do  not  allow  such  conclusions  to  be  dra\vn  has  been  shown  by  J.  A. 
Parkhurst^  and  by  H.  E.  Ives.''  From  his  own  investigation  of 
the  subject  Parkhurst  concludes  ".  .  .  .  Experiment  with  the 
photographic  color-filter  furnishes  no  evidence  for  or  against  an 

'  Loc.  cit.,  p.  265. 

^"Die  Absolute  Strahlungsempfindlichkeit  von  Bromsilberplatten  gegen  Licht 
verschiedener  Wellenlange,"  Zeitschrifl  fiir  ■mssenschaflliclie  Photographic,  7,  181,1901. 

•'"The  Evidence  from  Photographic  Color  Filters  in  Regard  to  the  Absorption 
of  Light  in  Space,"  Astrophysical  Journal,  30,  331,  1909. 

■*  "Some  Photographic  Phenomenon  Bearing  upon  Dispersion  of  Light  in  Space," 
ibid.,  31,  157,  1910. 
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absorption  or  scattering  of  light  in  space."  Ives  shows  that  a  con- 
clusion of  selective  space-absorption  of  light  is  based  upon  the 
assumption  that  the  gradation  of  the  photographic  plate  is  the  same 
for  all  colors.  Ives's  paper  on  the  subject  is  of  importance  in  indi- 
cating causes  underlying  the  phenomenon,  and  in  giving  reasons  for 
the  contradictions  found  by  different  investigators.  He  concludes 
that  the  factors  of  importance  in  determining  the  variation  of 
gradation  with  wave-length  are  (i)  penetration  of  the  dye  in  the 
film;  (2)  penetration  of  the  light;  (3)  penetration  of  the  developer. 
He  notes  the  important  fact  that  when  plates  are  color  sensitized 
by  bathing,  the  penetration  of  the  dye  into  the  emulsion  is  super- 
ficial. In  the  case  of  plates  color  sensitized  by  the  manufacturer, 
the  dye  is  incorporated  in  the  emulsion  before  coating,  so  that  the 
light-sensitive  layer  is  much  thicker  and  consequently  a  much 
higher  gradation  is  obtained.  "With  a  Cramer  instantaneous 
isochromatic  plate,  the  red  gradation  was  steeper  than  the  blue. 
With  a  Seed  26,  bathed  for  two  minutes  in  a  i :  100,000  solution  of 
pinacyanol,  the  blue  gradation  was  steeper  than  the  red."  Ives 
suggests  that  Leimbach's  negative  result  was  due  to  surface  develop- 
ment, since  he  developed  in  ferrous  oxalate  developer  for  a  short 
time  only. 

J.  A.  Parkhurst*  has  sought  to  determine  directly  the  change  of 
gradation  of  the  photographic  plate  for  stars  of  different  classes  or 
colors.  He  finds  a  difference  of  1.5  per  cent  in  the  direction  of  higher 
gradation  for  the  red  stars,  but  concludes:  "We,  therefore,  reach 
the  conclusion  that  for  Seed  27  plates  and  for  extra-focal  images 
the  slight  systematic  effect  which  may  be  present  is  nearly  or  quite 
masked  by  the  accidental  errors  arising  principally  from  the  lack  of 
uniformity  in  the  film." 

No  attempt  has  been  made  in  the  foregoing  review  to  enumerate 
all  the  investigations  bearing  upon  this  very  important  subject. 
The  contradictions  and  confusion  are  evident  without  further  cita- 
tion. Careful  study  of  the  methods  employed  by  the  various 
investigators  does  not  in  general  disclose  any  lack  of  care  in  details 
or   narrowness   in    treatment.     Without   any   pretense   to   being 

•"A  Property  of  the  Photographic  Plate  Analogous  to  the  Purkinje  Effect," 
Astrophysical  Journal,  49,  202,  1919. 
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exhaustive,  many  of  the  investigations  were  admirably  planned  and 
carefully  carried  out.  Assuming  as  we  must  therefore  that  no 
flagrant  errors  were  made  by  any  or  by  all  of  the  investigators,  the 
only  possibility  of  accounting  for  the  discrepancies  appears  to  be 
to  assert  that  the  wave-length  effect  upon  gradation  is  strongly 
variant  with  the  particular  emulsion,  and  to  a  possibly  lesser  extent 
with  developer  and  development  conditions.  It  carmot  be  said 
that  this  dependence  was  not  present  in  the  minds  of  many  of  the 
investigators  for,  in  several  cases,  a  large  number  of  plates  of  vari- 
ous kinds,  including  blue  sensitive,  isochromatic  and  panchromatic 
were  used.     Also  more  than  one  developer  was  in  general  employed. 

H.  E.  Ives  (p.  370)  has  pointed  out  why  no  general  statement  of 
the  gradation  wave-length  effect  can  be  made,  and  enumerated 
some  of  the  important  causes  of  variation  in  results  obtained. 
Besides  those  mentioned  by  him,  there  are  doubtless  others.  There 
is,  for  instance,  the  Eberhard  effect,  or  retardation  of  development 
dependent  upon  the  density  of  an  image  and  upon  its  size.  Since 
astronomers  are  concerned  in  general  only  with  very  minute  images, 
it  is  quite  clear  that  laws  of  photographic  action  worked  out  in 
the  laboratory  where  much  larger  density  areas  are  in  general 
employed,  are  not  entirely  applicable.       , 

The  tendency  of  a  photographic  plate  to  reversal,  a  phenomenon 
which,  according  to  the  views  of  some  investigators,  begins  at  the 
first  moment  of  exposure  and  gains  strength  with  its  advance, 
must  have  an  important  bearing  upon  the  gradation  of  the  plate. 
Abney  has  shown  that  pre-exposure  of  a  plate  to  red  Ught  acceler- 
ates the  reversal  tendency.  It  is  quite  clear  from  this  therefore 
that  the  composition  of  the  incident  light  must,  have  an  indirect 
or  catalytic  action  on  the  plate,  aside  from  its  direct  latent-image 
forming  characteristics.  Accordingly,  the  quality  of  the  light  used 
by  the  experimenter  has  an  indirect  effect  on  gradation  and  can 
account  for  some  of  the  differences  obtained.  That  the  reversal 
action  is  of  importance  in  practical  photography  is  shown  by  the 
experiments  of  Channon'  on  exposures  of  great  length. 

Consideration  of  the  action  of  reducers  gives  a  helpful  point 
of  view.     It  is  well  known  that  the  action  of  some  reducers  is  con- 

'  "Studies  in  Photographic  Science,"  Photographic  Journal,  50,  164. 
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fined  to  the  surface  of  the  image,  while  others  appear  to  act  uni- 
formly through  the  depth  of  the  image.  This  differential  action 
depends  upon  relative  rates  of  diffusion  of  reactants  and  reaction 
products  compared  with  the  velocity  of  the  chemical  actions. 
Similar  principles  can  be  conceived  to  hold  in  ordinary  development. 
In  fact  the  Eberhard  effect  is  accounted  for  chemically  in  this  way. 
Accordingly  rates  of  diffusion  through  gelatine,  with  the  many  chem- 
ical factors  which  control  and  change  it,  become  important  factors 
in  depth  development,  which  has  been  shown  to  play  an  important 
part  in  gradation  phenomena. 

Rochester,  N.Y. 
May  23,  1922 


THE  SPARK  SPECTRUM  OF  GALLIUM  IN  AIR 

AND  IN  HYDROGEN 

By  ELIAS  KLEIN 

ABSTRACT 

Spark  spectrum  of  gallium,  2iyy  to  6414  A,  in  air  and  hydrogen,  was  photographed 
with  the  aid  of  a  Littrovv  type  spectrograph,  and  the  wave-lengths  of  83  gallium  lines, 
14  of  them  questionable,  are  given  accurate  to  about  =^=0.05  A.  Of  these  23  had  been 
measured  by  Uhler  and  Tanch  and  26  by  Saunders,  but  48  are  new.  The  spark  in 
hydrogen  was  tried  because  the  spark  in  air  oxidizes  the  gallium  and  then  the  spectrum 
becomes  less  rich  in  lines.  To  eliminate  lines  due  to  possible  impurities,  spark  spectra 
of  Cu,  Fe,  Pb,  In,  Zn,  and  Sn  were  photographed  ne.xt  to  the  gallium  spectrum. 

APPARATUS   AND   METHODS 

The  spectral  regions  studied  were  photographed  with  a  large 
quartz  spectrograph,  of  the  Littrow  tj-pe,  made  by  the  Adam  Hilger 
Company,  Ltd.,  London.  For  this  instrument  the  spectrum  range 
between  X  2000  and  X  8000  is  divided  into  three  portions  which  are 
approximately:  XX  2000-2500;  XX  2500-3400;  XX  3400-8000.  The 
dispersion  for  the  middle  of  each  of  the  above  regions  is  roughly, 
2  A  per  mm;   6  A  per  mm;    15  A  per  mm. 

The  gallium  used  for  the  spark  in  air  was  prepared  and  purified 
by  Professor  Uhler  according  to  the  method  of  Browning  and  Uhler.' 
A  bead  of  this  metal,  about  3  mm  in  diameter,  was  placed  in  a  small 
ca\'ity  made  in  the  end  of  a  copper  rod  10  mm  in  diameter.  This 
served  as  the  lower  electrode.  The  upper  electrode  was  a  No.  5 
copper  wire  filed  to  a  point.  For  the  spark  in  hydrogen  (discussed 
later)  the  gallium  was  electrolytically  deposited  from  a  decidedly 
alkaline  solution  of  gallium  chloride.  The  original  solution  con- 
tained indium  sulphate,  gallium  chloride,  and  ammonium  formate, 
the  indium  having  been  removed  first  by  electrolysis.  The  gallium 
thus  obtained  was  placed  in  a  quartz  tube  which  was  evacuated  and 
heated  with  a  blast  lamp  to  the  softening  point  of  the  quartz.  The 
pumps  were  kept  in  operation  during  this  process.  Owing  to  the 
very  low  vapor  pressure  of  galhum  most  of  the  metals  (Zn,  Pb,  Sn, 
In)  which  occur  as  impurities  in  it  are  distilled  on  the  cooler  por- 
tions of  the  tube  (and  the  trap  joining  it)  at  a  much  lower  tempera- 
'  Uhler  and  Browning,  American  Journal  of  Science,  41,  351;  42,  397,  1916. 
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ture  than  the  boiling  point  of  galHum.  Thus  the  gallium  is  purified 
and  remains  in  liquid  form  at  the  bottom  of  the  tube. 

The  spark  in  air  as  well  as  that  in  hydrogen  was  produced  by  a 
500  watt  transformer  (powerf actor  1/3)  rated  at  15,000  volts 
and  made  by  the  American  Transformer  Company.  The  primary 
current,  no  volts  60  cycles,  varied  from  six  to  fifteen  amperes, 
depending  upon  the  metals  used  in  the  spark  gap.  In  parallel 
with  the  spark  gap,  which  was  about  5  mm,  was  connected  a 
Leyden  jar  battery  of  capacity  approximately  .005  /if.  The  cur- 
rent in  the  oscillatory  circuit,  as  measured  by  a  hot  wire  ammeter, 
was  over  10  amperes.  The  period  of  this  circuit  (gap  in  air)  was 
about  lo"*^  seconds. 

The  time  of  exposure  for  the  spark  varied  from  5  to  20  minutes 
in  air,  and  from  20  minutes  to  2  hours  in  hydrogen.  Slit  widths  of 
0.02-0.04  mm  were  used  throughout  this  work. 

Generally  Seed  plates  Nos.  26  and  30  were  used  and  found  quite 
satisfactory.  For  the  region  between  X  6000  and  X  8000  special 
plates  were  obtained  from  the  Eastman  Kodak  Company,  through 
the  courtesy  of  Dr.  C.  E.  K.  Mees.  These  plates  served  their 
purpose  admirably.  A  simple  hydrochinone  developer  according 
to  L.  E.  Jewell'  was  used  throughout. 

The  spectra  of  copper  and  iron  were  used  for  standard  compari- 
son. The  most  likely  impurities  (other  than  copper  and  iron) 
in  the  metal  used  for  the  present  investigation  are  lead,  indium, 
zinc,  and  tin.  The  spectra  of  these  metals  were  photographed 
above  and  below  the  gallium  spectrum  in  each  case,  without 
displacing  the  plate.  This  method  of  eliminating  foreign  lines 
saved  much  time  in  the  final  measurements  of  the  plates.  All 
the  plates  were  measured  with  a  Gaertner  engine  which  had  been 
modified  and  tested  by  Professor  Uhler. 

SPARK  IN  HYDROGEN 

It  was  originally  intended  to  get  the  spark  spectrum  of  gallium 
in  air  only,  and  several  plates  were  taken  for  each  region,  thus 
covering  the  entire  range  of  the  spectrograph.  Upon  studying  the 
plates  in  detail  it  was  observed  that,  in  general,  in  any  given  region 

'  L.  E.  Jewell,  Astrophysical  Journal,  11,  242,  1900. 
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of  the  spectrum  the  same  sample  of  gallium  radiated  a  decreasing 
number  of  lines  with  successive  exposures  of  identical  duration. 
This  was  due  to  the  fact  that  the  gallium  oxidized  very  readily  but 
superficially  when  heated,  and  that  the  oxide  of  gallium  (Ga^Oj) 
apparently  radiated  only  the  strongest  lines  of  the  metal.  This 
difficulty  could  have  been  overcome  by  continually  removing  the 
outer  oxide  layer,  thus  bringing  the 
metallic  surface  into  sparking  com- 
munication with  the  upper  elec- 
trode. This  method,  however,  was 
considered  impracticable  because  of 
the  great  scarcity  of  the  metal,  and 
the  long,  troublesome  process  of 
again  reducing  the  oxide  of  gallium 
to  the  metallic  form.  Besides,  one 
is  never  certain,  by  this  method, 
that  he  has  got  all  the  lines  gallium 
is  capable  of  radiating  under  the 
given  sparking  conditions,  although 
it  later  appeared  that  some  of  the 
exposures  in  air  showed  as  many 
Hnes  as  those  in  hydrogen.  It 
was  necessary,  therefore,  to  seek  an 
oxygen-free  medium  for  the  gallium 
spark.  Nitrogen  proved  undesir- 
able, due  to  its  many  bands  which 
masked  the  fainter  gallium  lines. 
Helium,  as  supplied  by  the  Navy 

Department,  was  found  to  contain  too  much  nitrogen  to  be  useful 
in  this  investigation.  Commercial  electrolytic  hydrogen,  as  suppUed 
by  the  Tariffville  Oxygen  Company,  Connecticut,  proved  quite 
pure  and  gave  satisfactory  results. 

The  spark  chamber  employed  was  as  shown  in  the  accompanying 
sketch.  It  consisted  of  a  glass  bulb  about  six  inches  in  diameter. 
Into  the  ground- joint  tubes  were  sealed  platinum  wires.  A,  B.  To 
the  inner  ends  of  these  were  joined  aluminum  rods,  B,  C.  £  is  a 
short  copper  rod  having  a  cavity  in  its  upper  end  where  the  gaUium 
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was  placed.     F  is  a  No.  5  copper  wire.     The  quartz  plate,  Q,  was 
cemented  to  the  bulb  with  sealing  wax. 

The  chamber  and  system  of  drying  bulbs  to  which  it  was 
attached  were  evacuated  to  a  pressure  of  about  io~^  cm  of  mercury 
by  means  of  a  Western  Electric  diffusion  pump,  and  a  Gaede  rotary 
pump.  The  apparatus  was  then  filled  with  dried  hydrogen  to  atmos- 
pheric pressure  and  was  cut  off  from  the  supply  tank  by  means  of  a 
stop-cock.  During  each  exposure  a  fan  cooled  the  bulb  to  keep  the 
pressure  constant  and  the  sealing  wax  about  the  quartz  window 
from  melting. 

DETERMINATION   OF   WAVE-LENGTHS 

The  wave-lengths  of  gallium  were  computed  by  means  of  the 
simplified  Hartmann  dispersion  formula, 

X=\  ■      ^ 


No-N 


The  constants  Xo,  C  and  No  were  calculated  from  the  superimposed 
copper  or  iron  spectrum.  The  interval  for  which  these  constants 
were  determined  never  exceeded  200  A  units.  In  most  cases  50  or 
100  A  were  used.  Each  set  of  plates,  those  taken  in  hydrogen  as 
well  as  those  taken  in  air,  were  measured,  and  independent  com- 
putations of  wave-lengths  were  made  for  each. 

The  wave-lengths  given  in  the  following  table  are  the  averages  of 
the  two  sets  of  computations.  Faint  lines,  the  wave-lengths  of 
which  agreed  with  those  of  more  intense  lines  in  the  spectrum  of  a 
common  element,  were  considered  as  impurities.  Questionable 
lines  are  indicated  as  such,  and  should  be  interpreted  as  faint  lines 
whose  wave-lengths  do  not  agree  with  suspected  impurity  lines  by 
0.05  A  or  o.io  A.  The  limit  of  accuracy  of  the  wave-lengths  shown 
in  the  table  is  approximately  0.05  A. 

Column  two  contains  a  list  of  wave-lengths  of  the  gallium  spark 
spectrum  which  Professor  F.  A.  Saunders  had  occasion  to  measure 
recently  and  which  he  very  generously  turned  over  to  the  author 
for  comparison.  A  Hilger  Quartz  Spectrograph  Type  "C"  was 
used  for  photographing  these  lines.  The  gallium  contained  traces 
of  copper,  chromium,  and  manganese. 
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TABLE  I 

Table  of  Wave-Lengths  in  International  angstroms 


No. 


3- 
4- 
5- 
6. 

7- 
8. 

9- 

lO. 

II. 

12. 

13- 
14 
IS- 
i6. 

17- 
i8. 
19. 
20. 
21. 
22. 

23- 

24. 

25- 
26. 
27. 
28. 
29. 
30- 
31- 
32. 
Si- 
s'^- 
35- 
36. 
37- 
38. 

39- 
40. 

41- 

42. 

43- 
44- 
45- 
46. 

47- 
48. 

49- 

SO- 
Si- 


Uhler  and 

Tanch 
Arc  in  Air 


2171 .9 
2195.665 


2211.753 
2218.039 
2236. 103 

2255-034 
2259. 227 


2294. 202 
2297.869 
2338.293 
2338-596 


2371-325 
2418.699 


2450.078 
2500. 187 
2500.714 


2659.873 


2719.664 


2874. 240 


2943  -  639 

2944-175 


Saunders 
Spark 


2255.60" 


2266.86* 


2294. 17' 
2297.90* 
2338.25 


2371.30 
2418.72 


2424. 27 
2450.02 
2500. 18 
2500.74 


2659.90 
2700.55 
2702.39 
2719. 76 
2780. 22 
2830. 24 


2874-35 
2929.81 

2943. 6ot 

2944- 27t 
2987.97 
2997.93 
3004.14 


3024.38 
3058-13 


3064.88 


3074.22 


Present  Work 
Spark 


2176.76 
2195.63 
2205.91 


2236. 17 
2255.29 
2259. 24 
2266.84 
2285.19 
2294. 19 
2297.89 
2338.24 


2359 
2371 
2418 
2422 
2423 
2424 
2450 
2500 
2500 
2588 

2589 
2602 
2659 
2700 
2702 
2719 
2780 
2830 
2836 

2874 

2877 

2943 
2944 
2987 

2997 
3004 

3015 
3024 

3058 
3058 
3064 
3072 

307s 
3093 
3124 
3181 


48(?) 
29 
69 
61 

14 
29 
04 
17 
72 

92(?) 

73(?) 

04 

89 

S6 

42(?) 

59 
12 
19 

87 
24 
5o(?) 

59 

18 

99 
99 
10 
60 
33 
15 
92 

45 
14 
87 

22(?) 

90 
44 


Estimated 
Intensity 


3 
4 
3 
2 

3 
6 

7 
3 
3 
2 
2 
7 
4 
I 
8 

9 
I 
I 
9 
3 
10 

9 
4 

3 
6 

2 

I 

3 

I 
2 

3 
2 
2 

I 
2 


Remarks 


broad,  hazy 
Hj  plates  only 
hazy 


fairly  sharp 

hazy 

faint 

diffuse 

hazy  Hj  plates  only 

diffuse 

fair 

broad 

Hj  plates  only 

sharp 

sharp 

broad,  diffuse 

hazy,  diffuse 

fairly  sharp 

diffuse 

diffuse 

diffuse 

hazy  H2 

hazy  Hj 

very  hazy 

fair 

sharp 

faint  on  H,  plate  only 

fairly  sharp 

very  broad 

very  faint 

very  faint 

diffuse 

sharp 

diffuse 

diffuse 

diffuse 

diffuse 

fairly  sharp 

very  hazy 

faint 

diffuse 

faint  Hj  plate  only 

sharp 

fair 

fair 

sharp 

faint 

diffuse 


plate  only 
plate  only 
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TABLE  1— Continued 


No. 


52. 
53- 
54- 
55- 
S6. 
57- 
58. 

59- 
60. 
61. 
62. 

63- 
64. 

65. 
66. 

67. 
68. 
69. 

70. 

71- 

72. 

73- 
74- 
75- 
76. 

77- 
78. 

79- 
80. 
81. 
82. 
83- 


Uhler  and 

Tanch 
Arc  in  Air 


4032-975 


4172.048 


Saunders 
Spark 


Present  Work 
Spark 


3189 
3190 
3192 
3375 
3417 
3473 
3479 
3517 
3576 

3650 
3701 

3730 
3806 

3944 

4032 
4069 
4172 
4250 
4254 
4256 
4261 
4616 

4417 
4820 
4864 

4995 
5338 
5360 
5844 
5992 
6396 
6414 


.01 

.46(?) 

.86(?) 

•32 
.12 

•39 

.46 
.  21 
.96 

•73(?) 
.61 

■03 
.87 
.29 

.98 

.52(?) 

■05 

.67 

•13 

•17 

•93 

•43(?) 

•  69(?) 

•59 

•92 

.61 

.88(?) 

.09 

•22(?) 

■34 
.61 
.01 


Estimated 
Intensity 


I 
2 
2 

7 
5 

I 

5 
4 
5 
I 
2 
6 

4 
2 

10 
2 

10 

3 
2 
2 

4 
2 
2 
2 
4 

3 

2 

4 
4 
3 
5 
4 


Remarks 


faint 

sharp 

sharp 

diffuse 

hazy 

faint 

diffuse 

diffuse 

fairly  sharp 

faint  hazy 

faint  hazy 

diffuse  may  be  doublet 

diffuse 

sharp 

fair  hazy  edges 

diffuse 

fair 

diffuse 

hazy  and  diffuse 

hazy 

hazy 

fairly  sharp 

fairly  sharp 

sharp 

diffuse 

sharp 

diffuse 

diffuse— looks  like  doublet 

very  diffuse 

hazy 

fair 

fair 


*  Iron  standards  are  very  weak  here.     Precision  reduced, 
t  Not  completely  resolved.     Might  be  a  pair. 


The  agreement  between  columns  two  and  three,  although  by 
no  means  perfect,  is  as  close  as  could  be  expected  when  the  following 
factors  are  taken  into  consideration,  (i)  The  difl&culty  in  setting 
on  the  lines  because  of  the  continuous  background,  especially  on 
the  plates  taken  with  gallium  in  hydrogen  which  required  long 
exposures;  and,  the  easy  reversals  of  the  gallium  hnes.  (2)  The 
difference  in  dispersion  between  the  two  instruments  used.  Lines 
47  and  48  have  probably  coalesced  into  one  line  on  the  plate  of 
Professor  Saunders.  The  mean  position  of  these  two  lines  is  about 
3074.00  which  is  no  further  away  from  3074.22  than  is  line  46  from 
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the    corresponding   line    of    Professor    Saunders.     He    designates 
3074.22  as  "very  hazy." 

The  author  has  so  far  been  unable  to  extend  the  gallium  series 
beyond  those  shown  by  Paschen  and  Meissner,'  and  Uhler  and 
Tanch.* 

The  author  is  indebted  to  Professor  H.  S.  Uhler  for  suggesting 
the  problem  and  for  the  interest  he  showed  during  the  progress  of 
this  investigation. 

Sloane  Laboratory 

Yale  University 

August  19  2 1 

'  Annalen  der  Physik,  43,  1223,  1914. 
^  Astrophysical  Journal,  55,  291,  1922. 


THE  ABSENCE  OF  OXYGEN  AND  WATER-VAPOR 
LINES  FROM  THE  SPECTRUM  OF  VENUS^ 

By  CHARLES  E.  ST.  JOHN  and  SETH  B.  NICHOLSON 

ABSTRACT 

Absence  of  oxygen  and  water-vapor  lines  from  the  spectrum  of  Venus. — It  has  been 
generally  assumed  that  the  atmosphere  of  Venus  is  like  our  own,  containing  both  oxygen 
and  water  vapor,  but  the  spectroscopic  evidence  for  this  assumption  is  very  doubtful. 
Recently  spectrograms  have  been  made  with  the  Snow  telescope  and  the  Littrow 
grating  spectrograph  at  times  when  the  relative  velocity  of  Venus  and  the  earth  was 
sufficient  to  separate  completely  corresponding  lines  produced  by  the  two  atmospheres. 
Special  attention  was  given  to  the  lines  of  water  vapor  near  X  5900  and  to  the  bands 
a  and  B  due  to  oxygen.  No  trace  of  any  line  due  to  the  planet's  atmosphere  was 
observed.  It  is  estimated  that  in  the  path  traversed  by  the  solar  light  through  Venus' 
atmosphere  there  must  be  less  than  the  equivalent  of  one  meter  of  oxygen,  less  than 
one-thousandth  of  that  in  our  atmosphere,  and  less  than  one  millimeter  of  precipitable 
water  vapor. 

Atmosphere  of  Venus. — Various  observational  facts  and  theories  concerning  this 
atmosphere  are  discussed.  Although  the  new  data  prove  that  there  is  no  appreciable 
amount  of  oxygen  or  water  vapor  above  the  visual  surface  of  Venus,  nothing  is  definitely 
known  about  the  elevation  of  this  surface  above  the  presumably  solid  surface  of  the 
planet,  or  whether  this  reflecting  layer  is  composed  of  cirro-strati,  of  haze,  or  of  clouds 
of  dust  produced  by  violent  atmospheric  circulation. 

It  has  been  generally  assumed  in  the  literature  on  planetary 
atmospheres  that  the  atmosphere  of  Venus  is  similar  to  our  own; 
in  particular,  that  oxygen  and  water  vapor  are  present.  Secchi,^ 
1868,  noted  in  the  spectrum  of  Venus  a  nebulous  band  on  the  red 
side  of  the  D  line  and  also  one  to  the  violet,  the  5  of  Brewster.  He 
observed  these  with  Venus  at  a  high  altitude  and  when  the  air  was 
so  dry  that  he  assumed  that  they  were  not  of  telluric  origin.  Hug- 
gins^  had  previously,  1863,  studied  the  spectrum  of  Venus,  Mars, 
Jupiter,  and  Saturn.     Of  Venus  he  says: 

The  light  of  Venus  gives  a  spectrum  of  great  beauty.  The  line  D  was  seen 
double,  B,  C,  and  numerous  solar  lines  to  a  little  beyond  G,  were  distinctly 
visible;  and  the  principal  of  these  were  measured  and  found  to  agree  with  corre- 
sponding lines  in  the  solar  spectrum.  Lines  other  than  these,  and  in  the  posi- 
tion in  which  the  stronger  atmospheric  lines  present  themselves,  were  carefully 
looked  for,  but  no  satisfactory  evidence  of  any  such  lines  has  been  obtained. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  249. 

'  Spetlrie  Frotuberanze,  p.  24,  1869. 

^  Philosophical  Transactions  of  the  Royal  Society,  154,  422,  1864. 
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The  basis  of  the  assumption  permeating  the  literature  on  plane- 
tary atmospheres  is  found  in  the  observations  of  Vogel.^  Of  his 
observations  on  the  oxygen  band  at  X  6275  and  the  water- vapor 
bands  at  XX  5945  and  5925  he  says: 

Die  Venus  stand  bei  den  Beobachtungen  so  hoch,  dass  man  nicht  annehmen 
kann,  dass  unser  Atmosphare  einen  merklichen  Einfluss  auf  das  Venusspectrum 
ausgeiibt  habe,  die  Linien  oder  Streifen  sind  daher  entschieden  dem  Venus- 
spectrum  eigen  und  deuten  auf  die  absorbirende  Wirkung  einer  Atmosphare. 

Scheiner^  in  his  review  of  the  question  sums  up  as  follows: 

There  seems  to  be  no  doubt  that  the  telluric  lines  appear  stronger  in  the 
less  refrangible  portions  of  the  spectrum  of  the  planet  than  in  the  solar  spec- 
trum. There  can  therefore  be  no  doubt  that  the  atmosphere  of  Venus  exerts 
an  absorption  similar  to  that  of  our  own,  and  hence  the  nature  of  the  two 

atmospheres  must  be  siniilar We  may  safely  assume  that  the  clouds  of 

Venus  consist  of  condensed  aqueous  vapor,  thus  again  resembling  those  of  the 
earth. 

Arrhenius^  is  still  more  specific  and  states  that: 

The  humidity  (on  Venus)  is  probably  about  six  times  the  average  of  that  on  the 
earth  or  three  times  that  in  the  Congo  w'here  the  average  temperature  is  26°  C. 
The  atmosphere  of  \'enus  holds  about  as  much  water  vap)or  5  km  above  the 
surface  as  does  the  atmosphere  of  the  earth  at  the  surface.  We  must  therefore 
conclude  that  everj^thing  on  Venus  is  dripping  wet.  The  vegetative  processes 
are  greatly  accelerated  by  the  high  temperature.  Therefore  the  life  time  of 
organisms  is  probably  short. 

The  fallibility  of  these  older  visual  observations,  in  which  con- 
clusions are  drawn  from  estimates  of  the  relative  intensities  of  inte- 
grated groups  of  lines  in  the  spectrum  of  Venus  and  of  the  moon  or 
sky,  is  shown  by  comparing  Vogel's  observations  in  the  green  region 
with  our  spectrograms  of  Venus  and  the  sky.  Vogel  notes,  among 
others,  groups  at  X  5216  and  X  5251  as  strengthened  in  the  spectra  of 
Venus,  and  Scheiner  accepts  the  observations  as  definite  proof  of  the 
similarity  of  the  atmosphere  of  Venus  and  the  earth.  Arrhenius' 
conception  of  supertropical  moisture  and  luxuriance  of  vegetation 
is  founded  likewise  on  these  older  observations.  These  groups  are 
resolved  on  the  Mount  Wilson  spectrogram,  Plate  XIII,  and  our 

'  Untersuchungen  iiber  die  Spectra  der  Planeten,  pp.  10-16,  1874. 
^  Astronomical  Spectroscopy,  pp.  197-198,  1894. 
3  The  Destinies  of  the  Stars,  pp.  250-251,  1918. 
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examination  shows  no  strengthened  lines  in  the  spectrum  of  Venus. 

The  lines  of  both  groups  are  identified  as  iron  lines  of  intensity  2 

and  3  on  the  Rowland  scale.     The  degree  of  dependence  that  can 

be  placed  upon  the  Mount  Wilson  spectrograms  may  be  inferred 

from  observations  at  X  5293  of  some  lines  which  are  marked  Awv? 

and  00  intensity  in  the  Rowland  table      These  were  clearly  displaced 

in  the  spectrum  of  Venus,  with  no  lines  visible  in  the  undisplaced 

positions.     An  examination  of  juxtaposed  spectra  of  the  east  and 

west  limbs  of  the  sun  confirms  this  evidence  that  the  lines  are 

entirely  solar  and  not  atmospheric. 

These  older  visual  observations  depended  on  estimating  the 

relative  intensities  of  integrated  groups  of  lines  in  the  spectra  of 

Venus  and  skylight.     LowelP  suggested  measuring  the  position  of 

the  oxygen  and  water- vapor  lines  to  see  whether  they  were  affected 

by  the  Doppler  shift,  and  V.  M.  Slipher  obtained  spectrograms 

of  Mars  and  the  moon  and  of  Venus  and  the  sky  with  a  dispersion 

of   50  A   per   mm   at   6100  A.^     Of   the   spectrograms   of  Mars, 

Lowell  says: 

The  results  at  first  seemed  significant.  To  the  writer's  eye  the  shift  of  the 
solar  lines  under  the  microscope  was  perceptible  though  slight  and  in  the  shift 
the  a  band  seemed  to  share.  The  lines  of  water  vapor  near  D  though  present  in 
both  spectra  were  not  strong  enough  to  make  much  deduction  possible. 

Of  Venus  he  says, 

Here  again  eye  estimates  by  the  writer  subscribed  to  a  shift  in  the  a  band, 
the  water  vapor  lines,  very  faint,  concurring;  ....  As  regarded  differences 
in  density,  none  was  perceptible  between  either  the  Martian  and  the  lunar  or 
the  solar  and  Venusian,  either  in  the  oxygen  a  band  or  the  water  vapor  lines 
near  D.  Water  vapor  is  probably  non-existent  on  the  illuminated  side  of  Venus 
and  extremely  scarce  on  Mars.  As  for  oxygen  the  results  above  show  that  the 
spectroscopic  method  is  hardly  a  delicate  enough  one  in  this  respect  to  decide 
the  question. 

And  Slipher  remarks: 

Examination  and  measurement  of  them  led  to  the  same  uncertain  results 
as  in  the  case  of  those  of  Mars.  Although  this  attempt  has  failed  to  detect 
aqueous  vapor  in  Mars  and  Venus,  the  conclusion  should  not  be  drawn  that  it 

'  Lowell  Observatory  Bulletin,  No.  17,  1905. 

'  Campbell  and  Albrecht  in  observations  on  Mars  quite  independently  applied 
the  Doppler- Fizeau  method  to  a  planetary  atmosphere.  Lick  Observatory  Bulletin,  6, 
u  (No.  180),  1910. 
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does  not  exist  in  their  atmospheres,  nor  that  it  will  always  remain  impossible 
to  discover  it  spectrographically. 

This  brief  account  reviews  the  spectroscopic  evidence  upon  which 
the  current  views  in  respect  to  the  constitution  of  the  atmosphere 
of  Venus  were  founded  when  we  began  our  observations  in  March, 
192 1,  and  indicates  the  extreme  detail  reached  in  their  interpreta- 
tion. At  the  Berkeley  meeting  of  the  Astronomical  Society  of  the 
Pacific  in  August,  when  we  reported  our  results,  Dr.  SHpher  also 
reported  results  of  his  recent  observations  in  which  he  used  relative 
intensity  as  a  criterion,  and  obtained  similar  negative  results. 

INSTRUMENTAL  METHODS 

The  spectrograms  were  obtained  with  the  Snow  telescope  and 
the  Littrow  grating-spectrograph.'  To  Professor  Wood  we  are 
greatly  indebted  for  the  loan  of  a  large  grating  very  bright  in  the 
first  order.  It  was  ruled  by  Anderson  and  has  a  surface  of 
95  x170  mm.  The  dispersion  in  the  first  order  of  the  18-foot 
spectrograph  is  3  A  per  millimeter.  For  the  a  band  and  the  5900 
region  the  plates  were  Seed  23 's,  sensitized  to  red  light  by  pina- 
cyanol.  Ilford  Special  Rapid  panchromatic  plates,  hypersensitized 
with  ammonia,  were  used  for  the  B  band,  X  6867. 

The  wave-lengths  of  eight  water-vapor  lines  pear  D  and  of 
seven  ox\'gen  lines  in  the  a  band  were  measured  on  five  spectro- 
grams of  Venus  and  on  three  of  the  sky,  using  LA.  wave-lengths 
of  solar  hnes,  corrected  for  motions,  for  standards  of  reference.  On 
three  of  the  spectrograms  oi  Venus  the  wave-lengths  of  the  water 
and  oxygen  lines  were  referred  also  to  iron  arc  lines;  the  spectrum 
of  the  arc  was  put  on  intermittently  during  the  long  exposures  on 
Venus.  On  a  fourth  spectrogram  of  the  sky  they  were  referred  to 
the  lines  of  a  simultaneously  exposed  iron  arc.  The  wave-lengths 
thus  found  were  compared  with  the  wave-lengths  of  the  same  telluric 
lines,  obtained  under  much  higher  dispersion,  given  in  Table  I. 

From  the  variation  among  the  differences,  Rowland  minus 
International  (R  — I  in  Table  I),  the  relatively  low  accuracy  of 
measurement  of  water-vapor  and  oxygen  lines  is  apparent,  even 
on  spectrograms  with  a  scale  of  0.72  A  per  millimeter.     For  the 

'  Ml.  Wilson  Contr.,  No.  208;  Astropkysical  Journal,  54,  381-382,  1921. 
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oxygen  line  X  6278,  which  is  double  on  the  Mount  Wilson  plates, 
the  mean  wave-length  of  the  two  components  is  used  for  the  com- 
parison with  the  Rowland  value.  In  such  a  series  of  measurements 
as  is  presented  in  this  paper,  where  the  scale  is  3  A  per  millimeter, 
a  precision  in  the  final  means  greater  than  0.005  A  is  hardly  to  be 
expected.  The  results  of  the  measurements  are  shown  in  the 
eighth  column  of  Table  II  under  AX,  the  AX  being  the  difference 
between  the  observed  wave-lengths  and  those  of  Table  I. 

TABLE  I 
Wave-Lengths  of  the  Comparison  Lines 


Water  Vapor*  I. A. 

R-I 

Oxygen  t  I. A. 

R-I 

5885.982 

87-227 

87   665 

4-0. 211 

0.218 
0.215 
0.212 

0.218 

0.  214 
0.214 

-f-0.219 

6278.106 

81.186 

81.963 

92.171 

92.967 

95.186 

95-968 

+0.197 
0.201 
0.  201 

tcooo  001 

0.  202 

19-058 

19.646 

24..  276 

0.203 
0.203 

-f-o.  202 

32.097 

*  Mt.  Wilson  Contr.,  No.  22,^;   Astrophysical  Journal,  55,  36,  1Q22. 
t  Unpublished  results  by  St.  John  and  Babcock. 

Because  of  the  dearth  of  reference  lines,  a  different  method  of 
measurement  was  adopted  for  the  oxygen  lines  in  the  B  band, 
X  6867.  The  positions  of  nineteen  oxygen  lines  in  the  spectra 
of  Venus  were  compared  with  their  positions  in  the  spectra  of  the 
sky  taken  under  similar  spectrographic  conditions.  The  scale 
readings  of  the  solar  lines  on  the  spectrograms  of  the  planet  were 
corrected  for  the  relative  velocity  of  Venus  and  the  earth.  The 
average  difference  between  these  adjusted  scale  readings  and  those 
of  the  same  lines  on  the  sky  spectrograms  was  then  applied  to  all 
lines,  thus  bringing  the  readings  of  the  solar  lines  into  mean  agree- 
ment on  the  two  spectrograms.  In  the  absence  of  absorption  by 
oxygen  in  the  atmosphere  of  Venus,  the  oxygen  lines  should  now 
have  the  same  scale  readings  in  the  two  spectra;  on  the  other  hand, 
the  presence  of  absorption  should  register  as  a  displaced  component 
of  the  oxygen  lines,  broadening  or  doubling  them,  according  to  the 
relative  velocity.  Spectrograms  were  taken  with  Venus  east  and 
west  of  the  sun,  the  range  in  velocity  corresponding  to  a  Doppler 
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shift  of  0.538  A,  The  results  of  the  comparison  are  given  in  the 
eighth  column  of  Table  II,  where  the  AX  for  these  plates  is  the 
difference  Venus  minus  sk}^ 

OXYGEN 

Five  spectrograms  of  Venus  were  taken  in  the  region  of  the  a  band 
when  the  relative  velocity  of  Venus  and  the  earth  was  —12.8  km, 
the  corresponding  Doppler  shift  being  0.268  A  to  the  violet,  an 
amount  sufi&cient  to  separate  completely  the  terrestrial  components 
from  those  of  Venus.  Although  some  solar  lines  of  intensity  000 
are  faintly  visible  on  these  spectrograms,  no  lines  are  observable 
where  they  should  appear  if  produced  by  oxygen  in  Venus'  atmos- 
phere. The  measured  wave-lengths  of  the  oxygen  lines  present 
on  the  spectrograms  of  Venus  and  the  sky  and  the  magnitude  of  their 
deviations  from  the  wave-lengths  of  Table  I  show,  moreover,  that 
the  oxygen  lines  produced  by  the  earth's  atmosphere  in  the  spectrum 
of  the  planet  are  not  measurably  shifted  by  blending  with  lines 
originating  in  the  atmosphere  of  Venus  and  wide  enough  to  overlap 
those  of  terrestrial  origin. 

The  B  band  is  producible  by  a  much  smaller  quantity  of  oxygen 
than  the  a  band  and  therefore  furnishes  a  more  sensitive  test.  King 
has  recently  shown  that  39.4  m  of  air  at  72  cm  pressure,  equiva- 
lent to  8  m  of  oxygen,  give  the  lines  of  the  B  band  faintly.^  His 
solar  spectrograms  indicate  that  the  lines  of  the  B  band  produced  by 
39.4  m  of  air  are  comparable  in  intensity  with  solar  lines  of  intensity 
GO  on  the  Rowland  scale.  On  the  spectrograms  of  Venus  in  this 
region  hnes  of  intensity  i  have  about  the  same  visibility  as  the 
limiting  lines  on  King's  spectrograms.  To  obtain  an  estimate  of  the 
length  of  an  oxygen  column  which  would  produce  the  lines  of  the 
B  band  with  an  intensity  of  i ,  we  have  made  use  of  a  valuable  paper 
by  JewelP  on  the  variation  of  the  intensity  of  water- vapor  lines  with 
the  quantity  of  water  vapor  traversed  and  of  the  change  in  intensity 
of  the  oxygen  line  X  6287.953  with  zenith  distance.  Jewell  deter- 
mined the  intensities  of  Fraunhofer  lines — 000  to  6 —  in  terms  of  the 
Fe  line  X  5930.406.     Graphs  from  these  data  show  that  the  inten- 

/  Mt.  Wilson  Conlr.y  No.  232;   Aslropkysical  Journal,  55,  411,  1922 
^  Astrophysical  Journal,  4,  324,  1896. 
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sity  intervals  from  000  to  6  are  roughly  equal,  and  that  the  intensity 
of  the  water-vapor  line  X  5919.860  is  strictly  proportional  to  the 
amount  of  water  vapor  traversed  (Figs.  1,2).  A  similar  proportion- 
ality is  shown  to  hold  for  the  oxygen  line  X  6287.953  and  is  assumed 
to  hold  for  the  oxygen  lines  of  the  B  band.     The  interval  from  00  to  i 


0.0  0.2  0.4  0.6  0.8  I.O 

Fig.  I. — Rowland  intensities  in  terms  of  X  5930  taken  as  unity 


1 .0 

1                      1 

1 1 

- 

^.^^ 

2^0.8 

- 

^^ 

_ 

^^^ 

^ 

^^ 

"o  0-6 

- 

^^^^ 

Intensity 
0 

^y^ 

\ 

0.2 

^^ 

- 

1                           1 

1                           I 

0.0 


1 .0 


2.0 


3.0  4.0  5.0  inches 

Fig.  2. — Intensity  at  the  zenith  of  X  5919  (wv)  in  terms  of  X  5930  (Fe)  for  various 
amounts  of  precipitable  water  in  the  atmosphere  expressed  in  inches. 

is  approximately  0.16  of  the  intensity  of  the  Fe  line  X  5930.  This  is 
equivalent  to  an  increase  in  the  length  of  path  of  16  per  cent.  Hence 
the  lines  of  the  B  band  would  probably  appear  on  the  spectrogram 
of  Venus  if  the  absorbing  column  contained  the  equivalent  of  9.2  m 
of  oxygen  under  ordinary  conditions  of  pressure. 

Two  spectrograms  of  Venus  showing  the  B  band,  March  24 
and  March  27,  1921,  were  taken  when  the  relative  velocity  was 
—  10.68  km,   the  equivalent  Doppler  effect  being    —0.245  A.     A 
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similar  spectrogram  was  taken  August  14,  when  the  relative  velocity 
was  +11.36  km,  the  Doppler  displacement  being  +0.286  A.  With 
the  scale  of  3  A  per  millimeter,  the  doublets  of  the  B  group  are 
widely  separated,  but  in  the  interspaces  no  lines  are  visible,  where 
lines  due  to  oxygen  absorption  in  the  atmosphere  of  Venus  should 
appear,  though  solar  lines  of  intensity  o  are  present.  Whether 
lines  originating  in  the  planet  would  be  completely  separated  from 
the  terrestrial  lines  by  shifts  of  0.264  A  and  0.286  A  depends  on  the 
widths  of  the  lines.  It  is  evident  that  at  most  only  a  small  amount 
of  oxygen  is  traversed  in  the  atmosphere  of  Venus,  and  lines  pro- 
duced by  it  would  be  faint  and  narrow.  On  a  plate  of  the  B  band 
taken  by  King  with  an  air  path  of  39.4  m,  the  mean  width  of  the 
single  lines  is  0.19  A.  The  mean  width  of  these  lines  on  plate  V  359 
is  0.27  A,  and  the  Doppler  shift  +0.29  A,  so  that  the  edges  of  the 
lines  would  be  separated  by  0.06  A.  Spectrograms  V  301  and  V  303 
are  not  so  suitable  for  this  purpose,  as  the  continuous  background 
is  fainter  and  the  lines  somewhat  wider  and  the  Doppler  shift  smaller 
than  for  V  359.  When,  however,  the  positions  of  the  oxygen  lines 
in  these  spectrograms  are  compared  with  their  positions  in  the  sky 
spectrograms,  the  measures  show  a  displacement  of  0.003  ^  to  the 
red,  whereas  the  Doppler  shift  would  be  0.245  A  to  the  violet.  On 
V  359,  the  measured  displacement  is  0.002  A  to  the  violet,  with  a 
possible  Doppler  shift  of  0.285  A  to  the  red.  If,  therefore,  for  any 
cause  the  lines  of  the  B  band  produced  by  small  amounts  of  oxygen 
on  Venus  are  somewhat  wider  than  those  produced  in  the  laboratory, 
the  results  show  that  there  is  no  measurable  influence  of  over- 
lapping of  the  edges  of  the  terrestrial  lines  by  undetected  Venus 
components. 

The  length  of  the  path  traversed  through  Venus'  atmosphere 
in  a  layer  of  a  given  radial  depth  depends  upon  the  phase  angle 
of  the  planet  and  the  position  on  the  disk  of  the  point  from  which 
the  light  is  observed.  For  a  point  on  the  line  perpendicular  to 
the  terminator  and  limb,  whose  distance  from  the  limb  in  units  of 
the  length  of  that  line  is  d,  the  zenith  distances  of  the  earth,  z^, 
and  of  the  sun,  Zs,  are  given  by 

sin  Ze=  I  —d—d  cos  i, 
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where  i  is  the  phase  angle.  Table  III  gives  the  total  length  of  the 
path  traversed  by  the  solar  beam  for  different  phase  angles  and 
different  distances  from  the  limb  in  units  of  the  radial  depth.  The 
secant  equation  used  here  is  of  course  not  applicable  just  at  the 
limb  and  terminator. 

TABLE  III 
sec  Ze+sec  Zs 


(Limb)  0.0 

0.1 
o.  2 

0-3 
0.4 

o-S 
0.6 
0.7 
0.8 
0.9 
(Terminator)    i .  o 


70° 


00 

30 
2.6 
2.4 

2-5 

2.6 
30 
35 
4-7 
8.1 
00 


00 

3 
3 
3 
3 
3 
4 
5 
6 
12 
00 


130 


CO 

5-5 
4.8 
4.8 
5-0 
5-6 
6.6 
8.2 
II. 6 
22.9 
00 


At  the  middle  point  of  the  visible  disk,  corresponding  to  the 
center  of  the  spectral  band,  the  path  for  plates  V  301  and  V  303 
was  5.2  times  the  radial  depth  of  the  layer  penetrated,  and  for 

V  359  it  was  2.5  times  the  depth.  On  the  basis  that  lines  of  intensity 
I  would  be  produced  by  9,2  m  of  oxygen,  it  follows  for  V  301  and 

V  303  that  the  quantity  of  oxygen  traversed  did  not  exceed  the 
equivalent  of  a  column  2  m  long  under  standard  conditions.  For 
light  from  near  the  terminator  the  path  traversed  in  Venus'  atmos- 
phere is  much  longer.  With  the  sHt  normal  to  the  terminator, 
as  in  these  observations,  one  edge  of  the  spectrum  corresponds  to 
this  longer  path.  For  spectrograms  V  301  and  V  303  the  path  for 
the  light  at  the  point  halfway  between  the  center  and  edge  of  the 
spectrum  was  7.5  times  the  radial  depth  of  the  layer.  The  edge  of 
the  spectrum  shows  no  trace  of  oxygen  lines  due  to  absorption  in 
the  planet's  atmosphere.  Absorption  capable  of  producing  lines 
of  intensity  i  would  be  expected  if  an  oxygen  layer  equivalent 
to  I  m  under  normal  pressure  had  been  traversed  in  the  passage 
through  the  atmosphere  of  Venus.     As  the  oxygen  in  the  earth's 
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atmosphere  is  equivalent  to  a  column  1 500  m  long,  it  follows  that 
the  oxygen  in  the  path  through  Venus'  atmosphere  was  less  than 
one-thousandth  of  that  in  the  terrestrial  atmosphere. 

WATER   VAPOR 

Five  spectrograms  of  Venus  taken  when  the  relative  velocity  of 
Venus  and  the  earth  was  —12.8  km,  the  corresponding  Doppler 
shift  being  —0.252  A,  form  the  basis  of  the  investigation  on  water 
vapor.  The  relative  velocity  was  sufficient  to  separate  completely 
lines  produced  by  absorbing  gases  common  to  both  atmospheres. 
No  traces  of  lines  due  to  the  planet's  atmosphere  are  discernible 
on  the  spectrograms. 

An  upper  limit  for  the  amount  of  water  vapor  in  the  atmospheric 
layer  on  Venus  penetrated  by  the  solar  beam  may  be  found  by  the 
following  considerations.  Spectrogram  V  282  was  taken  at  mean 
zenith  distance  76°.  The  average  quantity  of  precipitable  water 
above  Mount  Wilson  is  0.69  cm'  (the  mean  for  the  days  of  observa- 
tion was  0.72  cm).  The  water- vapor  line  X  5919.860  was  of  inten- 
sity about  5  on  the  Rowland  scale,  and  telluric  water-vapor  lines  of 
intensity  000  and  00  can  be  identified  on  the  spectrum  of  Venus. 
Had  a  like  quantity  of  water  vapor  been  present  in  the  planet's 
atmosphere  above  the  reflecting  surface,  the  intensity  of  the  com- 
ponent of  X  5919.860  due  to  Venus  should  have  been  about  4  as  against 
5  for  the  terrestrial  line,  since  the  water-vapor  masses  traversed 
would  have  been  2.5  cm  for  Venus  and  2.9  cm  for  the  earth,  the  two 
respective  paths  being  3.6  and  4.1  times  that  for  zenith  distances  o. 
For  the  point  half-way  between  the  center  of  the  disk  and  the 
terminator  the  water  mass  traversed  would  havt  been  4.2  cm,  cor- 
responding to  solar  intensity  7  for  the  water-vapor  line  X  5919.860, 
These  results  are  deduced  from  the  graphs  of  Jewell's  data.  Terres- 
trial water-vapor  lines  of  00  intensity  are  easily  seen  on  the  plate,  but 
no  hne  is  visible  0.25  A  to  the  violet  of  the  terrestrial  line  X  5919.860, 
in  which  position  0.7  cm  of  water  above  the  apparent  surface  of 
Venus  would  have  produced  a  line  of  intensity  7.  As  the  water 
vapor  traversed  in  the  atmosphere  of  Venus  was  not  sufficient  to 
produce  the  line  X  5919.860  with  intensity  00,  there  must  have  been 

'  Annals  oj  the  Astro  physical  Observatory,  3,  189,  1913. 
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less  than  i  mm  of  water  in  the  layer  of  the  planet's  atmosphere 
traversed  by  the  solar  beam,  for  a  line  of  intensity  ck)  is  produced 
by  16  per  cent  of  the  water  vapor  necessary  for  a  line  of  intensity  7. 
Measurements  of  the  wave-lengths  of  eight  water-vapor  lines 
were  made  on  the  five  spectrograms  of  Venus  and  on  four  of  the 
sky.  The  wave-lengths  in  Table  I  were  obtained  from  solar 
spectrograms  with  a  dispersion  four  times  that  used  in  this  investiga- 
tion. For  these  closely  crowded  lines  the  mean  excess  of  0.008  A 
showTi  by  the  Venus  measures  in  Table  II,  when  they  are  compared 
with  the  values  given  in  Table  I,  represent  probably  the  systematic 
errors  associated  with  the  measurement  of  spectral  lines  not  well 
separated  and  varying  in  intensity  from  time  to  time  as  is  character- 
istic of  atmospheric  lines.  The  difference  is  positive,  whereas  it 
should  be  negative  if  there  were  a  measurable  effect  due  to  partial 
superposition  of  lines  produced  by  water  vapor  in  Venus'  atmos- 
phere. 

DISCUSSION 

These  observations  indicate  that  the  previous  spectroscopic 
evidence  for  oxygen  and  water  vapor  in  the  atmosphere  of  Venus, 
depending  upon  visual  observations  of  a  change  in  line  intensity,  is 
not  reliable,  that  in  fact  there  is  no  acceptable  spectroscopic  evi- 
dence of  the  presence  of  either.  On  the  other  hand,  they  do  not  show 
the  complete  absence  of  water  vapor  and  oxygen  from  the  planet's 
atmosphere,  but  that,  to  the  depth  penetrated  by  the  solar  beam, 
they  are  not  present  beyond  a  definite  low  limit. 

Prexdous  to  Russell's'  investigation  in  1898  the  accepted  view 
as  to  the  extent  of  Venus'  atmosphere  made  it  much  denser  than  our 
own.^  Russell  showed  that  the  prolongation  of  the  cusps,  formerly 
attributed  to  refraction,  was  mainly  due  to  diffuse  reflection  of  light 
by  the  planet's  atmosphere.  He  concluded  that  the  horizontal 
refraction  at  the  apparent  surface  cannot  exceed  "12'  as  against 
34'  for  the  earth,  and  that  there  is  no  satisfactory  evidence  that  the 
atmosphere  of  Venus  at  the  apparent  surface  is  more  than  one-third 
as  dense  or  extensive  as  the  earth's  at  sea-level.  The  entire  height 
above  the  apparent  surface  he  thinks  may  be  thirty  miles  as  com- 

'  Astrophysical  Journal,  9,  284,  1899. 

*  Young,  Manual  of  Astronomy,  p.  356,  1912. 
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pared  with  the  earth's  forty,  thus  implying  a  pressure  at  this  surface 
of  perhaps  one-tenth  that  of  the  earth's  atmosphere  at  sea-level. 
He  attributes  the  prolongation  of  the  cusps  visible  in  daylight  to  a 
hazy  layer  of  fog  or  dust  lying  below  the  4100-foot  level,  a  haze- 
bank  whose  upper  boundary  presents  a  more  or  less  abrupt  decrease 
in  haziness,  and  whose  lower  portions  may  at  times  be  obscured  by 
low  mountains,  evidenced  by  irregularities  in  the  thin  circle  of  illumi- 
nation on  the  side  opposite  the  sun  when  Venus  is  at  inferior  con- 
junction. 

A.  W.  Clayden^  makes  a  strong  presentation  of  the  view  that 
Venus  has  a  moisture-laden  atmosphere  as  dense  and  extensive  as 
that  of  the  earth.  He  decides  on  a  long  period  of  rotation,  but  one 
less  than  225  days.  He  assumes  that  a  high  and  heavy  layer  of 
pillared  cumuli  covers  the  cyclonic  areas  of  low  pressure  and  rising 
vapor,  that  over  the  regions  of  greater  pressure  the  anticyclonic 
circulation  results  in  lower  detached  masses  of  cumuK  between 
which  we  see  perhaps  the  shaded  surface  of  the  planet,  and  that  a 
filmy  veil  of  cirrus  produces  the  prolongation  of  the  cusps. 

If,  as  suggested  by  Russell,  the  pressure  at  the  visible  surface  is 
only  one-tenth  of  an  atmosphere,  then  the  atmosphere  of  Venus 
is  much  poorer  in  oxygen  than  the  earth's  atmosphere,  as  the 
quantity  of  oxygen  in  Venus'  atmosphere  above  the  visible  surface 
is  less  than  the  equivalent  of  i  m,  while  in  our  atmosphere  above 
the  level  of  similar  pressure  there  are  104  m  of  oxygen.  If  the 
reflection  takes  place  at  the  upper  surface  of  a  4100-foot  haze-bank, 
which  Russell  suggests  may  be  partially  cut  ofif  at  times  by  low 
mountains  and  therefore  may  not  be  far  above  the  actual  surface 
of  the  planet,  then  the  oxygen  above  this  low  level  is  less  than  one- 
thousandth  of  that  in  the  earth's  atmosphere  above  Mount  Wilson, 
elevation  1739  m. 

If,  on  the  other  hand,  it  be  assumed,  as  by  Clayden,  that  the 
atmosphere  of  Venus  is  similar  in  composition  and  extent  to  ours,  it 
follows  that  the  reflected  sunlight  has  not  penetrated  to  a  point 
less  than  43  km  from  the  real  surface  of  the  planet  and  has  traversed 
but  an  insignificant  path  through  its  atmosphere,  since  in  the  earth's 
atmosphere  there  is  above  the  43  km  level  the  equivalent  of  a  meter 

'  Monthly  Notices,  69,  195,  1909. 
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of  oxygen  under  normal  pressure,  an  amount  capable  of  registering 
on  our  spectrograms.  The  question  of  the  depth  to  which  the  solar 
beam  penetrates  the  planet's  atmosphere  and  the  probability  that  it 
reaches  a  point  much  nearer  the  real  surface  than  43  km  are  con- 
sidered in  detail  in  the  discussion  of  water  vapor. 

TABLE  IV 
Amount  of  Oxygen  above  a  Given  Elevation 


Elevation 


km 
O 

5 
10 

15 
20 

25 
30 
35 
40 

45 
50 


Pressure 


Oxygen 


mm 

m 

760 

1490 

405 

722 

201 

324 

90 

^35 

41 

54 

19 

23 

8.6 

10. 0 

3-8 

4.2 

1.6 

1.76 

0.85 

0.73 

0.40 

0.30 

Any  conclusion  as  to  water  vapor  must  rest  upon  the  nature 
and  temperature  as  well  as  the  elevation  of  the  apparent  surface 
at  which  diffuse  reflection  takes  place.  The  high  albedo  has  been 
considered  evidence  of  a  cloudy  surface,  but  the  equally  high 
reflecting  power  of  Vesta  indicates  that  this  evidence  is  not  defini- 
tive, since  for  Vesta  there  is  no  question  of  a  cloudy  surface.  Rus- 
sell' gives  a  Bond  albedo  of  0.59  for  Venus.  Using  65  per  cent  as 
the  reflecting  power  of  a  cloudy  surface,  Abbot  and  Fowle^  found 
0.60  as  the  corresponding  albedo  for  a  cloud-covered  earth.  Aldrich^, 
under  more  favorable  conditions  of  observation,  obtained  78  per 
cent  as  the  reflecting  power  of  clouds,  from  which  the  albedo  cal- 
culated in  the  same  manner  is  0.75  for  a  cloud-covered  earth. 
Russell  says  that  the  Bond  albedo  A  should  not  be  used  for  compari- 
son with  the  observed  reflecting  power  of  terrestrial  substances, 
but  a  quantity  p,  which  he  defines  in  an  article  on  the  albedo  of 

'  Loc.  ciL,  p.  190. 

'  Annals  of  the  Aslrophysical  Observatory,  2,  1 61-163,  1908. 

^Smithsonian  Misc.  Collections,  69,  10,  1919. 
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planets  and  satellites.^  For  Venus  p  is  0.49  while  for  clouds  it  is 
0.78.  Both  the  reflecting  power  and  the  Bond  albedo  are  con- 
siderably less  than  would  be  expected  if  Venus  is  completely  cloud 
covered. 

The  conditions  of  Venus'  atmosphere  depend  in  large  measure 
upon  the  period  of  rotation,  the  temperature,  and  the  temperature 
gradients,  all  undetermined  quantities.  The  period  of  rotation  is 
quite  probably  not  less  than  fifteen  days,  the  limit  shown  by  Slipher's 
observations  with  which  our  own  agree.  With  a  period  of  rotation 
equal  to  that  of  the  orbital  revolution,  it  is  reasonable  to  assume, 
as  Arrhenius  suggests,^  that  water  vapor  and  all  other  constituents 
of  an  atmosphere  would  collect  and  be  congealed  on  the  side  of  the 
planet  turned  away  from  the  sun  where  a  temperature  near  absolute 
zero  would  prevail.  But  the  illumination  of  the  whole  circumfer- 
ence of  the  disk  when  Venus  is  at  inferior  conjunction,  attributed  to 
scattering  and  refraction,  shows  the  presence  of  an  atmosphere  of 
considerable  extent.  These  considerations  give  grounds  for  assum- 
ing that  the  period  of  rotation  is  shorter  than  that  of  the  orbital 
revolution  and  hence  is  between  the  extremes  of  15  and  225  days. 
For  an  intermediate  period  of  rotation,  an  atmosphere  would  be 
present  over  the  region  of  insolation,  subject  probably  to  violent 
disturbances  near  the  terminator.  This  would  be  in  harmony 
with  Quenisset's^  observations,  both  photographic  and  visual,  of 
extensive  and  rapid  changes  in  the  obscuring  envelope,  indicating  a 
shallow  atmosphere. 

The  region  of  maximum  cloudiness  in  the  terrestrial  atmosphere 
is  mainly  below  4000  m,''  coinciding  roughly  with  the  average 
altitude  of  the  zero  isotherm,  which  is  3000  m.s  The  correspond- 
ing region  of  cloudiness  in  the  atmosphere  of  Venus  would  be  where 
the  temperature  and  humidity  conditions  are  similar.  According 
to  Abbot  and  Fow^le,^  the  mean  temperature  of  the  earth's  surface  is 

^  Astro  physical  Journal,  43,  191,  1916. 

'  Worlds  in  the  Making,  p.  61,  1908. 

3  Comptes  Rendus,  172,  1645,  1921. 

■»  Humphreys,  Physics  of  the  Air,  p.  309,  1920. 

5  Hann,  Handbook  of  Climatology,  p.  250,  1903. 

''Annals  of  Astrophysical  Observatory,  2,  173-175,  1908. 
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287?2  A,  but  the  temperature  of  the  true  radiating  surface  of  the 
earth  as  a  planet  is  263°  A,  this  surface  being  chiefly  the  water- 
vapor  layer  at  an  elevation  of  4000  m  or  more  above  sea-level.  The 
elevation  of  a  water-vapor  radiating  surface  on  Venus,  however, 
would  probably  be  greater  owing  to  higher  temperature.  Using 
2.5  calories  as  the  solar  constant,  Poynting'  gives  the  average 
temperature  of  an  ideal  planet  at  Venus'  distance  from  the  sun 
as  342°  A,  and  at  the  earth's  distance  as  290°  A.  With  287?2  A 
for  the  temperature  of  the  earth  the  temperature  of  Venus  becomes 
337°  A. 

If  the  surface  temperature  of  Venus  be  taken  as  337°  A  and  a 
temperature  gradient  of  6°  per  kilometer  be  assumed  in  Venus' 
atmosphere,  such  as  obtains  on  the  earth,  the  elevation  of  the  zero 
isotherm  would  be  1 1  km,  that  of  a  water- vapor  radiation  surface 
12  km,  and  that  of  the  isothermal  layer  19  km,  which  are  to  be 
compared  with  3,  4,  and  11  km  for  the  earth. 

The  conditions  at  Mount  Wilson  offer  favorable  opportunities  to 
study  the  increase  in  the  relative  humidity  of  the  air  above  a 
cloudy  surface.  The  velo  cloud,'  as  the  Spanish  called  the  "high 
fog"  of  southern  California,  often  covers  the  valleys  to  a  height 
of  1200-3000  feet,  especially  during  the  months  of  May  and  June. 
For  nine  clear  days  in  May  and  eight  in  June,  1921,  the  mean  vapor 
pressure  on  Mount  Wilson  was  3.25  and  4.05  mm,  respectively, 
while  for  nine  days  in  May  and  twenty-one  in  June,  with  clear  sky 
above  and  the  velo  cloud  4000  feet  below  and  two  to  five  miles 
distant,  the  respective  vapor  pressures  were  4.65  and  5.28  mm,  about 
35  per  cent  greater.  In  the  case  of  Venus'  atmosphere  with  a  water- 
vapor  content  sufficient  to  form  a  continuous  layer  of  cumulus 
clouds  exposed  to  nearly  twice  the  intensity  of  the  solar  radiation 
at  the  earth,  the  water  vapor  above  the  dense  cloud  layer  would 
probably  exceed  the  increase  at  Mount  Wilson  when  velo  clouds  are 
4000  feet  below  and  several  miles  away.  This  increment  is  two  or 
three  times  the  quantity  our  spectrograms  should  record.  Grant- 
ing the  probable  circulation  in  the  planet's  atmosphere  suggested 
by  Clayden,  it  seems  also  probable,  especially  over  the  anticyclonic 

'  Collected  Scientific  Papers,  p.  315,  1920. 

*  Carpenter,  The  Climate  and  Weather  of  San  Diego,  1913. 
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areas,  that  the  solar  beam  would  penetrate  a  region  of  the  atmos- 
phere where  water  vapor  would  be  encountered  in  detectable  quan- 
tity. The  spaces  not  only  above,  but  especially  between  the  colum- 
nar cloud  masses,  must  be  more  or  less  moisture  laden,  since,  under 
the  powerful  solar  radiation,  evaporation  and  convection  into  the 
neighboring  drier  regions  would  take  place  as  over  the  velo  clouds, 
and  under  the  downward  anticyclonic  flow,  the  clouds  would  be 
carried  into  regions  of  higher  temperatures  and  more  or  less  dissi- 
pated. The  results  would  be  an  atmosphere  of  high  humidity 
over  extensive  areas  more  or  less  open  to  observation,  as  the  high 
cirrus  assumed  by  Clayden  would  offer  little  obstruction. 

If  the  dusky  markings  upon  which  investigators  have  based  the 
observations  interpreted  as  showing  short  rotation  periods  are  actual 
surface  features  of  the  planet,  or  if  they  are  a  transient  thinning  of 
a  cloudy  envelope,  it  is  probable  that  we  there  see  down  to  levels 
at  which  the  humidity  would  be  high  in  an  atmosphere  so  heavily 
moisture  laden  that  the  planet  is  enveloped  in  a  blanket  of  clouds. 
Spectrogram  V  274  was  taken  eight  hours  later  than  Quenisset's 
photographs  showing  extensive  dusky  areas,  but  no  traces  of  water- 
vapor  lines  are  discernible  on  any  part  of  the  spectral  band. 

If  the  brilliant  white  spots  from  which  the  long  rotation  period 
has  been  deduced  really  belong  to  the  planet's  surface,  and,  as  sug- 
gested, are  snow-covered  mountain  peaks  extending  into  the  upper 
atmosphere,  it  seems  probable  that  water  vapor  would  be  spectro- 
scopically  detectable  by  its  absorption  lines  were  they  to  stand  free 
from  the  corresponding  terrestrial  lines,  as  they  would  in  our  spectro- 
grams. It  is  to  be  considered  also  that  the  spectrograms  were  taken 
in  light  of  long  wave-length,  for  which  scattering  is  relatively  small 
and  the  consequent  penetration  into  a  hazy  atmosphere  great.  In 
the  case  of  the  oxygen  lines,  near  X  6900,  the  depth  from  which  the 
light  is  reflected  is  well  below  the  apparent  visual  surface. 

If,  however,  the  reflecting  surface  consists  of  a  permanent  layer 
of  cirro-stratus,  the  quantity  of  water  vapor  traversed  by  the 
reflected  beam  would  be  small,  as  cirro-strati  are  formed  in  the 
upper  troposphere  where  the  temperatures  are  very  low.  These 
low  temperatures  practically  insure  that  cirro-strati  consist  of  ice 
crystals,  but  as  at  such  low  temperatures  there  is  little  water  to  con- 
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dense,  their  structure  is  necessarily  more  or  less  tenuous  and  fibrous 
and  consequently  the  reflected  light  will  have  penetrated  the  layer 
to  a  great  depth.  Above  such  a  cloud-surface  there  would  be  the 
thinner  cirrus  to  which  the  prolongation  of  the  cusps  is  due,  and  the 
still  higher  atmosphere  which  produces  by  refraction  the  illumina- 
tion around  the  planet's  circumference  observed  at  inferior  conjunc- 
tion. 

Reflection  from  a  layer  of  cirri  gives  the  shortest  possible  path 
for  the  light  in  the  planet's  atmosphere.  The  water  vapor  above 
the  cirrus  level  may  be  insufficient  for  detection  by  observations  on 
the  lijies  in  the  rain-band.  The  spectrographic  test  for  oxygen  by 
observations  on  the  B  band  is,  however,  much  more  sensitive.  In 
the  earth's  atmosphere  above  the  cirrus  level  there  is  the  equivalent 
of  274  m  of  oxygen  at  sea-level;  above  19  km,  the  elevation  assumed 
for  the  cirrus  level  on  Venus,  there  is  still  the  equivalent  of  65  m, 
but  our  observations  show  that  oxygen  on  Venus  above  the  reflect- 
ing surface  is  less  than  2  per  cent  of  this  amount. 

It  is  of  interest  to  consider  some  alternatives  to  water-vapor 
clouds.  It  is  possible  that  a  very  small  quantity  of  water  vapor 
would  produce  an  impenetrable  haze-bank  if  the  atmosphere  of 
Venus  contained  minute  hygroscopic  centers  of  condensation 
capable  of  producing  cloud  particles  in  an  atmosphere  where  the 
humidity  is  much  below  that  which  otherwise  would  be  essential 
to  cloud  formation.^  With  such  a  hazy  atmosphere  on  Venus, 
analogous  to  but  denser  than  the  dry-weather  haze  that  sometimes 
obscures  the  valley  or  lies  along  the  lower  reaches  of  the  distant 
mountains  viewed  from  Mount  Wilson,  the  surface  of  the  planet 
might  appear  much  as  we  see  it.  To  an  observer  on  the  planet's 
surface  transmitted  light  would  be  rich  in  long  wave-lengths,  as  to 
us  when  the  earth's  atmosphere  is  laden  with  volcanic  dust.  To 
an  outside  observer  the  color  would  depend  upon  the  proportion 
of  the  light  scattered  in  its  atmosphere  to  that  reflected  from  its 
surface. 

Under  the  probable  extremes  of  temperature  on  the  opposite 
hemispheres  of  Venus  it  is  conceivable  that  the  violent  atmospheric 
circulation  would  cause  clouds  of  dust  to  be  permanent  features  of 

'  Humphreys,  Physics  of  the  Air,  p,  92,  1920. 
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the  planet's  atmosphere,  dust  composed  of  highly  reflecting  material 
such  as  that  to  which  the  high  reflecting  power  of  Vesta  is  due. 
Wilsing  and  Scheiner^  give  for  liparitic  pumice  a  reflecting  power 
of  0.56,  for  rock  salt  0.44,  and  for  granular  limestone  0.42.  These 
are  comparable  with  0.49  for  Venus  and  0.48  for  Vesta.  It  is  to  be 
observed,  however,  that  the  presence  of  two  of  these  substances 
would  imply  the  action  of  water  at  the  time  of  their  production  or 
segregation.  The  dust  storms  that  sometimes  prevail  for  days  over 
the  deserts  and  occasionally  sweep  through  the  mountain  passes 
suggest  vividly  the  possibilities  on  a  dry  and  wind-swept  planet. 

Whether  or  not  light  reflected  from  the  continually  evaporating 
surfaces  of  clouds  produces  sufl&cient  water  vapor  to  give  its  absorp- 
tion lines  with  observable  intensity  is  a  question  whose  answer 
would  aid  greatly  in  determining  the  character  of  the  apparent 
surface  of  Venus  and  in  solving  the  puzzling  problems  of  its  atmos- 
phere. We  hope  later  to  obtain  more  observational  data  as  to  the 
humidity  around  and  above  clouds,  and  to  extend  the  spectrographic 
observations  to  the  water- vapor  band  near  X  7200,  as  the  lines  of  this 
band  are  producible  by  smaller  amounts  of  vapor  and  would  furnish 
a  more  sensitive  test  of  its  presence.  Other  and  quite  as  important 
information  would  be  obtained  from  the  relative  color  indices  of 
Venus  and  terrestrial  clouds  and  from  direct  photographs  through 
violet  and  infra-red  filters^  as  used  by  R.  W.  Wood  for  Jupiter  and 
Saturn.  These  would  show  the  apparent  surfaces  at  widely  differ- 
ent levels  and  offer  the  possibility  of  reaching  the  actual  surface 
through  the  thinner  portions  of  the  atmospheric  veil. 

It  has  been  too  easfly  assumed,  perhaps,  that  the  atmospheric 
conditions  on  our  nearest  planetary  neighbors  are  similar  to  those 
on  the  earth,  and  that  on  Venus  development  has  followed  along 
similar  lines  and  by  like  stages  as  on  the  earth.  It  was  long  ago 
suggested  by  Koene,-'  of  Brussels,  that  all  free  oxygen  may  have 
been  formed  from  carbonic  acid  in  the  air.  Arrhenius  says  that  we 
may  take  it  as  established  that  the  masses  of  free  oxygen  in  the  air 
and  of  free  carbon  in  the  sedimentary  strata  approximately  corre- 

'  Potsdam  Publications,  20,  Part  IV,  1909. 

^  Mt.  Wilson  Contr.,  No.  113;  Aslrophysical  Journal,  43,  310,  1916. 

3  Memoires  de  Chimie,  1856. 
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spond  to  each  other,  and  that  probably  all  the  oxygen  of  the  air 
owes  its  existence  to  plant  life.'  That  a  similar  production  of  oxygen 
has  apparently  not  taken  place  on  Venus  suggests  that  some  condi- 
tion is  wanting.  Possibly  a  deficiency  of  water  has  prevented  or 
hindered  the  freeing  of  oxygen  through  vegetation,  or  it  may  be 
that  the  exacting  conditions  for  the  origin  of  life  have  not  been 
satisfied  so  that  the  existing  atmosphere  may  consist  of  other 
permanent  or  semipermanent  gases  such  as  nitrogen  or  carbon 
dioxide. 

Mount  Wilson  Observatory 

July  1922 

'  Worlds  in  the  Making,  pp.  58,  59. 


THE  SOURCE  OF  LUMINOSITY  IN  GALACTIC 

NEBULAE^ 

By  EDWIN  HUBBLE 

ABSTRACT 

Relation  of  the  hmiinosity  of  galactic  ncbidae  to  the  magnitudes  of  associated  stars. 
(i)  Diffuse  nebulae.     If,  as  has  been  suggested,  these  nebulae  owe  their  luminosity  to 
radiations  from  associated  stars,  then  the  angular  extent  of  nebulosity  should  increase 
with  the  apparent  brightness  of  the  stars.     More  precisely,  if  we  assume  that  the 
clouds  of  nebulosity  are  illuminated  by  stellar  light  whose  intensity  varies  inversely 
as  the  square  of  the  distance  from  the  stars;    that  each  part  of  a  nebula  reflects  or 
re-emits,  without  change  in  actinic  value,  all  the  starlight  intercepted  by  it;  and  that 
the  light  from  the  stars  themselves  reaches  us  undimmed  by  absorption,  then  the 
square  of  the  maximum  angular  extent  of  nebulosity  a,  for  an  exposure  £.  should  be 
proportional  to  E  times  the  apparent  luminosity  of  the  star  7,  or  a^/E  =  ai'/ 60  = 
IX  const.,  or  »z+5  log ai  =  5,  where  Oi  is  the  angular  distance  reduced  to  a  uniform  ex- 
posure of  60™.     For  a  Seed  30  plate  and  a  focal  ratio  of  5  to  i ,  .B  is  equal  to  1 1 .6  or  10.6, 
according  as  the  line  joining  the  star  to  the  faint  nebulosity  is  perpendicular  to  the 
line  of  sight  or  has  the  mean  inclination  corresponding  to  random  direction.     To  test 
this  equation,  data  for  eighty-two  nebulae  were  plotted,  log  Oi  against  m.     The  points 
lie  near  the  line:  w-t-4.9  log  ai  =  ii.o,  thus  showing  that  the  inverse-square  law  holds 
closely  and  that  the  other  assumptions  are  approximately  correct.     The  mean  devia- 
tion of  the  points  from  the  line,  over  an  interval  of  14  magnitudes,  is  only  ±0^8; 
but  thirteen  points  lie  above  the  limiting  theoretical  curve.     The  probable  explanation 
is  that  in  these  cases  the  apparent  brightness  of  the  stars  is  diminished  through  absorp- 
tion by  nebulosity  between  the  star  and  the  observer,  that  is,  the  third  assumption 
is  not  wholly  justified.     This  is  borne  out  by  the  fact  that  these  stars  show  a  color 
excess  which  is  usually  greater  than  the  residual  magnitude.     Wliile  most  of  the 
nebulae  have  continuous  spectra,  in  eighteen  cases  the  spectra  are  emission,^  and  thus 
differ  widely  from  the  spectra  of  the  associated  stars.     Since  the  corresponding  points 
show  no  systematic  deviation  from  the  theoretical  curve,  the  luminosity  must  be  due 
to  re-emission  of  light  of  the  same  total  actinic  value,  rather  than  to  reflection,  and 
this  suggests  the  possibility  that  the  light  producing  the  continuous  spectrum  is  also 
re-emitted.     The  great  loop  in  Cygnus  is  a  conspicuous  exception,  since  no  sufficiently 
bright  star  is  in  evidence.     The  star,  perhaps,  is  hidden  or  dunmed  by  nebulosity. 
Reduced  to   absolute   magnitudes,   the   foregoing   equation   becomes  AI+5  log  /  = 
2.5  log  £  —  5.52,  where  I  is  the  linear  distance  in  parsecs  from  star  to  nebulosity  and  E  is 
in  minutes.     For  Rigel,  lf=— 5.6,  an  equivalent  exposure  of  thirteen  hours  shows 
nebulosity,  presumably  made  luminous  by  it,  extending  to  i2?5,  or  ninety- three  light- 
years.     (2)  Planetary  nebulae.     When  certain  systematic  corrections  suggested  by 
observations  made  at  Mount  Wilson  are  applied  to  data  given  by  Curtis  for  the  limiting 
ex-posure  times  and  the  apparent  magnitudes  of  the  nuclei  for  fifty-six  objects,  the 
angular  distance  Ai  of  the  brightest  details  of  luminosity  from  the  central  stars,  reduced 
to  uniform  exposure  time  on  the  assumption  of  an  inverse-square  law  of  luminosity 
with  respect  to  the  central  stars  as  sources,  varies  with  the  photographic  magnitude 
of   the  central   stars   according   to   the  equations:   w-(-(5-3=^o-4)   log  Ai  =  i7.g,  or 
m+s  log  ^,=  i7.6±o.2.     The  first  of  these  is  the  correlation  curve  derived  from  the 
data;    the  second,  the  curve  having  the  theoretical  slope  which  best  represents  the 
plotted  points.     The  correlation  between  m  and  log  A^,  however,  is  not  nearly  as 
close  as  in  the  case  of  the  diffuse  nebulae.     The  residuals,  for  instance,  seem  to  be 
related  to  the  type  of  planetary,  averaging  -f  i  .8  for  the  ring  type,  and  - 1 .5  for  globular 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  250. 
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objects.  The  corresponding  theoretical  equation,  based  on  the  assumption  stated  above 
for  diffuse  nebulae,  but  for  an  exposure  time  of  six  seconds,  is:  w  +  5  log  .4  =  13. 6=^=0.3. 
Hence,  the  observed  luminosity  per  unit  area  is  about  four  magnitudes  brighter  than 
the  theoretical.  The  discrepancy  for  these  nebulae  may  be  due  to  a  difference 
between  the  spectra  of  the  nebulosity  and  of  the  nuclei,  the  latter  having  relatively 
much  more  energy  in  the  ultra-violet;  or  it  may  indicate  that  the  radiations  which 
excite  the  luminosity  are  chiefly  corpuscular. 

Revised  photographic  magnitudes  of  the  nuclei  of  planetary  nebulae. — The  values 
given   by   Curtis  for  fifty-six  objects  seem  to  require  a  systematic  correction  of 

+0.1 73m -3.3  7. 

Neu<  cometary  nebulae  at  0  =  6*^3°',  5  =  -fi8°42'  (1920)  shows  striking  similarity  to 
the  variable  nebula  N.G.C.  2261,  although  variability  has  not  yet  been  established. 

I.      DIFFUSE   GALACTIC   NEBULAE 

This  paper  gives  the  results  of  an  attempt  to  test  the  theory 
that  stellar  radiations  are  the  source  of  luminosity  of  galactic 
nebulae.  V.  M.  Slipher'  found  that  in  the  case  of  Merope,  Maia, 
p  Ophiuchi,  N.G.C.  2068  and  N.G.C.  7023  the  absorption  spectrum 
of  the  nebulosity  agreed,  approximately  at  least,  with  the  spectra 
of  the  brightest  involved  stars.  On  this  ground  he  suggested  that 
these  nebulosities  at  least  are  shining  by  reflected  light  from  the 
involved  stars.  Hertzsprung^  made  a  quantitative  test  of  this 
suggestion  in  the  case  of  the  Pleiades  nebulosity  by  determining 
the  surface  brightness  at  several  points  in  the  nebulosity  and  com- 
paring the  results  with  those  derived  by  spreading  the  light  of  the 
stars  over  spherical  shells  of  radii  equal  to  the  distances  from  the 
stars  to  the  points  of  nebulosity  whose  surface  brightness  he  had 
measured.  He  found  the  nebulosity  to  be  from  4  to  5  magnitudes 
fainter  than  would  be  expected  on  a  theory  of  total  reflection,  and 
concluded  that,  if  a  suitable  albedo  were  assumed,  the  reflection  of 
star  light  could  account  for  the  nebular  luminosity.  H.  N.  Russell^ 
has  accepted  the  idea  of  reflection  for  diffuse  nebulae  with  continu- 
ous spectra,  and  has  advanced  the  theory  that  galactic  nebulae 
with  emission  spectra,  diffuse  as  well  as  planetaries,  are  excited  to 
luminosity  by  radiations  from  involved  or  neighboring  stars. 

The  writer  has  found  that  particular  stars  can  be  selected  which 
are  obviously  involved  in  or  conspicuously  associated  with  prac- 

^  Lowell  Observatory  Bulletin  No.  55,  1912;  75,  1916;  Astronomical  Society  of  the 
Pacific,  30,  63,  1918;   31,  212,  1919. 

^  AstronoviiscJie  Nachrichten,  195,449,  1913. 

i  Proceedings  of  the  National  Academy  of  Sciences,  8,  115,  1922;  Observatory,  44, 
72,  1921. 
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tically  every  known  diffuse  nebulosity.  The  spectra  of  these  stars 
bear  a  definite  relation  to  the  spectrum  of  the  associated  nebulosity, 
such  that  if  the  stellar  spectra  are  earlier  than  Bi,  the  nebular 
spectrum  is  emission,  and,  if  the  stellar  spectra  are  later  than 
Bi,  the  nebular  spectrum  is  continuous.  Nebulosity  associated 
with  stars  of  the  critical  type  Bi  usually  possesses  a  spectrum  of 
mixed  characteristics.  The  transition  in  nebular  spectra  from 
emission  to  continuous,  although  rapid,  is  quite  smooth.  It  is  not 
abrupt.  The  only  pronounced  exception  to  the  rule  of  spectral  rela- 
tion is  the  possibility  that  stars  with  highly  enhanced  spectra  of  the 
a  Cygni  type  may  be  associated  with  nebulosity  whose  spectrum  is 
predominantly  emission,  a  Cygni  itself  and  B.D.  —  22°45io,  of 
the  same  type,  appear  to  be  associated  with  N.G.C.  7000  and 
N.G.C.  6514,  respectively.  Bright-line  stars  associated  with  emis- 
sion nebulae  are  the  exception  and  not  the  rule.  Wolf-Rayet 
stars  associated  with  diffuse  nebulosity  are  rare.  In  the  northern 
skies  only  two  cases  are  known — N.G.C.  2359  and  6888.  Both  show 
some  affinity  with  planetaries  or  with  nova  phenomena. 

This  definite  spectral  relation  suggests  that  nebular  luminosity 
depends  to  a  certain  degree  at  least  on  stellar  radiations,  and  an 
attempt  has  been  made  to  test  this  quantitatively.  The  method 
employed  was  to  determine  the  surface  brightness  of  diffuse 
nebulosities  giving  continuous  spectra,  by  means  of  the  limiting 
exposure  times  necessary  to  just  register  the  nebulosity  under 
standard  conditions.  Preliminary  results  from  a  small  number  of 
objects  demonstrated  that  the  brightness  and  extent  of  the  nebu- 
losity are  definitely  related  to  the  magnitude  of  the  associated 
stars,  and  that  existing  photographs  could  be  used  to  establish  the 
relationship.  Accordingly  Table  I  was  constructed  from  an 
examination  of  the  plates  already  available.  In  the  first  column 
is  given  the  catalogue  designation  of  the  nebulae;  in  the  second 
column,  the  spectral  type  of  the  nebulae,  E  and  C  for  observed 
emission  and  continuous  spectra,  e  and  c  for  the  same  character- 
istics, not  observed,  but  inferred  from  the  spectral  types  of  associ- 
ated stars,  according  to  the  rules  given  in  the  preceding  paragraph; 
in  the  third  column  the  apparent  photographic  magnitudes,  m,  of 
the  associated  stars,  combined,  if  a  group  of  stars  appears;  in  the 
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fourth,  the  spectral  type  of  the  associated  stars;  in  the  fifth,  the 
color  excess'  of  these  stars;  in  the  sixth,  the  exposure  time,  E,  in 
minutes,  of  the  plates  examined;  in  the  seventh,  the  greatest 
angular  distances,  from  the  stars,  in  minutes  of  arc,  at  which 
nebulosity  could  be  detected.  For  a  group  of  stars  involved  in 
nebulosity,  a  was  measured  from  the  mean  position  of  the  stars. 
In  most  cases  of  this  sort  the  extent  of  the  groups  of  stars  is  small 
compared  to  the  extent  of  nebulosity.  In  the  eighth  and  ninth 
columns  are  given  the  quantities  log  E  and  log  a;  in  the  tenth, 
the  corrected  quantity  log  Oj,  representing  log  a  reduced  to  a 
uniform  exposure  time  of  60  minutes;  in  the  eleventh,  the  designa- 
tions of  the  stars  whose  magnitudes  are  given  in  the  third  column; 
in  the  twelfth  column  the  instruments  employed  in  obtaining  the 
photographs  examined. 

The  data  are  fairly  homogeneous,  as  the  plates  used  were  all 
Seed  30's,  most  of  them  taken  with  the  60-inch  and  100-inch  reflec- 
tors, both  of  focal  ratio  i  to  5.  Several  were  taken  with  a  Tessar  Ic 
lens,  called  ''Kodax"  in  the  eleventh  column,  and  with  a  lo-inch 
Cooke  astrographic  lens,  both  of  which  have  focal  ratios  i  to  4.5.  In 
these  cases  the  values  of  log  E  were  corrected  by  the  quantity  -f  0.12 
in  order  to  reduce  them  to  the  Newtonian  reflector  system.  A  few 
measures  are  from  photographs  by  Barnard,  made  with  the  lo-inch 
Bruce  lens  of  focal  ratio  i  to  5,  and  designated  "Barnard"  in  the 
twelfth  column.  A  small  correction  should  be  applied  to  log  E  in 
these  cases  in  order  to  allow  for  the  light  cut  off  by  the  Newtonian 
flat,  but  the  amounts  and  the  numbers  are  so  small  that  they  have 
been  disregarded. 

The  photographic  magnitudes  for  stars  brighter  than  6.0  are 
from  \dsual  magnitudes  found  in  the  Haroard  Annals,  to  which  have 
been  applied  both  color  indices  and  color  excess.  Magnitudes  of 
the  fainter  stars  are  from  polar  comparisons  made  by  the  writer, 
and  are  on  the  Mount  Wilson  scale. 

The  quantities  used  in  the  following  discussion,  m,  a,  and  E,  are 
quite  independently  determined,  and  there  is  no  reason  to  suspect 

'The  color  excesses  are  taken  from  Mt.  Wilson  Cuntr.  No.  187;  AsWophysical 
Journal,  52,  8,  1920;  and  from  further  unpublished  measures  by  Seares  and  Hubble. 
The  latter  values  are  provasional.  Final  values  will  appear  in  a  joint  paper  to  be 
published  shortly. 
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large  systematic  errors.  The  range  in  m  is  from  0.2  to  14.4;  in  a 
from  o'2  to  750';  in  E  from  40  min.  to  790  min.  The  mean  errors 
in  m  are  estimated  as  about  o.i,  and  in  a  about  5  per  cent.  The 
actual  observed  E,  is,  of  course,  exact  to  the  minute,  but  differences 
in  sky  conditions,  state  of  mirrors,  plates,  and  development,  suggest 
a  mean  error  in  the  equivalent  exposure  time  of  the  order  of  5  per 
cent. 

The  nebulosity  fades  more  or  less  smoothly  with  increasing 
distance  from  the  stars,  and  the  points  for  which  a  was  measured 
represent  in  general  the  limiting  surface  brightness  which  registers 
on  the  particular  plate  examined.  If  the  exposures  were  all  of 
the  same  duration,  under  uniform  conditions,  a  comparison  of  m  with 
a  should  then  indicate  the  relation  existing  between  nebular  and 
stellar  luminosity.  If  this  relation  were  due  to  a  reflection  of  star 
light,  and  the  albedo  of  the  nebulosity  were  constant,  the  relation 
would  be  expressed  by  m+ 5  log  a  =  K  where  i^  is  a  constant  depend- 
ing on  the  albedo,  the  limiting  surface  brightness  shown  on  the 
photographs,  and  the  distribution  of  angles  which  the  directions, 
stars  to  points,  measured  for  a,  make  with  planes  perpendicular  to 
the  lines  of  sight. 

As  a  first  step  in  the  investigation,  m  was  plotted  against  log  a, 
disregarding  the  differences  in  exposure  times.  This  plot  is  shown 
in  Figure  i.  The  extent  of  nebular  illumination  is  clearly  a  function 
of  the  stellar  luminosity,  and  the  relation  is  approximately  linear. 
A  curve  with  a  slope,  or  coefi&cient  of  log  a,  equal  to  5  can  be  fitted 
to  the  plot  in  the  form 

w+S  loga=ii.9  (i) 

so  as  to  represent  the  points  fairly  well.  Considering  the  great 
differences  in  exposure  times,  and  the  fact  that  measures  on  the 
brighter  stars  are  as  a  rule  from  longer  exposures  than  those  for 
the  fainter  stars.  Figure  i  is  pretty  fair  evidence  that  nebular  lumi- 
nosity obeys  the  inverse-square  law  with  the  associated  stars  as 
sources  of  illumination. 

This  assumption  affords  a  simple  method  of  referring  the  data 
to  a  homogeneous  system  by  reducing  log  a  to  log  a^,  corresponding 
to  a  uniform  exposure  Eo,  or  inversely,  reducing  log  E  to  log  Ej,, 
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corresponding  to  a  uniform  angular  distance  ao-     Let  /  and  /„ 
be  the  minimum  intensities  registered  in  exposure  times  E  and  Eo, 
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Fig.  I. — Photographic  magnitudes  of  stars  associated  with  diffuse  nebulae 
(abscissae),  plotted  against  the  logarithm  of  the  greatest  angular  extent  of  nebulosity 
from  these  stars  (ordinates).  The  data  are  from  Table  I.  Differences  in  exposure 
times  of  the  plates  examined  are  disregarded.  The  line  represents  the  equation 
w+5  log  a=  11.9.  The  coefhcient  of  log  a  indicates  that  the  nebular  luminosity  obeys 
the  inverse-square  law  with  respect  to  the  stars  as  sources. 

p  Schwarzschild's  exponent  in  the  reciprocity  law.     Then,  assum- 
ing the  inverse-square  law  to  hold  rigorously  for  nebular  illumination, 


I  ' 


Eo) 


log  ai  =  log  a-|-^(log  £o-log  E) 


(2) 
(3) 
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likewise 

log  £,  =  log  £+ ^  (log  flo  -  log  a)  (4) 

P 

The  magnitudes  m  can  be  plotted  either  against  log  Oi,  angular 
distances  corresponding  to  a  uniform  exposure  time,  or  against  log  E, 
the  brightness  corresponding  to  a  uniform  distance;  but  with  the 
scale  properly  chosen,  the  two  figures  would  be  identical,  because 
of  the  relation  derived  from  (3)  and  (4): 

2  2 

log  Ei-\ —  log  Oi  =  log  Eo-\ — log  00=  Constant 

P  P 

Log  Eo  has  been  chosen  as  60  minutes  of  time  and  log  do  as  one 
minute  of  arc,  and  p  has  been  assumed  as  unity.     Thus, 

logoi  =loga+Ki-778-log£)  (5) 

log  £1  =  log  £—  2  log  a  (6) 

log  £1=2  log  ax=  1. 778  (7) 

Log  fli  was  chosen  as  the  quantity  to  be  plotted  against  m  in 
order  that  the  result  might  be  compared  with  Figure  i.  The 
question  of  the  proper  value  of  p  raises  a  serious  theoretical  difficulty 
which  is  minimized  in  the  actual  plotting  by  the  use  of  a  value  for  Eo 
near  the  mean  E,  so  that  log  Eo  —  log  E  in  equation  (5)  is  small. 
The  various  values  of  p  used  in  discussions  on  stellar  photometry 
range  from  about  0.75  to  i.oo.  No  values  have  been  directly  deter- 
mined for  long  exposures  on  nebular  surfaces  under  actual  observing 
conditions  and  there  is  very  little  basis  on  which  to  select  the  most 
probable  value.  However,  the  greatest  difference  in  any  particular 
log  fli  as  determined  by  equation  (5)  for  the  extreme  values  of  p, 
is  about  0.12.  The  mean  difference  is  less  than  0.04,  which  is  of  the 
same  order  of  accuracy  as  the  original  data.  These  considerations 
seemed  to  justify  the  selection  of  ^  =  i.co  as  the  simplest  procedure. 
The  effect  of  using  other  values  can  be  determined  later,  should  the 
matter  prove  important. 
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Figure  2  shows  the  plot  of  log^i  against  m.  A  least-squares 
solution  gave  for  the  adjusted  curve 

^+(4.90=^0.  i3)log  ai=  II  .02  ±0. 10  (8) 

The  simple  mean  of  w+5  log  a  is  11. 10,  and  the  corresponding  curve 
differs  from  that  of  (8)  by  less  than  a  tenth  of  a  magnitude  over 
the  entire  range  of  14.2  magnitudes.  The  average  deviation  in  m  for 
both  curves  is  about  0.8  magnitudes.  The  deviation  of  the  coeflSi- 
cient  of  log  a^,  in  (8)  from  the  expected  value  of  5.0  is  within  the 
errors  of  observation. 

A  theoretical  value  can  be  computed  for  the  constant  on  the  right 
side  of  equation  (8),  by  assuming  the  inverse-square  law  to  hold 
rigorously  and  by  assuming  further  that  all  the  starlight  intercepted 
by  the  nebulosity  is  re-emitted.  Consider  a  point  of  nebulosity  at 
distance  a  in  minutes  of  arc  from  the  star.  The  surface  brightness 
of  this  nebulosity  is  determined  on  the  above  assumption  by  spread- 
ing the  luminosity  of  the  star  over  a  spherical  shell  of  radius  a. 
Expressed  in  magnitudes  per  square  second  of  arc,  this  surface 
brightness  will  be  w-l-2.5  log47r  (6oa)^  or  m  + 11. 64 -|- 5  log  a. 
Scares  has  determined  the  limiting  surface  brightness  of  an  exposure 
of  one  minute  on  a  Seed  30  plate,  using  a  reflector  of  focal  ratio  i  to  5.^ 
This  quantity,  expressed  in  magnitudes  per  square  second  of  arc, 
is  1 8.8  ='=0.3.  It  applies  approximately  to  all  photographic  instru- 
ments of  an  equivalent  focal  ratio.  For  an  exposure  of  sixty  minutes 
corresponding  to  the  values  of  log  ai,  the  limiting  surface  brightness  is 
i8.8-[-2.5  />X  1.778  or  18.8+4.45  P-    Equating  these  two  expressions, 

w-l-5  Iogaj=7.i6+4.45 />  1 

=  11.61  for  />=  i.co  j 

Assuming  a  random  distribution  of  directions  from  star  to  nebu- 
losity, the  mean  a  observed,  projected  on  a  plane  perpendicular  to 
the  line  of  sight,  should  be  less  than  the  true  a  by  the  factor  7r/2. 
This  difference  can  be  corrected  by  increasing  w  by  5  log  7r/2  =0.98. 
Equation  (9)  then  becomes 

w-1-5  logax  =  6.i8+4.45 />         \ 
=  10.63  for  />=i.oo  J 
» M /.  Wilson  Contr.  No.  191;  Aslrophysical  Journal,  52,  162,  1920. 
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If  the  assumption  that  the  light  emitted  by  the  nebulosity 
exactly  equals  the  starlight  intercepted  is  correct,  then  equation  (10) 
should  represent  the  points  in  Figure  2,  and  equation  (9)  should 
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Fig.  2. — The  same  as  Fig.  i,  except  that  log  a  has  been  reduced  to  log  at,  corre- 
sponding to  a  uniform  exposure  time  of  one  hour  on  Seed  30  plates  with  a  reflector  of 
focal  ratio  i  to  5.  The  full  line  represents  the  curve  ?«+4.9o  log  ai=  11.02  derived 
from  a  least-squares  solution.  The  broken  line  represents  a  limiting  curve  parallel 
to  the  full  line,  displaced  0.98  to  the  right. 

play  the  role  of  an  upper  limit  to  the  points.  The  agreement 
between  (10)  and  (8)  is  close  enough  to  raise  a  strong  presumption 
that  the  assumption  just  mentioned  is  justified  by  the  facts.     Thus 

(8)  Observed m+4.90  log  fli=  11  .o2±o.  10 

(10)  Theoretical w+5.00  log  ai=  10.63  =fco.3 
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The  difference  in  slopes  can  scarcely  be  shown  on  the  plot,  and 
the  difference  in  the  constants  on  the  right  side  of  the  equations  is 
just  the  sum  of  the  probable  errors.  It  should  be  noted  further 
that  the  constant  in  (8)  falls  nearly  half-way  between  those  for 
equations  (9)  and  (10),  the  theoretical  limiting  curve  and  the  mean 
curve  on  the  assumption  of  random  distribution  of  the  directions 
from  star  to  points  measured  for  a.  Any  deviation  from  random 
distribution  in  the  observed  data  would  fall  in  this  direction,  for  in 
each  case  the  maximum  a  was  consciously  sought. 

Observations  and  theory  can  also  be  compared  by  using  log  a 
and  log  E  directly  in  a  generalized  form  of  equation  (10).  Assum- 
ing again  that  the  total  amount  of  starlight  intercepted  is  re-emitted 
by  the  nebulosity 


18. 8  ±0.3+ 2. 5  log  £=w-f  ii.64-f5  log  ^' 
w-|-5  log  a— 2.5  log  £=7.  i6±o.3   (limit) 

=  6.i8±o.3   (mean)  X 


(11) 


The  left  side  can  be  computed  from  the  original  data  and  proves 
to  be  6.65  =1=0.07  with  an  average  residual  of  about  0.82.  This 
lies  almost  exactly  half-way  between  the  theoretical  limiting  and 
mean  values,  and  supports  the  suggestion  that  the  data  deviate 
from  a  random  distribution  in  the  direction  of  large  angles  to  the 
line  of  sight.  If  the  coelB&cient  of  log  a  in  equation  (11)  be  replaced 
by  4.90,  as  indicated  in  equation  (8),  the  constant  becomes  6.57. 

This  is  not  an  independent  method,  for  equations  (9)  and  (10) 
reduce  to  equation  (11)  when  the  value  of  log  a^,  given  in  equation 
(5)  is  substituted  into  (9)  and  (10).  The  difference  in  the  constant, 
11.02  —  6.57  =  11.10  —  6.65=4.45,  is  the  quantity  2.^  pEo  when  p 
is  taken  as  unity. 

Equation  (11)  expresses  a  direct  relation  between  the  original 
data  and  should  be  the  nicest  method  of  procedure  in  the  investi- 
gation. It  is  not  well  suited  to  least-squares  solutions,  however, 
because  log  a  and  log  E  are  not  independent.  This  difl&culty  is 
obviated  by  the  transformation  into  equations  (9)  and  (10). 

Within  the  limits  of  error,  equation  (8)  agrees  with  the  theoretical 
mean  curve  expressed  by  equation   (10).     Disregarding  for  the 
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moment  possible  deviations  from  random  distribution  in  the  data, 
a  limiting  curve  should  appear  on  the  plot  parallel  to  the  mean 
curve  and  displaced  0.98  magnitudes  toward  the  side  of  increasing 
m.  Any  points  falling  to  the  right  of  this  limit  require  explanation, 
for  they  indicate  that  the  nebulosity  is  too  bright  or  the  stars  too 
faint  for  a  strict  agreement  with  the  theory  that  diffuse  nebulosity 
re-emits  exactly  the  light  it  receives  from  associated  stars.  Such 
a  limiting  curve  has  been  sketched  as  a  broken  line  on  the  plot 
in  Figure  2,  and  several  points  do  fall  beyond.  The  general  evi- 
dence is  very  strong  against  the  nebulosity  being  too  bright, 
i.e.,  that  it  emits  more  light  than  it  intercepts  from  the  star, 
and  such  an  explanation  should  be  appealed  to  only  as  a  last 
resource. 

The  most  probable  solution  appears  to  be  the  diminution  of  the 
stars'  apparent  brightness  by  nebulosity  intervening  between  them 
and  the  earth.  This  is  a  well-known  phenomenon  among  stars 
involved  in  nebulosity  and  makes  itself  felt  in  the  abnormally 
large  color  indices  which  such  stars  as  a  general  rule  possess.  The 
color  excess,  measured  color  index  minus  that  normal  to  the  spectral 
type  of  the  star  observed,  is  probably  due  to  scattering  of  starlight 
by  intervening  nebulosity.  If  scattering  is  responsible  for  the 
color  excess,  then  the  true  photographic  magnitude  of  the  star, 
as  seen  free  from  its  screen  of  nebulosity,  would  be  brighter  than 
the  observed  value  by  about  twice  the  color  excess. 

The  nebulosity  responsible  for  the  observed  scattering  is  obvi- 
ously between  the  star  and  the  earth.  If  the  path  from  star  to 
point  of  nebulosity  measured  for  a  were  reasonably  free  from  inter- 
vening nebulosity,  such  a  correction  should  certainly  be  applied  to 
the  observed  m.  If,  on  the  other  hand,  the  nebulosity  responsible 
for  the  scattering  is  distributed  symmetrically  about  the  stars, 
then  the  observed  m  is  just  that  which  is  effective  in  illuminating 
the  exterior  points  of  nebulosity  which  were  measured. 

An  examination  of  the  points  falling  beyond  the  limiting  curve 
indicates  that  as  a  rule  they  are  measured  from  stars  with  large 
color  excesses,  and  that  a  correction  figured  on  this  basis  will  throw 
them  on  the  safe  side  of  the  curve.  The  stars  from  which  these 
13  points  were  measured,  with  D  their  distance  in  magnitudes 
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beyond  the  limiting  curve  and  CE  their  measured  color  excesses, 
are  listed  below: 


Star 

D 

CE 

a  Scorpii 

O.IO 

O.IS 
I  OS 
1.20 

O.IO 

0.20 

O.IS 
0.6s 
0.0s 
0.30 

O.IO 

0.70 

2.05 

0.48 
0.50 
0.97 
I  00 

p  Ophiuchi 

B.D.  +46''u74 

B.D.  +01177 

B.D.  -^lou 

0  22 

B.D.  -61417 

0.55 
0.50 

0.30 
0.88 
0  80 

B.D.  —2312906 

N.G.C.  1333 

N.G.C.  2245 

I.e.  446 

N.G.C.  1624 

N.G.C.  2185 

Cometary  Nebula 

Color  excesses  are  not  available  for  the  last  three  objects. 
N.G.C.  1624  is  a  small  group  of  Oe5  stars  involved  in  emission 
nebulosity.  The  combined  magnitude  is  from  estimated  individual 
magnitudes  and  may  be  a  few  tenths  in  error.  The  stars  in  the  last 
two  nebulae  show  considerable  color  visually,  and  analogy  with  other 
objects  of  a  similar  nature  suggests  large  values  for  the  color  excess. 
The  cometary  nebula  is  an  uncatalogued  object  in  a  region  of  pro- 
nounced obscuration  at  a  =  6^3'",  5=  +i8°42'  (1920)  which  shows  a 
striking  similarity  to  the  variable  nebula  N.G.C.  2261.  It  is  being 
followed  for  variability,  but  thus  far  without  positive  results.  The 
color  excess  may  not  be  large  enough  to  account  for  the  large  D, 
but  a  small  amount  of  general  absorption  could  be  postulated  to 
make  up  the  balance. 

It  is  reasonable  to  suppose  that  in  these  13  cases,  the  nebulosity 
responsible  for  the  color  excess  is  for  the  most  part  between  the 
star  and  the  observer,  and  that  relatively  little  is  between  the  star 
and  point  of  nebulosity  measured  for  a.  An  idea  of  how  general 
is  this  dissymmetry  of  distribution  about  the  stars  of  nebulosity 
responsible  for  the  scattering  can  be  derived  from  a  study  of  rela- 
tions between  the  residuals  in  Figure  2  and  the  color  excesses. 
Measures  of  this  last  quantity  are  available  for  63  points.  There 
is  no  systematic  difference  in  distribution  between  these  and  the 
points  for  which  color  excesses  have  not  been  measured.     The 
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residuals  may  therefore  be  taken  directly  from  Figure  2.  A  least- 
squares  solution  of  the  observational  equations  x-\-y  C£  =  Residual 
in  m,  gives 

/?±o. 08  =  0. 9oC£— 0.32  (12) 

If  the  scattering  nebulosity  were  always  symmetrically  dis- 
tributed about  the  stars,  the  coefficient  of  CE  should  be  zero; 
if  it  were  always  between  the  star  and  observer  and  never  between 
star  and  points  measured  for  a,  the  coefficient  should  be  approxi- 
mately 2.  An  excess  in  scattering  nebulosity  between  stars  and 
points  measured  for  a,  over  that  between  star  and  observer,  would 
reduce  the  measured  a  and  this  effect  could  not  be  distinguished  from 
that  due  to  inclinations  of  the  directions  from  star  to  measured  points. 
The  observed  value  of  the  coefficient  of  CE,  namely  0.90,  seems  to  indi- 
cate that  the  scattering  nebulosity  is  distributed,  not  symmetrically, 
but  rather  at  random  about  the  stars.  Corrections  computed  from 
equation  (12)  would  provide  only  for  the  scattering  nebulosity 
between  star  and  observer  in  excess  of  that  symmetrically  dis- 
tributed. It  would  reduce  the  constant  in  equation  (8)  by  the 
quantity  0.32  and  the  resulting  value,  10.70,  would  be  in  excellent 
agreement  with  that  expected  from  theory,  namely  10.63.  Similar 
nebulosity  not  in  the  line  of  sight  would  reduce  the  true  values  of  a, 
and  a  correction  would  in  the  mean  tend  to  compensate  the  correc- 
tion suggested  by  equation  (12).  The  scattering  eflfect  probably 
will  not  seriously  affect  the  mean  values  in  Figure  2,  although  it 
offers  a  ready  explanation  for  individual  residuals. 

A  supplementary  table  of  data  was  constructed  from  a  homo- 
geneous series  of  exposures  made  for  the  purpose  of  determining 
surface  brightness  of  nebulosity  from  minimum  exposure  times 
necessary  to  show  the  nebulosity.  The  number  of  objects  was 
small,  but  the  results  agree  satisfactorily  with  those  from  Table  I. 
The  summation  of  m-f- 5  log  a  —  2.5  log  £  is  6.50=^=0.18,  in  good  agree- 
ment with  the  theoretical  value  of  6.18=1=0.30.  The  curve  adjusted 
for  the  slope  corresponding  to  the  inverse-square  law  of  luminosity 
is  w+ 5  log  fli  =  10.95 ^ o- 18.  The  correlation  curve  is  w-l-4.38  log  a^, 
=  10. 54  ±0.20;  but  the  points  are  not  well  distributed  for  a  good 
determination  of  the  slope,  and  the  small  value  of  the  coefficient 
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of  log  di  cannot  seriously  affect  the  general  conclusions.     The  plot 
of  log  ai  against  m  is  shown  in  Figure  3. 

The  data  in  Table  II  are  entirely  independent  of  those  in  Table  I 
except  the  values  for  m.  Different  points  were  measured  for  a, 
and  the  exposure  times  average  about  one-sixth  of  those  in  Table  I. 
The  range  in  E  for  the  two  tables  is  especially  significant,  running 
in  the  first  from  40  minutes  to  over  10  hours  and  in  the  second 

TABLE  II 


Object 


N.G.C.  1333 
Merope  a.  .  . 
Merope  b.  .  . 
I.e.  348.... 

359-  ■  •■ 
N.G.C. 1788 
I.e.  2118.  .  . 
N.G.C.  2023 
I.e.  43S  .  .  . . 
N.G.C.  2068 
2071 

Orion 

N.G.C.  2245 

2247 

I.e.  4592.  .  . 

4603  .  .  . 

4604 .  .  . 

4605 .  .  . 
N.G.C.  6726 

6727 

6729 

N.G.C.  7023 

7129 


m 

CE 

Spec. 
Star 

E 

a 

Log£ 

Logo 

Log  a. 

min. 

10.9 

0.30 

B9P 

30 

o'.is 

0.477 

-0.824 

—0.174 

4.0 

0.00 

B5 

1 .0 

1.67 

0.000 

0.222 

I  .III 

4.0 

0.00 

Bs 

0.2s 

0.40 

—0.602 

-0.398 

0.792 

9.0 

0.80 

B6-B9 

4.0 

0.32 

0.602 

-0.49s 

0.093 

13-5 

0.00 

K8d 

50 

0.17 

1.699 

-0.778 

-0.738 

10.2 

0.22 

B8 

1 .0 

0.17 

0.000 

-0.778 

0.112 

0.2 

0.00 

B8p 

30 

135 

1.597 

2.130 

2.220 

7-9 

0.30 

B2 

0.33 

0-33 

-0.477 

-0.477 

0.651 

8.2 

0.20 

B3 

30 

0.40 

0.477 

-0.398 

0.252 

10.8 

1 .00 

B5 

0.50 

0.40 

—0.301 

-0.398 

0.641 

10.8 

0.80 

S^ 

1 .0 

0.30 

0.000 

-0.523 

0.376 

1-4 

0.00 

Bo 

30 

210 

1-597 

2.322 

2  .412 

II  .2 

0.88 

Bip 

0.25 

0.17 

—0.602 

-0.778 

0.412 

9.2 

0.68 

B2P 

0.13 

0.083 

-0.875 

-1.079 

0.247 

3-9 

B2 

40 

45 

1 .722 

1-653 

1. 681 

8.4 

0.85 

B2 

30 

10 

1-597 

1 .000 

1 .090 

51 

0.50 

B2-B3 

20 

25 

1. 421 

1-398 

1-577 

4-7 

0.12 

B2 

10 

4-5 

1 .  120 

0-653 

O-982 

7-2 

O.IO 

B9 

0.33 

0.13 

-0.477 

-0-875 

0-252 

91 

0.80 

B9 

0.60 

0.13 

—0.222 

-0-875 

0.125 

10. 0 

0.50 

Gp 

0.25 

0. 10 

—0.602 

—  1 . 000 

0.190 

7-4 

0.55 

B2P 

0.17 

0.20 

-0.778 

—0.699 

0.569 

10-5 

0.60 

B3 

0.33 

0.072 

-0.477 

—  1 .176 

—0.048 

Instru- 
ment 


60-inch 

60-inch 

60-inch 

60-inch 

100-inch 

60-inch 

lo-inch 

60-inch 

60-inch 

60-inch 

60-inch 

lo-inch 

60-inch 

100-inch 

lo-inch 

lo-inch 

lo-inch 

lo-inch 

loo-inch 

100-inch 

loo-inch 

60-inch 

60-inch 


The  actual  E  is  given  for  lo-inch  plates,  but  0.12  has  been  added  to  the  value  of  log  E  to  reduce  to 
the  Newtonian  reflector  system. 

Merope  a  refers  to  the  well-known  wispy  nebulosity,  while  b  refers  to  the  small  bright  cometary 
nebulosity  about  30"  south  of  the  star. 

I-C.  359.     The  catalogue  designation  is  uncertain.     The  position  is  given  in  the  notes  to  Table  I. 

Orion  refers  to  the  brightest  portion  of  the  great  e.xterior  loop  at  about  a  =  5''45™5,  6= -fi°  (1920). 


from  7  seconds  to  50  minutes.  Individual  comparisons  of  log  dj, 
have  no  meaning,  for  inclinations  of  the  directions  from  star  to  meas- 
ured points  cannot  be  determined  independently.  The  systematic 
difference  in  log  dj,  is  0.015,  or  about  3^  per  cent,  which  is  satisfac- 
torily small  and  indicates  that  the  distribution  of  directions  and  of 
scattering  nebulosity  is  comparable  in  the  two  systems  of  data. 

The  general  conclusion  from  this  investigation  is  that,  within  the 
errors  of  observation,  the  data  can  be  represented  on  the  hypothesis 
that  diffuse  nebulae  derive  their  luminosity  from  involved  or  neigh- 
boring stars,  and  that  they  re-emit  at  each  point  exactly  the  amount 
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of  light  radiation  which  they  receive  from  the  stars.  Where  stars 
of  sufficient  brightness  are  lacking  in  the  neighborhood,  or,  if  present, 
are  not  properly  situated  to  illuminate  the  nebula  as  seen  from  the 
earth,  the  clouds  of  material  present  themselves  as  dark  luminosity. 


log  a, 

2-5 

• 

2.0 

\ 

1-5 

^ 

I 

\ 

. 

^■b 

• 

•    -X^ 

\, 

•.\ 

\ 

0-5 

■\ 

m 


10 


12 


Fig.  3. — Photographic  magnitudes  of  stars  associated  with  diffuse  nebulae 
(abscissae),  plotted  against  the  logarithm  of  the  greatest  angular  extent  of  nebulosity 
from  these  stars  (ordinates) .  The  data  are  from  Table  II,  derived  from  minimum 
exposures  necessary  just  to  register  the  brightest  portions  of  the  nebulae.  Log  a  has 
been  reduced  to  log  ai  corresponding  to  a  uniform  e.xposure  of  one  hour  on  Seed  30 
plates  with  a  reflector  of  focal  ratio  i  to  5.  The  straight  line  represents  the  equation 
OT+5  log  01  =  10.95. 

Eighteen  of  the  objects  listed  in  Table  I  show  spectra  which  are 
predominantly  emission.  The  points  corresponding  to  these  objects 
are  mingled  among  the  others  in  a  thoroughly  homogeneous  manner 
and  show  no  systematic  characteristics  whatsoever.  Such  a  result 
was  unexpected.  The  associated  stars  in  these  cases,  with  the 
exception  of  the  Ob  star  B.D.+37°382i  in  N.G.C.  6888,  are  of  the 
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usual  Oe5  and  Bo  types,^  hence  the  nebular  luminosity  cannot  be 
a  phenomenon  of  simple  reflection,  but  must  result  from  some  process 
of  absorption  and  re-emission  of  stellar  radiation.  The  data 
indicate  that  within  the  spectral  limits  to  which  Seed  30  plates 
are  sensitive  the  continuous  radiations  from  the  stars  are  absorbed 
by  the  nebulosity  and  completely  re-emitted  as  discontinuous  radia- 
tions within  the  same  range  of  wave-lengths.  This  may  be  a  mere 
coincidence,  but  the  idea  is  suggestive  and  should  be  investigated 
in  detail.^ 

The  fact  that  the  emission  nebulae  do  not  shine  by  simple 
reflected  starlight  raises  a  question  as  to  the  process  of  illumination 
in  the  nebulae  which  show  continuous  or  absorption  spectra.  The 
evidence  given  by  V.  M.  Slipher  as  to  the  agreement  between  spectra 
of  nebulae  and  of  associated  stars  in  the  cases  of  Merope  and  Maia, 
p  Ophiuchi,  N.G.C.  2068,  and  N.G.C.  7023,  is  in  favor  of  the 
reflection  theory. 

Analogy  with  emission  nebulae,  however,  suggests  the  possi- 
1  bility  that  the  process  may  be  one  of  absorption  and  re-emission. 
This  view  is  supported  by  the  manner  in  which  emission  nebulae 
with  no  perceptible  continuous  spectrum  merge  smoothly  into  "con- 
tinuous" with  no  emission  as  the  spectral  types  of  the  dominating 
'  stars  pass  from  Oe5  to  the  middle  B's.  It  is  extremely  difficult, 
in  the  reflection  theory,  to  account  for  the  absence  of  strong  con- 
tinuous spectrum  from  purely  emission  nebulae.  One  must  suppose 
that  the  physical  state  of  this  type  of  nebulosity  is  quite  different 
from  that  of  "continuous"  nebulosity,  being  such  that  reflection  is 
not  possible.  Further,  it  would  lead  to  the  logical  conclusion  that  the 
physical  state  of  nebulosity  depends  upon  and  is  determined  by  the 
spectral  type  of  the  associated  stars.  Such  a  relation  is  not  impos- 
sible, for  the  intensity  of  stellar  radiation,  closely  associated  with 
spectral  type,  must  play  a  large  role  in  determining  the  distribution 
of  nebulous  particles  of  various  sizes,  and  thus  indirectly  bear  upon 
the  distribution  of  spectral  characteristics  throughout  a  given 
nebula.     It  seems  impossible  at  present  to  strike  a  balance  between 

1 7  Cassiopeiae  and  B.D.  —  io°i848  in  I.C.  59,  63,  and  I.C.  2177  respectively  show- 
weak  hydrogen  emission  lines. 

'  Plots  similar  to  Fig.  2  were  constructed  for  each  of  the  various  stellar  spectral 
types  in  Table  I;   no  systematic  differences  were  found  to  exist. 
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the  two  views  concerning  the  mechanism  of  illumination,  but  it  is 
worth  mentioning  that  the  analogy  of  emission  nebulae  is  quite  as 
strong  an  argument  against,  as  the  agreement  of  spectra  is  in  favor 
of,  the  theory  of  pure  reflection. 

Another  striking  characteristic  of  Figure  2  is  the  relatively  small 
spread  in  the  points  and  especially  the  complete  absence  of  points 
falling  far  below  the  mean  curve.  The  average  deviation  is  about 
0.8  in  w  or  0.16  in  log  a^.  The  greatest  single  deviation  to  the  left 
is  2.6  magnitudes  or  0.53  in  log  a,,.  A  simple  inspection  of  photo- 
graphs shows  at  once  that  nebulosity  as  a  rule  is  not  symmetrically 
distributed  about  stars.  Nevertheless  Figure  2  indicates  that  as  a 
rule  nebulosity  is  found  at  the  extreme  limits  to  which  a  star  will 
illuminate  it  sufficiently  to  be  photographed  with  exposures  of 
several  hours  duration.  The  explanation  is  probably  to  be  found 
in  relations  between  pressure  and  illumination  effects  of  the  stellar 
radiations  on  nebulous  material  of  the  sizes  responsible  for  the 
nebular  luminosity. 

Several  of  the  objects  in  Table  I  are  of  considerable  interest 
individually.  7  Cygni  for  instance  is  a  pseudo-Cepheid  with  a  spec- 
tral type  F8p.  The  radiative  symmetry  of  the  several  neighboring 
patches  of  nebulosity  raises  a  strong  presumption  that  they  are 
associated  with  the  star,  and  this  is  supported  by  the  positions  of  the 
corresponding  points  in  Figure  2.  The  same  can  be  said  concerning 
a  Cygni  and  the  North  America  nebula,  N.G.C.  7000,  as  well  as 
/3  Orionis  and  the  nebula  I.C.  2 118  with  its  long  extension  into 
Eridanus.  N.G.C.  1514  is  really  a  giant  planetary,  conspicuous 
for  the  exceptionally  bright  central  star. 

One  well-known  galactic  diffuse  nebula  is  a  conspicuous  excep- 
tion. The  only  object  investigated  for  which  no  obviously  dominat- 
ing star  could  be  located  and  for  which  no  pronounced  obscuration 
was  conveniently  situated  to  hide  such  a  star,  is  the  great  loop  in 
Cygnus  of  which  N.G.C.  6960  and  6992  are  brighter  portions. 
These  portions  give  emission  spectra  as  could  be  expected  from  their 
filamentary  structure.  They  are  opposite  one  another  at  the  ends 
of  the  longer  diameter  of  the  loop.  Barnard's  photograph  repro- 
duced on  Plate  80  of  the  Lick  Publications,  Volume  XI,  shows  the 
configuration.     The  major  axis  is  roughly  2? 5.     One  would  expect 
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to  find  a  star  of  spectral  type  Bo  or  earlier  approximately  central, 
and  hence  about  a  degree  and  a  quarter  from  the  outer  edges  of  the 
nebula.  From  Figure  2,  the  apparent  photographic  magnitude 
should  be  around  2.0,  with  a  probable  error  of  less  than  a  magni- 
tude. In  the  immediate  vicinity  no  early-type  stars  can  be  found 
as  bright  as  9.0,  the  limit  to  which  the  search  was  pushed.  The 
evidence  from  the  other  diffuse  nebulae  is  too  strong  to  admit 
the  Cygnus  loop  as  a  real  exception,  shining  by  its  own  intrinsic 
luminosity,  and  explanation  must  be  sought  wherever  possible. 
The  obvious  assumption  is  that  there  is  a  small  cloud  of  dark  nebu- 
losity immediately  in  front  of  a  central  star,  sufficiently  opaque 
to  dim  the  star  by  several  magnitudes  but  inconspicuous  on  small- 
scale  photographs. 

Photographs  of  the  central  region  made  with  the  100-inch 
reflector  show  no  certain  traces  of  such  dark  areas,  and  general 
obscuration  cannot  be  present  for  at  least  one  spiral  nebula  is 
shown  on  the  plates.  There  is  considerable  filamentous  nebulosity 
in  this  region,  of  much  the  same  structural  characteristics  as  the 
bordering  patches  of  nebulosity  known  as  N.G.C.  6960  and  6992. 
This  suggests  that  the  nebula  as  a  whole  may  be  an  ellipsoidal  shell 
rather  than  a  simple  loop.  B.D.  +3o°4i99,  the  brightest  star 
within  the  loop,  which  is  not  far  from  the  center,  has  enough  nebu- 
losity immediately  around  it  to  be  called  a  nebulous  star.  Its  visual 
magnitude  is  given  in  the  B.D.  as  7.0,  and  its  spectrum  is  of 
highly  enhanced  type  similar  to  that  of  a  Cygni.  It  is  just  possible 
that  this  star,  dimmed  several  magnitudes  by  general  absorption 
of  intervening  nebulosity,  is  the  source  of  illumination  of  the  loop. 
This  would  be  analogous  to  the  association  of  a  Cygni  itself  and  the 
similar  star  B.D.  —  22°45io  with  emission  nebulosity. 

Another  point  worth  mentioning  is  that,  using  the  observed 
magnitude  for  B.D.  -f  30^4 199,  the  relation  between  m  and  a  for  the 
loop  would  be  of  the  same  order  as  those  for  the  Crab  nebula 
(N.G.C.  1952),  the  Dumbbell  nebula  (N.G.C.  6853),  and  the  HeHcal 
nebula  in  Aquarius  (N.G.C.  7293).  These  objects  appear  to  form 
a  separate  group,  and  speculation  concerning  their  exceptional 
nature  may  well  be  deferred  until  the  luminosity  of  planetaries  has 
been  investigated  in  a  quantitative  manner. 
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An  interesting  application  of  the  conclusions  arrived  at  in  this 
paper  can  be  made  in  the  case  of  the  spiral  M  t,2)-  The  bright  knot 
in  the  spiral  known  as  N.G.C.  604  has  an  emission  spectrum  of  the 
galactic  diffuse  nebular  type.  That  is  to  say,  hydrogen  is  so  strong 
as  compared  to  nebulium  that  H/3  is  of  about  the  same  intensity  as 
Nj.  This  is  a  general  rule  among  diffuse  emission  nebulae,  but  is 
exceptional  among  the  planetaries.  Three  of  four  stars  involved 
in  N.G.C.  604  strengthen  the  analogy  with  galactic  diffuse  nebulae. 
If  we  assume  the  same  conditions  to  hold  in  N.G.C.  604  as  in  the 
galactic  nebulae,  these  stars  must  be  considered  as  probably  Bo  or 
Oe5,  and  Kapteyn's  value  of  —  2.5  for  the  mean  absolute  magnitude 
of  Bo  stars  can  be  used  with  some  degree  of  justification  to  esti- 
mate the  parallax.  The  apparent  magnitudes  of  these  stars  have 
not  been  measured,  but  a  casual  inspection  of  plates  made  with  vari- 
ous instruments  and  exposures  suggests  that  the  order  of  magnitude 
of  the  brightest  is  about  15.  An  exposure  of  two  hours  shows  nebu- 
losity extending  to  about  10"  from  the  brightest  star,  so  the  corre- 
sponding point  in  Figure  2  would  fall  very  close  to  the  mean  curve, 
and  the  analogy  with  galactic  nebulae  is  still  further  strengthened. 
Since  the  brightest  star  alone  is  used,  Kapteyn's  value  for  the  mean 
absolute  magnitude  can  scarcely  be  considered  too  bright.  The 
resulting  modulus,  m  —  M,  of  17.5  corresponds  to  a  parallax  of 
o'' 00003  2  or  ^  distance  of  about  30,000  parsecs.  If  absorption 
were  present,  dimming  the  apparent  brightness  of  the  star,  the 
distance  would  be  correspondingly  decreased.  Measures  of  the 
color  index  would  probably  determine  this  point. 

The  general  equations  (11)  expressing  the  relations  between 
m,  a,  and  E  can  be  transformed  into  corresponding  relations  between 
M,  the  absolute  magnitude  (photographic  in  this  case)  and  /, 
the  greatest  linear  distance  in  parsecs  to  which  luminous  nebulosity 
extends,  by  means  of 

W=M— 5— 5  log  TT 

0  =  3438  tt/ 

The  expression  for   a   is   approximate,    the   exact  relation   being 
1  =  2 It  sin  a/2,  but  the  difference  within  the  range  covered  by  a  is 
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practically  negligible.  Substituting  into  the  limiting  general  equa- 
tion (ii), 

If+s  log /=  2. 5  log  £-5. 52  (12) 

It  follows  that  for  exposures  of  about  160  minutes  on  Seed  30  plates 
with  reflectors  of  focal  ratios  i  to  5,  representing  therefore  a  limiting 
surface  brightness  of  18.8  +  2.5  log  160  =  24.32  magnitudes  per  square 
second  of  arc,  the  simple  relation  holds, 

lf+slog/=c  •  (13) 

This  will  represent  average  conditions  of  direct  nebular  photog- 
raphy. A  short  table  of  corresponding  values  will  emphasize  the 
enormous  distances  involved. 


Parsecs 

Light  Years 

ForM=—  5 

1= 

10 

or 

32 

-  2.5 

3-2 

10 

0 

I  .0 

3 

+    2.S 

0.31 

I 

5 

O.I 

0.3 

10 

O.OI 

0.03 

The  sun,  with  a  photographic  absolute  magnitude  around  5.65, 
would  be  capable  of  illuminating  a  surface  to  a  brightness  of  24.32 
magnitudes  per  square  second  of  arc  at  a  distance  of  0.074  parsecs  = 
0.24  light  years  =  1.5  X 10''  astronomical  units,  or  470  times  the  mean 
distance  of  Neptune. 

The  greatest  value  of  I  encountered  among  the  nebulae  is  for 
the  nebulosity  preceding  Rigel.  The  absolute  photographic  mag- 
nitude of  the  star  is  about  —5.58.^  An  exposure  of  ten  hours 
with  a  1.5-inch  Tessar  Ic  lens  of  focal  ratio  i  to  4.5  corresponds 
roughly  to  an  exposure  of  thirteen  hours  with  the  reflectors,  and 
from  equation  (13)  the  value  of  I  should  be  about  29  parsecs  or 
93  Hght  years.  On  the  plate,  nebulosity  can  be  traced  south  pre- 
ceding Rigel  to  a  distance  of  nearly  i2?5.  Using  Kapteyn's  value 
of  o''oo69  for  the  parallax  of  Rigel,  this  corresponds  to  a  distance  of 
nearly  31  parsecs  or  a  hundred  light  years. 

'  Kapteyn's  value  of  —5.5  for  the  visual  absolute  magnitude  is  corrected  for  the 
normal  color  index  of  a  B8  star. 
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II.      PLANETARIES 

The  fidelity  with  which  the  luminosity  of  diffuse  nebulae 
having  emission  spectra  obeys  the  laws  derived  from  data  obtained 
mainly  from  nebulae  with  continuous  spectra,  suggests  the  possi- 
bility of  applying  the  methods  developed  in  the  preceding  discus- 
sion to  an  investigation  of  luminosity  relations  in  the  planetaries. 
Spectra  of  the  nuclei  or  central  stars  of  these  objects  are  predomi- 
nantly continuous.  Emission  bands  are  frequently  present,  but, 
except  for  three  or  four  objects,  the  energy  in  these  bands  is  a  negli- 
gible fraction  of  the  energy  in  the  complete  spectnmi.  The  law 
is  definitely  established  that  the  spectra  of  nucleus  and  of  nebulosity 
are  dissimilar.  In  these  respects  the  spectral  relations  between 
nebulosity  and  central  stars  are  analogous  to  those  in  the  case  of  the 
diffuse  nebulae  having  emission  spectra. 

In  other  respects,  however,  the  analogy  fails  to  hold.  The 
emission  lines  Ni  and  N^  are  as  a  rule  much  stronger  in  the  plane- 
taries than  in  the  diffuse  nebulae.  Since  they  are  situated  very 
near  the  red  limit  of  sensitivity  of  Seed  30  plates,  the  tendency  is 
to  destroy  the  similarity  of  intensity  distribution  between  stellar 
and  nebular  spectra  which  appears  to  hold  for  diffuse  emission 
nebulae  and  which  permits  these  objects  to  obey  the  same  luminosity 
laws  as  diffuse  nebulae  with  continuous  spectra.  Moreover,  the 
extraordinary  intensity  in  the  ultra-violet  region  of  the  spectra 
of  planetary  nuclei  introduces  a  new  element  into  the  luminosity 
relations  which  may  differentiate  them  from  those  found  among 
diffuse  nebulae. 

Difficulties  are  to  be  expected  in  an  investigation  of  luminosity 
relations  between  stars  with  predominantly  continuous  spectra  and 
nebulosity  with  complicated  emission  spectra,  and,  in  the  absence 
of  definite  theories  of  the  mechanism  of  nebular  illumination,  the 
results  will  be  in  the  nature  of  general  tendencies  rather  than  pre- 
cise laws.  Provisional  results,  however,  should  at  least  indicate 
some  of  the  special  features  to  be  considered  in  a  later  and  more 
thorough  investigation. 

Curtis'*  descriptive  catalogue  of  planetaries  visible  in  the  north- 
em  skies  furnishes  fairly  homogeneous  data  for  78  objects.     For 

'  Lick  Observatory  Publications,  13,  Part  III,  1918. 
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each  nebula  he  gives  an  illustration,  an  estimate  of  the  photo- 
graphic magnitude  of  the  central  star,  the  measured  dimensions 
of  the  nebulosity,  and  estimates  of  its  brightness  expressed  by 
the  relative  exposure  necessary  to  register  the  brightest  nebular 
feature  on  Seed  27  plates  at  the  primary  focus  of  the  Crossley 
reflector. 

In  Table  III  are  collected  the  data  for  the  56  objects  in  Curtis' 
catalogue  which  have  more  or  less  conspicuous  central  stars.  The 
first  column  gives  the  designation ;  the  second,  the  estimated 
magnitude  m  of  the  central  star;  the  third,  the  angular  dis- 
tance, A,  in  seconds  of  arc  measured  from  the  central  star  to 
the  brightest  details  of  the  nebulosity,  which,  as  well  as  could 
be  determined,  are  those  details  for  which  the  relative  exposure 
times  are  given  by  Curtis;  the  fourth,  the  relative  exposures,  e; 
the  fifth  and  sixth  columns,  the  logarithms  of  A  and  e,  respec- 
tively; the  seventh,  the  quantity  log  A^,  the  significance  of  which 
will  be  explained  later.  The  values  of  m  and  e  are  those  given 
by  Curtis.  When  A  is  given  by  Curtis,  his  value  is  listed  in 
Table  III;  otherwise  it  is  estimated  from  the  illustrations  accom- 
panying the  catalogue. 

An  inspection  of  the  table  indicates  no  trace  of  correlation 
between  m  and  log  A ,  but  considerable,  though  vague,  evidence  of 
a  relation  between  m  and  log  e.  The  most  conspicuous  feature, 
however,  is  a  rather  definite  relation  between  m  and  a  combination 
of  log  A  and  log  e,  in  the  sense  that  bright  central  stars  are  usually 
associated  either  with  bright  and  small  or  with  faint  and  very  large 
nebulae.  Furthermore,  a  study  of  the  illustrations  establishes  the 
fact  that,  where  multiple  rings  are  present  in  a  nebula,  the  order 
of  brightness  is  usually  inversely  that  of  the  radii  or  distances  from 
the  central  star,  and  that,  in  the  structureless  disks,  there  is  a 
tendency  for  the  brightness  to  diminish  outward  from  the  central 
star.  These  facts,  together  with  the  conclusions  derived  from  the 
discussion  of  diffuse  nebulae,  suggest  a  reduction  of  log  A  to  log  Aj, 
corresponding  to  a  uniform  relative  exposure,  on  the  assumption 
that  the  central  stars  are  the  sources  of  luminosity  and  that,  for  a 
homogeneous  distribution  of  nebulosity,  the  inverse-square  law  is 
rigorously  obeyed. 


TEE  SOURCE  OF  LUMINOSITY  IN  GALACTIC  NEBULAE    425 

TABLE  III 
Planetary  Nebulae 


Object 


\og  A 


log  e 


logi4. 


N.G.C.      40.  . 

246.  . 

650,  I 
I.e.         1747- ■ 

351-  • 
N.G.C.  1501 .  . 

1514-  • 

1535-  ■ 

J  320.  . 

I.e.  418.. 

N.G.C.  1952.. 

Bt^      2023. . 

I.e.     2149. . 

N.G.C.  2371,  2 
2392. . 
2438. . 
2452. • 
2610.  . 
3242  . . 
3587.. 
4361-  ■ 

I.e.     3568.. 

N.G.C.  6058.  . 
I.e.  4593- • 
N.G.C.  6210.  . 

6309. . 

6369 . . 

6439- • 

6445- • 

6543 •  • 

6563 .  . 

6572.  . 

6567.. 

6578.  . 

6620. . 

6629.  . 

6720. . 

6751. . 

6772.  . 

6778.. 

6781. . 

6803.. 

6804. . 

6818.  . 

6826. . 

6853.. 
6891.  . 
6894.  . 
6905 . . 


10 

9-5 
16 

14 
14 
12 
8.8 
10 
12 

9 

IS-2 

13 
12 
12 

9 
16 

19 

15 

9 

12 
10 
II 
12 
10 
II 

13 
16 

18 

19 

9.2 
18 

9 
14 
15 
15 
13 
13 
12 
18 
14 
14 
13 
12 

14 
9 
12 
10 
16 
13 


17" 
100 
40 

6 

4 
24 
60 
10 

3-5 

7 
50 
II 

3 
17 

9 
30 

8 
18 

13 

100 

20 

5 
10 

5 

4 

5 
14 

2 
18 

8 
18 

3 

3 

4 

2-5 
7 

30 
10 

26 

9 
50 

2.7 
20 
10 
II 
90 

3-5 
22 
18 


4 

100 

20 

IS 
2 

25 
80 

2 

0.8 

0.2 
60 

5 

0-3 
15 

5 
SO 
20 
60 

3 
100 

30 
0.2 

30 

2 

03 

4 
70 

8 
20 

o.  2 
60 

O.  I 

0.6 

8 

4 
10 

6 

20 

250 

15 

80 

03 

2S 

0.7 

I 
20 

2 
70 
20 


I  23 
2.00 
I  .60 
0.78 
0.60 


38 

78 
00 

54 
85 
70 

04 
48 

23 
9S 
1.48 
0.90 
1 .  26 
I .  II 
2  .00 
I  30 


1 .00 

o. 

o. 

o 

I 


70 

.60 

70 

15 
0.30 

1 .  26 

0.90 

I 

o 

o 

o 

o 

o 

I 

I 

I 

o 


26 

48 

48 

60 
40 

85 
48 

00 

41 

95 
1.70 

0.43 
1.30 
1 .00 
1 .04 

1-95 
0.54 
1-34 
1 .  26 


60 

CX3 

30 
18 

30 
,40 
90 

30 
.  10 

70 
.78 
.70 

•52 
.18 
.70 
■70 

■30 
.78 
0.48 
2.00 
1.48 

-o.  70 

1.48 
0.30 

-o 

o 

I 

o 

I 
-o 


52 
60 

85 

90 
30 
.70 


1.78 

1 .00 

22 


90 
60 
00 
78 
1.30 
2.40 
I. 18 
I  .90 
-0.52 
I  .40 

-0.15 
0.00 
1.30 
0.30 

i.8s 
1.30 


093 
1. 00 

0-9S 

0.  19 

0.45 
0.68 
0.83 
0.85 

0.59 

1 .  20 
0.81 
0.69 
0.74 

64 
60 

63 

2S 

37 
0.87 
1 .00 
0.56 
I  05 
0.26 

0-55 
86 
40 
23 
IS 
61 

25 
0.37 
0.98 

OS9 

015 
o.  10 

0.35 
1 .09 

0-3S 
0.21 
0.36 

0-75 
0.69 
0.60 
1 .07 
1.04 
1.30 

0-39 
0.42 
0.61 


o 
o 
o 
—  o 
o 
I 
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TABLE  III— Continued 


Object 

N.G.C.  7008.. 
7009. . . 
7026.  . 

7139-  • 
7293-  • 

7354-  • 
7662.  . 


m 

A 

e 

log  A 

log  e 

12 

40 

20 

1.60 

1.30 

II 

12 

0.2 

1.08 

—  0.70 

14 

3 

0.8 

0.48 

—  O.IO 

18 

35 

300 

1-54 

2.48 

II 

300 

150 

2.48 

2.18 

16 

8 

15 

0.90 

1. 18 

II-5 

8 

0.2 

0.90 

—  0.70 

log  A, 


0-9S 
1-43 

0-S3 
0.30 

1-39 
0.31 

1-25 


These  assumptions  lead  to  a  reduction  formula  analogous  to 
equation  (3).  Let  the  unifonn  relative  exposure  be  unity  and  let 
the  exponent  p  also  be  taken  as  unity.     Then 


log^,  =  log^-|  lege 


(14) 


Log  Ai  is  listed  in  the  seventh  column  of  Table  III. 

Figure  4  shows  the  plot  of  m  against  log  Ai  for  the  56  plane taries 
in  Table  III.  Some  degree  of  correlation  is  obvious,  but  the  coeffi- 
cient is  so  small  that  a  least-squares  solution  in  the  form  used  in 
the  investigation  of  diffuse  nebulae  does  not  give  satisfactory 
results.  Accordingly  the  data  were  treated  by  the  method  of  corre- 
lations.    The  two  regression  curves  are 


RC  of  m  on  log  Aj.  . 
RC  of  log  Aionm  . 


m+  4.63  log  ^1=16.03 
W+I3-35  log  ^1=21.84 


(15) 
(16) 


Coefficient  of  correlation  0.59 

0-^=2.80        o-iog^=o.356 


The  correlation  ratio  of  equation  (15)  is  0.61,  and  of  (16), 
0.64.  Attention  should  be  called  to  the  fact  that  the  regression 
curve  of  m  on  log  Ai,  determined  by  plotting  the  mean  m  for 
groups  of  log^i,  is  not  a  straight  line  but  a  rather  well-deffiied  curve 
convex  to  the  origin  of  co-ordinates  and  hyperbolic  in  form.  The 
correlation  ratio  is  computed  from  this  curve.  The  reason  for  such 
a  curve  is  to  be  found  in  the  distribution  of  errors,  especially  the 
systematic  errors  in  m  and  e,  which  will  be  discussed  later.     Equa- 
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tion  (15)  is  the  straight  line  which  best  fits  the  points  of  the  regres- 
sion curve.  The  regression  curve  of  log  ^i  on  w  is  a  straight  line. 
The  best  simple  expression  for  the  relation  between  m  and  log  Ai 
is  probably  the  curve  of  symmetry,  or  the  bisector  of  the  acute  angle 
between  the  lines  represented  by  equations  (15)  and  (16).     This 
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Fig.  4. — Plots  of  m,  the  photographic  magnitude  of  central  stars  in  planetary 
nebulae,  against  log  At,  where  Ai  is  the  angular  extent  of  nebulosity  from  the  central 
stars  reduced  to  a  uniform  exposure  time.  The  data  are  taken  from  Table  III.  The 
broken  lines  are  the  regression  curves. 

reduces  the  sum  of  the  perpendicular  distances  from  the  points  to 
the  line  to  a  minimum.     The  bisector  is 


w+(6.9i=*=o.6)  log  yli=i7.55=to.22 


(17) 


The  data  are  not  of  a  high  order  of  accuracy  but  the  mean  values 
should  be  significant.  The  distances  A  must  be  essentially  free 
from  serious  systematic  errors,  although  the  accidental  errors  are 
probably  large  as  compared  to  the  values  of  A,  especially  in  the 
many  very  small  nebulae. 
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The  relative  exposure,  e,  seems  to  be  fairly  reliable  for  large 
and  faint  nebulae,  but  is  probably  too  large  for  the  small  and  bright 
objects  as  compared  with  larger-scale  photographs  made  with  the 
6o-inch  and  loo-inch  reflectors.  This  may  be  due  to  the  known 
dependency  of  minimum  visibility  on  surface  area,  and  to  the 
difficulty  on  small-scale  photographs  of  distinguishing  the  star 
image  from  bright  nebulosity  in  its  immediate  neighborhood.  Such 
errors  would  be  especially  serious  in  the  case  of  stars  involved  in 
very  small  dense  nebulae. 

TABLE  IV 

Comparison  of  Mount  Wilson  Limiting  Exposure  Times  with 
Curtis'  Relative  Exposures 


Object 

E 

e 

R  =  ^ 

e 

a)  Large  and  Faint  Nebulae 

N.G.C.    246     

sec. 
600 
300 
600 

ISO 

120 
480 
900 

TOO 

80 
100 
20 
20 
70 
150 

6.00 

I  CI4. 

3-75 

2c87 

6.00 

644  ^ 

7-5° 

68=;^     

6.00 

6804.         

6.86 

720^ 

6.00 

Mean       

6.02±0.28 

b)  Small  and  Bright  Nebulae 

N.G.C.  3242 

sec. 

I 

4 
6 

1-5 
0.4 
10 
0.8 
0.8 

0.3 
2.0 
2.0 

0.3 
0. 1 
6 

0.2 
0.2 

3-33 

I.e.  ^=;68 

2.00 

AZQ-Z 

3.00 

N.G.C.  6210 

5.00 

6t:72 

4.00 

6720     

1.67 

7000 

4.00 

7662 

4.00 

Mean 

3.38^0.33 

Minimum  exposures  in  seconds  of  time  required  just  to  register 
the  brightest  details  of  nebulosity  on  Seed  30  plates  at  the  primary 
focus  of  the  60-inch  reflector  have  been  derived  by  the  writer  for 
15  planetaries.  These  are  compared  with  Curtis'  values  of  e  in 
Table  IV.     The  first  column  designates  the  nebulae,  the  second  gives 
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the  minimum  exposures  E  in  seconds  of  time  derived  from  the 
Mount  Wilson  plates,  the  third  gives  Curtis'  values  of  e,  and  the 
fourth  contains  the  ratios  R  =  E/e  which  represents  the  minimum 
exposure,  expressed  in  seconds,  made  on  Seed  30  plates  with  the 
60-inch  reflector,  corresponding  to  Curtis'  unit  of  relative  exposure. 

The  values  of  e  for  N.G.C.  3242  and  I.C.  3568  have  been  arbi- 
trarily changed  by  shifting  the  decimal  points  one  place  to  the  left 
and  to  the  right,  respectively.  Curtis'  value  of  3  for  N.G.C.  3242 
is  unquestionably  a  misprint  for  0.3,  since  he  remarks  that  the  inner 
ring  shows  in  10  seconds  on  a  Seed  23  plate.  His  description  of 
I.C.  3568  places  its  brightness  about  equal  to  that  of  I.C.  4593. 
The  value  e  =  6  for  N.G.C.  6720,  the  ring  nebula  in  Lyra,  is  surpris- 
ingly high.  The  nebula  may  be  photographed  in  10  seconds  with 
the  60-inch,  and  a  rather  strong  image  registers  in  15  seconds. 

The  unit  of  relative  exposure  corresponds  to  an  exposure  of  10 
seconds  on  a  Seed  27  plate  with  the  Crossley  reflector.  A  standard 
region  in  the  Orion  nebula  near  the  trapezium  shows  well  under  these 
conditions.^  When  one  considers  the  more  favorable  focal  ratio  of 
the  60-inch  reflector,  and  the  difference  in  intensities  between  that 
"just  perceptible"  and  that  ''well  shown,"  the  ratio  E/e  =  6.o 
found  for  the  large  faint  nebulae  seems  to  be  a  reasonable  value. 
The  relative  speeds  of  the  two  instruments,  allowing  for  the  fact 
that  the  Crossley  plates  are  made  at  the  direct  focus  without  the 
use  of  a  Newtonian  flat,  is  about  1.18  in  favor  of  the  60-inch.  The 
factor  due  to  the  different  standards  of  intensities  used  in  the  two 
series  is  a  matter  of  conjecture  and  can  be  variously  estimated  at 
from  1.25  to  1.50,  in  the  sense  that  the  smaller  intensities,  and  hence 
shorter  exposures,  are  employed  by  the  writer.  Using  a  mean  value 
of  1.38  for  this  factor,  and  considering  the  difference  in  speed 
between  Seed  27  and  Seed  30  plates  to  be  negligible,  the  com- 
puted ratio  E/e  should  be  about  10^1.18X1.38  =  6.14.  This 
agrees  with  the  observed  value,  6.0,  for  the  large  faint  nebulae  and 
indicates  that  the  discrepancy  between  the  ratios  of  the  two  lists 
in  the  preceding  table  is  due  to  errors  in  the  small  bright  objects. 

The  evidence  seems  rather  definitely  in  favor  of  a  systematic 
error  in  e  for  the  very  bright  nebulae,  but  the  data  are  not  sufficient 

*  Curtis,  op.  cU.,  p.  59. 
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to  determine  the  limitations  of  the  error.  A  correction  would 
decrease  e  for  these  objects  and  hence  increase  log  A^,.  Since  the 
bright  nebulae  as  a  rule  have  bright  central  stars,  the  effect  would 
be  to  raise  the  upper  ends  of  the  correlation  curves  compared  to 
the  lower  ends,  and  to  decrease  the  value  of  the  coefficient  of  log  A^ 
in  equation  (17).  It  is  probable  that  the  systematic  error  in  e 
is  not  serious  for  values  of  e  greater  than  2.0,  The  effect  on 
equation  (17)  can  be  estimated  by  applying  to  each  e  a  uniform  cor- 
rection equal  to  2  or  less  and  considering  any  errors  in  the  larger  e's 
as  accidental.  As  there  are  only  four  objects  with  e  greater  than  2 
and  less  than  5,  beyond  which  the  systematic  error  is  almost  cer- 
tainly negligible,  this  course  seems  justifiable.  The  correction  to 
be  applied  is  computed  from  the  mean  of  the  values  for  the  bright 
nebulae  in  Table  IV,  disregarding  N.G.C.  6720,  the  discrepancy  in 
which  may  be  considered  as  an  accidental  error.  Each  e  equal  to 
2  or  less  must  then  be  divided  by  6.2-^3.62  =  1.72.  Log  e  is  accord- 
ingly decreased  by  0.24,  and  log  A^  increased  by  0.12.  This  cor- 
rection is  applied  to  eighteen  objects.  The  mean  log  ^i  of  Table  III, 
0.667,  will  be  increased  by  0.12X18/56  =  0.039.  The  corrected 
mean  value  will  be  0.706.  The  mean  m  will  remain  the  same, 
hence  the  corrected  curve  must  pass  through  the  point  w  =  12.95, 
log  ^1  =  0.706.  For  the  objects  in  which  e  has  been  corrected,  the 
mean  m  is  low,  11.3,  and  no  m  is  greater  than  14.  Likewise  the 
mean  log  A  i  is  high,  0.86,  and  only  two  are  less  than  0.50.  The  result 
is  that  the  intersection  of  the  curve  with  the  w-axis  at  w=  17.55 
will  be  very  little  disturbed.  The  corrected  curve  will  pass  close 
to  this  point  and  through  the  point  w=  12.95,  log  ^1  =  0.706. 
The  equation  of  the  corrected  curve  will  therefore  be  approximately 

w+6. 52  log  ^  =  17.55  (18) 

Curtis'  magnitudes  are  estimates  and  therefore  subject  to  rather 
large  accidental  errors.  In  addition,  there  is  a  pronounced  system- 
atic error  for  the  brighter  stars,  in  the  sense  that  they  are  esti- 
mated too  bright. 

Van  Maanen  has  given  photographic  magnitudes  of  the  central 
stars  of  the  planetaries  which  he  has  measured  for  parallax.'^     The 

■  Mt.  Wilson  Contr.  No.  237,  1922. 
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method  he  employs  is  to  count  the  numbers  of  stars  equal  to  or 
brighter  than  the  ones  in  question  on  his  parallax  plates  and  to 
extract  the  corresponding  magnitude  from  van  Rhijn's'  tables  of 
average  stellar  densities  for  given  galactic  latitudes.  This  pro- 
cedure is  subject  to  considerable  accidental  error  in  individual  cases, 
especially  of  the  brighter  stars,  for  the  field  used  is  small  enough  to 
be  seriously  affected  by  local  irregularities  in  stellar  distribution. 
In  the  mean,  however,  they  should  be  reliable  within  the  limits 
of  Curtis'  accidental  errors. 

The  writer  has  derived  provisional  photographic  magnitudes 
for  several  central  stars,  using  the  method  of  polar  comparisons, 
with  exposures  timed  to  show  a  minimum  of  nebulosity.  In 
general  each  of  the  values  depends  upon  a  single  plate  and  they 
are  not,  therefore,  very  reliable.  They  should,  however,  be  of  the 
same  order  of  accuracy  as  van  Maanen's  determination,  and  both 
series  can  be  used  to  reduce  Curtis'  measures  to  the  scale  of  the  polar 
sequence.  The  data  are  given  in  Table  V,  Van  Maanen's  value  of 
8.0  for  the  central  star  in  N.G.C.  15 14  is  omitted  for  the  reason  that 
the  star  is  too  bright  for  a  good  determination  of  the  magnitude  by 
the  method  of  star  counts. 

The  mean  difference,  van  Maanen— Curtis,  is  1.3,  corresponding 
to  a  mean  magnitude  (Curtis)  of  11.5.  The  mean,  Hubble— Curtis, 
is  1.4  for  a  mean  magnitude  (Curtis)  of  12.0.  Between  Curtis' 
magnitudes  and  the  differences  vM  — C  and  H— C,  called  A,  the 
combined  data  give  a  coefficient  of  correlation  of  0.44,  which  has 
very  Httle  significance.  The  mean  point  of  the  material  is  at 
m  (Curtis)  =  11.7,  A  = +1.35-  This  probably  represents  a  sys- 
tematic error  in  Curtis'  values  amounting  to  —1.35  at  his  mag- 
nitude 1 1.7.  It  is  improbable  that  the  error  should  be  uniform 
over  the  range  of  m  covered  by  Table  III.  A  more  reasonable 
assumption  is  that  the  error  vanishes  near  the  limiting  magnitude 
obtainable  with  the  Crossley  in  an  exposure  of  moderate  length. 
This  supposition  is  supported  by  the  two  faint  central  stars  in 
Table  V  for  which  A  is  negligible.  If  this  is  the  case,  the  correc- 
tion to  Curtis  should  be  represented  approximately  by  a  straight 
line  drawn  through  the  mean  point  of  the  data  of  Table  V,  rejecting 

'  Groningen  Publications,  No.  27,  Table  IV,  1917. 
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the  two  faint  stars  in  N.G.C.  6445   and  6772,   and  cutting  the 

axis  of  m  at  an  arbitrarily  chosen  point,  say  m  equals  19.5.     The 

formula  expressing  A,  the  correction  to  be  added  to  Curtis'  m,  is 

then 

A=-o.i73  w+3.37  (19) 

The  effect  of  this  assumed  correction  would  be  in  the  nature  of  a 
rotation  of  the  correlation  curves  of  Figure  4  in  a  clockwise  direction 

TABLE  V 
Photographic  Magnitudes  of  Planetary  Nuclei 


Object 

N.G.C.     40.... 
1501.  .  . 

1514- •• • 
2022 

2371,  2. 
2392. .  . 
3242. .  . 
3587... 
I.e.       3568... 

4593  •  •  • 
N.G.C.  4361 .  .  . 
6210. .  . 
6445 •  •  • 
6543 •  •  • 
6572.  .  . 
6720. .  . 
6772.  .  . 
6804 . .  . 

6853... 
6905 .  .  . 
7008.  .  . 

7009 

7026. . . 

7293 •  •  • 

7662.  .  . 

Mean 


Curtis 


van 
Maanen 


Hubble 


vM-C 


H-C 


H-vM 


10 
12 
8.8 

13 

12 

9 

9 
12 
II 
10 
10 
II 

19 
9.2 

9 
13 
18 
12 
12 

13 

12 
II 

14 
II 


II. 6 
13.0 


1.6 
1 .0 


9-7 


0.9 


14.  2 

135 
10. o 


1.2 

1-5 
1 .0 


II. 7 

143 
12.0 
10.  2 
12.8 


2.7 

2-3 

1 .0 
0.2 

2.8 


II. 7 


0.7 


19 


0.0 


II-3 
10.8 

14-7 


10.  2 

147 
18. 1 


2. 1 
1.8 
1-7 


1 .2 

1-7 
0.1 


134 


13.6 


1-4 


1.6 


II. 7 


14-5 
12.8 


151 
12.9 


II. 7 


133 
12.5 


1-5 
0.8 


0.7 


I .  I 


1-4 


1-34 


2-3 

1 .0 


1.36 


-0.6 
0.0 


-0.4 


around  the  points  where  they  cross  the  abscissa  ^  =  19.5.     Equa- 
tion (18)  corrected  in  this  manner  becomes 

w+5. 40  log  yli=  17.88  (20) 

This  curve  is  probably  a  fair  representation  of  the  data,  dis- 
regarding the  probable  misprints  in  the  decimal  points  for  e  in 
the  cases  of  N.G.C.  3242  and  I.C.  3568.     Taking  these  into  account 
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and  correcting  Curtis'  values  of  m  and  e  for  the  systematic  errors 
suggested  by  the  Mount  Wilson  observations,  the  recomputed 
correlation  curves  are: 

RC  of  7)1  on  log  ^,  ....  W+3.71  log  .4i=i6.73 
RC  of  log  Aionm  ....  m+9.  21  log  ^1=20.70 
Correlation  curve  ....  ^+(5.33  =^0.4)  log^j=  17.88^0. 18     (21) 

Coefficient  of  correlation  ....  0.64 

0-^=2.28         (riogA.  =  o.389 

The  plot  corresponding  to  the  corrected  data  is  shown  in  Figure  5. 
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Fig.  S- — ^The  same  as  Fig.  4,  the  data  having  been  corrected  for  probable  system- 
atic errors.  The  full  line  represents  the  correlation  curve  for  an  equal  weighting  of  the 
regression  curves. 

A  curve  passing  through  the  mean  m  and  log  A  i  and  having  the 
slope  to  be  expected  on  the  assumption  of  an  inverse-square  law 
of  luminosity  can  be  represented  by  the  equation 


w+5  log  Ai=  17.64^0. 17 


(22) 
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The  two  equations  (21)  and  (22)  agree  within  the  limits  of  errors 
over  the  range  covered  by  the  data. 

The  general  conclusion  is  in  favor  of  the  theory  that  the  plane- 
taries  as  well  as  the  diffuse  nebulae  derive  their  luminosity  from 
radiations  of  associated  stars,  and  that  the  inverse-square  law  is  at 
least  one  important  factor  in  determining  the  distribution  of  lumi- 
nosity throughout  the  nebulae.  The  complicated  discontinuous 
nebular  spectra  of  the  planetaries,  the  great  intensity  in  the  ultra- 
violet of  the  continuous  nuclear  spectra,  and  the  obvious  concentra- 
tion of  luminous  nebulosity  in  restricted  zones,  probably  disturb 
the  simple  application  of  the  inverse-square  law  sufficiently  to 
account  for  the  large  residuals  found  in  the  present  investigation. 

There  are  some  indications  that  the  residuals  computed  from 
equations  (21)  and  (22)  may  be  related  to  the  various  types  of 
planetaries.  The  four  ring  nebulae,  N.G.C.  2438,  6720,  6894,  and 
7293,  all  show  large  positive  residuals,  averaging  -|-i.8o,  while  the 
globular  objects  I.C.  3568,  4593  and  N.G.C,  6439,  6572,  6578, 
6620,  and  6629  all  show  large  negative  residuals,  averaging  —1.50. 
It  is  possible  that  when  more  precise  data  are  available,  a  complete 
sequence  can  be  established  involving  relations  between  residuals, 
on  the  one  hand,  and,  on  the  other,  spectral  characteristics  of  nuclei 
and  of  nebulosity,  color  indices  of  nuclei,  and  structure  of  nebulosity. 

It  is  worth  mentioning  at  this  point  that  when  referred  to 
B.D.  +3o°4i99  as  the  central  star,  the  loop  in  Cygnus  discussed  in 
the  first  part  of  this  paper  takes  its  place  among  the  ring  nebulae. 
The  maximum  distance  A,  measured  to  the  following  edge  of 
N.G.C.  6992,  which  registers  in  an  exposure  of  forty  minutes,  is  90'. 
w-(-5log^i  =  7. 2  +  12.0=19. 2.  The  residual,  19.2  — 17.6  = -|- 1.6,  is 
of  the  order  of  that  for  the  other  ring  nebulae. 

Assuming  the  inverse-square  law  to  hold  rigorously  with  respect 
to  the  central  stars  as  sources  in  the  case  of  the  planetaries,  and 
assuming  further  that,  within  the  range  of  wave-lengths  to  which 
the  fast  Seed  plates  are  sensitive,  the  light  emitted  by  the  nebulosity 
is  exactly  that  which  it  intercepts  from  the  stars,  a  theoretical  rela- 
tion can  be  derived  analogous  to  that  in  equation  (9) .  Assumptions 
of  random  distribution  in  direction  from  stars  to  points  of  nebulosity 
measured  for  A  are  not  necessary,  for  the  symmetrical  forms  of  the 
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planetaries  indicate  that  in  general  the  directions  of  greatest 
extent  of  nebulosity  from  the  central  stars  He  close  to  the  plane 
perpendicular  to  the  line  of  sight.  The  surface  brightness  of 
nebulosity  on  the  above  assumptions,  expressed  in  magnitudes  per 
square  second  of  arc,  is  found  by  distributing  the  light  of  the  star 
over  a  spherical  shell  with  a  radius  equal  to  the  distance  to  the 
point  of  nebulosity  considered.  Let  this  distance,  A,  be  expressed 
in  seconds  of  arc.     Then 

S.  J?.  =  w+2.5  log  47r^*=w+5  log  ^  +  2.75  (23) 

The  unit  of  relative  exposure  corresponds  to  an  exposure  of  six  sec- 
onds with  the  60-inch  reflector,  or,  if  Seares's  value  for  the  limiting 
surface  brightness  just  registered  in  an  exposure  of  one  minute  is  used' 
to  a  limiting  surface  brightness  of  i8.8=±=o.3-f  2.5  logo. i  =  16.3=4=0.3. 
Substituting  this  value  for  S.B.  into  equation  (23), 

.   w=5  log  .4  =  13. 55  ±0.30  (24) 

which  expresses  the  relation  between  m  and  log  A ,  where  A  is  meas- 
ured from  the  star  to  the  most  distant  nebulosity  which  just  shows 
in  an  exposure  of  six  seconds. 

A  comparison  between  this  equation  and  the  observational 
equations  (21)  and  (22)  shows  a  discrepancy  in  the  constants 
amounting  to  from  4.1  to  4.3=1=0.6  magnitudes,  in  the  sense  that  in 
general  the  observed  nebulosity  extends  to  a  greater  distance  from 
stars  of  a  given  magnitude  than  the  assumptions  permit.  Expressed 
in  another  way,  the  nebulosity  at  a  given  distance  from  the  star  is 
about  4.1  to  4.3=1=0.6  magnitudes  per  square  second  of  arc  brighter 
than  can  be  accounted  for  on  the  assumption  that,  within  the  range 
of  the  fast  Seed  plates,  the  light  emitted  by  the  nebulosity  is  exactly 
the  starlight  intercepted.  This  may  well  account  for  the  apparent 
absence  of  central  stars  or  nuclei  from  some  of  the  planetaries. 

No  adequate  explanation  of  this  discrepancy  can  be  made  with- 
out a  knowledge  of  the  mechanism  by  which  the  nebular  illumina- 
tion is  excited,  but  a  few  suggestions  may  aid  in  formulating  the 
problem.     The  source  of  illumination  is  rather  definitely  estabhshed 
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as  located  in  the  central  stars.  The  diffuse  nebulae  with  emission 
spectra  fail  to  show  this  discrepancy  although  it  seems  reasonable 
to  suppose  that  the  mechanism  of  illumination  is  much  the  same. 
The  most  striking  difference  between  the  nebular  spectra  of  the 
planetaries  and  the  emission  spectra  of  diffuse  nebulae  is  found  in 
the  much  greater  strength  of  the  nebuhum  lines  Ni  and  N2  in  the 
planetaries.  These  lines  are  situated  very  close  to  the  limits  of 
sensitivity  toward  the  red  of  the  Seed  30  plates,  and  thus  tend  to 
destroy  that  equivalence  of  intensity  distribution  which  the  spectra 
of  emission  diffuse  nebulae  appear  to  share  with  the  spectra  of  their 
associated  stars,  and  by  virtue  of  which  they  actually  follow  the  same 
luminosity  laws  as  do  the  diffuse  nebulae  with  continuous  spectra. 
The  strengthening  of  the  nebuhum  lines  in  the  planetaries  is  accom- 
panied by  no  corresponding  strengthening  of  the  continuous  spectrum 
of  the  nuclei  in  this  region.  The  maximum  intensity  of  the  con- 
tinuous nuclear  spectrum  is  shifted  to  the  violet  as  compared  with 
that  of  the  stars  associated  with  diffuse  nebulae,  and  this  in  effect 
decreases  the  relative  intensity  in  the  region  of  the  nebuhum  lines. 
If  the  nebular  emission  lines  were  considered  as  integrated  from  the 
continuous  spectrum  in  their  immediate  vicinity,  then  the  strong 
nebulium  lines  would  represent  a  considerable  part  of  the  green 
region  to  which  the  Seed  30  plate  is  relatively  insensitive.  Such  a 
supposition,  if  it  were  physically  possible,  could  account  for  only 
a  small  part  of  the  discrepancy,  for  these  two  lines  seldom  fur- 
nish more  than  a  third  of  the  nebular  luminosity,  as  is  shown  by 
Wright's  measures  of  relative  intensities  of  nebular  images  made 
on  spectrograms  obtained  with  a  slitless  quartz  spectrograph  and 
a  reflecting  telescope,  which  are  comparable  with  the  direct  photo- 
graphs used  in  deriving  the  data  of  the  present  discussion.^ 

Another  difference  between  planetaries  and  diffuse  nebulae  is 
found  in  the  greater  intensity  of  the  ultra-violet  continuous  spectrum 
of  the  planetary  nuclei  as  compared  to  that  of  the  stars  associated 
with  diffuse  nebulosity.  The  nuclear  spectra  are  in  general  pre- 
dominantly continuous.  When  corrected  for  atmospheric  absorp- 
tion, the  energy  curve  of  the  continuous  spectrum  rises  more  and 
more  steeply  with  decreasing  wave-length  up  to  the  limits  of  reflec- 

'  Lick  Observatory  Publications,  13,  Part  VI,  1918. 
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tivity  of  silvered  mirrors.  Wright  remarks,  "Where  the  maximum 
is  cannot  be  conjectured."  It  is  certainly  at  a  wave-length  less 
than  3300  A.  Thus  the  nebulosity  receives  a  vast  amount  of  energy 
in  stellar  radiations  in  a  region  of  the  spectrum  which  plays  but  a 
minor  role  in  the  determination  of  photographic  magnitudes.  It  is 
entirely  conceivable  that  the  energy  in  these  continuous  radiations 
may  be  absorbed  by  the  nebulosity  and,  by  some  mechanism  analo- 
gous to  that  of  fluorescence,  be  re-emitted  as  discontinuous  radiations 
of  longer  wave-lengths.  If  this  were  the  case,  the  m  in  equation  (20) 
would  be  replaced  by  one  of  smaller  numerical  value  representing  a 
sort  of  ultra-violet  magnitude,  and  the  discrepancy  in  the  constants 
would  be  materially  reduced,  if  not  entirely  eliminated.  Following 
this  line  of  thought,  the  suggestion  arises  that  the  nebuHum  Hnes 
may  possibly  reveal  themselves  as  fluorescent  spectra  of  hydrogen 
or  helium  or  a  mixture  of  the  two. 

There  exist  in  the  solar  system  itself  possible  analogies  to  the 
mechanism  by  which  emission  luminosity  may  be  excited  in  nebu- 
losity by  radiations  emanating  from  a  continuous  source.  Chief 
among  these  are  the  terrestrial  aurorae,  the  solar  corona,  and  the 
comets.  In  each  of  these  cases,  radiations  of  some  sort  emanating 
from  the  sun  excite  matter  in  a  gaseous  state  to  luminosity  of  a 
discontinuous  nature.  The  prevailing  opinion  concerning  the 
aurora  is  that  the  phenomenon  is  due  to  the  ionization  of  atmos- 
pheric gases  by  high-speed  charged  particles. 

H.  N.  Russell^  has  made  suggestions  of  a  similar  nature  to 
account  for  the  spectrum  of  emission  nebulae.  Such  a  mechanism 
would  account  for  the  inverse-square  law  quite  as  well  as  a  mechan- 
ism based  on  ethereal  radiations,  and  would  probably  find  no  serious 
obstacle  in  the  excessive  luminosity  of  the  planetaries.  Further- 
more, this  explanation  was  also  formulated  from  independent  con- 
siderations, namely,  the  relations  which  Russell  found  to  exist 
between  relative  sizes  of  monochromatic  images  of  individual 
planetaries  and  ionization  potentials  of  the  radiations  forming  the 
images. 

'  Observatory,  44,  72,  192 1.  Russell  states  that  the  luminosity  of  gaseous  nebulae 
is  probably  due  to  ionization  of  the  gases  by  radiations  from  associated  stars,  and  that 
the  radiations  may  be  either  ethereal  or  corpuscular. 
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Relations  of  a  similar  nature  are  suspected  in  the  monochromatic 
images  of  diffuse  nebulae  with  emission  spectra.  In  these  cases, 
however,  the  quantitative  agreement  between  nebular  and  steUar 
luminosity,  both  for  purely  emission  nebulae  and  for  those  with 
mixed  spectra,  appears  to  favor  the  notion  of  ethereal  radiations. 
This  agreement  may  of  course  be  due  to  the  nature  of  the  relations 
between  intensities  of  corpuscular  radiations  and  spectral  types  or 
temperatures  of  the  stars. 

Mount  Wilson  Observatory 

August  1922 


NOTE  ADDED  DECEMBER  21,  1922 

The  stars  within  the  great  loop  of  nebulosity  around  the  belt  and  sword  of 
Orion  sum  up  to  an  integrated  apparent  photographic  magnitude  of  about  0.0. 
The  loop  extends  to  about  5^7  or  342'  from  the  estimated  center  of  gravity  of 
the  stars  considered,  and  registers  very  nearly  to  this  limit  in  exposures  of 
about  three  hours.  Therefore  w+5  log  ai=  11 . 5,  a  value  more  representative 
than  that  derived  from  considering  ^  Orionis  alone. 

New  material  on  about  40  per  cent  of  the  objects  in  Curtis'  list  of  planetary 
nebiilae  confirms  the  suggested  systematic  corrections  for  m  and  e  as  being  of 
the  right  order  of  magnitude. 


ORBIT  OF  THE  ECLIPSING  BINARY  TW  ANDROMEDAE^ 

By  MARTHA  BETZ  SHAPLEY 

ABSTRACT 

Uniform  and  darkened  orbits  of  the  eclipsing  binary  TW  Andromedae. — Orbits  were 
calculated  from  86  photographic  observations  made  at  Mount  Wilson  from  1914  to 
191 6.     The  adopted  elements  of  light  variation  are 

Min.  =  J.  D.  2420051. 6i8+4'?i2274S  E 

The  principal  eclipse  is  total  and  there  is  some  evidence  of  variation  of  the  large,  faint 
component.  The  color  index  at  maximum  is  +0.57  mag.,  at  minimum  +1.36  mag. 
When  reduced  to  the  photographic  scale  by  proper  allowance  for  color,  74  photovisual 
obsers'ations,  as  well  as  the  photographic  measures,  are  well  represented  by  the  curves 
shown  in  Figs,  i  and  2,  corresponding  to  the  orbits  whose  elements  are  given  in 
Table  VI. 

Photographic  and  photovisual  observations  of  the  eclipsing 
variable  star  TW  Andromedae  were  made  by  Mr.  Shapley  with  the 
60-inch  reflector  at  Mount  Wilson  during  the  years  19 14  to  1916. 

TABLE  I 
Comparison  Stars  for  TW  Andromedae 


Sur 

Photographic 
Magnitude 

Photovisual 
Magnitude 

Color  Index 

B.D.-|-3i°5023 

10.70 

11.69 

9.27 

9-99 

10.93 

8.81 

+o»7i 
+0.76 
+0.46 

23''57",+32°i3' (1900) 

B.D.+^2°47'?S 

Miss  Davis  assisted  in  measuring  and  reducing  the  160  multiple- 
exposure  photographs,  which  contain  a  total  of  540  images  of  the 
variable. 

The  magnitudes  of  the  comparison  stars,  Table  I,  were  standard- 
ized by  means  of  the  North  Polar  Standards.^  Tables  II  and  III 
contain  the  photographic  and  photovisual  observations.  The 
apertures  employed  range  from  nine  inches  to  sixty  inches;  the 
exposure  times  from  thirty  seconds  to  two  minutes. 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  254. 

'  Seares,  Mt.  Wilson  Contr.,  No.  97;  Astrophysical  Journal,  41,  206,  1915. 
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TABLE  II 
Photographic  Observations  of  TW  Andromedae 


J.D.  and 
Gr.  H.M.T. 

No. 
Exp. 

Phase 

Mag. 

T.D.  and 
Gr.  H.M.T. 

No. 
Exp. 

Phase 

Mag. 

2420393.646.. . . 

5 

— o4l6o 

10.  26 

2420455.651.... 

4 

+o'?005 

12.  22 

393-653- •■ 

5 

-0.153 

10.34 

455.662..  .  . 

4 

+0.016 

12.  24 

393.660.. . . 

5 

—  0. 146 

10.51 

455.671.. . . 

4 

+0.025 

12.33 

393.667.. . . 

5 

-0.139 

10.59 

456.611. . . . 

5 

+0.965 

9.62 

393.678.... 

5 

-0.128 

10.81 

456.618.... 

4 

+0.972 

9.58 

396.703.... 

4 

+  2.897 

9.73 

456.623.... 

4 

+0.977 

948 

397-756.... 

5 

-0.173 

10.32 

456.629.. . . 

4 

+0.983 

9-46 

397.770.. . . 

5 

-0.159 

10.  26 

458.617.... 

4 

+  2.970 

9.84 

397.786.... 

5 

-0.143 

10.53 

458.626.. . . 

4 

+  2.979 

9.76 

397.797... 

5 

—  0.132 

10.51 

459.578.... 

4 

—  0.192 

9.82 

397.812.... 

5 

— 0.I17 

10.70 

459-584.. ■ • 

4 

-0.186 

10.13 

397-837. ... 

5 

—  0.092 

11.26 

459. 590... ■ 

4 

—  0.180 

10.02 

397.863 

5 

—  0.066 

11.66 

459.597.--. 

4 

-0.173 

10.18 

397.876.... 

5 

-0.053 

11.88 

459.602.. . . 

4 

-0.168 

10.23 

397.889.... 

5 

—  0 . 040 

12.09 

459.607..  .  . 

4 

-0.163 

10. 17 

397.903 ■•■■ 

5 

—  0.026 

11.98 

459.615.... 

4 

-0.155 

10.31 

397.916.... 

5 

-0.013 

12.00 

459.624.... 

4 

—  0.146 

10.24 

397.929.... 

5 

0.000 

12.06 

459.637.... 

4 

-0.133 

10.51 

397.944.... 

C 

+0.015 

12.  29 

459.647 

4 

-0.123 

10.67 

397.958.... 

5 

+0.029 

12. i6 

459.656.... 

4 

— 0.114 

10.68 

397.973- - • 

5 

+0.044 

12. 12 

459.667 

4 

—  0.103 

10.88 

397.986.... 

5 

+0.057 

11.77 

459.679.... 

4 

—  0.091 

11.04 

398.003.. . . 

5 

+0.074 

11.53 

459.689.... 

4 

—  0.081 

11-35 

398.017.... 

5 

+0.088 

11.32 

459.698.... 

4 

—0.072 

11.52 

398.031.... 

5 

+0. 102 

11.03 

459.727.... 

4 

-0.043 

11.98 

398.035.... 

5 

+0.107 

10.88 

459.736.... 

4 

-0.034 

12.04 

422.707. . . . 

3 

+0.042 

12.  29 

459. 745- ■■  ■ 

4 

-0.025 

12.12 

422.734.... 

3 

+0.069 

11.56 

517.669.... 

4 

+o.i8i 

10.01 

422.746.... 

4 

+0.081 

11.38 

517.676.... 

4 

+0.188 

9.91 

422.757---- 

4 

+0.092 

II. 21 

517.687.... 

4 

+0.199 

9.71 

422.777.... 

4 

+0.  1X2 

10.81 

517.694... . 

4 

+0.  206 

9-65 

422.787.... 

4 

+  0.  122 

10.53 

517.704.... 

4 

+0.  216 

9.64 

422.797.... 

4 

+  0.132 

10.36 

517.712.... 

4 

+0.224 

9-73 

422.811. . . . 

4 

+  0.  146 

10.52 

2421050. 911. .  .  . 

3 

+  1.589 

9.86 

425.622.. . . 

4 

+  2.957 

10.07 

050.924. .  .  . 

3 

+  1.602 

9.88 

425.631.... 

4 

+  2.966 

10.00 

051.864. .  .  . 

3 

+  2.542 

9.68 

425.675.... 

4 

+  3.010 

9.68 

051.889.. . . 

3 

+  2.567 

9.84 

425-683.... 

4 

+  3.018 

9.55 

052.863.. . . 

3 

+3-541 

9.78 

425.692 

4 

+  3-027 

9-56 

052.891 

3 

+3-569 

9-78 

425.699.... 

4 

+  3-034 

9-59 

053.867.... 

3 

+0.422 

9-78 

425.707.... 

4 

+  3.042 

9-57 

053.876.... 

3 

+0.431 

9.80 

425.716.. . . 

4 

+  3051 

9-56 

455-623.... 

4 

-0.023 

12.25 

455.632.... 

4 

—  0.014 

12. 16 

455.642.... 

4 

—  0.004 

11.99 
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TABLE  III 
Photovisual  Observations  op  TW  A^toromedae 


J.D.  and 
Gr.H.M.T. 

No. 
Exp. 

Phase 

Mag. 

J.D.  and 
Gr.  H.M.T. 

No. 
Exp. 

Phase 

Mag. 

2420396.687.  .  .  . 

3 

+  2^871 

9.06 

2420458.622 

3 

+  2<?975 

9-23 

397-749- ••■ 

3 

—  0. 180 

9-71 

458.631.. . . 

3 

+  2.984 

9-31 

397.762.... 

3 

—  0.167 

9.67 

459.582.... 

3 

-0.188 

9-34 

397.776.... 

3 

-0.153 

9-64 

459-587- --■ 

3 

-0.183 

9-36 

397.790.... 

3 

-0.139 

9.78 

459-594-  -•- 

3 

—  0.176 

9-45 

397.803.... 

3 

—  0. 126 

9.76 

459  599-- 

3 

— 0.171 

9-54 

397.819.... 

3 

—  0.  IIO 

10.02 

459.605..  .  . 

3 

—  0. 165 

9-44 

397.858.... 

3 

—  0.071 

10.45 

459.610. .  .  . 

3 

—  0. 160 

9-54 

397.870.... 

3 

-0.059 

10.40 

459.619 

3 

— 0.151 

9-51 

397.883.... 

3 

—  0.046 

10.57 

459.628 

3 

—  0. 142 

9-49 

397.897.... 

3 

-0.032 

10.85 

459.642..  .  . 

3 

-0.128 

9-63 

397.910.... 

3 

—  0.019 

10.78 

459.651.... 

3 

— 0.119 

9.87 

397-923- ••• 

3 

—  0.006 

II. 19* 

459.660 

3 

—  0.  no 

10.03 

397.936.... 

3 

+0.007 

10.77 

459.674 

3 

—0.096 

10.23 

397-952..-- 

3 

+0.023 

10.87 

459.685.... 

3 

—0.085 

10.25 

397.966... 

3 

+0.037 

10.68 

459.694.... 

3 

—0.076 

10.42 

397.979.... 

3 

+0.050 

10.64 

459-702..  .  . 

3 

-0.068 

10.63 

397-995- •• 

3 

+0.066 

10.60 

459- 731--- ■ 

3 

-0.039 

10.90 

398.009.. . . 

3 

+0.080 

10.40 

459-740.... 

3 

—0.030 

10.77 

398.024 

3 

+0.095 

10. 15 

459-749- - • 

3 

—0.021 

10.88 

422.728. . . . 

3 

+0.063 

10.82 

517.673.... 

3 

+0.185 

9-47 

422.740.... 

3 

+0.075 

10.64 

S17.681.... 

3 

+0.193 

9- 23 

422.752.... 

3 

+0  087 

10.35 

517.691.... 

3 

+0.203 

9-31 

422.769.. . . 

3 

+0. 104 

10.08 

517.698.... 

3 

+0.  210 

9-13 

422.783.... 

3 

+0.118 

9.81 

517-708.... 

3 

+0.  220 

9.19 

422.792. . . . 

3 

+0.127 

9.71 

517-715---- 

3 

+0.227 

9-38 

422.801. . . . 

3 

+0.136 

9-72 

2421050.906. .  . . 

2 

+1-584 

9.08 

425.626 

3 

+  2.961 

8.85: 

050.919 

2 

+  1-597 

9.18 

425-635.... 

3 

+  2.970 

9-13 

051.857.... 

2 

+2.535 

9.27 

425.679.... 

3 

+3 -014 

9.07 

051.885.... 

2 

+  2.563 

9-13 

425.686.. . . 

3 

+3.021 

9.08 

052.858 

2 

+3-536 

9-13 

425.696. . . . 

3 

+3-031 

9.02 

052.886 

2 

+3-564 

9.28 

425.703.... 

3 

+3-038 

9.  20 

053.872.... 

2 

+0.427 

9.16 

425-7I2.... 

3 

+3-047 

9.08 

053.881.... 

2 

+0.436 

9-23 

425-721.... 

3 

+3-056 

9.16 

425.799 

4 

+3-134 

9. 16 

456.615 

3 

+0.969 

9.02 

456.621. .  .  . 

3 

+0.975 

9. 10 

456.626. .  .  . 

3 

+0.980 

9. II 

456.632.... 

3 

+0.986 

9.02 

*  Rejected  observation,  abnormality  unexplained. 
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The  period  used  for  the  reduction  is  that  deriv^ed  by  van  der  Bilt/ 
To  satisfy  the  Mount  Wilson  observations,  a  correction  of  —  o'?oo4 
has  been  made  to  the  initial  epoch,  giving  the  adopted  elements: 

Min.=J.D.  2420051.618+4^122745  E. 

The  individual  photographic  observations  are  plotted  in  Figure  i 
with  the  curve  computed  from  orbital  elements,  based  on  the  assump- 
tion of  disks  of  uniform  brightness.  The  scattering  of  the  observa- 
tions at  the  bottom  of  the  minimum  is  believed  to  be  due,  in  part 
at  least,  to  actual  fluctuations  in  the  light  of  the  presumably  very 
red  faint  component,  which  alone  is  visible  at  the  time  of  principal 

eclipse. 

TABLE  rV 

Photographic  Normal  Points  for  TW  Andromedae 


Number 

No.  Obs. 

Mean  Phase 

Mean  Mag. 

O-C,  Darkened 

I 

13 

5 
5 
S 
5 
5 
5 
5 
5 
S 
5 
23 

04018 
.044 
.068 
.087 
•103 
.  121 
.136 
.149 
.165 
.182 

0.207 

12.14 
12.07 
II. 61 
11.27 
10.96 
10.68 
10.50 
10.38 
10.25 
10.05 
9.71 
9.70 

oToo 

2 

+0.05 
0.00 

7, 

A 

+0.01 

C 

—  O.OI 

6 

—  O.OI 

7 

8 

9 

10 

0.00 

-t-0.02 
+0.05 
—  O.OI 

II 

—0.19 
0.00 

12 

Tables  IV  and  V  contain  the  mean  magnitudes,  photographic 
and  photovisual,  after  reflecting  all  observations  on  to  one  branch 
of  the  curve.  The  first  normal  group  of  each  table  contains  the 
observations  during  the  phase  of  totality;  the  last  includes  all 
observations  outside  the  minimum. 

The  orbits  are  based  on  the  photographic  light  curve.^  Uniform 
and  darkened  elements  were  computed,  and,  together  with  other 
data  concerning  the  system,  are  arranged  in  Table  VL  The  mean 
densities  are  not  corrected  for  probable  unequal  distribution  of  mass. 

The  photographic  normals  are  plotted  as  dots  in  Figure  2,  where 
the  co-ordinates  are,  respectively,  light  intensity,  corresponding  to 

^  Aslronomische  Nachrichten,  196,  396  (No.  4703),  1913. 

-  A  provisional  orbit  has  been  published  by  Stewart  in  Astrophysical  Journal,  42, 
3"^$,  1915- 
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Fig.    I. — Photographic   observations   and    computed    uniform   light-curve   for 
TW  Andromedae. 
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Fig.  2. — Computed  intensity-curves  for  TW  Andromedae.     Ordinates  are  losses 
of  light-intensity,  i— /;  abscissae  are  sines  of  phase  angles. 
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TABLE  V 
Photovisual  Normal  PomTS  for  TW  Andromedae 


Number 

No.  Obs. 

Mean  Phase 

Mean  Mag. 

0-C,  Darkened 

I 

4 
5 
S 
5 
5 
5 
5 
5 
5 
S 

24 

040I8 

.037 
.061 

.077 
.098 
.  120 

■139 

.163 

.182 

0.  211 

10.82 

10.75 
10.62 

10.43 
10.17 

983 
963 
9-57 
9-47 
9-25 
913 

+0'?04 
—  O.OI 

2        

+0.03 
0  00 

A                  

q 

—  0.02 

6 

—  0.  II 

7 

-0.13 
0.00 

8 

Q      

+0.02 

lo 

—  0.04 
0  00 

II                     

TABLE  VI 
Orbital  Elements  and  Other  Data  for  TW  Andromedae 


Right  Ascension 

Declination 

Period 

Nature  of  eclipse 

Magnitude  at  maximum 

Magnitude  at  minimum 

Range  at  primary  minimum 

Light  of  brighter  star 

Light  of  fainter  star 

Color  index  at  maximum 

Color  index  at  minimum 

Inclination  of  orbit 

Least  distance  of  centers 

Semi-duration  of  primary  eclipse 

Semi-duration  of  totality 

Computed  range  at  secondary-  minimum 

Radius  of  brighter  star 

Radius  of  fainter  star 

Ratio  of  radii 

Most  probable  density  of  brighter  star 

Most  probable  density  of  fainter  star 

Radius  of  brighter  star  in  terms  of  sun's  radius. 
Radius  of  fainter  star  in  terms  of  sun's  radius .  .  , 
Distance  of  centers  in  terms  of  sun's  radius .... 
Ratio  of  surface  brightness  in  photographic  light 
Photovisual  absolute  magnitude  of  brighter  star . 
Photovisual  absolute  magnitude  of  fainter  star.  . 
Hypothetical  parallax 


+32°i7'3 
44122745 
Total 


1900 


Pg. 

Pv. 

9.70 

9-13 

12.  14 

10.78 

2T44 

1T65 

0.894 

0.781 

0.  106 

0.219 

+  0 

'^Sl 

+  1 

.36 

Uniform 

Darkened 

8i°4o' 

86°2' 

O.I4S 

0.069 

0^256 

04285 

04026 

o4o23 

0^2 

o'Po6 

0. 127 

0.174 

0.275 

0.252 

0.46 

0.69 

0-193 

0.075 

0.019 

0.025 

1-73 

2.36 

3-74 

3-42 

13.6 

13.6 

40. 

17.7 

1-4 

0.7 

2.9 

2.2 

o'oo3 

0T002 
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the  mean  magnitude,  and  the  sine  of  the  orbital  longitude,  corre- 
sponding to  the  mean  phase.  The  full-line  curve  is  computed 
from  the  darkened  elements;  the  broken  curve,  representing  the 
uniform  orbit,  coincides  with  it  throughout  more  than  half  the 
eclipse. 

The  photovisual  normals  have  been  reduced  to  the  photographic 
light-curve  by  applying  as  a  factor  the  ratio  of  photographic  to 
photovisual  range  at  primary  minimum;  they  are  represented  by 
crosses  in  Figure  2.  It  is  clear  from  the  plot  that  the  orbit  derived 
from  photographic  observations  satisfactorily  represents  both  the 
photographic  and  photovisual  data,  when  allowance  is  thus  made 
for  the  difference  in  the  color  of  the  two  components. 

Cambridge,  Massachusetts 
March  1922 


ORBITS  OF  THE  SPECTROSCOPIC  BINARIES 
LALANDE  13792  AND  AOe  12584^ 

By  R.  F.  SANFORD 

ABSTRACT 

Orbits  of  the  spectroscopic  binaries  Lalande  13792  and  AOe  12^84. — Both  binaries 
are  dwarfs,  wdth  absolute  magnitudes  of  about  +5-  The  elements  of  each,  deter- 
mined from  more  than  twenty  spectrograms,  are  respectively:  P,  32.8092  and 
5.4145  days;  e,  0.080  and  0.000;  K,  27.5  and  64.9  km/sec;  7,  +19.7  and 
—  97.4  km/sec.  In  the  case  of  AOe  12584,  the  lines  of  the  secondar>' show  faintly 
and  give  fori?',  +74.0  km/sec,  and  for  the  functions  m  sin^  /  and  w/i  sin^  /  the  values 
0.803  and  0.704O.  The  large  space  velocity  of  AOe  12584,  like  that  of  Lalande  29330, 
is  directed  away  from  the  quadrant  which  the  apices  of  other  stars  of  large  space 
motion  in  general  avoid. 

Differences  between  dwarf  and  giant  binaries. — The  six  spectroscopic  binaries  of 
the  dwarf  division  whose  orbits  have  been  determined  by  the  writer  display  smaller 
eccentricities  for  a  given  period  group  than  do  giant  binaries,  as  has  been  shown  by 
R.  E.  Wilson  from  data  relating  to  both  visual  and  spectroscopic  binaries.  Further- 
more, they  have  a  mean  period  much  shorter  than  that  of  the  majorit}'  of  giants  of 
the  same  spectral  division. 

The  orbits  of  nine  spectroscopic  binaries  determined  by  the 
writer  at  the  Mount  Wilson  Observatory  have  appeared  in  two 
previous  papers.^  In  the  introduction  to  the  first  of  these  may  be 
found  explanations  of  the  tables  of  observations,  methods  of  obtain- 
ing and  correcting  the  preliminary  elements,  and  the  formation  of 
the  velocity  curves.     In  general  these  statements  apply  to  the  two 

TABLE  I 


Name 

Mag. 

aCigoo) 

5(1900) 

Spec- 
tral 
Class 

Vis. 

Abs. 
Mag. 

M 

TT  Sp. 

No. 
Rev. 

Lai.  13792  =  H.D.  54371- •  • 
AOei2584  =  H.D.  107760.. 

7-0 

8.2 

7''  3'P5 
12   17.9 

+  25°54' 
+  7348 

G5 

G6 

4.8 
5-4 

0*225 
0.49 

0:036 
0.028 

26 

340 

H.D.  =  Henry  Draper  Memorial  Catalog. 

spectroscopic  binaries  whose  orbits  are  presented  in  the  present 
contribution.  All  of  the  data  in  Table  I  are  taken  from  the  list 
of  spectroscopic  parallaxes  of  1646^  stars.     The  last  column  shows 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  251. 
^  Ibid.,  Nos.  201,  221;  Astrophysical  Journal,  53,  201,  1921;   55,  30,  1922. 
^  Mt.  Wilson  Contr.,  No.  199;   Astrophysical  Journal,  53,  13,  1921. 
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the  number  of  revolutions  of  each  star  in  its  orbit  between  the  first 
and  last  observation  of  velocity  recorded  in  the  tables  of  observa- 
tions. 

LALANDE    13792    (b.D. +  25^1594) 

This  star  was  placed  on  the  spectroscopic  observing  list  to 
increase  the  data  for  the  curves  used  for  the  determination  of 
absolute  magnitudes,  since  the  parallax,  o''o3i,  derived  at  the 
Allegheny  Observatory,  together  with  the  apparent  magnitude, 
showed  it  to  be  a  star  of  low  absolute  magnitude.     The  annual 

TABLE  II 
Observations  of  Lalande  13792 


Plate  Xo. 


Date 


G.M.T. 


Phase 


Velocity 


0-C 


7  8947- 
9070. 
9600. 
9715- 
9733- 
9836. 
9941. 
10007. 

C  955  • 
7  10102* 

lOIII* 

10681. 

10754* 
C  1527. 
7  10766. 

10825. 
C  1567. 
7  10846. 

10861 . 
C  1596. 
7  10918. 

I 1004. 


1920,  Jan.  6 
Mar.  II 
Sept.  29 
Xo^^  3 
Xov.  21 
Dec.  27 

192 1,  Feb.  23 
Mar.  17 
Mar.  20 
Apr.  19 
Apr.  2 1 
Dec.  8 

1922,  Jan.  12 
Jan.  13 
Jan.  15 
Feb.  14 
Feb.  15 
Feb.  18 
Mar.  6 
Mar.  8 
Mar.  17 
May  4 


50 
10 


18  32 
o  07 
o  35 

0  55 

23  50 
20  14 

17 
17 

16  23 

17  42 

1  00 

22  26 

23  43 

17  13 

18  32 

19  00 

15  24 

18  26 

19  25 

17  35 

16  14 


i3<?588 
12.825 
17. 202 

19411 

4.616 

8.762 

0.994 

22.894 

25.866 

23.025 

25.080 

25719 
28 . 803 
29.956 
31-586 
28.831 
29.851 
32.701 
16.018 
18.060 
26.982 
9.308 


tm/sec 
+  1.4 
+    5-2 

+  19.2 
+32.6 

+   1.8 

-  5-8 
+  13-4 
+iZ 
+51 
+47 
+37 
+53 
+47 
+39-5 
+31-9 
+38.1 
+41.6 
+26.0 
+  12.0 
+27.6 
+47-2 

—  10.6 


km/sec 

-30 

+3-5 
-0.6 

+3.0 
+30 
+  1-5 
-4-3 
-9.2 

+3.8 

+4-9 
-9.2 
+6.2 

+3-9 
—  0.2 
+0.9 
-5-3 
+  1-9 
+  1-5 
-2-5 
+40 
+0.1 
-3-8 


*  Given  weight  \  in  least-squares  solution. 


proper  motion,  ©''225,  is  in  keeping  with  this  conclusion.  The 
parallax  derived  by  the  spectroscopic  method  is  o''o36,  in  good 
agreement  with  the  trigonometric  value.  The  variability  in  radial 
velocity  was  strongly  suspected  from  the  measures  of  the  third 
plate,  and  definitely  confirmed  by  that  of  the  fourth.  Twenty-two 
spectrograms  have  been  secured.     (Table  II.) 
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The  estimated  spectrum  is  G5,  with  Hnes  of  satisfactory  quahty. 
There  is  no  certain  evidence  of  the  spectrum  of  the  secondary  star. 
It  was  found  possible  to  assemble  all  the  velocities  upon  a  satis- 
factory preliminary  curve  with  32.8092  days  as  the  period.  The 
twenty-six  orbital  revolutions  which  separate  the  first  and  last 
observations  make  an  interval  so  long  that  only  very  small  changes 
in  the  period  could  be  made  without  seriously  disturbing  the 
velocity-curve.     Hence  this  period  has  been  considered  final. 

Preliminary  elements  derived  by  Russell's  method  and  by  the 

graphical  method  of  Lehmann-Filhes  were  in  substantial  agreement, 

the  latter  giving 

Preliminary  Elements 


p 

32. 

,8092  days 

e 

0. 

052 

0} 

99< 

•7 

K 

-t-28 

.3  km /sec 

T 

J.D. 

2423073. 

■7 

1 

+  21 

.  2  km/sec 

An  ephemeris  computed  with  these  elements  gave  the  residuals 
for  the  velocities.  Three  plates  as  indicated  in  Table  II  were 
assigned  weight  one-half  on  account  of  their  poor  quality.  All 
others  were  given  weight  unity. 

The  final  elements  result  from  the  correction  of  the  preliminary 
value  by  two  least-squares  solutions,  the  second  being  undertaken 

Final  Elements  and  Probable  Errors 


p 

32.8092  days 

e 

0.080  ±0.039 

0} 

82?I±26?I 

K 

27. 5 ±1.0  km/sec 

T 

J.D.  2423071.941  ±2-^334 

y 

+  19.7  km/ sec 

a  sin  i 

12,383,000  km 

m\  sin3  i 

r\    r\'-!r\r'   fT\ 

because  of  rather  large  differences  between  the  residuals  derived 
from  the  elements  as  first  corrected  and  those  derived  by  substitu- 
tion of  the  unknowns  in  the  conditional  equations.     Although  the 
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quantity  ^pv^  for  the  final  elements,  which  is  seventy-two  per  cent 
of  its  value  for  the  preliminary  elements,  scarcely  differs  from 
that  for  the  elements  as  first  corrected,  the  ephemeris  and  con- 
ditional equations  give  residuals  that  are  in  satisfactory  agreement; 
moreover,  the  probable  errors  for  co  and  T  have  been  materially 
reduced,  although  those  for  K  and  e  remain  as  before.  The  prob- 
able error  for  a  velocity  of  unit  weight  is  =*=  3 .  o  km/sec. 

km/sec 
-1-60 


+40 


4-20 


—  20 


P" 

^4 

r 

^0^ 

J    ^ 

1 

< 

^ 

0 

0 

J 

f 

1 

^<^ 

^ 

•^  \-^ 

—  16       —12        —8         —4  o  -t-4  -(-8       +12       -f-i6       -i-2oDays 

Fig.  I. — Velocity-curve  of  Lalande  13792 

In  the  radial- velocity  diagram  (Fig.  i)  the  velocity  of  the  system 

has  not  been  represented  in  the  usual  way,  since  its  value,  +19.7 

km/ sec,  is  so  nearly  that  of  the  line  whose  ordinate  is  +20  km/sec 

that,  with  the  scale  used,  no  distinction  could  be  made  between  the 

two. 

Aoe  12584  (b.d.+74°493) 

This  star  was  placed  on  the  Mount  Wilson  observing  list  for 
the  determination  of  absolute  magnitudes  by  the  spectroscopic 
method  because  of  its  large  annual  proper  motion  (©''49)  and  its 
apparent  magnitude  (8.2),  which  suggested  low  luminosity.  The 
observations  gave  an  absolute  magnitude  of  +5.4,  spectral  class 
G6,  and  the  second  spectrogram  revealed  the  variation  in  its  ra- 
dial velocity.  Twenty-four  plates  (Table  III)  have  been  secured  with 
the  60-inch  reflector,  using  a  one-prism  spectrograph  provided  with 
a  camera  of  i8-inches  focus,  except  that  for  the  second,  third,  and 
fourth  plates  a  camera  of  7-inches  focus  was  used.  These  have  been 
assigned  half  weight.     The  northerly  declination  of  this  object 
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puts  it  beyond  the  reach  of  the  Hooker  telescope,  the  use  of  which 
would  have  been  advantageous,  for  with  the  6o-inch  reflector,  even 
under  fair  conditions,  it  has  been  necessary  to  use  exposures  of 
about  three  hours.  Under  poor  conditions,  which  are  likely  to 
occur  at  the  season  when  the  star  is  best  placed  for  observation, 
longer  exposures  have  been  necessary  and  some  plates  are  rather 

TABLE  III 
Observations  of  AOe  12584 


Plate  No. 


5704- • 

6929*. 

8170*. 

8292*. 

9056.. 
I 0000. . 
10008. . 

lOIOO. . 

IOII3. . 
IOI25. . 
IOI48. . 

10152.. 

10200. . 
10202. . 
10206. . 

I02I0. . 
10220. . 
IO25I. . 
10255.. 
10262. . 
10277. • 
10862 . . 
10963 . . 
I 1000. . 


Date 


1917, 
1918, 
1919, 

1920, 
1921, 


1922 


Apr.  4 

May  24 

May  13 

June  13 

Mar  8 

Mar.  16 

Mar.  17 

Apr.  18 

Apr.  2 1 

Apr.  25 
May  14 

May  15 

June  14 

June  15 

June  16 

June  18 

June  20 

July  II 

July  12 

July  13 

July  16 

Mar.  6 

Apr.  7 

Apr.  18 


G.M.T. 


17  25 

19  25 

17  23 

20  30 

21  02 

20  23 

19  49 

21  00 

20  18 

18  45 

19  22 
18  10 

18  00 
17  58 

17  39 

17  36 

17  23 

17  10 

17  07 

17  06 

21  45 

19  26 

18  29 


Phase 


2"?042 

1 .001 


139 

567 
385 
803 
362 
267 
901 

1-457 
4.148 

5-174 
2.637 

3-630 
4.629 
1 .200 

3-199 
2532 
3-523 
4-521 
2.105 

2.474 
1. 891 
2  .021 


Velocity 


Prim. 


km/sec 
-152.9 

-  70.3 

-  170.6 

-  106.  I 

-33-1 
-44.1 

-37-7 

-  38.6 
-151-8 

-  102  .  I 

-  96 

-  37 

-  169 

-123-8 

-  59 

-  87 
-158 
-158 
-119 

-59-1 
-148.8 
-158.6 
-137-4 
-143-7 


Second 


km/sec 


•163.2 
■149. I 
-168.0 
-156.6 
■    28.0 


—  167 

8 

-   33 

6 

-  31 

-  33 

0 
6 

-135 

-  27 

-  27 

4 
7 
2 

20.  2 


o-c 

Prim. 


km/sec 

-  9.0 
+  1.2 

-  16.  2 

•4-  7.2 

-  0.5 
+  40 
+  0.4 

-  5-2 

+  8.9 

+  3-1 

-  5-6 

-  2.3 

-  7-3 
+  4-7 

-  1-5 

-  1-7 

-  6.4 
+  2.9 
+  16. 1 

+  5-2 

-  1.7 

+  1.3 

-  2.1 

-  0.8 


Wt. 
Prim. 


0.5 
0-5 
0-5 
0-5 
1 .0 
1 .0 
1 .0 

0.5 
1 .0 


*  Taken  with  7-inch  camera. 


underexposed.  Weights  have  been  assigned  accordingly.  The 
spectrum  shows  a  satisfactory  set  of  lines  for  measurement  when 
the  velocity  is  near  that  of  center  of  mass.  But  the  secondary 
spectrum  is  bright  enough  to  render  the  spectral  lines  of  the  primary 
less  distinct  by  the  superposition  of  the  continuous  spectrum  when 
the  radial  velocities  of  the  two  components  differ.  Measures  of 
the  radial  velocity  of  the  secondary  have  been  made  on  several 
plates,  as  Table  III  shows,  but  are  not  considered  suitable  to  the 
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determination  of  any  element  except  the  amplitude  and  the  relative 
masses  of  the  two  components,  to  be  referred  to  later. 

A  set  of  preliminary  elements,  derived  after  twenty  spectrograms 
had  been  secured,  has  already  been  published/  One  branch  of  the 
velocity-curve  was  later  strengthened  by  four  additional  plates, 
after  which  a  second  set  of  elements  was  derived. 


Preliminary  Elements 

(i) 

(2) 

P                         5^414 

5-41454 

e                    0.000 

0.025 

(a 

204° 

K                   64  km/sec 

67  km/sec 

^i                   70  km/sec 

T  J.D. 2422798.87s 

2422856. 162 

7                  "97-5  km/sec 

-97.8  km/sec 

The  differences  are  slight,  when  it  is  considered  that  for  circular 
elements  the  epoch  is  arbitrary  and  that  K^  has  been  left  for  deter- 
mination in  a  more  accurate  way. 

The  second  set  indicated  a  slight  eccentricity,  the  reality  of 
which  it  seemed  more  satisfactory  to  leave  to  the  outcome  of  a 
least-squares  solution.  Since  340  revolutions  separate  the  first 
and  last  observations,  the  period  has  been  taken  as  definitive.  If 
Xi  is  derived  independently,  and  coi  for  the  secondary  is  taken  as 
CO  4- 1 80°,  there  remain  only  five  elements  to  be  corrected  by  the 
method  of  least-squares. 

As  often  happens  when  the  eccentricity  is  small,  two  of  the 
resulting  normal  equations  were  practically  identical.  Hence 
only  four,  instead  of  five  unknowns,  could  be  determined  satisfac- 
torily. In  this  case,  instead  of  corrections  to  co  and  T,  a  correction 
to  u,  the  argument  of  latitude,  results.  As  a  matter  of  fact,  three 
sets  of  corrections  have  been  derived,  {a)  one  which  corrects  all 
five  elements,  (6)  another  set  which  corrects  three  elements  and  the 
argument  of  latitude,  u,  and  (c),  a  set  like  the  second,  except  that  it 
is  based  upon  the  twenty-two  spectrograms  that  remain  after  the 
rejection  of  two  (78170  and  7  10255)  with  large  residuals.     The 

'  Publications  American  Astronomical  Society,  4,  283,  192 1. 
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value  of  S/>v^  for  the  elements  thus  corrected  becomes  less  and  less, 
both  for  all  the  observations  and  for  the  twenty-two  considered 
in  the  last  set.  In  other  words,  the  rejection  of  the  two  observations 
showing  large  residuals  leads  to  corrections  which  do  not  materially 
affect  the  size  of  these  residuals  and  does  improve  the  representation 
of  the  remaining  observations. 

A  comparison  of  the  residuals  derived  from  an  ephemeris  based 
upon  set  (c)  with  those  derived  from  substitution  into  the  conditional 
equations  showed  that  the  elements  might  be  further  improved. 
Since  these  corrections  had  reduced  the  eccentricity  to  0.005,  this 
element  was  assumed  to  be  zero  and  another  least-squares  solution 
for  corrections  to  7,  K,  and  T  was  made,  T  now  being  referred  to 
the  time  of  the  smallest  negative  velocity  of  the  primary.  After 
these  corrections  had  been  applied,  ephemeris  and  conditional 
equations  gave  practically  identical  values  for  the  residuals.  Hence 
these  elements  are  considered  definitive. 


Kj  has  been  determined  from  the  relation  Ki  =  Kl-y j 


m 

7/ 


which  V  is  the  computed  velocity  for  the  primary,  Vi  is  the  observed 
velocity  of  the  secondary,  and  7  and  K  are  elements  of  the  primary. 
The  weights  assigned  depend  on  the  number  of  lines  measured  in 
determining  Vi. 


Final  Elements  and  Probable  Errors 


p 

5-41454 

K 

64 . 9  ±  1 . 3  km/ sec 

Kr 

74.0  km/sec 

T 

J.D.  2422853.  120 ±0'?020 

y 

—  97.4  km/sec 

0  sin  i 

4,833,000  km 

Ci  sin  i 

5,510,000  km 

m  sin^  i 

0.803  0 

Ml  sin3  i  o .  704  O 

Reference  to  set  (i)  of  the  preliminary  elements  will  show  how 
closely  they  agree  with  the  final  elements,  and  that  the  choice  of 
set  (2)  was  not  a  happy  one,  although  for  this  case  the  eccentricity 
was  not  arbitrarily  assumed  to  be  zero. 
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If  all  twenty-four  plates  are  considered,  the  probable  error  of  a 
single  determination  of  radial  velocity  of  unit  weight  is  =1=4.0  km/sec, 
and  =1=2.9  km/sec  if  based  upon  the  twenty-two  plates  finally 
used.  The  probable  errors  for  the  elements  are  based  on  the 
larger  of  these  two  values,  which  is  also  used  as  radius  for  the 
circles  representing  the  individual  velocities  in  the  diagram  in 
Figure  2.  The  barred  circles  refer  to  velocities  derived  from  the 
three  spectrograms  taken  with  low  dispersion  to  which  reference 


km/sec 
—  20 


-  60 

0 

D@C 

Oo 

—  100 

-/ 

t 

—  140 
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-180 
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'0 
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e 

—  2  -I  O  -j-I  -f-2  +3 

Fig.  2. — Velocity-curve  of  AOe  12584 


+4  Days 


has  already  been  made.  The  larger  circles  represent  the  velocities 
for  the  secondary  star  as  far  as  they  were  measured.  Their  evident 
inaccuracy  did  not  seem  to  warrant  the  inclusion  of  a  velocity-curve 
for  them. 

Including  the  two  binaries  discussed  in  this  paper,  six  of  a  total 
of  eleven  whose  orbits  have  been  derived  by  the  writer  at  Mount 
Wilson  have  absolute  magnitudes  that  place  them  in  the  dwarf 
division.  Since  binary  stars  of  low  luminosity  are  relatively  few 
in  number,  it  is  of  interest  to  collect  certain  elements  for  these  six 
stars,  as  has  been  done  in  Table  IV. 
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Attention  has  already  been  called  to  the  fact  that  the  dwarf 
binary  Lalande  29330^  has  a  period  and  an  eccentricity  both  of  which 
are  small  for  a  star  of  its  spectral  class  when  compared  with  mean 
values  based  upon  hitherto   existing  material,   relating,    for   the 


TABLE  IV 


Name 


02  82 

Lai.  29330. . 
Lai.  49867. . 
AOe  12584.. 
75  Cancri. .  . 
Lai.  13792.. 


App. 

Mag. 


7.0 
8.5 
7-3 
8.2 
6.0 
7.0 


Sp. 
Class 


F9 
Kg 
K2 
G6 
G2 
G5 


Abs. 

Mag. 


41 
6.0 
6.0 

5-4 
41 
4.8 


4' 
4 
6 

5 

19 
32 


?oooo 

.2850 

•  7217 

•  414s 

•  4589 

.8092 


0.060 
0.089 

0.059 

0.000 
o.  206 
0.080 


A' 


km/sec 
36.1 
38.1 
38 
64 
20 
27 


km/sec 

+37-4 
-60.6 
-19.8 

-97-4 

+  12.3 
+  197 


km 
1.98X10^ 
2.  24X10* 

3-5SXio6 

4.83X106 

5.26X10* 

12.38X106 


m,  sm>  1 

(m+m,)' 


o 

0.0193 

0.0244 
0.0396* 


0.0157 
0.0705 


♦Given  erroneously  as  0.0125©  in  Mt.  Wihon  Contr.,  No.  201. 


most  part,  to  giant  stars.  Forming  mean  values  of  spectral  class, 
period,  eccentricity  and  absolute  magnitude  for  the  six  binaries, 
we  find  the  data  of  the  first  line  of  Table  V.  This  is  followed  by 
the  similar  data  for  class  G  stars  taken  from  a  table  by  Aitken.^ 


TABLE  V 


Spectral  Class 

Period 

Eccentricity 

Abs.  Mag. 

G4 

12  days 
267  days 

0.082 
0.  129 

+  ^•1 

G 

Mostly  giants 

When  it  is  considered  that  the  first  line  shows  mean  values  for 
stars  whose  spectral  classes  range  from  F9  to  K2,  and  that  in  the  table 
from  which  the  second  line  is  taken  the  value  of  e  is  larger  for  the 
spectral  divisions  which  precede  and  follow  G,  it  appears  that  in 
Table  V  we  again  have  evidence  that  dwarf  binaries  have  shorter 
periods  and  smaller  eccentricities  than  do  giant  stars  of  approxi- 
mately the  same  spectral  class. 

Dr.  R.  E.  Wilson  has  also  discussed  the  period-eccentricity  rela- 
tion^  for  binary  stars,  and  as  far  as  his  data  go,  finds  that  for  the 

^  Ml  Wilson  Contr.,  No.  201;  Astrophysical  Journal,  53,  212,  192 1. 

^  The  Binary  Stars,  p.  199,  1918. 

i  AsironomicalJournal,  33,  147,  1921. 
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same  average  period  dwarf  stars  have  an  average  eccentricity  smaller 
than  that  of  the  giants.  In  order  to  display  this  feature,  the 
material  in  Table  I  of  his  paper  corresponding  to  that  in  Table  IV 
above  is  reproduced  in  Table  VI.  The  first  column  gives  his 
number  of  the  period  group,  the  range  in  each  of  which  is  given 
in  the  second  column.  Then  follow  pairs  of  columns  which  show 
the  mean  eccentricity  and  the  number  of  stars  for  giants  and 
for  dwarfs,  and,  finally  a  pair  which  give  the  same  data  derived 
from  the  six  binaries  in  Table  IV. 

TABLE  VI 


Group 

Period 

Giants 

DWARTS 

Dwarfs  (Sanford) 

e 

Xo. 

e 

Xo. 

e 

Xo. 

2 

3 

4 

4-     8  days 

8-25  days 

25-100  days 

0. 114 
0.250 
0.468 

19 

22 

15 

0.020 
0.132 
O.OIO 

3 

4 

I 

0.052 
0.206 
0.080 

4 
I 
I 

It  is  readUy  seen  that  the  eccentricities  for  the  first  column  of 
dwarfs  are  systematically  smaller  than  those  for  giants,  which  is 
borne  out  rather  well  by  the  spectroscopic  binaries  whose  eccentrici- 
ties are  displayed  in  the  next  to  the  last  column. 

Both  Aitken'  and  Wilson^  have  called  attention  to  an  apparently 
abrupt  change  in  the  mean  eccentricity  for  the  stars  with  periods 
between  25-100  days. 

Although  the  data  for  such  a  conclusion  are  meager  indeed, 
the  same  phenomenon  is  shown  in  the  last  column  of  eccentricities, 
but  it  is  by  no  means  certain  from  either  the  fifth  or  seventh  columns 
that  there  is  a  minimum  in  the  eccentricity-period  relation  for 
group  4  or  a  maximum  for  group  3.  Two  more  dwarf  binaries  for 
which  I  have  nearly  enough  material  for  orbits  will  add  one  star 
each  to  groups  2  and  3  and  will  have  eccentricities  consistent  with 
the  values  given  in  this  seventh  column.  Orbital  elements  of 
dwarf  spectroscopic  binaries  falling  in  groups  3  and  4  are  therefore 
especially  to  be  desired  in  order  to  settle  {a)  the  reality  of  this 
departure  from  a  smooth  curve  in  the  period-eccentricity  relation, 
and  {h)  whether  the  departure  means  a  maximum  for  group  3  or  a 
minimum  for  group  4. 

'  The  Binary  Stars,  p.  197,  1921.  'Astronomical  Journal,  33,  147,  1921. 
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It  is  of  interest  to  note  that  two  of  the  binaries  of  Table  IV, 
Lalande  29330  and  AOe  12584,  have  large  velocities  of  the  center 
of  mass  (7).  Their  space  motions  place  them  in  that  group  of 
stars  of  large  space-velocity  whose  motions  have  been  discussed 
by  Adams  and  Joy'  and  later  more  completely  by  Stromberg,^' 
and  whose  apices  are  directly  away  from  the  quadrant  of  avoidance 
shown  to  exist  by  these  investigators. 

Mount  Wilson  Observatory 
September  1922 

^  Mt.  Wilson  Contr.,  No.  163;  Astrophysical  Journal,  49,  179,  1919. 
'Proceedings  of  the  National  Academy  of  Sciences,  8,  141,  1922. 
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I.     GENER.\L  DESCRIPTION 

By  PAUL  W.  MERRILL 

ABSTRACT 

Class  S  stars. — A  number  of  red  stars  have  spectra  similar  to  that  of  R  Geminorum, 
which  differs  from  the  recognized  types  of  the  Harvard  classification.  It  is  proposed  to 
group  them  into  an  additional  class  with  the  symbol  S.  A  provisional  list  of  22  S  stars 
is  given,  including  the  following  long- period  variables:  X  and  R  Androtn.,  R  and  T 
Camelop.,  V  Cancri,  R  Can.  Min.,  U  and  S  Cassiop.,  R  Cygni,  R  and  T  Gemin., 
RW  Librae,  R  Lyn^is,  R  Orionis,  T  Sagittarii,  and  S  Urs.  Maj.  Chara<:leristic  spectral 
features  are  shown  by  typical  spectrograms  and  by  a  table  of  forty-three  lines  from 
X  4500  to  X  4860,  particularly  a  complicated  structure  between  X  4630  and  X  4660. 
The  absorption  lines  X  4554  ( Ba)  and  X  4607  (Sr)  are  unusually  strong,  and  there  is  an 
absorption  band  in  the  red  extending  from  X  6470  to  longer  wave-lengths.  A  remark- 
able feature  is  the  presence  of  enhanced  lines  of  iron,  XX  4584,  4924,  and  5018,  as 
emission  lines.  As  in  the  case  of  class  M  stars,  the  variables  alone  show  strong  bright 
hydrogen  lines  (type  Se) ;  H/3  is  more  intense  than  Hy,  and  the  lines  are  narrow.  A  list 
of  the  plates  obtained  at  Mount  Wilson,  together  with  the  dates,  phases,  and  notes  as  to 
the  indiWdual  spectra,  are  given.  The  relationship  to  other  classes  is  discussed.  While 
the  S  stars  appear  to  be  more  closely  related  to  giant  Ma  stars  than  to  any  other  type, 
thej-  probabh-  do  not  belong  in  either  the  G-R-N  or  the  G-K-^I  branch,  but  form  a  third 
branch.  The  recognition  of  these  stars  as  a  distinct  group  should  aid  in  the  general 
study  of  long-period  variables. 

In  Secchi's  classification  of  stellar  spectra,  made  nearly  sixty 
years  ago,  there  are  two  great  groups  of  orange  and  red  stars, 
namely,  types  III  and  IV.  Both  types  are  marked  by  characteristic 
absorption  bands  which  face  in  opposite  directions  in  the  two 
types.  Those  of  type  III  are  now  known  to  be  due  to  titanium 
oxide,  and  those  of  type  IV  to  carbon.  In  the  more  detailed  system 
of  classification  developed  at  the  Harvard  College  Observatory, 
these  groups,  called  classes  M  and  N  respectively,  have  been  sub- 
divided, but  stars  with  intermediate  spectra  have  not  been  found. 
No  object  is  known  to  show  both  carbon  and  titanium  bands; 
these  spectral  features  seem  to  be  mutually  exclusive.  Accordingly 
there  is  no  place  for  the  carbon  stars  in  the  spectral  progression 
which  runs  without  a  break  through  the  sequence  of  classes  B,  A, 
F,  G,  K,  and  M,  since  the  latter  end  of  this  chain  is  characterized 
by  increasing  strength  of  the  titanium  bands.  The  alternative 
arrangement  for  class  N  is  a  side  branch  paralleHng  the  main 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  252. 
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sequence  in  the  K-M  region.  The  discovery  of  the  class  R  stars, 
which  in  color  and  spectroscopic  details  are  intermediate  between 
classes  G  and  N,  strongly  supports  this  view.^ 

Among  the  long-period  variables  there  are  a  number  which  are 
not  clearly  of  either  class  M  or  class  N,  and  which  have  been 
variously  classified  by  the  Harvard  observers.  The  following 
statement  in  regard  to  these  stars  is  found  in  the  introduction  to  the 
Henry  Draper  Catalogue: 

Several  spectra  which  have  hitherto  been  called  Mdi  or  Md2,  in  which  H/3 
is  the  strongest  bright  line,  are  found  to  be  peculiar  and  are  designated  Pec.  in 
Table  I.  The  variable  stars  R  Andromedae,  U  Cassiopeiae,  S  Cassiopeiae, 
R  Lyncis,  R  Canis  Minoris,  T  Geminorum,  and  R  Cygni  may  be  given  as 
examples.  These  spectra  do  not  show  the  titanium  bands  having  bright  edges 
at  4762,  4954,  and  5168  as  in  all  divisions  of  Class  M,  but  more  nearly  resemble 
the  spectrum  of  tt'  Gruis,  which  may  be  placed  in  a  subdivision  of  Class  R, 
assuming  some  peculiarities. 

Few  observations  of  any  of  these  stars  have  been  made  with 
sht  spectrographs  until  recently.  Spectrograms  of  R  Cygni  were 
secured  by  Wright^  in  December,  191 1 .  They  showed  a  compHcated 
spectrum  most  of  whose  details  could  not  be  identified.  Several 
stars  of  this  type  were  included  in  the  radial  velocity  observations 
of  long-period  variables^  made  by  the  writer  at  Ann  Arbor  from  1913 
to  1 91 5,  but  in  only  one  case  was  the  exposure  sufficient  to  show  the 
absorption  spectrum;  R  Lyncis,  photographed  in  February,  191 5, 
was  found  to  have  a  spectrum  resembling  that  of  R  Cygni  as 
observed  by  Wright. 

Since  resuming  the  investigation  of  long-period  variables  at 
Mount  Wilson,  I  have  photographed  a  number  of  objects  which 
have  spectra  of  the  same  type  as  R  Cygni  and  R  Lyncis.  They 
have  been  recognized  as  forming  a  special  group  distinct  from  either 
class  M,  N,  or  R.  The  designation  class  "S"  has  been  suggested 
for  them  by  the  action  of  the  International  Astronomical  Union  at 
the  Rome  meeting  in  May,  1922. 

'  The  relationships  between  classes  G,  R,  and  N  have  been  thoroughly  discussed 
by  Rufus,  Publications  oj  the  Observatory,  University  of  Michigan,  2,  103,  19 16. 

'  Monthly  Notices,  72,  548,  1912.  The  preceding  article  gives  an  account  of  visual 
observations  by  Espin. 

i  Publications  oj  the  Observatory,  University  of  Michigan,  2,  45,  1916. 
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It  is  the  purpose  of  this  article  to  furnish  a  description  of  spectra 
of  class  S  together  with  some  remarks  on  the  relationship  to  other 
classes.  The  general  conclusion  may  be  anticipated  here  by  stating 
that  the  S  stars  probably  form  a  third  branch  of  the  spectral 
sequence  in  addition  to  the  G-K-M  and  the  G-R-N  branches. 
(See  page  473-) 

In  Table  I  is  given  a  first  list  of  stars  of  class  S.  The  observa- 
tions upon  which  the  inclusion  of  each  star  depends  may  be  inferred 

TABLE  I 
Provisioxax  List  of  Stars  of  Class  S 


Xame 


X  Androm. 
R  Androm. 
U  Cassiop.  . 
S   Cassiop.  . 
T  Camelop. 
R  Ononis  .  . 


R  Lyncis.  .  . 
R  Gemin.  .  . 
R  Can.  Min. 

T  Gemin.  .  . 


V  Cancri .  . . 
S   Urs.  Maj. 

R  Camelop 
RW  Librae. 


T  Sagittarii 
R  Cygni.  .  . 
ir'  Gruis .... 


H.D. 


1167 
1967 

4350 
7769 
29147 
31798 
3515s 
51610 

53791 
54300 
58881 

63334 

63733 

70276 

110813 

121447 

127226 

136734 
172804 


R.A.  1900 


0° 

o 

o 

I 

4 

4 

5 

6 

7 
7 
7 
7 
7 


'io™9 
18.8 
40.8 
12.3 

30.3 
53-6 
17.6 
530 

1-3 

3-2 

22.4 

43 
45 
8   16 

12  39 


13  50.3 

14  25.1 

15  17.2 

18  37-1 

19  10.5 

19  34- I 
22   16.6 


Dec.  1900 

Mag. 

+46^27' 

8.I-14.2 

+  38      I 

5.6-14.0 

+47  43 

8.0-16. 

+  72     5 

7-6-I4.5 

+65  57 

70-13. 5 

+  7  59 

8.7-13-5 

-  8  45 

7.0 

+55  27 

7.0-13.8 

+22  52 

6.4-13-8 

+  10  II 

7.2-10.0 

-II  31 

9-0 

+23  59 

8.0-13.5 

-18  45 

8-5 

+  17  36 

7-5-13-0 

+61  38 

7-3-12-5 

-17  45 

8.1 

+84  17 

7-9-13-7 

-23  42 

8.6-11.7 

+  6  43 

9-1 

-17     9 

7.2-12.0 

+49  58 

6.6-13.9 

-46  27 

6.6 

Spect. 


Se 

Se 

Se 

Se 

Se 

Se? 

S 

Se 

Se 

Se 

S 

Se 

S 

Se 

Se 

S 

Se 

Se 

S 

Se 

Se 

S 


Period 


days 

346.5 

410.7 

276.0 

609.5 

370 

378.5 


379-2 

370 

337-7 


288.1 


272. 1 
226.5 


269.5 

490  (about) 


381-3 
426 


from  Table  II,  which  gives  a  record  of  the  Mount  Wilson  spectro- 
grams, and  from  the  Harvard  notes  and  the  brief  discussions  of  each 
star  which  follow.  It  is  highly  probable  that  future  observations 
will  disclose  additional  stars  of  class  S,  especially  among  the  long- 
period  variables.  It  is  less  likely,  though  not  impossible,  that  one 
or  two  stars  of  Table  I  will  be  shown  by  improved  observations 
to  belong  to  some  other  spectral  class. 

Table  II  contains  a  record  of  most  of  the  Mount  Wilson  spectro- 
grams of  stars  of  class  S.     They  were  secured  with  one-prism  slit 
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TABLE  II 

Journal  of  Observations 


Star 


X  Androm. 
R  Androm. 

U  Cassiop. 

S    Cassiop. 
T  Camelop. 
H.D.  35155 


R  Gemin. 


R  Can.  Min 

T  Geniin.  .. 
H.D.  63733  • 

V  Cancri . . . 


S   Urs.  Maj. 

H.D.  121447 
R  Camelop. 
H.D.  172804 


Plate 


C  1454 
C  1462 

7872s 

C  130 

C  137 

I  C  1499 

f  C  1449 
I  C  1455 

7  1075s 
7  II245 

C  672 

[y     8727 

C  127 


C 

I3.S 

c 

144 

c 

681 

C 

821 

c 

1339 

7  10524 

c 

1402 

c 

1408 

c 

1456 

c 

I50I 

c 

1502 

c 

294 

c 

299 

79047 

c 

909 

7  9QQO 

c 

1522 

c 

q68 

c 

1009 

c 

1464 

c 

194 

7 

8875 

7 

8883 

7  10132 

7  10757 

c 

1552 

c 

369 

c 

373 

79252 

7 

9848 

c 

866 

c 

1553 

CI626 

c 

1706 

7 

8266 

7 

8272 

7 

834s 

7 

1077 

C  472 


Date 


1921,  Nov.  13 
Nov.  14 


1919,  Oct. 

Oct. 

Oct. 
1921,  Dec. 


3 
15 
16 
15 


192 1,  Nov.  12 
Nov.  13 


1922,  Jan. 
1922,  Aug. 


13 
9 


1920,  Sept.  26 

1919,  Oct.  3 
Oct.  14 
Oct.  IS 
Oct.  17 

1920,  Sept.  28 
Dec.  27 

1921,  Sept.  21 
Oct.  10 
Oct.  13 
Oct.  14 
Nov.  13 
Dec.  15 
Dec.  IS 

1920,  Mar.  3 
Mar.  4 
Mar.  7 

1921,  Feb.  2S 
Feb.  28 

1922,  Jan.  12 

192 1,  Mar.  28 

Apr.  29 

1921,  Nov.  14 

1919,  Nov.  9 

Nov.  13 

Nov.  14 

1921,  Apr.  27 

1922,  Jan.  13 
Feb.  1 1 


10 

3 
29 
28 
II 


1920,  Apr. 
Apr. 
June 
Dec. 

1921,  Jan. 

1922,  Feb. 
Mar.  19 

1922,  May  16 

1919,  June  9 
June  10 
July   8 

1922,  May  17 

1920,  June   6 


Mag. 


95 
95 


9.1 


Phase 


days 
-16 
-15 

-25 

—  13 

—  12 
-16 

-  4 

-  3 

+22 
-36 


-27 
-16 

-IS 

-13 
-30 
+60 
-50 
-31 
-28 

-27 
+  3 
+3S 

+35 

-  10 

-  9 

-  6 

+20 
+  23 

-a 

-23 
+  9 


+10 
+14 

+  IS 

—  3 
—12 
+17 

-31 

-29 

+25 

+  25 

-52 
-28 

+  8 


+  7 
+  8 
+36 
-18 


Intensities 


H/3 


12 

4 

5 

4 

6 

12 


10 
12 
12 
8 
10 

4 
12 


15 
12 


IS 

IS 

8 

15 
6 


15 
7 
6 

10 
9 

15 

7 

II 

6 

6 

4 
7 
9 


Ht 


2 
0.5 

2 
2 
3 
S 

4 
4 


3 
5 
6 
6 
3 
4 
0.5 
5 


o.S 

5 


Hi 


0-5 

2 
2 
2 


0.5 


0.5 


2 

I 
0.7 
0.7 
0.7 

3 


0.4 


Remarks 


Obs.  by  Hoge 


Red  region 
Red  region 


Green  region 


Red  region 


Obs.  by  Sanford 


STELLAR  SPECTRA  OF  CLASS  S 


461 


TABLE  11— Continued 


Star 


T  Sagittarii. 


R  Cygni. 


Plate 


C  1059 


fC  965 

C  966 

C  1007 

C  1038 

7  11079 

C    1784 


Date 


192 1,  June  20 

1922,  July  13 

1921,  Mar.  27 
Mar.  27 
Apr.  28 
May  26 

1922,  May  17 
June  14 
July  It 


Mag. 


8.5=* 
9.1 


Phase 


days 
+39 
+65 

+31 
+M 
+63 
+91 

+  4 
+32 
+59 


Intensities 


H/3 


7 
6 

IS 


IS 
IS 
10 
IS 
IS 


H7       Hi 


Remarks 


Red  region 


spectrographs  with  18-inch  camera-lens  foci,  and  are  of  the  usual 
photographic  region  unless  otherwise  noted  in  the  remarks.  The 
y  plates  were  secured  with  the  60-inch  reflector;  the  C  plates  with 
the  100-inch  Hooker  reflector.  The  column  headed  "Phase"  gives 
the  number  of  days  before  (  — ),  or  after  (-|-),  the  nearest  maximum. 
The  intensities  of  the  bright  hydrogen  Knes  are  estimates  of  the 
strength  of  the  Knes  on  the  negatives,  no  allowance  having  been 
made  for  instrumental  or  other  observational  effects.  H/3  is  usually 
overexposed  and  the  estimates  of  this  line  are  doubtless  only  rough 
approximations. 


X   ANDROMEDAE,   H.D.    I167 


Remark  in  H.D. 


On  a  photograph  taken  November  8,  1904,  the  spectrum  was  estimated 
Mb,  having  H7  and  Hs  bright,  and  equal  in  intensity. 

The  Mount  Wilson  plate  taken  on  November  13,  192 1,  shows 
a  spectrum  similar  to  that  of  R  Andromedae  (C  137),  but  resembhng 
still  more  closely  R  Geminorum  (C  133)  and  S  Ursae  Majoris 
(C373).  The  M  bands  are  not  recognizable  and  must  be  very 
weak,  if  present  at  all.  Of  the  bright  hydrogen  lines,  H5  is  not 
seen,  H7  is  a  fairly  strong  narrow  line,  and  H/3  is  overexposed.  The 
intensities  of  HjS  and  H7  are  perhaps  as  six  or  eight  to  one.  This 
estimate  is  best  made  from  the  plate  taken  on  the  following  night, 
which  has  much  less  exposure,  and  on  which  the  strong  bright  H/S 
line  is  the  only  outstanding  feature;  H7  is  clearly  seen  but  is  very 
weak. 
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It  is  evident  that  at  the  192 1  maximum  the  spectrum  differed 
very  greatly  from  that  at  the  date  of  the  Harvard  observations  which 
was  less  than  a  month  after  the  1904  maximum.  Changes  of  this 
character  are  of  the  highest  interest  as  bearing  on  the  relationships 
between  classes  M  and  S.  It  is  hoped  to  discuss  them  in  a  sub- 
sequent contribution,  after  more  observational  data  have  been 
secured. 

R  ANDROMEDAE,   H.D.    I967 

Remark  in  H.D. : 

The  spectrum  is  very  peculiar,  and  does  not  appear  to  be  of  any  division 
of  Class  M.  In  the  continuous  portion  between  H/3  and  H-y  it  resembles  the 
spectrum  of  tt'  Gruis,  R.A.  22i^i6'"6,  Dec.  — 46°27',  and  should  probably  be 
placed  in  some  division  of  Class  R.  The  continuous  portion  of  the  spectrum  is 
very  faint  in  the  region  having  shorter  wave-length  than  H7.  The  hydrogen 
lines  H/3,  H7,  H5,  and  Hf  are  bright.  H/3  is  about  0.3  as  bright  as  H7  and  H5 
which  are  nearly  equal. 

If  we  applied  to  S-type  stars  the  criteria  of  absolute  magnitude 
developed  by  Adams  and  Joy  for  K  and  M  stars,  R  Andromedae 
would  appear  to  be  of  high  luminosity  (perhaps  comparable  with 
K  and  M  giants),  since  X4215  is  strong  and  X  4455  weak.  The 
bright  hydrogen  Hnes  are  very  conspicuous.  The  Harvard  and  the 
Mount  Wilson  observations  agree  in  making  bright  Hf  stronger 
than  He.  This  circumstance  is  discussed  on  page  471.  Several 
narrow  maxima  are  present  in  the  continuous  spectrum,  some  of 
which,  at  least,  are  doubtless  true  emission  lines.  Among  these 
are  the  enhanced  iron  Knes  XX  4584,  4924,  5018.     (See  page  472.) 

U   CASSIOPEIAE,   H.D.   43 50 

Remark  in  H.D. : 

The  spectrum  resembles  that  of  R  Andromedae,  H.D.  1967,  and  does  not 
appear  to  be  of  Class  M.  H7  and  HS  are  bright.  On  a  photograph  taken 
July  10,  1894,  these  two  lines  are  of  equal  brightness,  but  on  photographs  of 
October  8,  1896,  and  December  i,  1905,  H5  is  from  3  to  6  times  as  bright  as  H7. 

The  spectrum  shows  considerable  difference  from  that  of 
R  Andromedae  (C  137)  and  more  nearly  resembles  that  of  R  Gem- 
inorum  (C  133).  There  is  a  definite  indication  of  the  titanium 
band  at  X  4954,  and  possibly  a  trace  of  the  one  at  X  4761. 
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S   CASSIOPEIAE,   H.D.    7769 

Remark  in  H.D.: 

The  spectrum  is  peculiar,  and  does  not  appear  to  be  of  Class  M,  but  to 
resemble  in  characteristics  that  of  R  Andromedae,  H.D.  1967.  On  several 
photographs  examined  the  brightness  of  H/3  varies  from  2  to  10  times  that  of  H7. 

On  the  Mount  Wilson  spectrogram,  7  10755,  bright  Hj3  is 
several  times  as  strong  as  H7.  The  continuous  spectrum  is  very 
weak  but  traces  of  the  principal  S  features  are  seen. 

T   CAMELOPARDALIS,   H.D.    29147 

Remark  in  H.D.: 

The  spectrum  resembles  Class  R,  in  having  the  strong  absorption  band 
4640-4750,  and  other  dark  bands  between  H/3  and  H7.  It  is  very  faint  in 
the  region  of  shorter  wave-length  than  H7. 

The  only  Mount  Wilson  plate  is  underexposed  but  several  of 
the  chief  S  features  can  be  identified. 

R  ORiONis,  H.D.  31798 
Remark  in  H.D.: 

The  line  H/3  is  bright.  The  spectrum  shows  strong  dark  bands  and  may 
belong  to  Class  R. 

H.D.  35155 
Remark  in  H.D.: 

The  spectrum  resembles  that  of  tt'  Gruis  in  the  region  from  H/3  to  H7., 

Omitting  the  bright  hydrogen  Hnes,  this  spectrum  is  on  the  whole 
a  very  good  match  for  that  of  R  Geminorum  (C  133),  although  a 
few  of  the  less  conspicuous  absorption  Hnes  are  weaker  than  in 
R  Geminorum  and  there  are  shght  differences  in  the  characteristic 
S  structure  near  X  4650.  The  titanium  bands  are* more  prominent, 
that  at  X  4954  being  fairly  strong,  with  indications  of  others. 

R   LYNCIS,   H.D.    5161O 

Remark  in  H.D.: 

The  spectrum  does  not  appear  to  be  of  Class  M,  but  to  resemble  that  of 
R  Andromedae,  H.D.  1967.  The  lines  H/3,  H7,  and  H5  are  bright.  On  photo- 
graphs taken  November  27,  1905,  and  December  12,  1907,  the  line  H7  was  the 
strongest  bright  line.     H/3  and  H5  were  respectively  0.4  and  o.i  as  strong  as  H7. 
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The  Ann  Arbor  observations  indicated  that  this  spectrum  is 
similar  to  that  of  R  Cygni  as  observed  by  Wright.  See  Publications 
of  the  Observatory,  University  of  Michigan,  2,  52,  65,  1916. 

R   GEMINORUM,   H.D.    53  79 1 

Remark  in  H.D.: 

The  spectrum  is  peculiar  and  resembles  that  of  Class  R  rather  than  Class  M. 
Two  dark  bands  are  present  between  H/3  and  H7.  On  photographs  taken 
October  25,  1906,  and  October  12,  1910,  H7  is  bright.  The  spectrum  is  not 
seen  in  regions  of  shorter  wave-length  than  4300. 

As  compared  with  R  Andromedae  there  is  a  general  similarity 
but  many  differences  are  obvious.  Bright  HS  is  much  weaker 
relatively  to  H7  than  in  R  Andromedae.  The  continuous  spectrum 
does  not  extend  as  far  toward  the  violet.  The  absorption  Hne  X  4554 
is  much  stronger  and  broader.  There  are  numerous  differences  in 
the  relative  intensities  of  Hues  and  in  the  details  of  band  structure. 
The  spectrograms  of  the  red  region  record  Ha  as  a  bright  line,  and 
show  the  strong  absorption  band  at  about  X  6470,  which  was  photo- 
graphed by  Wright  in  the  spectrum  of  R  Cygni  {Monthly  Notices, 
72,  548,  1912). 

R   CANIS   MINORIS,   H.D.    543OO 

Remark  in  H.D.: 

The  spectrum  is  peculiar  and  resembles  that  of  R  Andromedae,  H.D.  1967. 
On  photographs  taken  February  3,  1897,  February  i,  1910,  and  January  24, 
191 1,  the  line  H7  is  bright. 

The  spectrum  differs  somewhat  from  that  of  R  Geminorum, 
and  decidedly  from  that  of  R  Andromedae.  As  compared  with 
R  Geminorum  (C  133)  there  are  some  dissimilarities  in  the  details 
of  the  band  absorption  near  X  4645,  and  a  feature  at  X  4736  is  quite 
different.  The  plate  of  the  red  region  is  badly  underexposed  but 
shows  the  Ha  Kne  to  be  bright. 

H.D.  58881 
Remark  in  H.D.: 

The  spectrum  is  not  seen  in  the  region  of  shorter  wave-length  than  4200. 
It  resembles  that  of  ir'  Gruis.  Bright  and  dark  bands  are  situated  between 
H/3  and  H7. 
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T  GEMINORUM,   H.D.   63334 

Remark  in  H.D.: 

On  a  photograph  taken  Febniar)'  8,  1893,  the  spectrum  is  peculiar  and  prob- 
ably resembles  that  of  R  Andromedac,  H.D.  1Q67.  It  is  very  faint  except  in 
the  region  between  Hfi  and  H7.     The  lines  H7  and  H5  are  bright. 

The  spectrum  is  much  Hke  that  of  R  Geminorum,  though  not 

an  exact  duplicate. 

H-D.  63733 
Remark  in  H.D.: 

In  the  region  of  4700,  the  spectrum  resembles  that  of  ir'  Gruis,  R.A.  22*'i6"6, 
Dec.  — 46°27'.     It  is  very  faint  from  H7  to  the  end  of  shorter  wave-length. 

Except  for  the  bright  hydrogen  lines,  which  are  missing,  this 
spectrum  is  a  rather  close  match  for  that  of  R  Geminorum  (C  133). 

V  CANCRI,   H.D.    70276 

Remark  in  H.D.: 

On  a  photograph  taken  March  30,  1892,  the  lines  H/3  and  H7  are  nearly 
equally  bright,  and  the  spectrum  is  very  faint  from  H7  to  the  end  of  shorter 
wave-length.     The  spectrum  may  resemble  that  of  R  Andromedae,  H.D.  1967. 

This  spectrum  is  much  Hke  that  of  R  Geminorum,  but  the  band 
absorption  is  slightly  v^eaker, 

S   URSAE   MAJORIS,   H.D.    II0813 

Remark  in  H.D. : 

On  photographs  taken  February  22,  1906,  and  April  26,  1909,  the  spectrum 
is  of  a  peculiar  class,  and  resembles  that  of  R  Andromedae,  H.D.  1967.  The 
line  H7  is  bright.     A  bright  band  is  situated  at  about  4645. 

This  spectrum  is  much  like  that  of  R  Geminorum.  Certain 
changes  dependent  on  the  light  phase  have  been  observed  and  will 
be  described  in  another  contribution. 

H.D.  I 2 1447 
Remark  in  H.D.: 

The  spectrum  is  not  seen  in  the  region  having  shorter  wave-length  than 
4200.  It  bears  some  resemblance  to  the  spectrum  of  tt'  Gruis  between  Hi3 
and  H7. 

With  the  exception  of  the  bright  hydrogen  lines,  which  are 
missing,  this  spectrum  is  a  fair  match  for  that  of  R  Geminorum 
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(C  133),  although  there  are  some  differences  in  the  relative  intensi- 
ties of  certain  features.     The  band  absorption  is  weaker. 

R   CAMELOPARDALIS,    H.D.    1 27226 

Remark  in  H.D.: 

On  a  photograph  taken  INIay  20,  1890,  the  spectrum  is  peculiar  with  bright 
and  dark  bands  between  H/3  and  H7,  and  resembles  that  of  R  Andromedae, 
H.D.  1967.  The  lines  H/3,  Hy,  and  Hs  are  bright.  The  relative  intensities 
are  2,  10,  and  2. 

All  of  the  Mount  Wilson  plates  are  underexposed.  The  con- 
tinuous spectrum  is  too  faint  to  classify  with  certainty,  but  it  is 
probably  of  class  S. 

RW   LIBRAE,   H.D.    I36734 

Remark  in  H.D.: 

On  a  photograph  taken  June  3,  1907,  the  spectrum  has  the  lines*H/3,  H7, 
and  H5  bright.  The  intensities  are  8,  10,  and  3,  respectively.  The  continuous 
spectrum  is  much  stronger  between  HfS  and  H7  than  in  other  portions.  It  is 
not  well  defined  but  probably  resembles  that  of  R  Andromedae,  H.D.  1967. 

H.D.    172804 

Remark  in  H.D.: 

The  spectrum  is  faint.  It  may  resemble  that  of  the  variable  star  043065, 
T  Camelopardalis,  H.D.  29147. 

With  the  exception  of  the  bright  hydrogen  Hnes,  which  are 
missing,  this  spectrum  closely  resembles  that  of  R  Geminorum,  but 
there  is  more  contrast  in  certain  features.  The  band  absorption 
is  probably  stronger  than  in  any  other  non-variable  S-type  star 
observed  at  Mount  Wilson.  Parts  of  the  spectrum  are  much  like 
that  of  Tr^  Gruis,  but  a  band-head  near  X  4736  is  lacking.  The 
plate  of  H.D.  172804  was  secured  by  Mr.  Sanford  in  connection 
with  his  program  for  class  R  stars.  I  am  indebted  to  him  for  per- 
mission to  make  use  of  it. 

T   SAGITTARII    IQIOI'/ 

Remark  in  H.A.,  56,  page  211: 

The  spectrum  changes  from  Mdo  to  Md4,  on  8  plates.  H5  apparently 
changes  from  30  to  70.  On  two  plates  the  spectrum  is  peculiar,  and  on  one 
plate  it  is  Class  Md  peculiar. 
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On  the  Mount  Wilson  plates  the  continuous  spectrum  is  too 
faint  to  classify  with  certainty  but  is  probably  of  class  S. 

R  CYGNi  193449 

Remark  in  H.A .,  56,  p.  211: 

The  spectrum  of  this  star  is  peculiar,  and  shows  changes  on  the  various 
photographs. 

This  spectrum  resembles  that  of  R  Geminorum  (C  133)  more 
than  that  of  R  Andromedae  (C  137),  but  has  the  band  absorption 
somewhat  stronger  than  in  R  Geminorum.  Photographs  of  the 
spectrum  of  R  Cygni  were  secured  by  Wright  in  December,  191 1, 
and  are  described  in  the  Monthly  Notices,  72,  548,  1912.  The 
Mount  Wilson  plate  of  the  red  region  is  underexposed,  but  shows  a 
strong  bright  Ha  hne  and  the  prominent  band  at  about  X  6470  as 
observed  by  Wright.  Visual  observations  by  Espin,  recorded  in 
the  Monthly  Notices,  72,  546,  191 2,  indicate  that  during  the  latter 
part  of  191 1  the  spectrum  varied  as  the  brightness  increased.  The 
recent  Mount  Wilson  photographs,  including  some  not  hsted  in 
Table  II,  also  show  very  considerable  changes  in  some  features  of 
the  spectrum.  They  are  briefly  described  in  the  Publications  of  the 
Astronomical  Society  of  the  Pacific,  33,  206,  1921.  A  more  complete 
discussion  of  the  changes  is  reserved  for  another  paper. 

ir^  GRUIS 
Remark  in  H.A.,  56,  page  219: 

The  spectra  of  T  Camelopardalis  and  tt'  Gruis  resemble  each  other  and  are 
very  peculiar.  The  absorption  band  between  4640  and  4750,  is  present,  and 
almost  all  of  the  continuous  spectrum  between  this  band  and  H7  is  cut  out  by- 
other  strong  absorption  bands. 

This  star  is  too  far  south  for  the  Mount  Wilson  telescopes,  but 
slit  spectrograms  taken  at  the  Lick  Observatory  station  at  Santiago, 
Chile,  in  July  and  September,  19 15,  have  been  made  available  to 
me  through  the  kindness  of  Dr.  Campbell  and  Dr.  Moore.  This 
spectrum  is  the  only  one  thus  far  observed  with  slit  spectrographs 
which  resembles  R  Andromedae  more  than  R  Geminorum.  Several 
bright  Hnes  or  maxima  are  weaker  in  tt'  Gruis  than  in  R  Andromedae, 
but  on  the  whole  the  similarity  is  very  close,  with,  of  course,  the 
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exception  of  the  bright  hydrogen  Hnes  which  are  seen  only  in 
R  Andromedae.  The  general  similarity  of  the  absorption-band 
spectra  of  these  two  stars  was  clearly  brought  out  by  Miss  Cannon 
through  a  comparison  of  the  Harvard  objective-prism  plates.  See 
Publications  of  the  American  Astronomical  Society,  Twenty- third 
Meeting,  Ann  Arbor,  19 19. 

GENERAL  DISCUSSION 

The  resemblance  between  classes  R  and  S  which  appears  from 
objective  prism  observations,  is  seen  by  means  of  sUt  spectra  to  be 
of  the  most  general  character  only.  The  band  in  the  blue  is  of 
decidedly  shorter  wave-length  in  class  S,  and  there  is  throughout 
this  region  a  marked  lack  of  correspondence  in  the  spectral  details. 
On  the  other  hand  some  of  the  characteristic  S  features  are  rec- 
ognizable in  the  spectra  of  many  giant  stars  of  classes  K  and  M, 
being  more  strongly  developed  in  some  stars  than  in  others.  From 
the  comparisons  which  have  thus  far  been  made  it  appears  that  in 
general  S  stars  are  more  closely  related  to  giant  Ma  stars  than  to 
those  of  other  types. 

Perhaps  the  most  characteristic  feature  of  the  S  spectrum  is  a 
complicated  structure  in  the  region  X  4630  to  X  4660.  This  appar- 
ently consists  of  both  absorption  and  emission  hnes  and  probably 
also  contains  one  or  more  band-heads  in  absorption.  A  fairly 
definite  idea  of  this  portion  of  the  spectrum  may  perhaps  be  gained 
by  comparing  the  illustrations  with  the  data  in  Table  III.  An 
absorption  band  in  the  red  with  its  head  near  X  6470  and  extending 
toward  longer  wave-lengths  is  probably  characteristic  of  class  S,  and 
may  prove  a  useful  criterion  for  classification. 

The  wave-lengths  in  Table  III  depend  upon  measurements  of 
one-prism  spectrograms  of  several  variables  of  class  Se.  In  the 
second  column,  a  denotes  absorption  Hne,  e,  emission  Hne  or  maxi- 
mum, hh,  band-head.  The  values  given  in  the  table  were  com- 
puted upon  the  assumption  that  the  e  features  have  the  same 
velocity  displacement  as  the  bright  hydrogen  lines,  and  that  they 
are  systematically  0.2  A  toward  the  violet  from  the  absorption 
lines.  Thus  the  emission  lines  and  maxima  were  corrected  for  the 
apparent  velocities  obtained  from  the  bright  hydrogen  hnes,  while 
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TABLE  III 

Chief  Features  in  Class  S  Spectra  X  4500-X  4860 


lA. 


4506.6.. 
II. 4. . 
12.8.. 
21.4.. 
23 . 1 . . 
27.4.. 
3S-5-- 
40. 3-- 
540.. 
62.9. . 
68.9.. 

7I-3-- 
80.6.. 
83.6.. 
86.2.. 
88. 3=^ 

94-3- 
4606.8.. 
08.7.. 
13. I.. 
14.9. . 
16. I.. 
18. 2I. 
19.2/. 
20 . 2 . . 
3I-5-- 
34I-- 
36.6 

37-5 
44-3 
52.4 
75  I 
88.0 

4707 . I 
09.9 
58.6 
84.1 
99.8 

4811.7 

15-6 

23.6 

28.0 

,      320 


Character 

Intensity 

Identification 

fl 

3 
var. 

2 
var. 
2 
2  — 

3 
I  — 

5 

I 

e 

a 
e 

Ti? 

a 
a 
a 
a 

Ba? 
Ti? 
Ti+? 

a 
a 

Ba 

e 

a 
a 
e 
a 
e 

2 

I 

var. 

2 

Mg+? 

Va 

Fe  Enh. 

V 

a 
a 
e 

2 
3 

V 

Sr+? 

a, 

I 

c 

a 
e 

2  — 

Cr? 

hh 

d 

2 

e 

a 

2 

e 

bh 

note 

e 

a 

I 

2 

I 

I 

I 

I 

2 

I  — 

I 

I  — 

2 

2 

Ti? 

a 

a 

a 

a 

a 
a 

Ti? 

a 

a 
a 
a 

Mn? 

NOTES  TO  TABLE  III 

451 1 .4  e.    This  has  been  observed  as  a  bright  line  in  the  spectra  of  four  Md  variables. 
4521 .4  e.    This  has  been  observed  as  a  bright  line  in  the  spectrum  of  one  Md  variable. 
4644.3.        Center  of  broad  absorption  space. 
4652  .4  e.     Broad  or  double. 

4828.0  a,  4832.0a.     These  lines  are  very  persistent  although  of  moderate  strength. 
4448.  2.        A  maximum,  possibly  a  bright  line,  has  been  measured  in  this  position  on 
twelve  plates. 
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an  additional  correction  of  —0.2  A  was  given  to  the  absorption 
lines.  The  need  of  this  correction  was  indicated  by  measurements 
of  a  few  plates  in  the  region  X  4100-X  4500.  The  relative  displace- 
ment of  bright  and  dark  lines  is  analogous  to  that  well  known  in 
Md  spectra.  The  proper  amount  of  the  correction  for  the  S  spectra 
is  possibly  somewhat  greater  than  0.2  A  but  the  data  are  too  meager 
to  yield  a  precise  value.  In  one  N  variable  Moore^  found  a  corre- 
sponding displacement  of  0.2  A.  In  Md  variables  it  appears  to  be  a 
function  of  the  light  period,  being  0.25  to  0.3  A  for  the  average 
period  of  the  Se  stars. 

Continuous  spectrum. — These  stars  are  red,  the  color-indices  of 
the  variables  probably  being  as  great  as  that  of  the  Md  variables, 
namely,  1.8  magnitudes.  As  compared  with  Ma  stars,  the  continu- 
ous spectrum  falls  off  toward  the  violet  from  about  X  4500,  and  with 
greater  rapidity  after  X  4430. 

Absorption  lines. — Table  III  shows  the  chief  absorption  lines  in 
the  region  X  4500-X  4860.  The  strength  of  the  barium  Hne  X  4554 
makes  it  an  outstanding  feature.  This  Hne  and  X  4607  (Sr)  are 
much  stronger  than  in  classes  K  and  M.  The  strength  of  X  4496, 
compared  to  the  neighboring  line,  X  4494,  is  also  notable.  Only  two 
or  three  spectrograms  are  available  for  the  study  of  the  region  from 
X  4450  toward  the  violet.  Judged  from  these,  the  absorption  spec- 
trum in  this  region  is  more  like  that  of  class  M  than  at  the  longer 
wave-lengths.  In  several  portions  of  the  spectrum  there  is,  in  fact, 
a  considerable  degree  of  correspondence  between  absorption  lines 
in  classes  S,  M,  and  N,  in  spite  of  their  notable  differences. 

Bright  lines. — The  wave-lengths  marked  e  in  Table  III  refer  to 
rather  broad^  maxima  which  vary  in  prominence  in  different  spectra 
(especially  XX4511.4,  4521.4,  and  4583.6).  In  some  spectra  they 
are  scarcely  distinguishable  from  portions  of  continuous  spectrum 
lying  between  absorption  Hues  or  spaces;  in  other  spectra  they 
appear  to  be  outstanding  bright  features,  decidedly  above  the  gen- 
eral intensity  of  the  neighboring  continuous  spectrum.  Thus, 
while  the  designation  e  in  the  table  may  be  considered  merely  as 

^  Lick  Observatory  Bulletin,  10,  160,  192 1. 

»  Exception  should  be  made  for  X  45 1 1 .4  and  X  45  2 1 .4,  as  these  wave-lengths  corre- 
spond to  fairly  narrow  lines,  the  former  appearing  nearly  monochromatic. 
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describing  the  more  conspicuous  maxima,  it  is  believed  by  the 
writer  that  they  probably  correspond  to  actual  emission.  This 
is  borne  out  for  X  4583.6,  which  is  identified  with  the  enhanced  iron 
line  X  4583.8,  by  the  presence  of  similar  lines  at  XX  4924,  5018, 
corresponding  to  other  well-known  enhanced  iron  hnes. 

As  in  class  !M',  stars  showing  bright  hydrogen  lines  are  long 
period  variables.  The  bright  hydrogen  hnes  have  quite  different 
properties,  however,  in  the  two  classes.  In  class  S  the  less  refran- 
gible lines  are  stronger,  but  they  rapidly  decrease  in  intensity  in 
passing  toward  the  ultra-\'iolet.^  The  relative  intensities  of  H/3, 
H7,  and  H6  are  shown  in  Table  11.^  The  lines  to  the  \'iolet  of 
H5  are  usually  too  weak  to  be  observed,  even  when  H/3  is  strongly 
overexposed.  In  fact.  He  has  never  been  seen  on  the  Mount  Wilson 
plates  of  S  spectra.  In  one  or  two  stars,  however,  the  bright  H^ 
line  has  been  recorded  here  and  also  at  Harvard.  Thus,  in  these 
cases  at  least,  H^  is  stronger  than  He.  As  is  well  known,  this  is  also 
true  in  ]Md  stars.  It  is  particularly  interesting  to  find  it  so  in  S 
spectra,  where  the  Balmer  series  has  widely  different  characteristics, 
as  this  circumstance  lends  support  to  the  not  wholly  acceptable 
conclusion  that  He  is  actually  emitted,  but  subsequently  weakened 
through  the  absorption  of  overlying  calcium  vapor.  Ha  is  bright 
on  the  few  plates  of  the  red  region  thus  far  secured. 

'  Certain  M  stars  recently  found  to  ha\e  bright  lines  either  do  not  varv'  in  magni- 
tude, or  vary  irregularly  through  a  small  range.  Some  of  these  stars  are  dwarfs 
(Adams  and  Joy,  Publications  of  the  Astronomical  Society  of  the  Pacific,  32,  158,  1920, 
and  34,  174,  1922),  and  others  {ibid.,  34, 175, 1922),  while  eWdently  giants,  have  spectra 
differing  markedly  from  that  of  o  Ceti  and  other  well-known  Md  variables.  Con- 
sidering only  stars  whose  underlying  spectrum  is  similar  to  that  of  the  tjpical  M  giants, 
we  find  what  seems  to  be  a  perfect  correspondence  between  variability  and  the 
presence  of  bright  hydrogen  lines. 

'  This  is  also  true  of  the  hydrogen  lines  in  the  peculiar  M  stars  referred  to  in  the 
preceding  footnote,  but,  as  these  lines  are  reversed  or  somewhat  widened,  their  appear- 
ance is  different  from  the  narrow  hydrogen  lines  in  S  stars.  See  Publications  of  the 
Astronomical  Society  of  the  Pacific,  34,  175,  1922.  As  obser\^ed  with  one-prism  dis- 
persion, the  H7  and  H5  lines  of  S  spectra  appear  monochromatic.  On  most  of  my 
negatives  H.S  is  too  strong  to  judge  of  its  real  character.  It  may  be  slightly 
widened. 

i  Comparable  estimates  of  the  intensities  of  the  bright  hydrogen  lines  in  Md 
spectra  may  be  found  in  Table  III,  Mt.  Wilson  Conir.,  Xo.  200;  Astrophysical  Journal, 
53,  191,  1921. 
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In  comparing  the  relative  intensities  of  the  bright  hydrogen 
lines  as  given  by  remarks  in  the  Harvard  publications  with  those  of 
the  Moimt  Wilson  plates  as  shown  in  Table  II,  there  seem  to  be 
many  striking  differences,  but  allowance  must  be  made  for  the 
fact  that  in  many  cases  the  Harvard  observations  were  made  with 
emulsions  much  less  sensitive  to  the  H/3  region  (relatively  to  H7 
and  H5)  than  those  now  in  use.  I  do  not  know  whether  or  not  a 
difference  in  focus  between  these  Knes  on  the  Harvard  plates  could 
have  effected  the  apparent  relative  intensities. 

An  unexpected  feature  is  the  presence  of  the  enhanced  lines  of 
iron,  XX  4584,  4924,  5018.  We  have  been  accustomed  to  think 
of  enhanced  hnes  as  being  prominent  in  classes  A  to  G,  especially 
in  the  intrinsically  brighter  stars,  and  becoming  inconspicuous  in 
the  later  (redder)  spectral  classes.  The  presence  of  the  above- 
mentioned  lines  in  these  red  S  variables,  as  well  as  the  observations 
by  Adams,  Joy,  and  Humason  of  enhanced  hnes  in  certain  peculiar 
M  stars,^  represents,  in  our  present  limited  knowledge  of  stellar 
conditions,  an  anomalous  circumstance  which  invites  investigation. 

The  mean  period  of  sixteen  class  S  variables  is  364  days.  This 
is  about  the  same  as  that  of  the  Md  stars  having  the  more  advanced 
spectra.  The  data  for  the  Md  stars  in  the  following  small  table  are 
taken  from  Harvard  Annals,  76,  Table  IX. 


Class 

Md3,  4,  5 

Md  6,  7 

Md  8,  9,  10 

Se 


Number 


Period 


90 

260 

70 

67 
16 

302 

355 
364 

The  recognition  of  the  S  stars  as  a  distinct  group  may  remove  part 
of  the  difficulty  in  studying  the  relationship  between  spectral  type 
and  period  among  the  long  period  variables. 

The  evolutionary  relationship  of  class  S  stars  to  those  of  other 
classes,  as  weU  as  the  dependence  of  spectral  modifications  upon 
absolute  luminosity,  present  highly  interesting  problems  for  future 
investigation. 


'  Publications  of  the  Astronomical  Society  of  the  Pacific,  34,  175,  1922. 
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It  seems  probable  that  the  S  stars  form  a  third  division  of  the 
giant  sequence,  and  that  they  are  related  more  closely  to  M  than 
to  N  stars.  Whether  or  not  stars  exist  having  spectra  intermediate 
between  Mb,  Mc,  and  the  advanced  S  type  remains  to  be  deter- 
mined, but  it  is  suspected  that  it  may  be  possible  at  least  to  fill  the 
gap  between  Ma  and  the  early  S  spectra.  A  tentative  notion  of  the 
spectral  relationships  among  red  stars  is  represented  by  the  dia- 
gram in  Figure  i. 

Many  questions  are  suggested  which  cannot  profitably  be  dis- 
cussed here.  One  noteworthy  circumstance,  however,  may  be 
pointed  out,  namely,  that  along  each  of  the  three  branches,  M,  N, 
and  S,  there  is  an  increasing  tendency  toward  variability  in  light, 


.^    Ro Na         Nb  Nc 

/     /- 


/      / 


1^- 


B        A         F         G  K        M^[       f^^^^l^ir" 

^ 


^..f Se. 


Fig.  I . — Hypothetical  relationships  of  red  stars 

and  toward  the  presence  of  bright  lines  in  the  spectra.  Certain 
facts'  might  be  interpreted  as  indicating  that  the  general  cause  of 
the  light  variations  is  essentially  the  same  in  both  Md  and  Se 
stars,  with  the  possibiHty  that  the  differences  in  spectrum  are  due 
either  to  differences  in  conditions  which  are  not  important  in  con- 
trolling the  amount  of  light  radiated,  or  to  differences  in  chemical 
composition.  Dr.  Shane,  who  made  a  special  study  of  N-type 
variables,^  is  of  the  opinion  that  the  main  causes  underlying  the 
light  variations  are  probably  common  to  both  Md  and  N  stars. 
It  is  not  easy  to  say,  however,  just  what  generahzations  may 
properly  be  drawn  from  the  analogies  between  the  M,  N,  and  S 
branches.     The  effective  temperatures  are  probably  not  the  same, 

'  Observations  of  R  Cygni  bearing  on  this  matter  are  briefly  discussed  in  the 
Publications  of  the  Astronomical  Society  of  the  Pacific,  33,  206,  1921. 

^  Lick  Observatory  Bulletin,  10,  79,  1920. 
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as  several  lines  of  evidence,  especially  the  measurements  of  heat 
indices^  by  Nicholson  and  Pettit,  indicate  that  the  effective  radiat- 
ing temperature  of  the  variables  similar  to  o  Ceti  is  decidedly  lower 
than  that  of  other  red  stars. 

It  is  hoped  to  treat  the  radial  velocities  of  Se  stars,  the  red  por- 
tions of  the  S  spectrum,  the  variable  spectra  of  certain  S  stars,  and 
the  general  relationship  between  classes  M  and  S  in  future  con- 
tributions. 

Mount  Wilson  Observatory 
August  17,  1922 

^Publications  of  the  Astronomical  Society  of  the  Pacific,  34,  181,  1922. 


THE  BEHAVIOR  OF  SPECTRAL  LINES  AT  THE 

POSITIVE  POLE  OF  THE  METALLIC  ARC^ 

By  PAUL  W.  MERRILL 

ABSTRACT 

Classification  of  arc  lines  by  relative  strengthening  at  the  positive  pole. — In  the  Pfund 
type  of  arc  there  is  a  small  weil-delined  region  of  luminous  vapor  just  above  the  point 
where  the  core  of  the  arc  enters  the  molten  bead  which  forms  the  positive  electrode, 
and  at  the  boundary  of  this  region  many  spectral  lines  change  suddenly  in  intensity 
to  a  greater  or  less  degree.  By  keeping  the  core  of  the  arc  steady  and  focusing  it  on 
the  slit  of  a  30-foot  Littrow  spectrograph,  plates  were  obtained  from  which  it  was 
possible  to  group  about  500  mw  lines  from  X  3849  to  X  5763  into  six  classes:  change  im- 
perceptible (o),  slight  (i),  small  (2),  sufficient  to  double  the  intensity  (3),  great  (,4),  or 
very  great  (5).  The  relationship  to  the  furnace  classification  of  King  was  studied  for  each 
group.  In  general  the  strengthening  at  the  pole  is  greater  for  the  high-temperature 
lines,  the  a\-erage  class  for  King's  classes  I,  II,  and  III  being,  respectively,  0.2,  i.o, 
and  1.9.  But  the  average  for  classes  IV  and  V  is  only  1.8,  and  for  the  diffuse  lines  of 
these  classes,  only  1.3.  Lines  of  each  temperature  class  are  also  found  in  each  of  the 
positive-pole  classes  o,  i,  and  2;  hence  the  correlation  is  only  fair,  although  probably 
as  close  as  can  be  expected  with  such  different  modes  of  excitation.  The  strengthening 
of  the  enhanced  lines  is  ver>'  marked  (average  class  being  4),  so  that  positive  pole  obser- 
vations may  be  useful  in  distinguishing  these  lines.  The  classifications  of  180  cobalt 
lines  and  of  some  nickel  lines  show  the  same  general  relationships  as  were  foimd  for  the 
iron  lines. 

An  interesting  recent  development  in  spectroscopy  has  been  the 
increasing  importance  attached  to  the  classification  of  spectral 
lines  according  to  their  behavior  under  various  conditions  of  exci- 
tation. This  has  been  due  in  part  to  the  desire  to  provide  an  im- 
proved basis  for  the  interpretation  of  spectroscopic  observations  of 
various  light  sources,  particularly  of  celestial  objects,  and  in  part 
to  the  wide  discussion  of  the  quantum  and  ionization  theories  of 
the  emission  of  spectral  lines. 

It  has  long  been  recognized  that  the  relative  intensities  of  lines  in 
Light  from  different  portions  of  the  electric  arc  afford  a  means  by 
which  the  lines  may  be  grouped.  Most  of  the  spectroscopic  investiga- 
tions of  the  structure  of  the  arc  have  been  concerned  with  the  carbon 
arc,  but  a  number  have  dealt  with  arcs  between  metallic  electrodes. 
Among  the  phenomena  observed  in  metallic  arcs,  one  of  the  most 
interesting  and  important  is,  that  near  the  poles,  especially  the 
positive  pole,  lines  appear  which  are  absent  or  very  weak  in  the 

'  Contributions  from  the  Mount  Wilson  Observatory,  No.  253. 
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center  of  the  arc  or  in  integrated  arc  light,  but  which  are  char- 
acteristic of  the  disruptive  spark.  Photographs  made  by  the  writer 
in  19 19  exhibited  this  property  of  enhanced  Hnes  very  clearly,  and 
also  showed  systematic  effects  for  other  types  of  lines.  The  general 
results  of  a  study  of  these  photographs'  are  described  in  the  present 
paper. 

Iron  was  the  element  most  extensively  observed  in  this  investiga- 
tion. The  arc  used  was  of  the  Pfund  type,  the  upper,  negative 
electrode  consisting  of  an  iron  rod,  the  lower,  positive  electrode  of  a 
drop  of  molten  iron  oxide.  A  copper  rod  hollowed  out  at  the  upper 
end  served  as  a  holder  for  the  iron  oxide  and  made  possible  an 
arc  with  a  spheroid  of  oxide  slightly  smaller  than  usual.  With 
currents  of  about  two  amperes  the  arc  burned  steadily  with  a  small, 
sharply-defined,  circular,  bright  area  on  the  molten  surface,  from 
which  the  core  of  the  arc  proceeded.  It  proved  important  for  the 
present  purpose  to  have  this  positive  "bead"  localized  and  steady, 
for  the  vapors  immediately  surrounding  it  were  the  source  of  the 
special  phenomena  described  in  the  following  paragraphs.  The 
general  appearance  of  this  portion  of  the  arc  is  well  shown  in  the 
illustrations  accompanying  papers  on  the  iron  arc  by  St.  John  and 
Babcock.^ 

An  image  of  the  arc  was  projected  in  such  a  way  that  the  line 
joining  the  electrodes  coincided  with  the  slit  of  the  30-foot  Littrow 
spectrograph.  In  the  photographs  thus  obtained  each  spectral 
line  represents  the  emission  of  that  radiation  along  the  axis  of  the 
arc.  The  actual  arc  length  was  about  5  mm,  the  magnification 
of  the  image  three  times.  Currents  ranging  from  1.5  to  3.2  amperes 
at  250  volts  were  employed. 

The  particular  subject  dealt  with  in  the  present  paper  is  the 
increase  in  the  intensity  of  spectral  lines  at  the  bright  end  of  the 
arc  core  just  off  the  positive  pole.  The  effects  at  the  positive  pole 
are  more  sharply  localized  than  those  at  the  negative  pole.  Most 
lines  show  a  continuous  increase  in  intensity  on  passing  from  the 

'  Reported  upon  at  the  Pasadena  Meeting  of  the  Pacific  Coast  Section  of  the 
American  Physical  Society,  June,  1919;  Physical  Review,  14,  271,  1919. 

^  Mt.  Wilson  Contr.,  Nos.  106,  137;  Asirophysical  Journal,  42,  231,  1915;  46.  138, 
1917. 
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center  to  the  negative  pole,  but  on  approaching  the  positive  pole, 
there  is,  for  an  affected  line,  a  sudden  increase  in  intensity  at  a 
point  corresponding  to  the  boundary  of  a  small  bright  volume 
contiguous  to  the  pole. 

Nearly  550  iron  lines  between  wave-lengths  3849  A  and  5763  A 
were  classified  according  to  the  increase  of  intensity  at  the  positive 
pole  on  the  following  basis: 

0  no  increase 

1  slightest  observable  increase 

2  small  increase 

3  considerable  increase  (intensity  about  doubled) 

4  great  increase 

5  very  great  increase 

The  relationship  of  this  classification  to  other  classifications  of 
the  same  lines  is  exhibited  in  Table  I,  which  gives  for  each  class 
the  number  of  fines  of  each  degree  of  pole  strengthening.     Thus 

TABLE  I 
Positive  Pole  Strengthening  of  Iron  Lines 


Class 

0 

I 

2 

3 

4 

s 

Total 

Average 

I 

51 
18 

3 

4 
3 

10 
15 
24 
29 
16 
15 

I 

2 
10 
50 
6S 
15 
24 

6 

4 

I 

63 
46 

91 

122 

34 
41 
26 

14 
28 

0.2 

II 

3 

14 
21 

I  .0 

m 

I  .Q 

IV 

3 

2.0 

IV« 

1 .4 

V 

2 

1.8 

v« 

*  " 

I 

1.2 

e 

8 
8 

I 
12 

7 

2.6 

E 

3-9 

the  numbers  in  the  first  row  indicate  that  out  of  sixty-three  class  I 
lines  fifty-one  were  not  strengthened,  ten  were  very  slightly  strength- 
ened, and  two  showed  a  somewhat  greater  increase  at  the  positive 
pole.  The  Roman  numerals  I-V  refer  to  the  temperature  classes 
determined  by  King^  from  data  obtained  by  use  of  the  electric 
furnace;  E  indicates  enhanced  fines,  and  e,  fines  with  a  negative 
pole  effect.^     In  compifing  the  numbers  for  this  table  it  was  noticed 

^  Mt.  Wilson  Contr.,  Nos.  66,  247;  Astrophysical  Journal,  37,  239,  1913;  56.  3^8 
1922. 

*  St.  John  and  Babcock,  Mt.  Wilson  Contr.,  No.  202;  Astrophysical  Journal,  53,  260, 
1921. 
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that  many  of  the  lines  which  fell  in  columns  0-2  of  rows  IV  and  V 
were  broad  or  nebulous.  Accordingly  all  lines  of  these  classes  that 
are  so  marked,  either  by  King"  or  Burns,^  were  separated  and  placed 
in  rows  IVw  and  Vw. 

The  chief  facts  brought  out  by  this  study  may  be  seen  by  inspec- 
tion of  Table  I.  To  facilitate  comparison  of  the  various  types  of 
lines,  the  average  value  of  the  pole  strengthening  for  each  has  been 
placed  in  the  last  column.  The  progression  in  these  average  values 
is  shown  by  the  following  grouping: 


Class 

I 

II 

V\'n,  Vfi 

III,  IV,  V 

e 

E 

Number 

63 
0.2 

46 

I.O 

60 
1-3 

254 
1.9 

14 
2.6 

28 

Average  strengthening 

3-9 

The  e  lines  in  the  green,  X  5364-X  5598,  are  of  special  interest. 
They  are  in  furnace  class  V  and  are  greatly  strengthened  at  the 
positive  pole.  In  confirmation  of  the  observations  of  St.  John  and 
Babcock  it  was  noted  that  at  the  positive  pole  these  lines  are  dis- 
tended toward  shorter  wave-lengths.  The  d  lines  in  the  regions 
X  5232-X  5624  are  in  class  IV  and  in  group  2  as  regards  pole 
strengthening. 

The  enhanced  lines,  designated  by  E,  are  from  Lockyer's  table, 
with  a  few  additions  from  other  sources.  The  degree  of  strengthen- 
ing at  the  positive  pole  seems  to  be  approximately  proportional  to 
the  amount  of  enhancement  in  passing  from  arc  to  spark,  but  the 
data  at  hand  do  not  allow  any  precise  determination  of  this  relation- 
ship. They  suggest  that  there  is  a  sequence  of  types  of  lines  from 
I  at  one  end  to  enhanced  lines  at  the  other;  that  classes  I,  II,  and  III 
follow  in  regular  order,  but  that  classes  IV  and  V  contain  two  type?, 
of  lines,  one  type  continuing  the  sequence  I-III  and  connecting 
it  with  the  enhanced  Hnes,  the  other  tj-pe  similar  to  the  nebulous 
lines  in  regard  to  furnace  behavior  and  pole  strengthening  but  not 
separated  from  the  others  by  the  present  treatment  of  the  data. 
If  these  remaining  lines,  which  really  belong  to  the  subgroup 
represented  by  ''«,"  were  removed,  it  is  possible  that  the  pole 
values  for  the  remainder  of  the  group  would  rise,  and  perhaps  take 

'  Loc.  cit.  ^  Lick  Observatory  Bulletin,  8,  27,  1913. 


SPECTRAL  LINES  AT  THE  POSITIVE  POLE 


479 


an  appropriate  position  between  classes  III  and  E.  To  make  a 
complete  separation  of  the  classes  IV  and  V  into  two  subgroups 
would  be  rather  difficult,  because  the  characteristics  of  the  two 
apparently  overlap.  That  is  to  say,  while  subdivisions  are  in- 
dicated with  definite  differences  between  them,  lines  intermediate 
in  their  characteristics  may  not  be  lacking.     It  would  appear  rather 

TABLE  II 
Pole  Strengthening  of  Individual  Iron  Lines 


X  Rowland 

Furnace 

Positive  Pole 

X  Rowland 

Furnace 

Positive  Pole 

3950.102 

3951.311 

3966.212 

3966. 778» 

4100.901 

4107.649 

4177.698 

4181 .919 

4199-267 

4202.198 

4206.862 

4210.494 

4216.351 

4219.516.  . 

4232.887 

4233-772 

4250.287 

4250.945 

4271.325 

4271-934 

III 
IV 

III 

IV 

IIA 
III 

IIA 
III 

III 

I 

lA 
III 

I 
IV 

lA 
III 

III 
II 

III 
II 

I 
2 

2  — 
2 

0 
3- 

0 
3 

2 
0 

0 
2 

0 
4 

0 

1  + 

I 
0+ 

1  + 

I 

4260.640 

4308.081 

4291.630 

4294-301 

4415-293 

4427-482 

4459-301 

4461.818 

4489-911 

4494-738 

4528.798 

4531-327 

4919-174 

4939-868 

5050.008 

5051-825 

5166.454 

5171-778 

5341-213 

5371-734 

III 
II 

lA 
II 

II 

I 

III 

I 

lA 
III 

II 
II 

III 
I 

III 
I 

lA 
II 

II 
I 

2 

0 

0 

I 

0+ 
0 

3 

0 

0 

I 

2 
0 

2 
0 

2 
0 

0 

I 

I 
0 

arbitrary  to  attempt  a  division  on  the  basis  of  the  pole  data  alone. 
Probably  the  division  based  on  the  sharpness  of  the  lines  could  be 
carried  farther.  The  results  would  be  of  value  when  correlated  with 
pole  data.  The  e  Unes  are  peculiar  in  that,  although  lacking  in 
sharpness,  they  have  high  pole  strengthening. 

It  may  be  of  interest  to  cite  several  examples  of  individual  lines 
showing  different  behavior  at  the  positive  pole.     For  this  purpose  I 
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have  chosen  pairs  of  Hnes  in  King's  list  of  "  Neighboring  Lines  Which 
Are  Differently  Affected  in  the  Furnace."^  This  will  be  sujQ&cient 
to  exhibit  t}pical  behavior  of  the  various  classes,  and  also  some  of 
the  common  variations.  Comparison  with  Table  I  will  show  which 
lines  represent  average  values  and  which  deviations.  X  4219.516  is 
included  by  Gale  and  Adams  in  the  list  of  enhanced  lines. 

Cobalt. — Estimates  of  the  strengthening  of  cobalt  lines  at  the 
positive  pole  of  the  arc  were  made  in  the  same  manner  as  for  iron. 
For  the  summary  in  Table  III  180  lines  between  the  wave-lengths 
3845  and  4629  A  were  used. 

The  bright  volume  of  vapor  immediately  above  the  spot  on  the 
positive  pole  in  the  cobalt  arc  is  not  so  sharply  localized  as  with 
iron,  and  more  hnes  show  a  gradual  strengthening  toward  the  posi- 
tive pole,  so  that  the  appearance  of  the  photographs  is  slightly 
different  and  in  some  cases  the  estimates  less  definite  than  for  iron. 
The  main  features  of  the  phenomena  are  the  same,  however,  and 
the  mean  values  of  pole  strengthening  for  the  different  furnace 
classes  are  nearly  the  same  as  for  iron. 

TABLE  III 
Positive  Pole  Strengthening  of  Cobalt  Lines 


Class 

0 

I 

2 

3 

4 

Total 

Average 

I 

25 
2 

12 

15 

II 

2 

5 

I 

2 
8 
45 
9 
7 
9 

39 
29 
65 
13 
14 
20 

0.4 

1-5 
2.0 

II 

4 
9 

2 

I 
5 

3 

m 

IV 

2.0 

V 

I 
2 

1.6 

E 

2-3 

The  enhanced  lines  in  the  last  row  are  all  of  Lockyer's  list  which 
have  been  observed.  Some  of  these  lines  which  give  small  pole 
strengthening  do  not  seem  to  be  characteristic  enhanced  lines.  If 
this  row  were  restricted  to  well-marked  cases  of  enhancement,  a 
value  of  3  or  4  would  be  found  instead  of  2.3. 

Not  many  Hnes  in  the  cobalt  spectrum  have  been  noted  as  hazy. 
Four  class  V  lines  of  this  character  give  a  mean  value  of  pole 
strengthening  less  than  that  of  the  whole  class.  Thus  the  meager 
data  available  agree  with  iron  in  this  particular  also. 

'  Mt.  Wilson  Conlr.,  No.  66;  Aslrophysical  Journal,  37,  239,  1913. 
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A  smaller  amount  of  data  for  nickel  indicates  that  the  same 
general  relationships  exist  for  this  element  also. 

The  fact  that  grouping  the  spectral  lines  of  three  elements 
according  to  their  behavior  at  the  positive  pole  of  the  arc  gives  a 
classification  which  runs  parallel  to  the  temperature  classification 
is  of  interest  in  showing  that  the  inherent  differences  of  the  various 
classes  of  lines  are  such  as  to  allow  them  to  be  distinguished  in 
sources  other  than  those  upon  which  the  classification  was  based. 
The  chief  factor  which  differentiates  the  various  classes  of  lines  is, 
presumably,  the  degree  of  excitation  required  for  their  production. 
To  what  extent  the  physical  conditions  at  the  center  and  at  the 
positive  pole  of  the  arc  are  identical  with  those  in  the  furnace  at 
low  and  at  high  temperatures  is  difficult  to  judge,  but  we  may  at 
least  say  that  the  relative  effects  upon  the  atom,  as  regards  radia- 
tion, are  comparable. 

That  the  unsharp  lines  are  subject  to  a  smaller  increase  of 
intensity  at  the  positive  pole  than  are  sharp  lines  of  corresponding 
temperature  classes  is  an  outstanding  fact  for  which  a  certain 
explanation  is  not  now  available.  It  may  be  that  the  unsharp 
lines  represent  vibrations  lacking  in  stability,  being  easily  per- 
turbed, as  shown  by  the  lack  of  homogeneity,  and  that  under  the 
more  intense  conditions  at  the  pole  these  vibrations  can  be  exe- 
cuted by  relatively  few  electrons. 

The  ease  and  definiteness  with  which  enhanced  lines  can  be 
distinguished  at  the  positive  pole  suggest  that  arc  observations 
should  be  given  consideration  in  the  formation  of  lists  of  enhanced 
lines.  A  particular  advantage  is  that  the  criterion  is  not  the 
strength  at  the  pole,  but  the  increase  in  intensity  (amounting  prac- 
tically to  a  discontinuity)  at  a  definite  point  in  passing  from  the 
center  to  the  positive  pole.  This  can  be  shown  by  a  single  photo- 
graph, and  the  selection  of  enhanced  Unes  should  be  less  arbitrary 
than  when  based  upon  a  comparison  of  the  relative  strength  of  lines 
in  separate  arc  and  spark  exposures. 

The  type  of  observations  described  in  the  present  paper  is  possible 
only  on  a  steady  arc,  such  as  the  Pfund  form  of  iron  arc.  Several 
of  the  metals  can  be  made  to  burn  in  this  fashion,  and  perhaps 
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methods  can  be  developed  by  which  the  arcs  of  numerous  elements 
can  be  sufficiently  controlled  to  permit  the  gathering  of  similar  data. 
With  proper  precautions,  valuable  results  can  probably  be  obtained 
for  certain  elements  by  using  iron  electrodes  containing  small 
amounts  of  the  elements  in  question. 

At  present,  positive  pole  phenomena  would  seem  to  be  most 
useful  in  their  bearing  on  problems  connected  with  the  classification 
of  spectral  lines,  but  they  may  also  prove  valuable  in  studying  the 
temperature  and  electrical  conditions  at  different  points  in  the  arc. 

Mount  Wilson  Observatory 
August  1922 


GEOMETRICAL  PROOF  FOR  THE  WADSWORTH 
CONSTANT  DEVIATION  SYSTEM' 
By  R.  C.  GIBBS  axd  J.  R.  COLLINS 

ABSTR.\CT 

Axis  of  rotation  for  Wadsworth  constant  deviation  system. — In  order  that  there  may 
be  no  lateral  shift  of  the  emergent  ray,  the  Wadsworth  constant  deviation  system 
should  be  rotated  about  the  intersection  of  the  plane  of  the  mirror  and  the  plane  bisect- 
ing the  angle  of  the  prism,  as  an  axis.  .4  geometrical  proof  of  the  location  of  the  axis 
is  presented  which  is  much  shorter  than  the  analytical  one  given  by  Wadsworth. 

In  the  Wadsworth  constant  deviation  system,  a  triangular 
prism  and  mirror  are  mounted  on  the  same  rotating  table.  If  a 
parallel  beam  of  white  light  is  incident  upon  the  prism  so  that  some 
color  passes  through  the  prism  at  minimum  deviation  and  is  reflected 
by  the  mirror,  then,  as  the  prism  and  mirror  are  rotated  together 
about  any  axis  that  is  perpendicular  to  the  principal  plane  of  the 
prism  and  to  the  path  of  the  incident  beam,  the  path  of  the  emergent 
beam  for  whatever  color  is  passing  through  at  minimum  deviation 
remains  fixed  in  direction. 

Let  OP  represent  the  direction  of  the  incident  beam,  PQ  that 
of  the  refracted  beam,  and  QD  that  of  the  reflected  or  emergent 
beam.  By  an  analytical  method,  Wadsworth^  determined  the 
particular  axis  about  which  the  prism  and  mirror  may  be  rotated 
without  producing  a  sidewise  displacement  of  the  emergent  beam. 
Using  the  direction  of  the  incident  beam  as  one  of  his  co-ordinate 
axes  he  assumed  an  axis  of  rotation  as  at  R  and  determined  in  turn 
the  equation  of  SQ,  a  line  lying  in  the  plane  of  the  mirror,  that  of 
PQ,  and  that  of  QD.  This  enabled  him  to  find  the  co-ordinates  of 
D  and  to  write  an  equation  for  the  perpendicular  distance,  p,  from 
the  origin  O  to  QD  as  follows: 

p  =  2a  cos^  ^/2-\-2b  sin  d/2-\-2d  cos  (0+$), 

'  The  proof  here  given  in  full  was  presented  at  the  Toronto  meeting  of  the  Ameri- 
can Physical  Society  in  December  1921,  and  a  brief  abstract  of  it  appears  in  the  Physical 
Review  (2),  19,  4,  381. 

'  Astronomy  and  Astrophysics,  13,  835,  1894. 
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where  a  is  the  perpendicular  distance  from  R  to  the  incident  beam, 
b  that  from  R  to  PS  which  is  the  bisector  of  the  prism  angle,  and 
d  that  from  R  to  the  plane  of  tlie  mirror. 

It  is  readily  seen  that  in  order  for  p  to  remain  constant  b  and  d 
must  both  be  equal  to  zero.  Therefore,  if  the  emergent  beam  is  to 
suffer  no  shift,  the  system  must  be  rotated  about  S,  the  intersection 
of  tlie  bisector  of  the  angle  of  the  prism  and  the  plane  of  the  mirror. 
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Fig.  I 


Although  the  essential  steps  in  this  method  are  simple  and 
straightfonvard.  yet  many  of  the  transformations  are  necessarily 
long.  By  following  a  method  similar  to  that  used  by  E.  Bloch'  in 
finding  the  corresponding  axis  of  rotation  for  a  constant  deviation 
prism  of  the  Pellm-Broca  type,  the  location  of  this  axis  may  be 
determined  by  means  of  a  short  geometrical  proof. 

Describe  a  circle  through  D  and  Q  having  its  center  on  PS, 
cutting  PS  at  A  and  5'  and  the  incident  ray  at  A'. 


ArcX5'  =  arc5'(2. 


'  Journal  de  Physique,  7,  145,  191 7. 
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Therefore  /3/2  is  measured  by  S'Q'2  and  /i  =  /3/2. 
7'=9o-^/2 

7  =i8o-( f-^+<J')=90-(    +* 


/3  =9+$-f  $=0+2$ 


Therefore 


7  =  90-/9/2=7' 


and  5'  coincides  with  5.  5  therefore  lies  on  the  bisector  of  S  for 
all  positions  of  the  rotating  system. 

Since  /3  is  constant  and  since  one  of  its  sides  is  the  lixed  incident 
ray,  the  bisector  of  /3  remains  hxed  in  direction. 

If  then  the  system  is  rotated  about  an  axis  through  5,  the 
bisector  of  /3  will  not  shift  and  consequently  the  emergent  ray  will 
not  shift. 

There  is  no  other  axis  of  rotation  for  which  this  condition  is 
satisfied,  for,  if  the  system  is  rotated  about  any  other  axis  than  the 
one  through  5,  S  will  shift.  Hence  the  bisector  of  ^  would  shift 
and  therefore  the  emergent  ray  would  shift.  By  imposing  other 
conditions  for  drawing  the  circle,  it  is  possib.e  to  reach  the  same 
conclusion  by  other  slightly  different  though  similar  procedures. 

Cornell  Unt^xrsity 
December  192 1 
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The  Telescope.  By  Louis  Bell.  New  York:  McGraw-Hill  Book 
Co.,  1922.  8vo,  pp.  ix-l-287,  figs.  190,  plate  i.  $3.00  (English 
price,  i$s.)  net,  postpaid. 

There  are  several  small  handbooks  on  the  telescope,  but  the  writer 
knows  of  nothing  in  English  which  brings  together  in  compact  form  so 
much  of  information,  suggestion,  and  helpful  advice  for  the  users  of 
telescopes  as  are  to  be  found  in  Dr.  Bell's  book.  The  author  is  well 
qualified  for  the  preparation  of  such  a  book,  being  widely  known  for  his 
studies  of  various  optical  as  well  as  electrical  problems.  His  purpose,  as 
stated  in  the  Preface,  is  *'  to  bring  the  facts  regarding  the  astronomer's 
chief  instrument  of  research  somewhere  within  grasp  and  up  to  the  present 
time."  Some  of  the  material  brought  together  here  would  not  be  readily 
accessible  to  the  ordinary  reader,  and  the  references  given  at  the  close 
of  a  few  of  the  chapters  will  be  of  value  to  those  who  wish  to  make  a 
further  study  of  the  subjects  treated.  Similar  lists  of  references  might 
well  have  been  added  to  other  chapters. 

The  frontispiece  is  a  line  engraving  of  Galileo's  telescopes.  The 
first  two  chapters  trace  the  evolution  of  both  refracting  and  reflecting 
telescopes,  with  a  discussion  as  to  their  relative  merits.  The  author 
dismisses  with  little  comment  the  claim  recently  made  that  Bacon  used 
telescope  apparatus,  although  he  admits  that  the  great  philosopher  had 
clear  ideas  of  refraction  and  that  suggestions  in  his  manuscript  may  have 
led  to  the  making  of  spectacles,  which  were  common  long  before  the 
combination  of  lenses  necessary  for  the  refracting  telescope  was  dis- 
covered. The  processes  of  making,  testing,  and  working  optical  glass 
are  next  described,  the  object  being  to  give  to  the  reader  "a  better 
understanding  of  the  difference  between  the  optical  glass  industry  and 
the  fabrication  of  commercial  glass,  and  ....  a  fuller  realization  of 
how  fine  a  work  of  art  is  a  finished  objective  or  mirror  as  compared  with 
the  crude  efforts  of  the  early  makers  or  the  hasty  bungling  of  too  many  of 
their  successors." 

The  fourth  chapter  deals  with  the  properties  of  objectives  and 
mirrors.  The  problems  of  spherical  and  chromatic  aberration  are 
considered,  and  the  conditions  that  must  be  fulfilled  if  both  are  eliminated. 
A  glance  at  the  diagram  of  the  spectrum  (fig.  60),  illustrating  the  irra- 
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tionality  of  dispersion,  should  make  clear  to  any  reader  what  is  accom- 
plished by  combining  lenses  of  crown  and  flint  glass. 

The  consideration  of  various  kinds  of  eye-pieces,  with  the  advantages 
and  disadvantages  of  each,  is  postponed  until  after  a  discussion  of  telescope 
mountings.  Several  varieties  of  mountings  are  described,  from  the 
simplest  altazimuth  for  a  small  portable  to  the  adaptation  of  the  "  English 
equatorial"  mount  used  for  the  Hooker  100-inch  telescope  on  Mount 
Wilson.  Accounts  are  also  given  of  special  forms  of  mounting  so  designed 
that  the  observer  may  be  protected,  as  the  Gerrish  polar  telescope  at 
Harv^ard,  the  Porter  polar  reflector,  and  the  Hartness  turret  telescope. 
The  amateur  who  has  mechanical  ability  and  wishes  to  make  a  mounting 
for  his  own  instrument  will  find  many  suggestions  here. 

A  few  pages  are  devoted  to  hand  telescopes  and  binoculars,  special 
attention  being  given  to  the  use  of  Porro  prisms  for  field  glasses  and 
binocular  telescopes. 

In  a  chapter  on  accessories  to  the  telescope  we  find  described  diagonal 
eye-pieces  for  observation  of  sun  and  stars,  different  kinds  of  micrometers 
and  photometers.  The  necessity  of  a  good  clock  drive  whenever  microm- 
eter measures  are  to  be  made  or  photographs  taken  is  emphasized  and 
several  forms  are  explained,  the  Gerrish  electric  control  used  successfully 
at  the  various  Harvard  stations  being  specially  noted. 

The  last  pages  of  the  book  are  filled  with  practical  suggestions. 
Excellent  advice  is  given  to  the  prospective  purchaser  of  a  telescope, 
and  explicit  directions  for  the  testing  of  a  small  lens  or  mirror.  The 
description  of  the  Hartmann  and  Foucault  tests  will  give  the  amateur 
an  insight  into  methods  used  for  larger  instruments.  The  observ^er 
whose  object  glass  needs  a  thorough  cleaning  will  find  here  such  detailed 
directions  that  he  need  not  fear  to  remove  his  lenses  from  their  cell, 
while  methods  of  re-silvering  mirrors  are  given  for  the  owner  of  a  reflector. 
The  directions  for  adjusting  the  polar  axis  of  a  small  equatorial  could 
be  followed  easily,  and  the  diagram  (fig.  170)  showing  the  position  of  the 
pole  throughout  the  twentieth  century  with  reference  to  Polaris  and  the 
two  stars  BD  88°  112  and  BD  89°  13  is  especially  good.  Various  devices 
for  protecting  the  telescope  are  described,  from  the  simplest  possible 
removable  covering  up  to  the  revolving  dome  usually  found  in  a  fixed 
observatory. 

The  suggestions  in  the  Appendix  as  to  what  may  be  done  by  a  faithful 
observer  with  a  very  modest  telescopic  equipment  are  for  the  most  part 
good,  but  surely  the  author  does  not  mean  to  imply  that  the  unknown 
rotation  period  of  the  planet  Neptune  might  be  found  in  this  way! 


488  '  REVIEWS 

The  volume  is  a  neat  and  attractive  one,  the  type  h  good,  the  illustra- 
tions numerous  and  excellent.  The  author's  statements  are  usually- 
clear,  but  occasional  obscure  sentences  occur  and  a  number  of  slips  and 
typographical  errors  mar  the  book.  For  instance,  "A  seventh  century 
astronomer  and  his  telescope"  (see  p.  15)  would  be  a  decided  anachron- 
ism, and  on  page  204  the  figure  labelled  "Ordinary  striae"  has  evidently 
been  interchanged  with  the  one  illustrating  "A  bad  case  of  striae." 
Such  errors  will  undoubtedly  be  corrected  when  a  new  edition  is  pubHshed. 

A.  S.  Y. 

Geschichte  und  Literatur  der  verdnderlichen  Sterne.     By  G.  Muller 

and  E.  Hartwig.     Leipzig:    Poeschel  &  Trepte.     Band  II, 

1920,  4to,  pp.  468;  Band  III,  1922,  4to,  pp.  137. 

The  first  volume  of  this  important  pubHcation  of  the  Astronomische 

Gesellschaft  appeared  in  19 18,  and  was  reviewed  at  length  in  this  Journal, 

49,  286,  1919.     That  review  applies  equally  to  the  second  volume,  which 

includes  the  stars  from  right  ascension  1$^  to  23^,  thus  completing  the 

first  part  of  the  work.     There  are  two  appendices:   the  first,  written  by 

E.  Zinner  and  G.  Van  Biesbroeck,  giving  the  history  and  literature  of 

thirty-two  Novae  which  appeared  between  the  years  1572  and  1912; 

and  the  second,  written  by  C.  Hoffmeister,  dealing  with  Variables  in 

Clusters. 

The  third  volume  contains  the  Catalogue,  which  arranges  in  form 
for  ready  reference  the  essential  items  from  the  earlier  volumes.  The 
data  for  each  star  occupy  twenty-two  columns  of  the  double  quarto  page, 
giving  the  place  for  1900  and  the  epoch  of  the  chart,  precession,  color 
and  spectrum,  magnitude  at  maximum  and  minimum,  calendar  and 
JuHan  date  of  maximum  epoch,  mean  period  with  interval  from  minimum 
to  maximum,  class  of  variation,  volume  in  Hagen's  Atlas,  discovery  name 
and  date,  and  remarks.  An  appendix  gives  corresponding  data  for  320 
variables  and  fifteen  novae  confirmed  between  19 15  and  1920.  There 
is  also  an  index  of  variables  arranged  by  constellations,  a  table  of  Ught- 
equation  for  276  variables  of  short  period,  a  table  of  JuHan  days  from 
1600  to  2000,  and  a  table  for  conversion  of  hours  and  minutes  to  decimals 
of  a  day. 

This  work  is  indispensable  for  astronomical  libraries  and  observers 
of  variable  stars. 

The  price  to  American  buyers  is  84.50  each  for  Volumes  I  and  II; 
$3.60,  for  Volume  III.     Members  of  the  Gesellschaft  are  given  a  discount 

of  one-third  from  these  prices. 

J.  A.  Parkhurst 
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